DEGENERACY LOCUS FORMULAS FOR AMENABLE WEYL
GROUP ELEMENTS

HARRY TAMVAKIS

ABSTRACT. We define a class of amenable Weyl group elements in the Lie types
B, C, and D, which we propose as the analogues of vexillary permutations in
these Lie types. Our amenable signed permutations index flagged theta and
eta polynomials, which generalize the double theta and eta polynomials of
Wilson and the author. In geometry, we obtain corresponding formulas for the
cohomology classes of symplectic and orthogonal degeneracy loci.

1. INTRODUCTION

A fundamental problem in Schubert calculus is that of finding polynomial rep-
resentatives for the cohomology classes of the Schubert varieties. In the mid 1990s,
Fulton and Pragacz [FP] asked a relative version of the same question, seeking
explicit formulas which represent the classes of degeneracy loci for the classical
groups, in the sense of [F1, F2, PR]. These loci pull back from the universal Schu-
bert varieties in a G/P-bundle, where G is a classical Lie group, and P a parabolic
subgroup of G. As such, they are indexed by elements w in the Weyl group of G,
which describe the relative position of two flags of (isotropic) subspaces of a fixed
(symplectic or orthogonal) vector space.

The above Giambelli and degeneracy locus problems were solved in full generality
in [T1]. The answer given there is a positive Chern class formula which respects the
symmetries of the Weyl group element w and its inverse. The paper [T1] introduced
a new, intrinsic point of view in Schubert calculus, showing that formulas native to
the homogeneous space G/ P are possible, for any parabolic subgroup P, and in all
classical Lie types. In special cases, there are alternatives to the general formulas
of [T1], but they must all be equivalent to the formulas found there, modulo an
explicit ideal of relations among the variables involved.

The seminal work of Lascoux and Schiitzenberger [LS1, LS2] on Schubert poly-
nomials exposed intrinsic formulas for an important class of permutations, which
they called vezillary. They defined the shape of a general permutation to be the
partition obtained by arranging the entries of its code in decreasing order. The key
defining property of a vexillary permutation was that its Schubert polynomial can
be expressed as a flagged Schur polynomial indexed by its shape. In particular, the
prototype for vexillary permutations were the Grassmannian permutations, whose
Schubert polynomials are the classical Schur polynomials. Our aim in the present
paper is to define a family of amenable signed permutations, which serve as the
analogues of vexillary permutations in the other classical Lie types.
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There have been two attempts in the past to define a notion of vexillary signed
permutation in the Lie types B, C, and D, by Billey and Lam [BL] and Anderson
and Fulton [AF1]. These definitions miss the mark because according to either of
them, the Grassmannian signed permutations are not all vexillary. The revision
[AF2] of [AF1] sought to generalize the latter paper by incorporating the theta
and eta polynomials of Buch, Kresch, and the author [BKT2, BKT3] and Wilson
[W, TW], which are the analogues of the Schur polynomials in the aforementioned
Lie types. Unfortunately, although [AF2] is in the right direction, the proofs given
there contain serious errors in all Lie types except type A, and the main theorem
is false, at least in type D. Moreover, Anderson and Fulton have not acknowledged
that intrinsic Chern class formulas for the cohomology classes of all the degeneracy
loci are known in any of their writings to date.

Our approach to amenable elements is based on a careful study of how the
corresponding raising operator formulas transform under divided differences. The
outline of the argument is similar to the one found in Macdonald’s notes [M], but
there are important differences in the details. The proof is new even in type A,
where we obtain a new characterization of vexillary permutations (see below). It
is critical to work with double polynomials throughout and use both left and right
divided differences to maximum effect, starting from the known formula for the top
polynomial, which is indexed by the longest length element. In types B, C, and D,
we employ the Schubert polynomials of Tkeda, Mihalcea, and Naruse [IMN], which
extend the work of Billey and Haiman [BH] to a theory suitable for applications to
equivariant cohomology and degeneracy loci. The paper [T6] provides another key
ingredient: the definition of the shape of a signed permutation, which plays the role
of Lascoux and Schiitzenberger’s shape in the latter Lie types.

The difficulty when working with sequences of divided differences applied to
polynomials lies in choosing which path to follow in the weak Bruhat order, as
the Leibnitz rule tends to destroy any nice formulas. The papers [TW, T4, T5]
showed how divided differences can be used to obtain combinatorial proofs of the
raising operator formulas for double theta and double eta polynomials, exploiting
the fact that these polynomials behave well under the action of left divided differ-
ences. Therefore, as long as one remains among the Grassmannian elements, the
choice of path through the left weak Bruhat order is immaterial. However this
surprising property, first observed in the symplectic case by Ikeda and Matsumura
[IM], completely fails once one leaves the Grassmannian regime.

To solve this problem, we introduce the notion of leading elements of the Weyl
group, which generalize the Grassmannian elements. In the Lie types A, B, and C,
a (signed) permutation w = (wy,...,w,) is leading if the A-code of the extended
sequence (0,wq, ..., w,) is unimodal. The analogous treatment of type D elements
involves some subtleties, which we discuss later. The leading signed permutations
are partitioned into equivalence classes defined by their truncated A-code. Each of
them is in bijection with the class of Grassmannian elements, where the truncated
A-code vanishes. The longest length elements within each class give rise to Pfaffian
formulas which are proved using divided differences, starting from the formula
for the longest element in the Weyl group. Following this, any sequence of left
divided differences used to establish the double theta/eta polynomial formula in
the Grassmannian case works — in the same way! — to prove a corresponding
‘factorial’ formula for the elements of the other equivalence classes.
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Once the formulas for leading elements are obtained, one can continue to apply
type A divided differences, in a manner that preserves the shape of these formulas,
and proceed a bit further down the left weak order. We thus arrive at our definition
of amenable elements of the Weyl group: they are modifications of leading elements,
obtained by multiplying them on the left by suitable permutations. In the symmet-
ric group, this reflects the (apparently new) fact that the vexillary permutations
are exactly those which can be written as products wtwo, with {(ww) = £(w) — £(w),
where w and w are 312-avoiding and 132-avoiding permutations, respectively.

Finally, one has to deal with the problem that the above formulas do not respect
the symmetries (that is, the descent sets) of the amenable Weyl group element
involved. This issue was dealt with in [M] by exploiting the alternating properties of
determinants, and a similar argument works for the Pfaffian examples of [Ka, AF1].
In the situation at hand, we require variants of the key technical lemmas obtained
in [BKT2], which exposed the more subtle alternating properties of the raising
operator expressions that define theta polynomials.

We now describe our main result in the symplectic case. Fix an amenable signed
permutation w in the hyperoctahedral group W,,. Let & > 0 be the first right
descent of w, list the entries wgy1, ..., w, in increasing order:

Uy < o < Uy <0< Uppg1 <00 < Up—g
and define
Bi=(ur+1, . tum+ L tmg1, oy Un—k),
D:={(i,j)|1<i<j<n—Fk and u; +u; <0},

and the raising operator expression

RP = H(I—R”) H (1—|—Rij)71.
1<j 1<j:(i,5)€ED

The A-code of w is the sequence v with 7, = #{j > i | w; < w;}. Define
two partitions v and § by setting v; := #{i | v, > j} and & = #{i¢ | Y+ > j}
for each j > 1. Following [T6], the shape of w is the partition A = p + v, where
pi=(—u1,..., —Up). If £ denotes the length of A\, we say that q € [1, (] is a critical
index if Bqi1 > Bq + 1, or if Aq > A\g41 + 1 (respectively, Ay > A\g41) and q < m
(respectively, g > m). Define two sequences f and g of length ¢ by setting

f; =k +max(i | Yryi > j)

for each j, and g; := f; +Bq — {q — k, where q is the least critical index such that
q > j. The sequences § and g are the right and left flags of w, and f (respectively
|g|) consists of right (respectively left) descents of w.

Let E — X be a symplectic vector bundle of rank 2n on a smooth complex
algebraic variety X. We are given two complete flags of subbundles of E

OCEiC---CFEy,=F and OCF,C---CFy,=F

with rank E, = rank F,, = r for each r, while E,, s = E- _ and F,, 1, = F;;S for
0 < s < n. Consider the degeneracy locus X,, C X, which we assume has pure
codimension ¢(w) in X (the precise definition of X,, is given in Section 5.3). Then
the flagged theta polynomial formula

(1) [X] = Ow(E — En_s — Fyig) = RP ex\(E — En_j — Fig)
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holds in the cohomology ring H*(X). Following [TW], the Chern polynomial in
(1) is interpreted as the image of R”cy under the Z-linear map which sends the
noncommutative monomial ¢, = ¢4, ¢q, -+ tO Hj Ca,; (B~ En,fj — Fnﬂ,j), for every
integer sequence «.

To understand some of the additional challenges one faces in the even orthogonal
type D, consider first th/ev question of how to define the shape of an element w in the
associated Weyl group W,,. There seems to be no consistent way to do this, since
e.g. the element (3,1,2) has shape A = 2 when considered as a [J-Grassmannian
element, but shape A = (1,1) when considered as a 1-Grassmannian element. The
definition given in [T6, Def. 5] prefers the latter shape over the former, but the
more difficult question before us here requires a further refinement.

Our solution is to define the shape of w to be a typed partition, where the type
is an integer in {0, 1,2}, extending the corresponding notion for Grassmannian
elements from [BKT1]. The [J-Grassmannian elements and their Pfaffian formulas
are abandoned entirely; instead, we view them all as 1-Grassmannian elements!
This fits in well with our previous papers [BKT1, BKT3, T2, T4] on the orthogonal
Grassmannians OG(n — k,2n) and (double) eta polynomials, where we assumed
k > 1 from the beginning — but for a different reason. .

Another obstacle appears when one tries to define the leading elements of W,,. It
was observed in [T4, Sec. 3.3] that the compatibility of double eta polynomials with
left divided differences is more delicate than the corresponding fact in types B and
C. In order to preserve this crucial property for the polynomials indexed by leading
elements, we must demand that they are all proper elements of W,, (Definition 12).
There is no analogue of this subtle condition in the other classical Lie types. Once
all the definitions which are special to the type D theory are found, the proof of
the main result proceeds in a manner parallel to the other three types.

This paper is organized as follows. Section 2 contains background material on
divided differences and Schubert polynomials, and defines the shape of a (signed)
permutation in all the classical types. Section 3 deals with raising operators and
provides variants of the lemmas from [BKT2] that we require here. Sections 4, 5,
and 6 define and study amenable elements and their applications in types A, C,
and B/D, respectively. In particular, we give our notion of flagged theta and flagged
eta polynomials; these are indexed by amenable Weyl group elements. Finally,
Appendix A contains counterexamples to several statements in [AF2].

I thank Andrew Kresch for encouraging me to work on this article, providing
useful comments, and, more importantly, for being a good friend. Thanks are also
due to a referee for a careful reading of the paper and suggestions which helped to
improve the exposition and to simplify the proof of Theorem 2.

2. PRELIMINARIES

This section gathers together background material on the divided differences and
Schubert polynomials used in this work. We also discuss the notion of the shape of
a (signed) permutation. Our notation is compatible with that found in [T6].

2.1. Lie type A. Throughout this paper we will employ integer sequences a =
(a1, e, ...), which are assumed to have finite support, and we identify with integer
vectors. The integer sequence « is a composition if o; > 0 for all j. A weakly
decreasing composition is called a partition. If A is a partition, the length of X is
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the integer £(\) := #{i | \; # 0}, and the conjugate of X is the partition X" with
Ny = #{i | i > j} for all j > 1. As is customary, we identify partitions with
their Young diagrams of boxes, arranged in left justified rows. An inclusion g C A
of partitions corresponds to the containment of their respective diagrams; in this
case, the skew diagram A/p is the set-theoretic difference A \ u. For each integer
r>1,let 6, :=(r,r—1,...,1), 8 :=(1,2,...,r), and set dy := 0. Denote by e,
the sequence whose rth term is 1 and all other terms are zero.

The symmetric group S, is generated by the simple transpositions s; = (i,7+ 1)
for 1 <i <n-—1. There is a natural embedding of S,, in S}, ;1 by adjoining n+1 as
a fixed point, and we let S, := U,.S,. We will write a permutation w € S, using

one line notation, as the word (w1, ..., w,) where w; = w(7).
The length of a permutation w, denoted ¢(w), is the least integer r such that
we have an expression w = s;, ---s;.. The word s;, ---s; is called a reduced

decomposition for w. An element w € S, has a left descent (respectively, a right
descent) at position i > 1 if ¢(s;w) < £(w) (respectively, if {(ws;) < ¢(w)). The
permutation @ = (@, w2, ...) has a right descent at 4 if and only if w; > w;y1,
and a left descent at i if and only if w™1(i) > @~ 1(i + 1).

The code v = y(w) of a permutation w € S, is the sequence {7;} with v; :=
#{j >i| w; < w;}. The code v determines w, as follows. We have w; = v; + 1,
and for ¢ > 1, w; is the (v; 4+ 1)st element in the complement of {w1,...,@;_1}
in the sequence (1,...,n). Following [LS1, M], the shape A = A(w) of w is the
partition whose parts are the non-zero entries ; of the code v(w), arranged in
weakly decreasing order. We have [A| := >, A\i =3, vi = l(w).

For any integer p > 0 and sequence of variables Z := (21, 22, . . .), the elementary
and complete symmetric functions e,(Z) and h,(Z) are defined by the generating
series

oo

H(l + z;t) = iep(Z)tp and ﬁ(l —zit) "t = iQ:hp(Z)t”7
p=0 i=1 p=0

=1

respectively. If 7 > 1 then we let e, (Z) 1= ep(21, ..., 2) and hy(Z) == hy(21,. .., 27)
denote the polynomials obtained from e,(Z) and h,(Z) by setting z; = 0 for all
i > 1. Let e)(Z) = h3(Z) := dop, where &g, denotes the Kronecker delta, and for

r <0, deﬁneph;(Z) =e,"(Z) and e, (Z) := h,"(Z).

Let X := (z1,29,...) and Y := (y1,¥2,...) be two sequences of independent
variables. There is an action of S, on Z[X, Y] by ring automorphisms, defined by
letting the simple reflections s; act by interchanging x; and x;4; while leaving all
the remaining variables fixed. Define the divided difference operator 0F on Z[X,Y]

by

5‘5”]"::M for i > 1.
Ty — Tit1
Consider the ring involution 7 : Z[X,Y] — Z[X,Y] determined by 7 (z;) = —y; and
7(yi) = —x; for each 7, and set 9Y := nd¥r.

For any p,r,s € Z, define the polynomial "h; by

p
Thy =Y hi(X)ey ,(-Y).
1=0

We have the following basic lemma.
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Lemma 1. Suppose that p,r,s € Z. For alli > 1, we have

r+lps : — 44 rhs—l ; — 44
07 ("hy,) = { p-1 AT b and azy(rhzs?) - { p—1 s b

0 otherwise 0 otherwise.

The double Schubert polynomials &, for w € S, of Lascoux and Schiitzenberger
[Las, LS1] are the unique family of polynomials in Z[X,Y] such that

@) o6, — {emi if 0(ws;) < 0(w), o6, = {GW if 0(s;m) < U(w),

0 otherwise, 0 otherwise,

for all i > 1, together with the condition that the constant term of & is 1 if w =1,
and 0 otherwise.

2.2. Lie type C. The Weyl group for the root system of type C,, is the group of
signed permutations on the set {1,...,n}, denoted W,,. The group W, is generated
by the simple transpositions s; = (¢,7 + 1) for 1 <i < n — 1 together with the sign
change so, which fixes all j € [2,n] and sends 1 to 1 (a bar over an integer here
means a negative sign). We write the elements of W,, as n-tuples (wy,...,wy,),
where w; := w(i) for each 7 € [1,n]. There is a natural embedding of W,, in W,
by adjoining n + 1 as a fixed point, and we let W, := U,W,,. The symmetric
groups S, and S, are the subgroups of W,, and W, respectively, generated by
the reflections s; for i positive. The length ¢(w) and the reduced decompositions of
an element w € W, is defined as in type A. We have

Uw) =i <jlwi>wik+ Y Jwy
7:w; <0

for every w € W

An element w € W, has a right descent (respectively, a left descent) at position
i > 0 if £(ws;) < l(w) (respectively, if (s,w) < £(w)). The signed permutation
w = (wy,wa,...) has a right descent at 0 if and only if w; < 0, and a right descent
at ¢ > 1 if and only if w; > w;+1. The element w has a left descent at 0 if and only
if w™(1) <0, that is, w = (---1---). The element w has a left descent at i > 1 if
and only if w=1(7) > w™1(i + 1), that is, w has one of the following four forms:

Let w € W, be a signed permutation. Following [T6, Def. 2], the strict partition
i = p(w) is the one whose parts are the absolute values of the negative entries of
w, arranged in decreasing order. The A-code of w is the sequence v = (w) with
vi = #{j > i | wj <w;}. We define a partition v = v(w) by

vi=#{i|v >j}, forallj>1
Finally, the shape of w is the partition A(w) := p(w) + v(w). The element w is

uniquely determined by p(w) and y(w), and we have |A(w)| = ¢(w).
Example 1. (a) For the signed permutation w := (5,3,4,7,1,6,2) in Wy, we
obtain i = (6,5,4,1), v = (1,4,1,3,1,0,0), v = (5,2,2,1), and A = (11,7,6,2).

(b) Let £ > 0. An element w € Wy, is k-Grassmannian if ¢(ws;) > £(w) for all
1 # k. This is equivalent to the conditions

O<w; < - <wp and Wiy < Wiy < -+ .
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If w is a k-Grassmannian element of W, then A\(w) is the k-strict partition asso-
ciated to w in [BKT2, Sec. 6.1].

(c) Suppose that the first right descent of w € W, is k > 0, and let m = ¢(u) and
¢ ={(\). Then p is a strict partition and v C k"% + 6, _4_1, with v; > k for all
j € [1,m]. Tt follows that

AL > Ao > > Ay > max( A1, k) > Aat > Amae > -0 2> A
Lemma 2 ([M, T6]). If i > 1, w € W, and v = y(w), then
Vi > Yig1 & wi > wi < L(ws;) = L(w) — 1.
If any of the above conditions hold, then
Y(wsi) = (Y15, Yim1s Vit 1% — L Yik2, Vit s, - -)-

Let ¢ := (c1,¢2,...) be a sequence of commuting variables, and set ¢y := 1
and ¢, := 0 for p < 0. Consider the graded ring I" which is the quotient of the
polynomial ring Z[c] modulo the ideal generated by the relations

P
(3) CpCp + 2 Z(_l)iCpJ,_iCp_i =0, forallp>1.
i=1

Let X := (z1,22,...) and Y := (y1,ya2,...) be two sequences of variables. Fol-
lowing [BH, IMN], there is an action of Wy, on I'[X,Y] by ring automorphisms,
defined as follows. The simple reflections s; for ¢ > 1 act by interchanging x; and
x;+1 while leaving all the remaining variables fixed. The reflection so maps z; to
—x1, fixes the x; for j > 2 and all the y;, and satisfies

P
socp) == ¢p + 2Zm{cp,j for all p > 1.

j=1
For each ¢ > 0, define the divided difference operator 8% on I'/X,Y] by
T . LR L1 B ST
—2x1 Ti — Tit+1

Consider the ring involution ¢ : T'[X,Y] — I'[X, Y] determined by

plrg) ==y, ely) = =25 wle) =
and set 97 := pdF¢ for each ¢ > 0. The right and left divided difference operators
0F and 9Y on I'[X, Y] satisfy the right and left Leibnitz rules

(4) 07 (f9)=(97fg+ (sif)07g and 9/(fg) = (9] f)g+ (s{f)9g.
where s! := ps;p, for every i > 0.
For any p,r, s € Z, define the polynomial "c;, by

We have the following basic lemma, which stems from [IM, Sec. 5.1].
Lemma 3. (a) Suppose that p,r,s € Z. For all i > 0, we have

o r—1 s ; = 4+ o rs+1 : — 44
6:‘(%;3):{ L T S S

0 otherwise. P 0 otherwise.
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(b) For alli>1, r,s >0, and indices p and q, we have

yr —i1s 1\ _ 1, ,—i+1ls i+1 r —i+1ls i+1
9 (e, Pey) =", 11 e + e, Com1

Suppose 7,5 > 0, and let ¢, := "¢, * for each p € Z. We then have the relations

p
(5) Cplp + 22(—1)icp+icp_i =0 forall p>r+s

i=1
in U[X,Y]. Indeed, if C(t) := 37 2 ¢,t? is the generating function for the c,, we
have

ct) =] +azt) JJ(1—yst) <Z cptp>

i=1 j=1 p=0

and hence
c(e(—) = [0 - =2 [[(1 - v262),
i=1 j=1

which is a polynomial in t of degree 2(r + s).
The type C double Schubert polynomials &, for w € W, of Ikeda, Mihalcea,
and Naruse [IMN] are the unique family of elements of I'[X, Y] such that

Cus;, i L(ws;) < L(w), Ve — Coin i L(s5w) < l(w),
T 0 otherwise,

(6) 9, = .

0 otherwise,
for all ¢ > 0, together with the condition that the constant term of €, is 1 if w =1,
and 0 otherwise.

2.3. Lie types B and D. When working with the orthogonal Lie types, we use
coefficients in the ring Z[%] For any w € W, the type B double Schubert polyno-
mial B, of [IMN] satisfies B,, = 2~5(*)¢,,, where s(w) is the number of indices j
such that w; < 0. The odd orthogonal case is therefore entirely similar to the sym-
plectic case. In the rest of this section we provide the corresponding preliminaries
for the even orthogonal group, that is, in Lie type D, and assume that n > 2.

The Weyl group W), for the root system D,, is the subgroup of W, consisting of
all signed permutations with an even number of sign changes. The group W, is an
extension of S, by the element sg = s¢s159, which acts on the right by

(w1, wa, ..., wy)sg = (Wa, Wy, W3, ..., Wy).

There is a natural embedding I/Tfn — I/IN/,LH of Weyl groups, induced by the
embedding W,, — W, 41, and we let Woo = Uan. The elements of the set
Ng :={{J,1,...} index the simple reflections in Woo. The length ¢(w) and reduced
decompositions of an element w € WOO are defined as before. We have

lw)=#{i <j|w; >wib+ > (Jwi| = 1)

7 w; <0

for every w € WOO.

An element w € Woo has a right descent (respectively, a left descent) at po-
sition i € Np if #(ws;) < ¢(w) (respectively, if ¢(s;w) < ¢(w)). The element
w = (wy,ws,...) has a right descent at O if and only if w; < —ws, and a right
descent at ¢ > 1 if and only if w; > w;11. We use the notation 1 to denote 1 or



DEGENERACY LOCUS FORMULAS FOR AMENABLE ELEMENTS 9

1, determined by the parity of the number of negative entries of w. The following
result corrects [T4, Lemma 4]:

Lemma 4. Suppose that w is an element of WOO.

(a) We have {(sgw) < £(w) if and only if w has one of the following four forms:

(...T...§...)7 (+-2-.T--), (--2---T--0).
(b) Assume that i > 1. We have (s;w) < l(w) if and only if w has one of the
following four forms:

Definition 1. We say that w has type 0if |wq| =1, type 1 if wy > 1, and type 2 if
wp < —1.

There is an involution ¢ : Woo — Woo which interchanges sg and si; we have
t(w) = spwsp in the hyperoctahedral group We,. We deduce that ¢(w) = w if and
only if w has type 0, while if w has positive type and |w,| = 1 for some r > 1, then

L(U)) = (_w17w27 sy Wp—1, —Wp, Wr41, - - )
It follows that ¢ interchanges type 1 and type 2 elements. The next definition refines
the notion of the shape of an element of W, introduced in [T6, Def. 5].

Definition 2. Let w € W, have type 0 or type 1. The strict partition p(w) is
the one whose parts are the absolute values of the negative entries of w minus one,
arranged in decreasing order. Let v = 7(w) be the A-code of w, and define the
parts of the partition v = v(w) by v; := #{i | 7 > j}. If w has type 2, then set
p(w) = p(u(w)), y(w) = y((w)), and v(w) := v((w)).

A typed partition is a pair consisting of a partition A together with an integer
type(A) € {0,1,2}. The shape of w is the typed partition A = A(w) defined by
AMw) = p(w) + v(w), with type(A) := type(w).

Observe that the element w is uniquely determined by p(w), v(w), and type(w).
Moreover, we have |A\(w)| = £(w).

Definition 3. Let w € Wa {1}, let d denote the first right descent of w, and set
k:=d,ifd# 0, and k := 1, if d = 0. We call k the primary index of w.

Example 2. (a) For the signed permutation w := (3,2,7,1,5,4,6) in W, we
obtain p = (6,5), v = (4,3,0,1,2,1,0), v = (5,3,2,1), and A= (11,8,2,1) with
type(\) = 1. The element «(w) = (3,2,7,1,5,4,6) has shape A = (11,8,2,1) with

type(A) = 2. Both w and «(w) have primary index k = 1.

(b) Let £ > 1. An element w of W is k-Grassmannian if lws;) > L(w) for all

i#k,if k>1, and for all ¢ ¢ {0OJ,1}, if k£ = 1. This is equivalent to the conditions
w1 <ws < -+ <wp and w1 < Wpgo < -y,

the first condition being vacuous if £k = 1. If w is a k-Grassmannian element of

Weo, then A(w) is the typed k-strict partition associated to w in [BKT3, Sec. 6.1].

(¢) Suppose that the primary index of w € W, is k > 1, and let m = £(u) and
¢ = {(\). Then y is a strict partition and v C k"% + 6, _p_1, with v; > k for all
J € [1,m]. We therefore have

)\1>)\2>~~>)\m>max()\m+1,k)2)\m+1ZAm+22~~2)\g.
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Let b := (b1,ba,...) be a sequence of commuting variables, and set by := 1
and b, := 0 for p < 0. Consider the graded ring I which is the quotient of the
polynomial ring Z[b] modulo the ideal generated by the relations

bpb, —i—QZ )bpribp—i + (—1)Pbg, =0, for all p > 1.

We regard T" as a subring of I via the injective ring homomorphism which sends
¢p to 2b, for every p > 1.

Following [BH, IMN], we define an action of Wao on IV [X,Y] by ring automor-
phisms as follows. The simple reflections s; for ¢ > 1 act by interchanging x; and
2;+1 and leaving all the remaining variables fixed. The reflection s maps (x1,x2)
to (—x2, —x1), fixes the x; for j > 3 and all the y;, and satisfies, for any p > 1,

p—1
sa(bp) := by + (z1 + 22) Z Z fal | cpo1y.
7=0 \a+b=j

For each ¢ € N, define the divided difference operator 8¢ on I''[X,Y] by
for i > 1.

Consider the ring involution ¢’ : IV[X, Y] — I'"[X, Y] determined by

O'(x;) =—y;, @ y) =—z5, (b)) =by

and set 9Y := /07 ¢’ for each i € N. The right and left divided difference operators
07 and 9Y on I'"[X, Y] satisfy the right and left Leibnitz rules

(7)  07(fg) = (97 flg+ (sif)0fg and  9(fg) = (9} f)g+ (s{f)d}g,

where s! := ¢'s;¢, for every i € Np.
Let r > 0 and set "¢, := Y.7_ c,—;h; "(X). Define "b, := "¢, for p < r,
"bp 1= %Tcp for p > r, and set

R U P T
by = 3 e+ ier(X) and b, = 5 Cr 2€T(X)

For s € {0,1}, let "a3 := §"¢, + >0 "¢p—ihi(=Y), and define
b i="bo+ Y Terhi(=Y), and "Bl i="b,+ Y Teo_ihi(—

We have the following propositions, which are proved as in [T4, Sec. 2].
Proposition 1. Suppose that p,q € Z and r,s > 1.

(a) For alli > 1, we have

0 otherwise 0 otherwise.

r—1.49 . = 4+ r q+1 - = 44
af(f'cg):{ G r=F 8?(7'02):{ o1 W a=+,



DEGENERACY LOCUS FORMULAS FOR AMENABLE ELEMENTS 11

We have
ey ifqg=1,
: 2("c2_y) ifg=0
ay T — p—1 )
O ( C;D) 9 (Tcgl)—l) _ Tcp—l qu =1,
0 if lgl = 2.

(b) For alli > 1, we have

yr —is i\ _r —i+ls i+l r —i+ls i+1
97 (e, Pey) =", M1 e + e, Col1

We also require certain variations of the ‘above identities. Let fr be an indeter-
minate of degree r, which will equal "b,., "b,, or %Tcr in the sequel. We also let
fo €{0,1}. For any p,s € Z, define "¢ by

ot ey QR —TeTIY) s =r—p <o,
0 otherwise.

For s € {0,1}, define
fﬁ = fr+ Zrcrﬁjh‘;(_y);
j=1

set fr ="¢, — fr and ff =", = 2f + 2.
Proposition 2. Suppose that p € Z and p > 7.
(a) For alli > 1, we have

TP ifi=p—1r>2,

a("e, Py =920 (fr) ifi=p—r=1,
0 otherwise
and
Gt dfi=p-r22
9/ ("e, ") = 2f» iffi=p-—r=1,
0 otherwise.
We have

P

oY (rfc\rfp) _ 2fr1 if’l" -p=-1,
= 0 ifr—p<—1.

(b) For all i > 2, we have

e . it . e i1
83;(7“6 18 z):rc 1+ scz+1+rc z+1scz+

»  Cq p—1  Cq P q—1-

Fix r,s > 0, and define ¢, := "c,* for each p € Z. For p = r + s, set 9, :=
er(X)es(—Y). Then, in addition to the relations (5), we have the relations
p .
(8) (cp +0,)(cp —0p) +2 Z(—l)’cpﬂcp,i =0 for p=r-+s

i=1

in T'[X, V).
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Following [IMN], the type D double Schubert polynomials ®,, for w € W are
the unique family of elements of IV[X, Y] satisfying the equations

Dws, 1 l(ws;) < L(w), . — Do, I L(s5w) < L(w),
0 otherwise, e

0 otherwise,

for all ¢ € N, together with the condition that the constant term of ©,, is 1 if
w = 1, and 0 otherwise.

3. RAISING OPERATORS

For each pair ¢ < j of distinct positive integers, the operator R;; acts on integer
sequences o = (aq,aa,...) by

Rij(a) = (a1,...,a; +1,...,05 = 1,...).

A raising operator R is any monomial in these R;;’s.

Following [BKT?2, Sec. 1.2], let A° := {(4,j) € Zx Z | 1 <i < j} and define a
partial order on A° by agreeing that (i/,7') < (i,7) if ¢/ <i and 7/ < j. We call a
finite subset D of A° a wvalid set of pairs if it is an order ideal in A°. Any valid set
of pairs D defines the raising operator expression

RP:=TJa-Ry) [ @+Rij"
i<j i<j:(i,j)€ED
We also use the raising operator expressions
1— Ry
RQ) = H(l — Rzy) and R*:= H T L.
i<j 1<j
3.1. Alternating properties in types A, B, and C. For each r > 1, let ¢" =

(07 )iez be a sequence of variables, with of = 1 and o} = 0 for each ¢ < 0, and let

Z[o] denote the polynomial ring in the variables of for ¢, > 1. For any integer
sequence «, let o, := aélai -+, and for any raising operator R, set Ro, := 0Rq-

Fix j > 1, let z be a variable, set 77 := o” for each r # j and 7 = 01{,'+20271 for
eachp e Z. If o := (a1,...,04) and &’ := (o, ..., a} ) are two integer vectors and
r,s € Z, we let (a,r,s,a’) denote the integer vector (ovi,...,aq,r,s,0,...,a0).

The following two lemmas are generalizations of [BKT2, Lemmas 1.2 and 1.3].

Lemma 5. Let A = (A1,...,A\j—1) and p = (ftj42,. .., (e) be integer vectors, and
D be a valid set of pairs. Assume that 07 = o*1 (4,54 1) ¢ D, and that for each
h<j, (h,7) € D if and only if (h,j+ 1) € D.

(a) For any integers r and s, we have
RD OX\rs,u = _RD OX,s—1,r+1,p
in Zlo].
(b) For any integer r, we have
RD T rru = RD OX\,r,rp

in Zlo, z].
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Proof. The proof of (a) is identical to that of [BKT2, Lemma 1.2]. For part (b),
we use linearity in the j-th position to obtain R7x ,rpu = Roxrru+2 RONr—1,ru,
for any raising operator R that appears in the expansion of the power series R”.
Adding these equations gives

RP T rrpn = RP Oxrorpt 2 RP OXr—1,rp
Now part (a) implies that R oy ,_1,,,, = 0. O
Fix £k > 0, let ¢ = (¢;);cz be another sequence of variables, and consider the

relations

P
(10) CpCp + 22(—1)icp+icp_i =0 for all p > k.
i=1

Lemma 6. Let A = (A,...,\j—1) and p = (fj42,. .., pe) be integer vectors, and
D be a valid set of pairs. Assume that 07 = ot =¢, (4,7 + 1) € D, and that for
each h>j+1, (j,h) € D if and only if (j +1,h) € D.

(a) If r,s € Z are such that r + s > 2k, then we have
RP oy rspy=—RPorsrp
in the ring Z[o] modulo the relations coming from (10).
(b) For any integer r > k, we have
RD T\, r+1,ru = RD ONr+1,7,1
in the ring Zlo, z] modulo the relations coming from (10).

Proof. The proof of (a) is identical to that of [BKT2, Lemma 1.3]. For part (b),
we expand R Tar+1,r,u and use linearity in the j-th position to obtain

RP 7y i1y = RP 0x it + 2 RP 0x e
Now part (a) implies that R” oy ..., vanishes modulo the relations (10). O
3.2. Alternating properties in type D. In type D we will require certain vari-
ations of Lemma 5 and Lemma 6. For each » > 1, we introduce a new sequence
of variables v" = (v]);ez such that v = 0 for each ¢ < 0. Let Z[o,v] denote the

polynomial ring in the variables o], v] for i,7 > 1. For each r > 1, define the
sequence ¢" by o7 := ol + (=1)"v! for each ¢, and for any integer sequence «, let

~ =1 =2
Oai=04,04, " )
Fix an integer d > 0 such that v] = 0 for all ¢ whenever r > d. If R := HKJ- R?j”

is a raising operator, denote by supp,(R) the set of all indices ¢ and j such that
n;; > 0 and j < d. Let D be a valid set of pairs and R be any raising operator
appearing in the expansion of the power series R”. Let A\ = (A1,...,\;) be any
integer vector and set p := RA. Define

N

Rx0o)=0,:= Tpy 0,

where, for each i > 1 and p € Z,
i . {01’; if i € suppy(R),

o otherwise.

Fix j > 1, set 7% := &' for each i # j and ?g = 3% + 23;71 for each p € Z.
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Lemma 7. Let A = (A1,...,\j—1) and p = (ftj42,. .., ie) be integer vectors, and
D be a valid set of pairs. Assume that j > d, 0/ = o7, (j,5+1) ¢ D, and that
for each h < j, (h,j) € D if and only if (h,j+ 1) € D.

(a) For any integers r and s, we have
D~ D, ~
R *ONr,s,p = —R * O\ s—1,r+1,1
in Zlo,v].
(b) For any integer r, we have
D, ~ D, ~
R xTxrr = R % Ox v
in Zlo,v, z].

Proof. Since j > d, the argument used in the proof of [BKT2, Lemma 1.2] works
here as well to establish part (a). Part (b) is an easy consequence of (a). O

Fix k > 0, let ¢ = (¢;);ez and 0 = (9;);ez be two other sequences of variables
such that 0, = 0 for all p > k 4 1, and consider the relations

p
(11) (cp +0p)(cp = 0p) +2) (—1)'cpyicy; =0 forall p> k.
=1

Lemma 8. Let A = (A1,...,\j—1) and p = (442, .., ie) be integer vectors, and
D be a valid set of pairs. Assume that j < d, 09 = oIt! = ¢, v = oIt =9,
(j,7+1) € D, and that for each h > j+1, (j,h) € D if and only if (+ 1,h) € D.

(a) If r,s € Z are such that r + s > 2k + 2, then we have

D~ D~
(12) R * O\ rs,u = —R" x O s,m,u
and
D ~
(13) R” %0\ k16410 =0

in the ring Z[o,v] modulo the relations coming from (11).
(b) For any integer r > k, we have

RP %P pi1mp = RP %G riimp
in the ring Z[o,v, z] modulo the relations coming from (11).

Proof. The proof of (12) is identical to that of [BKT2, Lemma 1.3]. The proof
of (13) follows the same argument, using (12) and induction to reduce to the case
when p is empty. For any integer vector p with at most d components, define
T, := RP x5,. If g is the least integer such that 2g > ¢ and p := (\, 7, s), then we
have the relation

29
T, = Z(i]‘)ijl7pij27"')ﬁj7"')p2g'
=2
The proof is now completed by induction, as in loc. cit. For part (b), we expand
RP « Tx,r+1,ru and use linearity in the j-th position to obtain
RD * ?X,r—i-l,r,p = RD * 8)\,r+1,r,p + z RD a—)\,r,r,p-

Now part (a) implies that R x5} .., vanishes modulo the relations (11). O
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4. AMENABLE ELEMENTS: TYPE A THEORY

4.1. Definitions and main theorem. As Lie theorists know well, type A is very
special when compared to the other Lie types. In the theory of amenable elements,
this manifests itself in the fact that we can work with dominant elements instead of
leading elements. The result is the simplified treatment given here, which does not
have a direct analogue in types B, C, and D. Another difference in type A is that the
order of application of the divided difference operators is switched: we first use the
left divided differences, then the right ones. But by far the main distinction between
type A and the other classical types is that one can use Jacobi-Trudi determinants,
represented here by R?, instead of the more general raising operator expressions
RP that define theta and eta polynomials, which are essential ingredients of the
theory for the symplectic and orthogonal groups.

If w e S, and v € Sy, then w is called v-avoiding if w does not contain a
subword (w;, ,...,w;,, ) having the same relative order as (v1,...,v;,). The notion
of v-avoidance also makes sense when w is any integer vector (w1, ...,w,) with
distinct components w;. We say that @ is dominant if its code () is a partition,
or equivalently, if w is 132-avoiding (see [M, (1.30)] and [R, Thm. 2.2]).

For the next result, we refer to [Kn, Exercise 2.2.1.5] and [Stu, §2.2].

Lemma 9. The following conditions on a permutation w € S, are equivalent:
(a) w is 312-avoiding; (b) w™t is 231-avoiding;

(¢) w has a reduced decomposition of the form Ri---R,_1 where each R; is a
(possibly empty) subword of s1 - - s,—1 and furthermore all simple reflections in R,
are also contained in Ryi1, for eachp <n —1.

Definition 4. A (right) modification of w € S,, is a permutation ww, where w € S,
is such that {(ww) = ¢(w)—{(w), and w is 231-avoiding. A permutation is amenable
if it is a modification of a dominant permutation.

For any three integer vectors a, 3, p € Z*, which we view as integer sequences
with finite support, define f’hg = plhgll p2h§i --+. Given any raising operator
R=Tl,; R}’ let RPh :="hy,,.

Proposition 3. [M, (6.14)] Suppose that w € S,, is dominant. Then we have

_ p0sY_ pA(w)
S, =R 1hA(w).

Proof. We use descending induction on ¢(w). Let wy := (n,...,1) denote the
longest element in S,. One knows from [Las] and [M, (3.5)] that the equation

_ sy p0n-1
GCr, =R 1h5n_1

holds in Z[X,Y], so the result is true when w = wy.
Suppose that w # wy and w is dominant of shape A. Then A C §,_1 and
A # Op—1. Let r > 1 be the largest integer such that A\; = n — 1 for i € [1,r], and
let j := Ay1+1=w,41 <n—r—1 Then sjw is dominant of length ¢(w) + 1
and A(sjw) = AM@) + €,41. Using Lemma 1 and the left Leibnitz rule, we deduce
that for any integer sequence o = (0417 .. 7ozn), we have
v . v N
ajl_/(%fl hé(sj )) - 6n71h (@)

a—€pry1°
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‘We conclude that

v A(sjw v Aw
67" = ajy(eSjw) = a;/(R(D dnilh)\gsj-w;) = R@ 6”71h)\gw§'

O

Definition 5. Let w be an amenable permutation with code v and shape A\, with
¢ ={()\). Define two sequences f = f(w) and g = g(w) of length ¢ as follows. For
1 <5 <Y, set

f; = max(i | % > \y)
and let

gj = fq +/\q —-q,

where q is the least integer such that q > j and Ay > Aq11. We call § the right flag
of w, and g the left flag of w.

It is clear from Lemma 2 that the right flag f of an amenable permutation is a
weakly increasing sequence consisting of right descents of w. We will show that the
left flag g is a weakly decreasing sequence consisting of left descents of w.

Proposition 4. Suppose that & € S,, is dominant with X := M@). Letw be a 231-
avoiding permutation such that {(@Ww) = £(w) —L(w), and set w := Dw, v := y(w),
and X\ := M w). Then the sequence 6 _, + A — X is weakly increasing, and

S, = R(D 6:—1+X7)‘h§.
Moreover, if A\q > Aq41, then :\\q is a left descent of w, quXq — Aq 18 a right descent
of w, and we have q+ Ay — A\g = max(i | 7 > Aq).

Proof. Suppose that @ is of shape A= v = (pi*,p5%...,pi"), where p1 > -+ > py.
Then the right descents of @ are at positions dy := ni,ds := ny + no,...,d; :=
ni+ - -+ ng. Since we have @; < @, for all j # d, for r € [1,t], we deduce that

w = p1+ 1,7%,11_;,_1 =pa+1,... ,%dt71+1 =p: + lvﬁdﬁ-l =1.
Moreover, since @ is 132-avoiding, it follows that the left descents of @ are py, ..., p;.
Finally, Proposition 3 gives

v -
(14) G5 =R n1h]

so the result holds when w = 1 and @ = @ is dominant.

Suppose next that @ := ww for some 231-avoiding permutation w such that
{(BWw) = £(w) — ¢(w). Lemma 9 implies that w has a reduced decomposition of the
form Ry --- R,—1 where each R; is a (possibly empty) subword of 5,1 - -- 51 and all
simple reflections in R, are also contained in R,,, for every p > 1. Now repeated
application of (2), Lemma 1, and the right Leibnitz rule (4) in equation (14) give

G = 0%, (6z) = RVS1HA -2,

We will show that the sequence 6 _; + X—\is weakly increasing and verify the
last assertion, about the left and right descents of w.

Using Lemma 2, we study the right action of the successive simple transpositions
in the reduced decomposition Ry --- R,_1 for w on the code 4 of @. The action
of these on 7 is by a finite sequence of moves @ — o', where a := y(v) and
o = v(v') for some v,v" € S,. Here v/ = vs;_;---s; for some ¢ < j such that
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(V") = 4(v) —j+ i, and s;_1---s; is a subword of some R, with j — ¢ maximal.
Since the initial code % is weakly decreasing, we have a; > -+ > a;_1 > «;, and

!/
o = ((11,...7O[i,1,04j,01i — 1,...,Olj,1 — ].,ij+170lj+2,...).

We say that the move is performed on the interval [i, j], or is an [i, j]-move. The
procedure is defined as the performance of finitely many moves to 7, ending in the
code 7. This describes the effect of multiplying @ on the right by w.

Example 3. Suppose that @ = (5,6,7,4,3,8,2,1) in Sg with code
7 =1(4,4,4,3,2,2,1,0).

If w= $756555453528756558456855, then ww = (5,1,6,2,3,7,4,8) and v = y(ww) =
(4,0,3,0,0,1,0,0). The procedure from 7 to -y consists of a [2, 8]-move, followed by
a [4, 8]-move, followed by a [5, 7]-move:
(4,4,4,3,2,2,1,0) — (4,0,3,3,2,1,1,0) — (4,0,3,0,2,1,0,0) — (4,0,3,0,0,1,0,0).

Notice that after an [i, j]-move a — o', we have
(15) o =~; =min(a, | r € [i,]]) > max(a | r > j).

Let p and ' be the shapes of v and v, respectively, and set f := 87 _; + X — I
(respectively, f':=48,/_; + X\ — u). We then have

IU‘/: (,u’lﬂ"'a:u?"—h,u'r717"'7,u8—1 717.[1487#8-"—13"')

for some r < s with s —r =75 — ¢, and

fl:(flv'“vfrflaf'r‘+]—7"'7f571+11fsvfs+1a"')'

Since ps = oy < oj_1 —1 = pg_1 — 1, we deduce that f/ — fl_, = fo— foo1—1=
s —ps—1—1 > 0. It follows by induction on the number of moves that the sequence
f is weakly increasing.

Suppose that pj > p; , for some d. Using (15) and induction on the number
of moves, we deduce that f; = max(i | af > p;). This implies that for any q such
that Aq > Aq41, we have q—l—Xq —Ag =max(i | 7 > Aq), and hence that g +Xq — A
is a right descent of w, in view of Lemma 2.

We claim that Xd is a left descent of v’. Clearly the left descents of v and v’
are subsets of {p1,...,p:}. There is at most one left descent p. of v that is not a
left descent of v/, and this occurs if and only if v; = p. and v, = pe + 1 for some
h e i,j—1]. Since a, > -+ > aj_1 > v, we deduce that ap, = -+ = a1 = aj+1,
and hence ,u;_(j_h)H = ... = p!, = ps. We conclude that Xd # De, completing the
proof of the claim, and the proposition. O

Example 4. Let @ := (4,5,6,2,1,3), a dominant permutation in Sg with shape
= v(w) = (3,3,3,1). Take w := s48352515453 in Proposition 4, so that w =
ow = (1,4,2,5,6,3), with y(@w) = (0,2,0,1,1,0) and A = (2,1,1). We have
&Y + X=X =(2,4,5,5,5), and deduce that

_ b (2,4,5,5,5)1,(3,3,3,1) __ ph(2,4,5)1,(3,3,3)
GW - R ( )h(2,1,1,0) - R ( )h(2,1,1)'

Theorem 1. For any amenable permutation w, we have

_ pb f(w)7,8(®)
G, =R hk(w).
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Proof. We may assume we are in the situation of Proposition 4, so that @w = @w,
with A = A(@) and A = A(w). Choose j € [1,/] and let q be the least integer such
that q > j and Ay > Aq41. Then we have \; = A\;41 = --- = Aq. As the sequence
f=90_ +A—Ais weakly increasing, we deduce that if A\, = .1 > 0, then either
(i) XT = XT_H and f, = fr41 — 1, or (ii) Xr = XT_H + 1 and f, = fry1. Theorem 1
follows from this and induction on q — j, using Lemma 5(b) in Proposition 4. O

6,1,5,2) in Sg. We

Example 5. Consider the amenable permutation w = (3,4, 6,
( )37375)7 and g(w) =

then have v(@) = (2,2,3,0,1,0), A(w) = (3,2,2,1), f(w) =
(5,2,2,2). Theorem 1 gives
Saus152 = R’ (3,37375)h8:§:§%.
Recall from [LS1, LS2] that a permutation w is wvezillary if and only if it is
2143-avoiding. Equivalently, w is vexillary if and only if A(@w™!) = \(@)’".

Theorem 2. The permutation w is amenable if and only if w is vexillary.

Proof. According to [M, (1.32)], a permutation is vexillary if and only if its code
« satisfies the following two conditions, for any ¢ < j: (i) If v; < 5, then v; <
for any k with ¢ < k < j; (ii) If 75 > +;, then the number of k with ¢ < k < j and
Vi < 7v; 1s at most y; — ;.

Assume first that w is amenable, so that @ = @w for some dominant permuta-
tion @ and 231-avoiding permutation w. Using Lemma 2, we see that the code 7
of @ is transformed into the code v of w by the moves of the procedure described
in the proof of Proposition 4.

We claim that the sequence -y is a vexillary code. It follows from the inequalities
(15) that for any [i,j]-move of the procedure, we have v5 < v; < «, for every
r € [i,j] and s > j. Moreover, if r # i for all [i, j]-moves of the procedure, then
vs < 7, for all s > r. It is easy to see from this that v satisfies the vexillary
conditions (i) and (ii). Indeed, choose r < s such that v, < s, and some t € [r, 5].
If r = i for some [i, j]-move, then we have v, < 74 for all k € [i, j], while if k > j,
then we must have v, = 75 = ;. Therefore, v, < . If r # ¢ for all [i, j]-moves,
then v, = ~5 and hence v, = ;. To prove (ii), suppose that r < k < s and
Y > s > Yk Then we must have k = ¢ for some [i, j]-move of the procedure,
where s < j. We conclude that the number of such k is at most ~, — 7s.

Conversely, suppose that @ € .5, is a vexillary permutation with code . We call
an integer ¢ > 1 an initial indez if there exists an s > i with v; < 5. We claim that
there is a canonical 312-avoiding permutation w such that {(ww) = {(w) + {(w),
ww is dominant, and w, = a if a < ¢ for every initial index . This will complete
the proof of the theorem, by applying Lemma 9.

To establish the claim, we argue by descending induction on the length of .
Observe that w has no initial index if and only if @ is a dominant permutation.
Hence, if w is already dominant, then we must take w to be the identity.

Assume that w is not dominant. We say that the index j is associated to the
initial index ¢ of w if j is the maximum s such that v; < v,. Let ¢ be the smallest
initial index, let j be associated to i, and set w’ := ws;---s;_1. The vexillary
condition (i) and Lemma 2 imply that

V(@) = (Vir - Vet Yirr + Lo LY Vi)
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and £(w') = l(w)+j—i > £(w). Tt follows by checking conditions (i) and (ii) that
w’ is vexillary and that every initial index ¢/ of @’ satisfies ¢’ > 1.

By the inductive hypothesis, there exists a canonical 312-avoiding permutation
w' with {(w'w’) = l(w')+4(w’), w'w’ dominant, and w), = a if a < ¢’ for every initial
index ¢’ of w’. The claim is proved with w :=s; - - - s;_1w’, once we check that w is
312-avoiding. Indeed, since w), = a for all a < ¢ and £(s; - - - s;_1w’) = j — i + (W),
we must have

/ . .
Ww=(1,2,...,0=1,...,a1,...,02, ..., Qj—iy ..., Jy..")

and

w = (1,2,...,2’—1,...,a1—|—1,...,a2+1,...,aj,1-—|—1,...,z',...)
where the set {a1,...,a;_;} is equal to {i,...,j — 1}. As w’ is 312-avoiding, there
are no integers a < b < ¢ such that w/, > w, > w;. It is easy to see from this
and the above relation between w’ and w that the latter permutation has the same
property, and therefore is also 312-avoiding. ([

Remark 1. (a) Define a left modification of w € S,, to be a permutation ww, where
w € Sy is 312-avoiding and such that {(ww) = ¢(w) — ¢(w). Then a permutation
is amenable if and only if it is a left modification of a dominant permutation. This
follows from Lemma 9, Theorem 2, and the fact that w is dominant (resp. vexillary)
if and only if ™! is dominant (resp. vexillary).

(b) It is not hard to show that a definition of amenable permutations as left mod-
ifications of leading permutations, in the same manner as Definition 8 in type C,
results in the same class of permutations as that given in Definition 4.

Let @w be a vexillary permutation with code v and shape A, and let w be the
canonical 312-avoiding permutation associated to w in the proof of Theorem 2.
Define a new sequence 7 by the prescription

Yo = Ya + #{¢ | 7 is an initial index with associated index j and i < a < j}

for each a > 1. Let X be the partition obtained by listing the entries of 7 in weakly
decreasing order. Then \ is the shape of ww.

Consider the skew Young diagram 7(w) := /A, For each i > 1, fill the boxes
in row 7 of 7(w) with a strictly decreasing sequence of consecutive positive integers
ending in ¢. In this way, we obtain a tableaux T' = T'(w) of shape 7(w) with strictly
decreasing rows. Define the depth of a box B of T' to be the distance from B to the
end of the row it occupies. Form a reduced decomposition for a permutation wr by
listing the entries in the boxes of T' in decreasing order of depth, with the entries
of a fixed depth listed in increasing order. It then follows from the definition of w
that wr = w.

Example 6. Let w = (1,3,6,7,9,4,8,2,5) be the vexillary permutation in Sy
with code v = (0,1,3,3,4,1,2,0,0). The initial indices are 1, 2, 3, 4, and 6 with
associated indices 7, 7, 5, 5, and 7, respectively. The reduced decomposition for
the canonical permutation w is
5485354565253545556515253545556

and we have ww = (9,7,6,8,4,3,1,2,5), with code (8,6,5,5,3,2,0,0,0). We also
have A = (4,3,3,2,1,1), 7 = (0,2,5,6,8,3,5,0), and X = (8,6,5,5,3,2). The
tableau T'(ww) on the skew diagram 7(w) is displayed in Figure 1.
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432|1|
432
413
6|54
65
6

FIGURE 1. The tableau T" on the skew diagram X/)\

It would be interesting to find analogues of the canonical permutation w and the
tableaux T'(w) for the amenable elements in the other classical Lie types.

4.2. Type A degeneracy loci. Let E — X be a vector bundle of rank n on a
complex algebraic variety X, assumed to be smooth for simplicity. Let w € S,, be
amenable of shape A, and let f and g be the left and right flags of w, respectively.
Consider two complete flags of subbundles of FE

0OCEyC---CE,=F and OCFy,C---CF,=FE

with rank F,. = rank F,. = r for each r. Define the degeneracy locus X, C X as the
locus of x € X such that

dim(E,(z) N Fy(z)) > #{i<r|w; >n—s} Vr,s.

Assume further that X, has pure codimension ¢(w) in X. The next result, which
follows from Theorem 1 and Fulton’s work [F'1], will be a formula for the cohomology
class [X5] in H2®)(X) in terms of the Chern classes of the bundles E, and Fj.
Recall that for any integer p, the class ¢,(E — E, — F) is defined by the equation

c(E — E, — Fy) == c¢(E)c(E.) ' e(Fy) ™
of total Chern classes.
Theorem 3 ([F1]). For any amenable permutation w € Sy, we have
(16) %] = 5 (B = By — Fug) = R ca(E — By — Fyy)
in the cohomology ring H*(X).

The Chern polynomial in (16) is interpreted as the image of the Schur polynomial
sy (¢) := R under the Z-linear map which sends the noncommutative monomial
¢a to [[; ca; (B — Ej, — Fu—g,), for every integer sequence a.

Remark 2. Theorem 3 and its companion Theorems 5, 7, and 8 in the other clas-
sical Lie types are results about cohomology groups, taken with rational coefficients
in types B and D. However, from these, one may obtain corresponding results for
cohomology with integer coeflicients, and for the Chow groups of algebraic cycles
modulo rational equivalence. For the latter transition, see [F2, G].
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5. AMENABLE ELEMENTS: TYPE C THEORY

5.1. Definitions and main theorem. Let w be a signed permutation with A-
code v and shape A = p + v, with £ = ¢(\) and m = ¢(u). Choose k > 0, and
assume that w is increasing up to k. If k = 0, this condition is vacuous, while if
k > 1 it means that 0 < wy < -+ < wg. Eventually, k will be the first right descent
of w, but the increased flexibility is useful.

List the entries wg41,...,w, in increasing order:

Uy < o < Uy <0< U1 < v < Up—g-
Define a sequence 3(w) by
Bw) :=(ur +1,...;Un+ L, Umi1, .oy Un—k).
and the denominator set D(w) by
(17) D(w) :={(,5) |1<i<j<n—k and u; +u; <0}.

This notation suppresses the dependence of 3(w) and D(w) on k. Observe that the
inequality u; + u; < 0 in (17) is equivalent to 3;(w) + B;(w) < 0.

Definition 6. Suppose that w € W, has code v = y(w) and k > 0. The k-truncated
A-code ¥~ = k~(w) is defined by

Fy(w) = (Ve 15 V425 - - -+ Vo )-

If k is the first right descent of w, then we call *y(w) the truncated A-code of w. We
let £ = £(w) be the conjugate of the partition whose parts are the non-zero entries
of ¥~ (w) arranged in weakly decreasing order.

Clearly an element w € W, increasing up to k with a given k-truncated A-code
C' is uniquely determined by the set of elements {wgy1,...,wy}, or equivalently,
by the sequence B(w).

Let v := v(w) be the unique k-Grassmannian element obtained by reordering the
parts w1, . .., wy, to be strictly increasing. For example, if w = (2,4,7,5,8,3,1,6)
and k = 3, then v = (2,4,7,6,3,1,5,8). Note that the map w +— v(w) is a bijection
from the set of elements in W,, increasing up to k with k-truncated A-code C' onto
the set of k-Grassmannian elements in W,,, such that S(v(w)) = 8(w) and

n n—k
(o(w)) = tw) = 3 G =t(w)— 3 s
=1

i=k+1

In particular, if w,w are two such elements, then ¢(w) > ¢(w) if and only if

(v(w)) > £(v(w)).

Lemma 10. Let w and w be elements in Wy, increasing up to k and with the same
k-truncated A-code C, such that £(w) = {(w) + 1. Suppose that v(W) = s;v(w) for
some simple reflection s;. Then w = s;w.

Proof. There are 4 possible cases for 7 and v(w): (a) i = 0 and v(w) = (---1---);
(b) i >1and v(w) = (--+i---i+1---); (¢)i>1and v(w) = (---i+1-i---);
(d)i>1and v(w)=(---i+1---i---). In the first three cases, the result is clear.
In case (d), the i+ 1 must be among the first & entries of v(w), which coincide with
the first k entries of w, while ¢ lies among the last n — k entries of w. Hence the
the result follows. g
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For any three integer vectors a, 8,p € Z¢, define Pc? := Plcﬁ1 P22 . Given

a2
any raising operator R = ]_[K] RZ”, let RPcf = pc%

Proposition 5. Fiz an integer k > 0. Suppose that w and w are elements in W,
increasing up to k with the same k-truncated A-code C, such that {(w) = {(w) + 1
and s;v(w) = v(wW) for some simple reﬂectwn s;. Assume that we have
D(w) x S(w)
Cw = BT (w)
for some integer sequence k. Then we have

Ty = RP™ #f ().
Proof. Set F,, := RP®) "””cfgw§7 so we know that €, = F,,. As equation (6) gives
07¢,, = €, it will suffice to show that 8y F,, = F. The proof of this will follow
the argument of [TW, Prop. 5].
Let p:= p(w), v :=v(w), A = Aw) = p+v, i .= p(w), v := v(w), A= \w) =
n+7, 8= p(w), and § = B(w). There are 4 possible cases for w, discussed below.
In each case, we have A C A, so that A, = A, — 1 for some p > 1 and A\; = A; for

all j # p.

(a) v(w) = (---1---) with ¢ = 0. In this case we have D(w) = D(w). Since clearly
v ="vand fi, = pi, — 1 for p = £(u), while 7i; = p; for all j # p, it follows that

5p:i,Bp:i+1, Whileﬁj:Bj for all j # p.

(b) v(w) = (-++i--+i+1---). In this case D(w) = D(w), and we have v = ¥ and
i, = pp — 1, while zi; = pj; for all j # p. It follows that 8, = —i, 8, = —i+ 1, and
Bj = B; for all j # p.
(c

Jv(w)=(---i+1---4---). In this case D(w) = D(w) U {(p, q)}, where 8, =
and B, =i. We see snnllarly that B = —i+1 and 6 =141, while 8; = ﬁ for all
j¢Ap,a}.

(d) v(w) = (-+-¢+1--+i---). In this case we have D(w) = D(w) while clearly
= . We deduce that v, = v, — 1, while 7; = v; for all j # p. We must show
that 8, = 7, and hence Bp =i+1,and 3; = Bj for all j # p.

Note that if w, =i+ 1, then r € [1,k]. Since w; > w, for all j € [r, k], and the
sequence ((w) is strictly increasing, we deduce that 5, = i exactly when g = v, (w).
We have v, (W) = 7, (w) — 1 = g — 1, while ;(w) = v;(w) for j # r. It follows that
Uy = vy — 1, while 7; = v; for all j # g. In other WOI‘dS g = p, as desired.

To simplify the notation, set ¢ := *cf, for any integer sequences « and p. In
cases (a), (b), or (d), it follows using the left Leibnitz rule and Lemma 3(a) that
for any integer sequence o = (v, ..., ay), we have

(B1,--,Bp—1) (Bp+1,---58¢) (Bp+1,--,8¢)
01el = clon ) (Ol ) + sU o (e )
(51’ Bp—1) (cﬁp+1c(ﬁp+1, -Be) ( ) 0) (51’ Bptli.nBe) CE

= S
“a,.. sap—1) \ @ —1"(apq1,.. ,Oétz)+ Cla,.. Sap—1,..,ap) a—ep

Since A — ¢, = A, we deduce that if R is any raising operator, then

0Y(Rc§) = 0! (chy) = ¢hy_., = R
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As RP(w) — RP(@) we conclude that
O (F,) = 0 (RPW)f) = RP™ e = P

In case (c), it follows from the left Leibnitz rule as in the proof of Lemma 3(b)
that for any integer sequence o = (a, ..., ap), we have

ay /3 — &Y (B1yeees=5eastynns Be)

? (ala S Q®pyee gy 7045)

a1, 0p—1,.,00q,..,00)
Since A — ¢, = A, we deduce that if R is any raising operator, then
O (R5) = 0} (ch) = Cx e, + Chr—e, = R + REpq .
As RPW) 4 RPW R = RP®) e conclude that
0! (Fy) = 0 (RP™ ) = RPE  RP™) R,y = RP (L = Py,

O
Proposition 6. Suppose that w € W, is such that v(w) is a partition. Then we
have
_ pD(w) v(w) B(w)
(18) ¢y =R C)\(w)'

Proof. Assume first that w; < 0 for each ¢, and y(w) is a partition. We claim that
(19) e

The proof of (19) is by descending induction on ¢(w). One knows from [IMN, Thm.
1.2] and [T5, Prop. 3.2] that (19) is true for the longest element wg in W, since
v(wg) = 0p—1 and AM(wo) = 6n + Op—1.

Suppose that w # wyg is such that y(w) is a partition, and the shape of w equals
0n +v. Then v C §,,_1 and v # 6,_1. Let r > 1 be the largest integer such that
v; =n—ifori € [1,7], and let j := vpy1+1 < n—r—1. Then ws; is of length £(w)+1
and satisfies the same conditions, v(ws;) = v(w) + €41, and AM(ws;) = A(w) + €r41.
Using Lemma 3(a), for any integer sequence o = (a, ..., a,), we have

x (v(ws;) ,—0n— _ v(w),,~On—
5]_(( J)caé 1) = ( )Caferil'
We deduce that

¥ X oo v(ws oo v(w _6n71
Cop = 8 (Cps,) = DF(R®V(s) ¢ One 4) =R

(w A(w) 7
proving the claim. Equation (18) now follows, by combining (19) with the & = 0

case of Proposition 5. O

Corollary 1. Suppose that w € W, is increasing up to k and the k-truncated
A-code ¥ is a partition. Let k" + ¢(w) = (k+ &1, ...,k + &r). Then we have
(20) P
Proof. It w = (1,...,k,Wk41,...,wy) with wgy,; < 0 for all j € [1,n — k], then
y(w) = k"~F 4+ £(w) is a partition, and (20) is a direct application of Proposition
6. In this case, v(w) = (1,...,k,—n,...,—k — 1) is the longest k-Grassmannian
element in W,,. The general result now follows from Proposition 5, as the k-
Grassmannian elements of W,, form an ideal for the left weak Bruhat order (see for
example [Ste, Prop. 2.5]). O
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Definition 7. Let & > 0 denote the first right descent of w € W,,. List the entries
W41, - - -, Wy iD increasing order:

U < o < Uy <0< Uppp1 < oo < Upy—gee

We say that a simple transposition s; for ¢ > 1 is w-negative (respectively, w-
positive) if {i,i+1} is a subset of {—u1, ..., —u;, } (respectively, of {tmi1 ...\ Un—p}).
Let o~ (respectively, o) be the longest subword of s,_1---s; (respectively, of
§1-+-Sp—1) consisting of w-negative (respectively, w-positive) simple transposi-
tions. A modification of w € W, is an element ww, where w € S, is such that
l(ww) = l(w) — £(w), and w has a reduced decomposition of the form Ry --- R,
where each R; is a (possibly empty) subword of o~ o and all simple reflections in
R, are also contained in R, 1, for each p <n — 1.

Definition 8. Suppose that w € W,, has first right descent at k > 0 and A-code
~v. We say that w is leading if (Y41, Vk+2,---,Vn) is a partition. We say that w is
amenable if w is a modification of a leading element.

Remark 3. (a) The integer vector a = (aa, ..., ay) is called unimodal if for some
j € [1,p], we have

ap Sap <<y 2 2 2 O

The element w € W, is leading if and only if the A-code of the extended sequence
(0, w1, wa, ..., w,), where we have set w(0) := 0, is unimodal.

(b) Given an element w € W,,, there is an easy algorithm to decide whether or
not w is amenable. One simply applies all possible inverse modifications to w and
checks if any of these result in a leading element.

Example 7. Consider the leading element w = (2,4,6,5,1,3) in W, with k = 3,

y(w) =(2,2,3,2,1,0), p(w) = (3,1), v(w) = (5,4,1), &(w) = (2,1), and MNw) =
(8,5,1). We have B(w) = (—2,0,5) and D(w) = {(1,2)}, so Corollary 1 gives

_ p{12} (5,4,3) .(=2,0,5) __ 1 — Ry 5,4,3) (—2,0,5)
Q:w = R{ } ( )6(8,5,1) = 1 n R12 (1 — R13)(1 — Rgg)( )6(8,5,1) .

In the following we will assume that w has first right descent at k > 0 and £ is
as in Definition 6. Let ¢ := (Vk,...,71), ¢ = ', £ := £()\) and m := £(pu). We
then have
(21) A=¢+E+p
and Ay > > Ay > Aja1 > -0 > Mg
Definition 9. Say that q € [1,4] is a critical index if Sq11 > Bq + 1, or if A\q >

Aq+1 + 1 (respectively, Ay > Aq41) and q < m (respectively, ¢ > m). Define two
sequences f = f(w) and g = g(w) of length ¢ as follows. For 1 < j < ¢, set

fj =k +max(i | yeti = J)
and let
g5 = fq +ﬂq —&q— k,

where q is the least critical index such that q > j. We call f the right flag of w, and
g the left flag of w.
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If m > 1, then m is a critical index, since u,, is the largest negative entry
of w. We will show that for any amenable element w,  is a weakly decreasing
sequence consisting of right descents of w, and g is a weakly increasing sequence
whose absolute values consist of left descents of w.

Lemma 11. (a) If 8541 > Bs + 1, then |Bs| is a left descent of w.
(b) If s <'m, then ¢s =k, while if s > m and Bs11 = Bs + 1, then ¢s = dsy1.

Proof. Let i := ||, and suppose that 1 < s < m. If i = 0 then us = —1, so clearly
i is a left descent of w. If i > 1 and Ss41 > Bs + 1, then i is a left descent of w,
since w™1(i) > 0 and w™(i 4+ 1) < 0. As w; > 0 for all j € [1,k], we have ¢; > m
for all j € [1,k], and hence ¢, = k.

Next suppose that s > m. If 8541 > Bs+1 =14+ 1, then we have w=1(i +1) <0
or w; =1+ 1 for some j € [1,k]. In either case, it is clear that ¢ is a left descent
of w. Finally, assume that Bs11 = Bs + 1. If ¢5 > 511, there must exist j € [1, k]
such that v; = s, that is, #{r > k | w, <w;} = s. We deduce that

{w, | r >k and w,«<wj}:{ul,~--,us}a

which is a contradiction, since us < w; = usp1 = us + 1 < wj, for any j € [1, k.
This completes the proof of (a) and (b). O

E’roposition 7.A5’uppose that w € W, is leading with first right descent at k > 0, let
A= AW), and & := &(W). Let w = wiw be a modification of W, and set v := y(w),
A= Mw), B = B(w), and £ := £(w). Then the sequence B+ X\ — X is weakly
increasing, and

¢, = RPW) k”*’“+fcﬁ§w;+5—£ — RDw) k"*k+EC§+X7>\.
Moreover, if q € [1,{] is a critical index of w, then k + §q is a right descent of w,
the absolute value of B, +§q &q 15 a left descent of w, and §q =max(i | Yiti > q)-

Proof. Suppose that the truncated A-code of @ is

Ui

"=l
for some parts p1 > pa > -+ > p, > 0, and we let d; :=nq +--- +n; for j € [1,t].
Then we have R
§= (dftvdft:llipta LR djlolim)
and it follows that

Wk+1 = Upy+15; Wktdi+1 = Upo+1y -+ -y Whtdy_1+1 = Up,+1

and W; < Wy for all j ¢ {k,k+di,...,k+d;}. Hence the set of components of
En—k 4 E coincides with the set of all right descents of .

If g € [1,4] is a critical index, we have shown that f, is a right descent of w. We
claim that i := |gq| = |B4] is a left descent of w. By Lemma 11(a), we may assume
that 8441 = B4 + 1, which implies that g 7é m.

Suppose that q < m. Then we have )\ > )\q+1 + 1 and fig = fig+1 + 1, so
(21) gives §q > qu. We therefore have q = p; for some q € [1,¢], and hence
i =lp, —1=[p,41 = —Up, 41 = —Wk4d;_,+1. Since we have

Wkt1 > Whetdy+1 > =+ > Whtd; 441 = — 1,
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and the sequence (Wgi1,...,W,) is 132-avoiding, we conclude that w—!(—i) =
k+dj—1+1<w@w (—i—1), as desired.

Suppose next that ¢ > m. Then we have Xq > Xq+1, so Lemma 11(b) and
equation (21) imply that qu > Zqﬂ. We deduce that q = p; for some j, hence
i+1=up, 41 and the result follows.

According to Corollary 1, we have

D(@) k" *+& B(D
(22) ¢o = RP@) +fckgg§,
so the proposition holds for leading elements. Suppose next that w := ww is a

modification of w. Then repeated application of (6), Lemma 3(a), and the left
Leibnitz rule (4) in equation (22) give
n—k_ & £—
¢, = RPw) +§C§EZ§+E 3
It remains to check the last assertion, about the left and right descents of w.

Let Ry --- R,_1 be the reduced decomposition for w from Definition 7. We will
study the left action of the successive simple transpositions in Ry --- R, _1 on w.
Observe that ¢~ and o7 are disjoint and 0 ~c+ = ¢+t ~. Moreover, the actions of
the w-positive and w-negative simple transpositions on @ are similar, and we can
consider them separately. Let A:={k+ 1,k+di +1,...,k+d; +1}.

We begin with the w-positive simple transpositions. The action of these on @
is by a finite sequence of moves v — v, where v' = s;---s;_qv for some 7, j with
1 <i<j, () =40v)—j+1, and s;---s;_; is a subword of some R, with j —1
maximal. We call such a move an [i, j]-move at position r if v, = j and v = 1,
so that v’ is obtained from v by cyclically permuting the values 7,7 + 1,...,7.
Observe that we must have r € A, and subsequent [¢/, j']-moves for [¢/, '] C [i, 7]
are at positions ' € A with » < r/. This follows from the fact that the sequence
(W1, ..., Wy) is 132-avoiding, and by induction on the number of moves.

Let « denote the truncated A-code of v, and &,, g, := 6+ E, &, the associated
statistics, with o/, & (= &, ¢ = g» = B+ EA— &' the corresponding ones for v’.
If o, = e, then we have /. = d for d = e+ i —j, and o, = a; for all s # r. If
& = (&,&,...) and g, = (91,92,...), then gg41 =14,...,9. = j — 1, while

5/: (517"'7§d7§d+1_17"'756_17§e+1>~'~)

and

g/: (917"'vgdvgd+1+17~-~7ge+1age+17-~-)
= (gla"'agd7i+17"'7jage+17"')'

Lemma 11 implies that the critical indices of v and v’ can only differ in positions
d and e. Since the simple transpositions s;,...,s;_1 are all w-positive, we have
Bs+1=psp1forallseld+1,e]. If Bg+1 < Bat1, then |gq| = |54l is a left descent
of both @ and v/, by Lemma 11. We may therefore assume that 85 + 1 = 8511 for
all s € [d, €], and only need to study the s € [d,e] where £, > &, ;. If s € [d+ 1,¢],
since the values 1,...,Jj of v are cyclically permuted in v’, it follows by induction
on the number of moves that g, is a left descent of v'. Notice that we must have
i > 2 in this situation. It remains to prove that g/, = g4 =i — 1 is a left descent of
v’. But since @ (i — 1) > k and the sequence (Wg1,...,®W,) is 132-avoiding, we
deduce that (v/)71(i) =7 < (v')71(i — 1), as desired.
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The above procedure shows that for any critical index h of v/, we must have
& = max(i | Jppi > h) = max(i | o}, > h),

while k + max(i | o} > h) is a right descent of v/, by Lemma 2. Finally, the action
of the w-negative simple transpositions on w is studied in the same way. |

Theorem 4. For any amenable element w € W, we have
_ pD(w) f(w) g(w)

(23) Cy=R Mw)

in T[X,Y].

Proof. We may assume that we are in the situation of Proposition 7, so that w =
ww, with A = A(w) and A = A(w). Suppose that j € [1,¢] and let g be the least

critical index of w such that q > 7. Then we have \; = A\j1 =+ = Aq, if ¢ > m,
and A\j = A\ +1=--- =X+ (q—j), if ¢ < m. Moreover, in either case, we have
& =-= fq, and the values 8;,..., 8y are consecutive integers. As the sequence

g:=p0+ 5 ¢ is weakly increasing, we deduce that for any r € [j,q — 1], either
(i) §r = §r+1 and g, = g.41 — 1, or (ii) fr = §T+1 + 1 and g, = gr+1. Theorem
4 follows from this and inductlon on q — j, by employing Lemmas 5(b) and 6(b)
in Proposition 7. The required conditions on D(w) in these two lemmas and the
corresponding relations (5) are both easily checked. (]

Remark 4. The equalities such as (23) in this section occur in T'[X, Y], which is a
ring with relations coming from I'. Therefore they are not equalities of polynomials
in independent variables, in contrast to the situation in type A. The same remark
applies to the corresponding equalities in Section 6.1.

Anderson and Fulton [AF2] have introduced a family of signed permutations,
each determined by an algorithm starting from an equivalence class of ‘triples’.
These were named ‘theta-vexillary’” and studied further by Lambert [Lam]. It seems
plausible that the theta-vexillary signed permutations coincide with our amenable
elements in types B and C, but we do not examine this question here.

5.2. Flagged theta polynomials. In this section, we define a family of polyno-
mials ©,, indexed by amenable elements w € W, that generalize Wilson’s double
theta polynomials [W, TW]. For each k > 0, let ¥c := (F¢,),ez be a family of
variables, such that ¥c¢g = 1 and ¢, = 0 for p < 0, and let ¢ := (t1,t2,...). The
polynomial ©,, represents an equivariant Schubert class in the T-equivariant coho-
mology ring of the symplectic partial flag variety associated to the right flag f(w),
which is defined in [T1, Sec. 4.1]. The t variables come from the characters of the
maximal torus T, as explained in [TW].
For any integers p and r, define

P
k
Z Cp—j J
j=1
Given integer sequences r, «, and p, let "cf := "1c¢f1 "2¢f2 ... and let any raising
operator R act in the usual way, by R"¢f, := "¢/, .
If w € W, is amenable with left flag f(w) and right flag g(w), then the flagged
double theta polynomial ©,,(c|t) is defined by

(24) Ou(c|t) := RPI TS0,
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The flagged single theta polynomial is given by ©,,(c) := ©,,(¢|0). If w is a leading
element, then (24) can be written in the ‘factorial’ form

Ou(c|t) = RP®) i(w) P

(w)
€y

w)*

When w is a k-Grassmannian element, the above formulas specialize to the double
theta polynomial ©,(c|¢) found in [TW]; here A is the k-strict partition corre-
sponding to w. Moreover, the single theta polynomial ©,(c) agrees with that of
[BKT2].

5.3. Symplectic degeneracy loci. Let £ — X be a vector bundle of rank 2n on a
smooth complex algebraic variety X. Assume that E is a symplectic bundle, so that
F is equipped with an everywhere nondegenerate skew-symmetric form EQ £ — C.
Let w € W,, be amenable of shape A, and let f and g be the left and right flags of
w, respectively. Consider two complete flags of subbundles of F

OCEFiC---CFEy,=F and OCF,C---CFy,=F

with rank F, = rank F,. = r for each r, while E, .5 = #_s and F4s = Fn{s for

0<s<n.
There is a group monomorphism ¢ : W, < Sy, with image

C(Wn) = {w € Son | Wi + Wont1—i = 2n+ 1, for all Z}
The map ( is determined by setting, for each w = (wy, ..., w,) € Wyand 1 <i < n,
C(w); == n+1—wpy1—; if wyy1-; is unbarred,
v N+ Wpi1—; otherwise.

Define the degeneracy locus X,, C X as the locus of z € X such that
dim(E,(z) N Fy(z)) > #{i<r|((w);>2n—s} for 1 <r<n,1<s<2n.
We assume that X,, has pure codimension ¢(w) in X, and give a formula for the

class [X,] in H®)(%).
Theorem 5. For any amenable element w € W,,, we have
(25) [Xw] = Ouw(E — Ey_j — Fnyg) = RPW e\ (B = B, — Fuyy)
in the cohomology ring H*(X).

As in [TW, Eqn. (7)], the Chern polynomial in (25) is interpreted as the image of
the polynomial RP(*)¢y under the Z-linear map which sends the noncommutative
monomial ¢, = €n,Cqy - tO Hj Ca, (E — Epn5,— Fn+gj), for every integer sequence

a. Theorem 5 is proved by applying the type C geometrization map of [IMN, Sec.
10] to both sides of (23), following [T1, Sec. 4.2].

6. AMENABLE ELEMENTS: TYPE D THEORY

6.1. Definitions and main theorem. Let w be an element in Woo with A-code
~ and shape A = p + v, with £ = ¢(\) and m = ¢(u). Choose k > 1, and assume
that w is increasing up to k. If k = 1, this condition is vacuous, while if k£ > 1 it

means that |wi| < we < --+ < wg. Eventually, k will be set equal to the primary
index of w.
List the entries wg41,...,w, in increasing order:

ul<...<um/<0<um/+1<"'<un—k,
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where m’ € {m,m + 1}. Define a sequence S(w) by
Bw) :=(ur +1,. .. U + L U1y e oy Un—k)-
and the denominator set D(w) by
D(w) ={(,j) |1<i<j<n—k and u; +u; <0}.
As in Section 5.1, the notation suppresses the dependence of 3(w) and D(w) on k.

Definition 10. Suppose that w € W, has code v = v(w) and k > 1. The k-
truncated A-code ¥~y = F~y(w) is defined by *y(w) = (Yra1, Yotz -->Yn). If k is
the primary index of w, then we call ¥v(w) the truncated A-code of w. Let & = &(w)
be the partition whose parts satisfy &; := #{i | yx+; > j} for each j > 1.

We let v(w) be the unique k-Grassmannian element obtained by reordering the
parts wy1, ..., wy, to be strictly increasing. For example, if w = (2,4,7,5,8,3,1,6)
and k = 3, then v(w) = (2,4,7,8,6,3,1,5). The map w — v(w) is a type-preserving
bijection from the set of elements in Wn increasing up to k with a given k-truncated

A-code C onto the set of k-Grassmannian elements in W, such that g(v(w)) =
B(w) and

n n—k
(o(w) = bw) = > Ci=Ltw) =Y Y-
j=1

i=k+1

Lemma 12. Let w and w be elements in Wn increasing up to k > 1 and with the
same k-truncated A-code C, such that ¢(w) = £(w)+1. Suppose that v(W) = s;v(w)
for some simple reflection s;. Then W = s;w.

Proof. We have seven possible cases for ¢ and v(w): (a) ¢ = O and v(w) =
(1---2---);(b)i=0and v(w) = (---2+--T---); (¢) i = Dand v(w) = (2---1---);
(di>landv(w)=(---i---i+1---);(e)i>Tandv(w)=(---d+1---i---); ()
i>1land v(w)=(i---i+1---);(g)i>1and v(w)=(---i+1---i---). In the
first five cases, it is clear that w = s;w. In case (f) (resp. (g)), the i (resp. i + 1)
must be among the first k entries of v(w), which coincide with the first k entries
of w, while ¢ 4+ 1 (resp. 4) lies among the last n — k entries of w. Hence we again
deduce that w = s;w. O

IfR:= Hi<j RZ’” is any raising operator and d > 0, denote by supp,(R) the set
of all indices ¢ and j such that n;; > 0 and j < d.

Definition 11. Let w € W, be of shape A = y + v, with £ = (X)) and m = ().

Let &« = (aq,...,a¢) be a composition such that a1 = A1, if type(w) > 0,
and v = (v1,...,vp) be an integer vector such that v,, 1 € {0,1}. For any integer
vector p, define
ARV . _ Q1 AVI P2V |
Cp =710, 0]

where, for each ¢ > 1,

[e73 Pi— Qg

26 Qigli = Xigli
(26) pi 0 otherwise.

{(—1)i€a? (X)epi_ai(—Y) if v, =a; —p; <0,

Pi

Let R be any raising operator appearing in the expansion of the power series RP(*)
and set p := RA. If type(w) = 0, then define

QU _ azU . QlEUl | QeRUp
Rx“cy =) = "¢, Cor
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where, for each ¢ > 1,

alcp . o~ .
‘ @igVi - otherwise.

vi {‘”cg:ﬁ if ¢ € supp,,,(R),
pi

If type(w) > 0 and R involves any factors R;; with ¢ = m + 1 or j = m + 1, then
define

a2V, __ X137V | OmEUm Bm4l ,Um+1 Om+42 Um+t2 | Qg Up
R* C)‘ T Cpl Cp7YL apnl+1 Pm+2 CPZ
If R has no such factors, then define
Q1 7V, L OmAEUm Omg1 VMt Qg2 JYm+2 oy v : _
Rx 05 - el meym o b)\m+ mt2e, cpt if type(w) =1,
AT Y a1 AUl L L G AUm Gl FUMAL Um+2 Qg v :
.. +1 m+2 L. QU —
ol com by Comia cpt if type(w) = 2.

Let w € Woo have shape A = u + v and k be any integer sequence. We say
that x is compatible with w if k, = v, for p € [1,m|, and Kpm41 = Vm41 whenever
type(w) > 0.

Proposition 8. Fiz an integer k > 1. Suppose that w and w are elements in Wn
increasing up to k with the same k-truncated A-code C, such that ¢(w) = £(w) + 1
and s;v(w) = v(wW) for some simple reflection s;. Assume that we have

Dy =2 L(p(w)) RD (w) * Hcf((s’))
in T'[X,Y], for some integer sequence & compatible with w. Moreover, if i € {J,1}
and |wy| > 2, assume that Kny, = Kmy1. Then k is compatible with W, and we have

_ _ 9~ u(@) RD@) , rpB®@)
D =27 R *C\

in TV[X,Y].

Proof. Set

(27) F,y 1= 271 0(w) gPw)  ng ),

so we know that ©,, = F,,. As equation (9) gives YD, = D, it will suffice to
show that 9! F\, = Fg. The proof of this will follow the argument of [T4, Prop. 5],
and correct it by including the case (h) below, which was missing there.

Let 1 i= p(w), v i= v(w), A i= A(w) = -+ v, 7t = p(@), 7 i= v(@), X = A(@) =
47, 8 =p3w)),and § = (w). Using Lemma 4, we distinguish eight possible
cases for w. In each case, we have A C A, so that A\, = A, — 1 for some p > 1 and
Aj = Aj for all j # p. Moreover, we must have type( )+ type( ) # 3.

First, we consider the four cases with 7 > 1:

(a) v(w) =(---i+1---i---). In this case D(w) = D(w) while clearly u = 7. We
deduce that ¥, = v, — 1, while 7; = v; for all j # p. We must show that 3, = 1,
and hence Bp =1+ 1, while 8; = Bj for all j # p.

Note that if w, =i+ 1, then r € [1,k]. Since w; > w, for all j € [r, k], and the
sequence ((w) is strictly increasing, we deduce that 5, = i exactly when g = v, (w).
We have v, (W) = 7, (w) — 1 = g — 1, while ;(w) = v;(w) for j # r. It follows that
Uy =vy — 1, while 7; = v; for all j # g. In other WOI‘dS g = p, as desired.

Finally, observe that (i) if ¢ = 1, then p = m 41, type( ) > 0, and type(w) = 0;
(ii) if 4 > 2, then p > m and type(w) = type(wW), While p > m + 1 if type(w) > 0.
It follows that x is compatible with .
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(b) v(w) = (-++i---i+1---). In this case w=t(i) € [1,k], D(w) = D(w), v = 7,
ﬁp:—z}Bp:—i—i—l, and Bj:Bj for all j # p.

)= (i---i+1---). In this case w; = 1, type(w) = 2 if i > 2, D(w) = D(w),
v="u, B, =—i, B,=—i+1, and B; = §; for all j # p.

(d) v(w) =(--+i+1---i---). We distinguish two subcases here:

Case (dl1): w1 # i+1. Then v = 7, B, = —i, Bp =—i+1=8,+1, and
D(w) = D(w) U{(p,q)}, where v(w)g4p = ¢+ 1 and v(w)g4q = i. It follows that
Bq:iandﬁq:i—i-lzﬁq—kl,whﬂ e p; = 5jf0rallj¢{p,q}.

Case (d2): w; =i+ 1 and we have w™1(i) > k. In this case type(w) = 2, D(w) =
D(w), while clearly p = fi. We deduce that 7, = v, — 1, while 7; = v; for all j # p.
We must show that 3, = 7, and hence Bp =4+ 1, while 8; = Bj for all j # p.
Indeed, observe that v(w) = v(t(w)), and ¢(w); =i+ 1, the argument used in case
(a) applies; this is true even when i = 1.

Next, we consider the four cases where 7 = [.

(e) v(w) = (1---2---). In this case type(w) = 0, D(w) = D(w), v =7, B, = —1,
and [3 = 1. We also have 3; = ﬂ for all j # p.

(f) v(w) = (2---1--+). In this case type(w) = 2, D(w) = D(w), and u = . We
deduce that 7, = v, — 1, while 7; = v; for all j # p. We must show that 8, = 0, and
hence §, = 2, while 3; = 3; for all j # p. Indeed, we have 1(v(w)) = (2---1---),
so the analysis in case (a) applies.
(g) v(w) = (---21--+), with |wy| > 2. In this case type(w) and type(w) are
both positive, v = 7, and D(w) = D(w) U {(p,p + 1)}, where v(w)i4+, = 2 and
v(w)g4pt1 = 1, and thus p = €(u) = m. It follows that 8, = =1, Bp41 =0, 3, =1,
Bpi1 =2, and 8; = B; for all j ¢ {p,p+ 1}. We also have A, = k + &m + 1,
Amt1 =k +&mi1 = Am —
(h) v(w) = (2---1---). In this case type(w) = 1, D(w) = D(w), and u = u. We
deduce that 7, = v, — 1, while 7; = v; for all j # p. We must show that 5, = 0,
so that Bp =2, and §; = Bj for all j # p. This is proved as in case (f).

To simplify the notation, set c2 := *c and ¢ := "¢?, for any integer sequences
«a and v. We now distinguish the following cases.

Case 1. type(w) = type(w) = 0.

Note that we have |wi| = |[w;| = 1, and hence ¢ > 2 and £(u) = £(z). We
must be in one among cases (a), (b), or (d1) above. In cases (a) or (b), it follows
from Propositions 1 and 2 and the left Leibnitz rule that for any integer sequence
a=(a,...,aq), we have

Y ~B(w) _ (517 Bp—1) -~ A(ﬂp+1 -Be) y (B ~(Bpt1,--+,8¢e)

07 Ca Car,ap1) (3 (Co‘g) (etpt1,emae) +7(@ p)a( Clapt- ’aﬁ)))

5(51, Bp—1) ("ﬂp+16(ﬂp+17 -Be) +0) 7/\(517 Bp+1,.,Be) 7Eﬁ(ﬁ)

T (ar,..ap_1) \Tap—1"(apy1,...,00) - (al ..... oap—1,..,ap) T Toa—e€p”

Since A — €, = A, it follows that if R is any raising operator, then

a (R*Aﬁ(w)) 81;( 5(“’)) E?a()\w)e _ R*A&f(ﬁ).
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As RP() — RP@) we deduce that
6yF —9- E(,u)@l/(RD w) 4@ (w)) — 9—(r) RD(w) *aﬁ(ﬁ) —
Y we

In case (dl) for any integer sequence a = (v, ..., ay), we compute that
¥ ~B(w Y 2By =t Be)
ai C(X a (all S Qpyeey Qg yeeny Qg )

2(Brses z+1,-~~,i+1,~-~ﬂz)_~_ ~(Bry =it 1, it Be) (w)+Aﬂ(w)
Ol €p

(al, Lop—1,.,0ag,..,00) (al, SOp g —1, 0 0p) T Ca €q"

This follows from the left Leibnitz rule, as in the proof of Proposition 1(b). Since
i > 2, we must have ¢ > £(u). Hence if R is any raising operator, then ¢ ¢
supp,, (RRpq), where m = £(u). As A — ¢, = A, we deduce that

~B w _B(w _B(w ~B(w ~B(w
8?(1?,*0/\(“}) 0} (cp ( ) = R(;\l)e + R(,\u)e —R*%(U)+RRPq*%( g
Since RP(™) + RPW R, = RP®) it follows that 0} F,, = Fy.
Case 2. type(w) = 0 and type(w) > 0.

In this case, we have |wi| = 1 and |w;| > 1, so ¢ € {0, 1}. We must be in one of
cases (b), (c), or (e) above, hence D(w) = D(w). We also have (p,p+ 1) ¢ D(w),

p)=LE) +1, By=—1,B,=0if i=1,and 8, = 1if i = 0.
Observe that for any integer sequence o = (041, ..., qp), we have
y~B(w) (517 Bp=1) gy a—1y2(Bp+1,---,8¢) ~—1\ qy (A~ (Bp+1,---,8¢)
0;' o, Otz 1) (al( e (a;—h o) + 57 (G )(9 (e (a;—h Oze)))

(517 Bp— 1)ay(Af )A(Bp+1, -Be)

Clon,.., ap_1)t (Oép+1 ----- ag)’

We now compute using Propositions 1 and 2(a) that

o (e = 2("ag_1) ifqFr+1
13 ™ 2, ifg=r+1.

Propositions 1(a) and 2 give

oy (72) = 2("ag_) ifq#r+1
211 ifg=r+1.
Note that the choice of f, in these equations is specified by formula (26). The rest
is straightforward from the definitions, arguing as in Case 1.
Case 3. type(w) > 0 and type(w) = 0.

We have |wy| > 1 and |[w;| = 1, so i € {{J,1}, and we are in one of cases (a),
(d2), (f), or (h) above, hence D(w) = D(w).

We also have £, € {0,1}, 8, = 2, and {(u) = L(fz). Recall that "¢ = "¢,
whenever ¢ < r, "bL = "¢l — Tgr, TFI;}n =Tcl —"b,, and "ag ="cyg— 3 cq We deduce
the calculations

o (") = 0 ("B,) = oY ("0}) = o
o8 (1) = 0} ("al) ="y

As in the previous cases, it follows that 9} F}, = Fg.

Case 4. type(w) = type(w) > 0.
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We have |wi| > 1 and |wy| > 1. If 4 > 2, then we must be in one of cases
(a), (b), (c), or (d1) above, and the result is proved by arguing as in Case 1. It
remains to study (i) case (d1) with v(w) = (---21---) and 7 = 1, or (ii) case (g)
with v(w) = (---21---) and i = 0. In both of these subcases, we have p = m,
() = £()+1, D(w) = D@)U{(m, m+ 1)}, fin(w) = —1, By yy = 2, and §; = 5,
for all j ¢ {m,m + 1}. In subcase (i), we have B,,41 = 1 and 3,, = 0, while in
subcase (ii), we have 3,41 = 0 and §,, = 1. Finally, we have \,, = k+ 1+ &,
and A1 = k+ &nv1 = A — 1, since the assumption v, = v, 41 implies that

gm = £m+1~
The rest of the argument now follows the proof of [T4, Prop. 5]. We first assume

that A has length m + 1, let 7 := Aj11 = Ay — 1, and use [T4, Prop. 3] and the
key relations

foTJF?Z ay ;") ff1+2Z apyj"a;_;) =0

in I[X, Y], which are easily deduced from the relations (8), as in op. cit. Finally, if
£(X) > m+1, induction as in the proof of [BKT2, Lemma 1.3] and similar arguments
show that the contribution of all the residual terms in that appear with a negative
sign in [T4, Prop. 3] vanishes. O

Definition 12. An element w € W is called proper if (i) Jwi| < 2, or (ii) |wy| > 2
and w; = 2 implies j > 2 > w;_1.

Example 8. Let n = 3 and w = (3,2,1). Then type(w) =1, \=v =(2,1), { =2,
w=0 m=0 k=1 gw)=(1,2), D(w) = 0, and w is not proper. We have
Le2 =1, while

by = by + 21 hi(=Y) 4 hy(=Y)
= %(62 +eref (X)) + e3(X) + (e + ef(X)h (=Y) + hy(=Y),
'e? =c1 +ei(X) + hi(-Y),
Zey = 3+ ca(eF (X) + 1 (=Y)) + ea(e5(X) + e} (X)hi(=Y) + hy(=Y))
H(E (X (=Y) + e} (X)hy(=Y) + hi(=Y)).
One checks using the table of [IMN, Sec. 13] that

1
(1- R12)*(2,1) ((2112)) 2b1 1 2 526:1)’163 £ Dio1.

Now consider w’ := «(w) = (3,2,1). Then type(w') = 2, A = v = (2,1), £ = 2,
p=0,m=0k=1, 3(w) = (0,2), D(w') =0, and w’ is not proper. We have

1
29 = 2by = 5(02 + e (X)) + e3(X),

268 = 3 + e (X) + cre2(X).
Using the table of [IMN, Sec. 13], we observe that

~ 1
(1= Ry2) % (2’1)0((20,712)) =209} - 22 e 103 # D301

Notice that if w (respectively w) is increasing up to k > 1 and proper (respec-
tively not proper) with truncated A-code equal to a fixed partition C, such that



34 HARRY TAMVAKIS

lw) = (W) + 1 and s;u(w) = v(wW), then ¢ = O or i = 1. Moreover, referring
to equation (27), we can have 9} F,, # Fg, as Example 8 shows, with & = 1,
w=(3,1,2), and w = (3,2,1).

Lemma 13. Fiz an integer k > 1. We say that an element of Wn is valid if w is
increasing up to k, has k-truncated A-code a partition C, and is proper. Let w(C)

be the longest valid element in Wn, which has type 0. If W is valid and W # w(C),
then there exists a valid w € Wy, such that {(w) = (W) + 1 and v(W) = s;v(w) for
some 1 € N.

Proof. We distinguish the following cases for w:

Case 1: |w1| = 1. Let w be any element with the same truncated A-code C' such
that £(w) = £(w) + 1 and v(W) = s;v(w) for some i € Np.

Case 2: [wy| =2. fw=(2---1---), then let w := sgw, while if w = (2---1---),
then let w := s1w.

Case 3: |w1| > 2. If w; = 2 then j > 2 and W,;_1 < 2. Since the A-code C is a
partition, the sequence (Wk1,...,W,) is 132-avoiding. We deduce that if w; = 1,
theni < j. Ifw=(---1---2---), then let w := s;w, while if w = (---1---2--+),
then let w := sgw.

In all three cases, the element w satisfies the required conditions. (Il

Proposition 9. Suppose that w € Wn is an element with primary index k such
that (wi,...,w) = (1,2,...,k), wgr; < 0 for 1 < j < n—k, and *y(w) is a
partition. Then we have

(28) D, = 2877 RPW) & ”(w)E)(\%;)"’Q_""”’_k).

Proof. The proof of (28) is by descending induction on ¢(w). One knows from [T5,
§4.4] that (28) is true for the longest element wék’n) = (T, 2, .k, —k—1,...,—n),
which has shape (n+k —1,...,2k) 4+ ,,—x—1 of type 0.

Suppose that w # w(()k’n) satisfies the conditions of the proposition, and the
shape of w equals (n+ k —1,...,2k) + p(w) (of type 0). Then p C d,_r—1 and
p # Op—k—1. Let r > 1 be the largest integer such that p, =n —k — i for i € [1,7],
and let j := pr41+1 <n—k—r—1. Then wsk4; is of length ¢(w)+ 1 and satisfies
the same conditions, v(wsk;) = v(w) + €41, and AMwsk4;) = A(w) + €,41. Using
Proposition 1(a), for any integer sequence o = (aq, ..., @, ), we have

8Ig§+j (y(wskJrj)/c\(gl—n,...,—k)) — u(w)/c\c(kl_z:xiq*k).
By induction, we deduce that
- N~(1=m,...,—k
Doy = Oy ;D) = 27 Oy (RO s vk (b))

_ ok—n poo | v(w)a(l-n,...,—k)
=2 R % Cx(w) ,

proving the proposition. (I
Corollary 2. Suppose that w € Wn is increasing up to k > 1, proper, and the

k-truncated A-code *v is a partition. Let k"% + &(w) = (k+ &1, ..,k + &ai).
Then we have

_ o—fl(u(w D(w EnF w)~B(w)
(29) D, = 2~ nw) pD(w) +&( )C)\(w)'
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Proof. 1w = (1,2,...,k,wgy1,...,w,) with wgy; < 0 for all j € [1,n — k], then
(29) follows from Proposition 9. In this case, v(w) = (T, 2, .k, —n, ..., —k—=1)
is the longest k-Grassmannian element in Wn We deduce the result in the general
case from Proposition 8 and Lemma 13, using the fact that the k-Grassmannian
elements of W,, form an ideal for the left weak Bruhat order. Indeed, the hypotheses
required in Proposition 8 are satisfied, as long as w and w are proper. The key
point is to show that if i € {{J,1} and |wy| > 2, then &, = &,,+1, which implies
that v,,, = V41, and hence k,,, = k1. For if not, then &, > &,,+1, so there exists

a j > k such that v; = m. As *v is a partition, (wgy1,...,w,) is a 132-avoiding
sequence. It follows that w; = 1, and furthermore j = 2, or j > 2 and w;_1 > wj.
We conclude that @w; = 2 and W is not proper, completing the proof. O

Definition 13. Let k£ > 1 be the primary index of w € Wn, and list the entries
W41, - - -, Wy N increasing order:

u1<...<um/ <0<uml+1<"'<un—k7

where m’ € {m,m+1}. We say that a simple transposition s; for ¢ > 2 is w-negative
(respectively, w-positive) if {i,i+ 1} is a subset of {—uy, ..., —u,} (respectively, of
{Um/ 41y« yUn—r}). Let o~ (respectively, o) be the longest subword of s,,_1 - - - 52
(respectively, of sg - - s,_1) consisting of w-negative (respectively, w-positive) sim-
ple transpositions. A modification of w € Wn is an element ww, where w € ), is
such that {(ww) = £(w) — ¢(w), and w has a reduced decomposition of the form
Ry - R,_5 where each R; is a (possibly empty) subword of o~ o™ and all simple
reflections in R, are also contained in R, 1, for each p < n — 2.

Definition 14. Suppose that w € Wn has primary index k& > 1 and A-code . We
say that w is leading if w is proper and (Yg+1, Vi+2, - --,Vn) i a partition. We say
that w is amenable if w is a modification of a leading element.

Remark 5. The proper element w € Wn of type 0 or 1 is leading if and only
if the A-code of the extended sequence (0, w1, ws,...,w,) is unimodal. Indeed, if
type(w) = 0 and w; = 1, then this is ensured since there is more than one negative
entry in w. If type(w) = 2, then w is leading if and only if it is proper and the
A-code of the extended sequence (0, w},w}, ..., w,) is unimodal, where w’ := ¢(w).

In the following we will assume that w has primary index k > 1 and the partition
¢ is specified as in Definition 10. Let ¢ := (g,...,71), ¢ = ', £ := £()\) and
m := {(p). We then have

(30) A=¢+&+u
and Ay > - > Ay > A1 =0 2> A

Definition 15. Say that q € [1, (] is a critical indezif Bq41 > Bq+1, or (Bq, Bq+1) =
(1,2), orif Ay > Aq41+1 (respectively, Aq > Aq41) and q < m (respectively, ¢ > m).
Define two sequences f = f(w) and g = g(w) of length ¢ as follows. For 1 < j < ¢,
set

fj =k +max(i | veyi = J)
and let

g] = fq +6q - gq - ka

where q is the least critical index such that q > j. We call f the right flag of w, and
g the left flag of w.
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We will show that for any amenable element w, f is a weakly decreasing sequence,
which consists of right descents of w, unless f; = 1 and w; < —|ws|, when §; is a
right descent of ¢(w). Moreover, g is a weakly increasing sequence, whose absolute
values consist of left descents of w, unless g; =0 and w = (---1---2---),0org; =1
and w=(-+-1--:2-:).

Lemma 14. (a) If Bs41 > Bs+1 and (Bs, Bs+1) # (0,2), then |Bs| is a left descent
of w.

(b) If s <m then ¢s = k. If s >m and Bs11 = Bs + 1, then ¢s = dsy1.

(¢) If Bs =0 or Bs = 1, then s = m + 1, type(w) > 0, and ¢ppy1 = k. If Bs =0
then O is a left descent of w, unless w = (---1---2---). If Bs = 1 then 1 is a left
descent of w, unless w = (---1---2--+).

Proof. Let i := |Bs|, and suppose that 1 < s <m. If 8441 > 8, +1# 1 theni >1
is a left descent of w. Indeed, if w; = —i then 7 is a left descent of w, while if
wy # —i, then w™1(i) > 0 and w™1(i+1) < 0, so this is clear. If type(w) # 2, then
w; > —1 for all j € [1,k], and hence ¢; > m for all j € [1,£], and so ¢s = k.

Next suppose that s > m. If Bs41 > B, +1 # 1, then we have w=1(i +1) < 0 or
w; =i+ 1 for some j € [1,k]. In either case, it is clear that ¢ is a left descent of w.
Assume that Bs11 = Bs + 1, so that 85 = us > 1. If ¢4 > ¢sy1, there must exist
j € [1,k] such that v; = s, that is, #{r > k | w, < |w;|} = s. We deduce that

{w, | r >k and w, < |w;|} ={u1,...,us},

which is a contradiction, since us < |wj| = us41 = us + 1 < |w;|, for any j € [1,k].
This completes the proof of (a) and (b) except in the case s = 0, which is dealt
with below.

If Bs = 0 or B5 = 1, then clearly s = m+1 and type(w) > 0. We have ¢p; > m+1
for all j € [1, k], and hence ¢,,+1 = k. If 35 = 0, then since w11 = 1 we see that
0O is a left descent of w, unless w = (-+-1---2-.-). Finally, if 3, = 1, then since
W1 = 1, it is clear that 1 is a left descent of w, unless w=(---1---2--+). O

Proposition 10. Suppose that W € Wn is leading with primary index k > 1, let
Ni= A(w), and €= E(w). Let w = ww be a modification of W, and set v := y(w),
A= AMw), B := B(w), and & := {(w). Then the sequence 5 + =\ is weakly
increasing, and

D, = 2710 RO KT IAEGIIHEE _ gmt(u(w) RD(w) (KT HERI AN,

If q € [1,4] is a critical index of w, then k + Eq is a right descent of w, unless
k—i—é\q =1 and wy < —|wsl|, when k+§1 is a right descent of (w). The absolute value
of gq == Bq +Eq —&q is a left descent of w, unless gg =0 and w = (---1---2---),
orgg=landw=(--1---2---). Moreover, we havegq =max(i | Yk4i > q).

Proof. Suppose that the truncated A-code of @ is
"5 =", )

for some parts p; > pa > -+ > py > 0, and we let dj :=ny +--- +n; for j € [1,t].
Then we have
E=(dbr,dy P TR
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and it follows that

Wr41 = Upy 41, Wktdi+1 = Upy41y -+ vy Wkidy_14+1 = Up, 41

and W; < W41 for all j ¢ {k,k+di,...,k+d;}. Recall that 1 is a right descent
of w if and only if wy; > ws, and [ is a right descent of w if and only if w; < —ws.
Hence, if the primary index k equals 1, then k is not a right descent of w if and only
if and w; < —|wz|, in which case type(w) = 2 and k is a right descent of ((w). We
deduce that the set of components of k"% 4 E coincides with the set of all positive
right descents of @, or of () if W1 < —|ws|.

If q € [1,4] is a critical index, we have shown that k + Eq is a right descent of
w, except in the case when k + Eq =1 and W, < —|Ws|, when k + aq is a right
descent of «(w). We claim that i := |gq| = |54 is a left descent of @, unless i = 0
and = (---1---2---);ori=1land w=(---1---2---). By Lemma 14, we may
assume that 8y # 0 and Bq+1 = fq + 1.

We first prove that q # m. Indeed, 5,11 = Bm + 1 implies that 5,, = —1 and
Bmi1 = 0, so in particular |@;| > 2. Since @ is proper and 7 is a partition, it
follows that there is no j > 1 such that 454, = m. This implies that &,, = &4,
and since ¢, = @1 = k by Lemma 14(b), we deduce that A, = Ajpa1 + 1, which
contradicts the fact that q is a critical index.

Suppose that ¢ < m and let g := p(w). Then we have Xq > Xq+1 + 1 and
Lg = [iq+1+1, so (30) gives Eq > quH. We therefore have q = p; for some q € [1, 1],

and hence i = fip, —1 = [ip, 41 = —Up, 41 = —Wkyd, ,+1. Since we have
Wit 1 > Whedy+1 > =+ > Whetd; 441 = —1,
and the sequence (Wki1,...,W,) is 132-avoiding, we conclude that @~ !(—i) =

k+dj—1+1<w@w (—i—1), as desired.

Suppose next that g > m. Then we have Xq > Xqﬂ, so Lemma 14(b) and
equation (30) imply that Eq > gq+1~ We deduce that q = p; for some j, hence
i+ 1=y, 41 and the claim follows.

According to Corollary 2, we have

o= l(u(®)) PD(D) | k" FLEAB(D)
(31) Dy = 27 @) pD(@) 4 fc/\(@) ,
so the proposition holds for leading elements. Suppose next that w := ww is a

modification of @w. Then repeated application of (9), Propositions 1(a), 2(a), and
the left Leibnitz rule in equation (31) give

D, = 2~ Hnw) pDw) *k"—’wégf((w))%—&'

It remains to check the last assertion, about the left and right descents of w. This
is done exactly as in the proof of Proposition 7. (]

Theorem 6. For any amenable element w € Wm, we have

(32) D, = 9—tu(w)) pD(w) f(W)gf((w))

in TV[X,Y].

Proof. We may assume that we are in the situation of Proposition 10, so that
w = ww, with A = AM(@w) and A = A(w). Suppose that j € [1,£] and let q be the

least critical index of w such that q > j. Then we have \; = A\j 41 = - = Ag, if
q>m,and A\j = Ajp1+1=---= X+ (q9— ), if ¢ < m. Moreover, in either case,
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we have {; = -+ = fq, and the values 3;,..., 4 are consecutive integers. As the
sequence g := [ —|—§ § is weakly increasing, we deduce that for any r € [7,9 — 1],

either (i) fr §T+1 and g, = gr41—1, or (ii) fr §T+1 +1and g, = g,+1. Equation
(32) follows from this and induction on ¢ — j, by using Lemmas 7(b) and 8(b) in

Proposition 10. The required conditions on D(w) in these two lemmas and the
corresponding relations (5) and (8) are all easily checked. O

6.2. Flagged eta polynomials. In this section, we define a family of polynomials
H,, indexed by amenable elements w € W, that generalize the double eta poly-
nomials of [T4]. As in Section 5.2, the polynomial H,, represents an equivariant
Schubert class in the T-equivariant cohomology ring of the even orthogonal partial
flag variety associated to the right flag f(w).

For every k > 1, let kb = (k5k7kb1,kbg, ...)and Fc = (Fey,¥cy,...) be families of
commuting variables, set *bg = F¢y = 1 and kbp = kcp = 0 for each p < 0, and let
t = (t1,t2,...). These variables are related by the equations

kb, if p<k,
kcp: kbk+kgk if p=k,
2(kb,)  ifp>k.
For any p,r € Z and for s € {0, 1}, define the polynomials kc; and ka; by

P

1 p
Z’“cp jhi(—t) and ’“af, =3 (Fep) + chp,j h3(
=1

j=0

Moreover, define

k k
kbz = kbk+zktk_j h;(—t) and kbz = kbk+zkck_]’ h](—t)
=1 =

For any integer sequences a, p, k with k; > 1 for each i, let

KEP . K1gp1 kK2 gop2 |,
¢l = el e e
where, for each i > 1,
(2("by,) = "ick, )eqi —ni(—t) if pi = ki —a; <0 and i is odd,
Frelt ="kl + ¢ (2(Fby,) = Miek, el Zni(—t) if pi = ki —a; <0 and i is even,
0 otherwise.

If w € W, is amenable with left flag f(w) and right flag g(w), the flagged double
eta polynomial Hy(c|t) is defined by

(33) Hoy(c | t) = 27 0] RP()  Hwiggt),

where the action * of the raising operator expression RP(®) is as in Definition 11.
The flagged single eta polynomial is given by H,(¢) := Hy,(c|0). If w is a leading
element, then (33) can be written in the ‘factorial’ form

Hi(c ) = 27H00) RP() , fu)gflw),

When w is a k-Grassmannian element, the above formulas specialize to the dou-
ble eta polynomial Hy(c|t) found in [T4]; here A is the typed k-strict partition
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corresponding to w. Moreover, the single eta polynomial H)(c¢) agrees with that
introduced in [BKT3]; see also [T2, T3].

6.3. Orthogonal degeneracy loci.

6.3.1. Odd orthogonal loci. Let E — X be a vector bundle of rank 2n + 1 on a
smooth complex algebraic variety X. Assume that E is an orthogonal bundle, i.e.
F is equipped with an everywhere nondegenerate symmetric form £ ® F — C. Let
w € W, be amenable of shape A, and let § and g be the left and right flags of w,
respectively. Consider two complete flags of subbundles of F

OCEiC---CEyi1=FE and OCFC---Cky1=FE
with rank F,. = rank F}. = r for each r, while F, s = E,JL-H_S and F, 45 = F,fq_l_s
for1 <s<n.

There is a group monomorphism ¢’ : W,, < S5, 11 with image

C/(Wn) = {w S S2n+1 | w; + Won+2—i = 2n + 2, for all ’L}

The map ( is determined by setting, for each w = (wy,...,w,) € W,y and 1 < i < n,
¢ (w); = n+1—wpy1—; if wyyp1—4 is unbarred,
7l n+14wWyy1-; otherwise.

Define the degeneracy locus X,, C X as the locus of z € X such that
dim(E,(z) N Fs(x)) > #{i<r|{(w); >2n+1—s} for 1 <r <n,1<s<2n.
As in the symplectic case, we assume that X,, has pure codimension ¢(w) in X, and

give a formula for the class [X,,] in H2(") ().
Theorem 7. For any amenable element w € W,,, we have
[2,] = 27D 0, (B - Epj = Frii4q)
— 9= tp(w)) pD(w) c,\(E — B — Fn+1+g)
in the cohomology ring H*(X).

Theorem 7 is derived from equation (23) in the same way as Theorem 5, using
the type B geometrization map of [IMN, Sec. 10]; compare with [T3, Sec. 6.3.1].

6.3.2. Even orthogonal loci. Let E'— X be an orthogonal vector bundle of rank 2n
on a smooth complex algebraic variety X. Let w € W,, be an amenable element
of shape A, and let f and g be the left and right flags of w, respectively. Two
maximal isotropic subbundles L and L’ of E are said to be in the same family if
rank(L N L") = n (mod 2). Consider two complete flags of subbundles of E

OcEiC---CFEy,=F and 0CIH C---CFy,=F

with rank E, = rank F,. = r for each r, while E,,;s = E,JL;S and Fj,4 s = Fé;s for
0 < s < n. We assume that E,, is in the same family as F,,, if n is even, and in the
opposite family, if n is odd.

We have a group monomorphism ( : Wn — S, defined by restricting the map
¢ of Section 5.3 to Wn Let wg denote the longest element of Wn, and define the

degeneracy locus X, C X as the closure of the locus of z € X such that
dim(E, (x)NFs(z)) = #{i <r | {(Wowwy); >2n—s} for 1 <r <n—1,1<s<2n
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with the reduced scheme structure. Assume further that X,, has pure codimension
{(w) in X, and consider its cohomology class [%,,] in H2/() ().

Theorem 8. For any amenable element w € ,V[v/n, we have
(34)  [Xu] = Hy(E — Ep_j — Fypg) = 27100 RPW 3 &\ (B — By — Fyy)
in the cohomology ring H*(X).

(

The Chern polynomial in (34) is defined by employing the substitutions

cpE E,.,—F,) ip<r,

by —> .
cpE E, .—F,) ifp>r,

b, — = cT(E E,_.—F,)+c-(Epn—FEn_y)),
b, 2(cT(E En_r—F,) —c(Ep — Ep_y))

in equation (33), for any integer p and r > 1. The proof of Theorem 8 is obtained
by applying the type D geometrization map of [IMN, Sec. 10] to equation (32), and
using the computations in [T3, Sec. 7.4].

APPENDIX A. COUNTEREXAMPLES TO STATEMENTS IN [AF2]

The following two examples exhibit errors in the proofs — in all types except type
A — and in the main type D result of [AF2]. We use the notation in op. cit.

Example 9. We show that Lemma A.1(i) of [AF2] is incorrect. Set p = (0,1,0),
A=1(2,1,1), k =m =2, and n = £ = 3. The assumptions are that ¢(2) = ¢(3),
c'(2) = ¢(2)(1 + b1), so that c}(2) = ¢;(2) + bic;—1(2) for each j, and /(i) = c(i)
for i =1,3.

We compute that R = (1 + Ry5)" (1 — R12)(1 — Ry3)(1 — Ra3) and hence

0 () = c2(1)e1(2)e1(2) — 2¢3(1)er (2) + e3(1)er (2) — (1) c2(2)
while

0P (¢) = e2(1)(e1(2)+b1)e1 (2)—2¢3(1)er (2)+es(1) (e1(2)+b1) —ca (1) (ea(2)+brer (2)).
It follows that

0y (') — O (¢) = bres(1) £ 0.
One can show similarly that Lemma A.1(ii) and Lemma A.2 of op. cit. are also
wrong.
Example 10. We show that Theorem 4 of [AF2] is false. Consider the type D
triple 7 = (k, p,q) := ((1,2),(2,1), (0, —2)), which corresponds to the Weyl group

element 321 € W3 (or to the element 321, depending on the type convention). We
have p = (0,0) and A\ = (2,1), while £ =2 and r = 1, so R?»"Y) =1 — R;, and

HY(T (e(1), ¢(2)) = (1 = Riz)(c(1)2e(21) = ea(1)er(2) — ea(1)eo(2).

The computations of Example 8 show that 2[Q,] # H;\’E:;( (1),¢(2)).
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