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ABSTRACT. An element of a Weyl group of classical type is skew if it is the
left factor in a reduced factorization of a Grassmannian element. The skew
Grothendieck polynomials are those which are indexed by skew elements of
the Weyl group. We define set-valued tableaux which are fillings of the as-
sociated skew Young diagrams and use them to prove tableau formulas for
the skew double Grothendieck polynomials in all four classical Lie types. We
deduce tableau formulas for the Grassmannian Grothendieck polynomials and
the K-theoretic analogues of the (double mixed) skew Stanley functions in the
respective Lie types.

0. INTRODUCTION

The double Grothendieck polynomials of Lascoux and Schiitzenberger [LS] and
Kirillov and Naruse [KN] represent the (stable) Schubert classes in the equivariant
K-theory of complete flag manifolds, in each of the four classical Lie types. When
the indexing Weyl group element is skew, in the sense of [T1, T3], we call these
polynomials skew Grothendieck polynomials. The goal of this article is to prove
tableau formulas for the skew Grothendieck polynomials, building on our earlier
work [T6], which dealt with the skew Schubert polynomials.

Each skew signed permutation is associated with a pair of (typed, k-strict)
partitions A D p. We introduce set-valued tableauzr on the skew Young diagram
A/p by extending Buch’s definition [B] in type A to types B, C, and D, in a way
which is natural from a Lie-theoretic point of view. Our combinatorial formulas
for Grothendieck polynomials are expressed as sums over set-valued tableaux on
this skew shape. The main results are the first such theorems for symplectic and
orthogonal Grothendieck polynomials, even in the single case.

The skew elements of the symmetric group S, are the 321-avoiding or fully
commutative permutations studied in [BJS, St]. A set-valued tableau formula for
their double Grothendieck polynomials was proved by Matsumura [M2], following
earlier results in [ACT] and [M1] for the single polynomials. As in [T6], the theorems
of this paper are new even in type A, and provide an alternative to the main result
of [M2], which has a direct analogue in types B, C, and D. We note that the (type A)
skew stable Grothendieck polynomials introduced and studied in [FK1, B, LP, Y]
do not represent Schubert classes and therefore are different than the ones found
in [ACT, M1, M2] and the present work.
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The K-theoretic Stanley functions F2, FS, and FZ lie at the center of Kirillov
and Naruse’s approach to Grothendieck polynomials. When w is a skew element
of the Weyl group, the theory developed here also produces set-valued tableau
formulas for them. Since the lowest degree terms of these formal power series
are the ordinary skew Stanley functions, we deduce new combinatorial formulas
for the latter (Examples 10 and 14). These barred k-tableau and barred typed k’-
tableau formulas refine the k-tableau and typed k’-tableau formulas of [T1, T3] by
separating the powers of 2 which appear in the multiplicities there.

Our theorems specialize to obtain formulas for the Grassmannian Grothendieck
polynomials, that is, the Grothendieck polynomials indexed by Grassmannian ele-
ments. In types B and C, this answers a question of Hudson, Ikeda, Matsumura,
and Naruse [HIMN2, Sec. 1]. The maximal Grassmannian (and fully commutative)
case of this problem was addressed earlier by Ikeda and Naruse in [IN, Sec. 9] (see
also [GK]). Our formulas for maximal Grassmannian polynomials differ from loc.
cit. just as our main result in type A differs from [M2, Thm. 3.1].

The straightforward proofs were found by modifying the arguments of [T6], this
time employing the idCoxeter algebra, the Hecke product on the Weyl group, and
the new definitions of set-valued tableaux in the orthogonal and symplectic Lie
types. Other known approaches to tableau formulas in type A do not suffice for
our purposes, since the Grassmannian elements in types B, C, and D are not fully
commutative. This is reflected, e.g., in the difference between Proposition 1 and
Propositions 3, 8, and their corollaries. Nevertheless, we arrive at a general theory
of such formulas which is uniform across the four types, following [T1, T3, T6].

We remark that Schubert and Grothendieck polynomials do not give intrinsic
formulas for the Schubert classes, that is, formulas which respect the symmetries of
the underlying Weyl group elements. Intrinsic formulas for the equivariant Schubert
classes in the equivariant cohomology ring of classical G/P spaces and correspond-
ing ones in the theory of degeneracy loci of vector bundles were obtained in [T2]
(in general) and [T5] (for amenable Weyl group elements). The problem of finding
analogues of these results in K-theory remains open. For progress on this question,
we refer the reader to [BKTY], which contains the general solution in type A, and
[HIMN1], which studies the Grassmannian loci in types A, B, and C.

This article is organized as follows. Section 1 contains preliminary material on
the relevant Weyl groups, Grothendieck polynomials, K-theoretic Stanley functions,
partitions, and Grassmannian/skew (signed) permutations. The following Sections
2, 3, and 4 deal with set-valued tableaux and formulas for skew Grothendieck
polynomials in the Lie types A, B/C, and D, respectively.

1. PRELIMINARIES

This section recalls some essential background definitions and notation which
will be used in this paper. For more details on the less standard among these, the
reader may consult [KN] and [T1, T3, T6].

1.1. Weyl groups and reduced words. The Weyl group for the root system of
type A,_1 is the symmetric group S, of permutations of the set {1,...,n}. The
group S, is generated by the simple transpositions s; = (4,4 + 1) for 1 <i <n—1.
The Weyl group for the root system of type B,, or C,, is the hyperoctahedral group
W, of signed permutations on the set {1,...,n}. The group W,, is generated by
the transpositions s; for 1 <4 < n — 1 and the sign change so(1) = 1 (here we set
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i := —i for any ¢ > 1). The elements of W,, are written in one line notation as
n-tuples (w, ..., w,), where w; := w(z) for each i € [1,n].

There is a natural embedding of W,, in W,,;; defined by adding the fixed point
n+ 1, and we let Woo := |J,, Wy, and Sy = ,, Sn. The length of an element
w € Wy, denoted £(w), is the least integer r such that we have an equation
W = Sq, * - Sq,.- In this case, the word a; - - - a, is called a reduced word for w. We
say that w is decreasing down to p if w has a reduced word a; ---a, such that
a; > --- > a, > p, and that w is increasing up from p if w has a reduced word
ai---ap such that p < ay <--- <a,. Here p denotes a nonnegative integer.

The Weyl group W, for the root system of type D,, is the subgroup of W,
consisting of all signed permutations with an even number of negative values. The
group W,, is an extension of S,, by sg := 508150, an element which sends (1,2) to
(—2, —1) and fixes all integers p > 3. We define the natural embedding W, < WnH
of Weyl groups as above and set WOO =U, Wn

The simple reflections in type D are indexed by the members of the set Ng :=
{0,1,2,...}, and the length and reduced words of the elements of W, are defined
using them. Given p > 1, we define w € Wn to be decreasing down to p or increasing
up from p in the same way as in types A, B, and C. However, when p = 0, we
say that w € Wn is decreasing down to O (resp. increasing up from ) if w has a
reduced word ay - - - a, which is a subword of (n — 1,...,2,0) (resp. a subword of
(0,2,...,n —1)). In all of the classical Lie types, if w is decreasing down to p or
increasing up from p, then the decreasing (resp. increasing) word ay - - - a, for w is
uniquely determined.

An element of W, is called unimodal if it has a reduced word aq - - - a,- which is a
subword of QF := (n—1,...,1,0,1,...,n—1). For a unimodal w € W,,, the number
of reduced words of w which are subwords of Q¢ := (n—1,...,1,0,0,1,...,n—1)
is equal to 27(") for a nonnegative integer n(w). An element of Wn is called
unimodal if it has a reduced word a; ---a, which is a subword of QF := (n —
1,...,2,1,00,2,...,n — 1). For a unimodal w € Wn, the number of reduced words
of w which are subwords of Q2 is equal to 2" (*) for a nonnegative integer n’(w).

1.2. Grothendieck polynomials and K-theoretic Stanley functions. The
double Grothendieck polynomials for the classical Lie groups studied here are due
to Lascoux and Schiitzenberger [LS] and Fomin and Kirillov [FK1, FK2] (in type
A) and Kirillov and Naruse [KN] (in types B, C, and D). Note that these objects
depend on a formal variable 3, and in the latter three Lie types they are not
polynomials but power series of unbounded degree in the Z variables. We refer
the reader to [KN, Sec. 6] for the precise way in which Grothendieck polynomials
represent the stable equivariant Schubert classes in the equivariant connective K-
theory of complete flag manifolds. When the parameter f is set equal to zero, we
obtain the double Schubert polynomials defined by Ikeda, Mihalcea, and Naruse
[IMN], up to a change of sign in the Y variables.

The idCoxeter algebra W2 of W,, is the free unital associative Z[f3]-algebra gen-

erated by the elements 7o, 7y, ..., 7, _1 modulo the relations
T = pm i>0;

Ty = T li —j] > 2;

MM 1T = M1l i>0;

T T, = T1TTQT17Q.
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For every w € W, define m,, := m,, ... 7,,, where a; ---a, is any reduced word
for w. The elements 7, for w € W, form a free Z[3]-basis of W2. We denote the
coefficient of 7, € W# in the expansion of the element o € W2 by (o, w).

Let ¢ be an indeterminate and define

Ai(t) = Q4+ tmp—1)(1 +tmp_2) - (1 +tm;);
AL(t) == (14 tm) (L +tmipr) - (L + tmp1);
B(t) == (1+tmp_1) - (L4+tm)(1 +tmo) (L +tmy) - - (1 +tmp_1);
Ct) =0 +tmp_1) - (L +tm)(1+tmo)(1 4+ tmo) (1 + tmy) - - - (1 + tmp—1).
Suppose that X = (x1,22,...), Y = (y1,y2,...), and Z = (z1,29,...) are three

infinite sequences of commuting independent variables. For any w € S,,, the type
A Grothendieck polynomial & is given by

(1) Go(X,Y) = (A1 (yn—1) -~ AL (1) Ar(21) -+ Ap 1 (20 1), @)

while its single version is defined by &, (X) := 6,(X,0). If A(X) := Ay (x1)A1(z2) -
and A'(Y) := --- Aj(y2)A}(y1), then the stable Grothendieck polynomial G of
Fomin and Kirillov [FK1] is given by

Go(X,Y) = lim G1m.(X,Y) = (4(V)AX), =),

where 1™ X @ € Sy,4r is the permutation defined by 1" x w(i) = i for i € [1, m] and
1" x w(i) = m+w(i—m) if ¢ € [m+1,m+n|. Following Fomin and Kirillov (see
[FK1] and [FK2, Cor. 6.5]), the formal power series G is a K-theoretic analogue
of the (type A) double Stanley symmetric function.

Let B(Z) := B(z1)B(#2) -+, C(Z) := C(z1)C(z2) - -+, and for w € W, define
the type B and type C Grothendieck polynomials &2 and &S by

(2)  B(ZX,Y) = (A1 (yn-1) - AL (1) B(Z) A1 (1) - Anr(@n1), w)
and
(3)  GU(Z;X,Y) = (A _1(yn-1) - AL (W1)C(2)As(21) -+ Ana(zn1),w),

while their single versions are given by 2(Z; X) := 5(Z; X,0) and 85 (Z; X) :=
8 (Z; X,0), respectively. To compare with [KN], note that the polynomial called
GB(a,b;z) in op. cit. would be the polynomial denoted by &2 (z;a,b) here. The
polynomials 65 and Qﬁg are stable under the inclusion of W,, in W,,;1; it follows
that 82, 8¢ and &, are well defined for w € W, and @ € S, respectively. The
type B and type C K-theoretic Stanley functions FZ and FS of [KN] are given by
FE(Z) = (B(Z),w) and FS(Z) := (C(Z),w).

The idCoxeter algebra Wﬁ of the group Wn is the free unital associative Z[5]-

algebra generated by the elements ng, 71, ..., T,—1 modulo the relations
2 = Bm 1 € Ngo;
TOTL = m™7T0;
TOTeTO = T2TO72;
Mgl Ty = Tl Tl 1> 0;
T = W j>i+1, and (4,j) # (O, 2).

For any element w € Wn, choose a reduced word aj ---a, for w, and define

Ty ‘= Tay -..Tq,. Denote the coefficient of m, € Wﬁ in the expansion of the

-
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element a € W2 in the ,, basis by (a,w), and define
D(t) == (1 +tmp_1) - (1 +tma) (L +tmy)(1 + tog) (L + tma) -+ (1 + tmp—1).

Let D(Z) := D(z1)D(z2)---, and for w € W,, define the type D Grothendieck
polynomial &2 by

(4)  62(Z:X,Y) = (A, (yn-1) - A1) D(Z) A1 (21) -+ An1(2n1), W),

and set 82 (Z; X) := 6L (Z; X,0). The Grothendieck polynomial 2 (Z; X,Y) is
stable under the natural inclusions Wn — Wn+1, and hence is well defined for
w € Wa. Following [KN], the type D K-theoretic Stanley function F2 is defined
by FP(2) := (D(Z),w).

Given any Weyl group elements u, v, w, we say that w is the Hecke product uov
of v and v if m,m, = BHWH@)I—LW)r “in the corresponding idCoxeter algebra. The
Hecke product o is characterized by the relations s;ow = s;w, if ¢(s;w) > £(w), and
siow = w, if £(s;w) < £(w), for each simple reflection s;. This defines an associative
product on the Weyl group such that uov = uv if and only if £(uv) = £(u) + £(v).
In the latter case, we say that the product uv is reduced. If ujo---ou, = w, then
u10---ou, is called a Hecke factorization of w.

1.3. Partitions and Grassmannian/skew Weyl group elements.

1.3.1. Type A. A partition A = (A1, Aa,..., ) is a finite weakly decreasing se-
quence of nonnegative integers, which we identify with its Young diagram of boxes.
The length of X is the number of non-zero parts ;. The containment relation g C A
of partitions is defined by using their diagrams, and the set-theoretic difference A\ p
is the skew diagram A\/p. A skew diagram is a horizontal strip (resp. vertical strip)
if it does not contain two boxes in the same column (resp. row), and, following [B,
Sec. 4], a rook strip if it contains no two boxes in the same row or column.

Fix a nonnegative integer m. An element w in S, is m-Grassmannian if
U(ws;) > l(w) for all i # m. Every m-Grassmannian permutation w corresponds
to a unique partition A of length at most m, called the shape of w, satisfying
A = (wWm —m,...,w; —1). When the shape A and m are given, we denote the
corresponding permutation by wj.

A permutation w € S, is called skew if there exists an m-Grassmannian permu-
tation @, (for some m) and a reduced factorization @y = ww’ in S. In this case,
the right factor @’ equals w,, for some m-Grassmannian permutation w,, and we
have p C A\. We say that tw is associated to the pair (A, ) and write @ = w) ;.
Moreover, we have {(w) = |\/p| := >, (X\i — i), and there is a 1-1 correspondence
between reduced factorizations uv of w and partitions v with p C v C A.

1.3.2. Types B and C. Fix a nonnegative integer k. We denote the box in row r
and column c¢ of a Young diagram by [r, |, and call the box [r, ] a left boz if ¢ < k
and a right box if ¢ > k. We say that the boxes [r,c] and [r/, ] are k-related if
lc—k—1|+r=|/ —k—1|+r and k'-related if [c—k — 4| +r =|c —k— |+ 1/,

A partition X is called k-strict if no part greater than k is repeated. The number
of parts A\; of A which are greater than k is the k-length of X\, denoted by £ ().
We define A\ := oo and agree that the diagram of A includes all boxes [0, ¢] in row
zero. The rim of X is the set of boxes [r,¢c] of its Young diagram such that box
[r + 1, ¢+ 1] lies outside of the diagram.
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If uw C X are two k-strict partitions, we let R (resp. A) denote the set of right
boxes of p (including boxes in row zero) which are bottom boxes of A in their
column and are (resp. are not) k'-related to a left box of A\/u. The pair p C A
forms a k-horizontal strip A/p if (a) A\/u is contained in the rim of A, and the right
boxes of A/u form a horizontal strip; (b) no two boxes in R are k’-related; and (c)
if two boxes of A/p lie in the same column, then they are k'-related to exactly two
boxes of R, which both lie in the same row. We let n(A/u) denote the number of
connected components of A which do not have a box in column k + 1. Here two
boxes in A are connected if they share a vertex or an edge.

An element w of W, is k-Grassmannian if it satisfies £(ws;) > £(w) for all i # k.
Each k-Grassmannian element w € W, corresponds to a unique k-strict partition
A, called the shape of w. We have

\ — k+ |wk+l| if wiys <0,
‘ #{] S [1,]@‘] Dw, > wkﬂ-} if wiys > 0.
A formula for the inverse of this map is found in [T6, Sec. 3.1]. Note that if w
lies in S, then its shape in types B and C is the partition whose diagram is the
transpose of its shape in type A. If the shape A and k are given, then we denote
the corresponding Weyl group element by wy.

1.3.3. Type D. Fix a positive integer k. A typed k-strict partition is a pair consisting
of a k-strict partition A together with an integer type(A) € {0, 1,2}, which is positive
if and only if A\; = k for some index 1.

If w C X\ are two typed k-strict partitions, the sets R and A are defined as in
types B and C, replacing ‘k’-related’ by ‘(k — 1)-related’. A pair p C A of typed
k-strict partitions forms a typed k'-horizontal strip A/u if type(X) + type(u) # 3
and conditions (a), (b), and (c¢) in the definition of a k-horizontal strip hold, again
replacing ‘k’-related’ by ‘(k — 1)-related’. We define n’(\/p) to be one less than the
number of connected components of A.

An element w € Wy has type 0 if |wy| = 1, type 1 if wy > 1, and type 2 if
wy < —1. We say that w € W is k-Grassmannian if L(ws;) > l(w) for all i # k, if
k> 1, and for all ¢ ¢ {{J,1}, if k = 1. There is a type-preserving bijection between
the k-Grassmannian elements w of WOO and typed k-strict partitions A. We have

\ = k—1+|wk+i| if wi4s <0,
SO # LR Jwy| > wega} i wpg > 0.

See [T6, Sec. 4.1] for a description of inverse of this map. If the Weyl group element
w corresponds to the typed k-strict partition A, then we denote w = w(\, k) by wy.

A Weyl group element w in Lie type B or C (resp. D) is called skew if there exists
a k-Grassmannian element w) for some k > 0 (resp. for some k > 1) and a reduced
factorization wy = ww’ in Wy, (resp. Ww) In this case, the right factor w’ equals
w,, for some k-Grassmannian element w,, and we have u C A\. We say that (A, u)
is a compatible pair of (typed) k-strict partitions and that w is associated to the
pair (A, u). We write w = wy,,, and note that ¢(w) = |A/u|. For example, any
k-horizontal strip (resp. typed k’-horizontal strip) A/u is a compatible pair (A, )
of (typed) k-strict partitions.

We say that a sequence of (typed) k-strict partitions \° € X! C --- C AP is
compatible if (\!, \i=1) is a compatible pair for each i € [1,p]. If p = 2 we say that
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A0 C A C A% is a compatible triple of such partitions. There is a 1-1 correspondence
between reduced factorizations uv of wy,, and (typed) k-strict partitions v such
that 4 C v C A is a compatible triple, with u = w),, and v =w,,.

2. TABLEAU FORMULA FOR TYPE A SKEW GROTHENDIECK POLYNOMIALS

In this section, we assume that all Grassmannian and skew permutations are
taken with respect to a fixed positive integer m. An m-Grassmannian element
w € S, satisfies ¢(s;w) < {(w) if and only if w=(---¢+1---|---i---), where the
vertical line | lies between w,, and w,,+1. Using this, it is easy to see that a skew
permutation ) ,, is decreasing down to 1 (resp. increasing up from 1) if and only
if A/p is a horizontal (resp. vertical) strip.

Proposition 1. Suppose that wy,,, = uov for some skew permutation wy,,. Then
there exist partitions v and p with u C p C v C X such that v/p is a rook strip,
u=1wy,, and v =w,,,. Moreover, the converse statement also holds.

Proof. Suppose that u = sq, - -+ 84, With 7 = £(u), so that @)/, = 54,0054, 00.
Since s;ov is equal to v or to the reduced product s;v for any i, it is clear that there
exists a reduced factorization wy,, = w'v for some w’, and hence that v = w, I
for some partition v with p C v C A.

The assertions regarding u and p are proved using induction on ¢(u). If (u) =1
then u = s; for some i, so Wa/p = SiOWy/p- If sj0w,,, = SiTy /s then we set
p:=v. If sjow,,, = w,/,, then v = X\ and s;w,,, = w,,, for some partition p
with 4 C p C v and |p| = |v| — 1, which satisfies the required property.

Assume next that u = s;u’ with £(u) = £(uv') + 1 and wy,, = wow,,, =
siou’owy/u. It follows as above that u’owy/u = @/, for some partition { C A, so
s;owe = wx. By the inductive hypothesis, we have u’ = @, for some partition
p C v such that v/p is a rook strip. If || = |A| — 1, then s, = w) is a reduced
factorization, hence u = @)/, and we are done. If { = A, then £(s;wwy) = £(wy) — 1
implies that wy = (---i4+1---|---¢---), that is, wx(e) = i+1 and wy(f) = ¢ where
e<m< f=m+14+1i—e, and s;wy = wyp for some box b in row m + 1 — e.
Now £(s;wwy;,) = £(siu’) = £(u’) + 1 implies that b must lie in p. (Indeed, if not
then we have p C (A N\ b), hence a reduced factorization wy.p = vw, for some v,
therefore u’ = s;v is also reduced and so £(s;u') = ¢(u’) — 1.) Since both A\ b and
p = p \ b are partitions, we must also have w,(e) =i+ 1 and w,(f) = 1.

If 54, -+ 54, is a reduced word of v’ = w}/,, then we deduce that {ai,...,a,} N
{i—1,i,i4+1} = 0, and hence that s;w)/, = wy/,s;. Now s;wy = w, and therefore
UG = §;Wy/pW5 = Wx/p,Wp = wWx. We conclude that u = wy 5. Finally, since
AN b is a partition and p C v C A, it follows that b is the only box in its row and
column in v/p, and therefore that v/p = (v/p) Ub is a rook strip.

To prove the converse, suppose that 4 C p C v C X are such that v/p is a
rook strip. Then it is easy to see by induction on |v/p| that @, ,, 0 @,/ = @, /-
Therefore, we have @y, 0 @, /, = Wx/y © Wy O Wy /y = Wi/ © Wy )y = Wrjy- O

Corollary 1. For the skew element @y, € Soo, we have

6o, (X,Y) = Z G, (X)E_—1 (V)
PV

X/p

summed over all partitions p,v with u C p C v C A such that v/p is a rook strip.
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Proof. The definition (1) of &, implies that
ij(Xa Y) = Z ij(X)@u*l(Y)

USV=w
summed over all Hecke factorizations uov of w. The result follows immediately
from this and Proposition 1. (I

Let A and p be any two partitions of length at most m with 4 C A, and choose
n > 1 such that w)y € 5,. Let P denote the ordered alphabet

n-1<---<l<1<---<n-1

The symbols (n — 1)’,...,1’ are said to be marked, while the rest are unmarked.
Given a subset A of P, an any element of A will be called an entry. If A and
B are two nonempty subsets of an ordered set of symbols, we write A < B if
max(A) < min(B).

Definition 1. A set-valued m-bitableau U of shape \/u is a filling of the boxes
in A/p with finite nonempty subsets of P which is weakly increasing along each
row and down each column, such that (i) the marked (resp. unmarked) entries
are strictly increasing each down each column (resp. along each row), and (ii) the
entries in row ¢ lie in the interval [(u; +m + 1 —4)’, \; +m — ¢] for each i € [1,m].
We let |U| be the total number of symbols of P which appear in U, including their

multiplicities, and define
(wy)” =T« TTo"
i i

where n} (resp. n;) denotes the number of times that i’ (resp. i) appears in U.

Theorem 1. For the skew permutation @ = wy,, in Sp, we have
(5) G (X,Y) =) AUkl ()Y
U

summed over all set-valued m-bitableauz U of shape \/p.

Proof. Tt follows from formula (1) that we have

st(X, Y) _ Z Bé(u,v,w)yi(ifalfl) . yf(vl)xf(ul) . xe(un—l)

n—1

where the sum is over all Hecke factorizations v,,_j0---ovjoujo---ou,_1 of @ such
that v, is increasing up from p and u,, is decreasing down to p for each p € [1,n—1],
while l(u,v,w) = >, l(u;) + >, €(v;) — €(w). Proposition 1 shows that such
factorizations correspond to pairs of sequences of partitions

p=XNcAc. A2 =) and p=200" . 2= 0

such that (i) u C v* C A* and \?/v is a rook strip for each i, and (ii) \?/v*~ ! is a
horizontal strip for 1 <i < n — 1 and a vertical strip for n < i < 2n — 2. We have
Up—i = Wyiyi-1, for i € [1,n — 1], and v;41_p = @xipi-1, for i € [n,2n — 2]. Note
that some factors in the product v,,_10---ovjoujo---ou,_1 may be trivial, and in
this case the associated skew diagram \?/v*~! is empty. We obtain a corresponding
filling U of the boxes in A\/u by including the entry (n —4)’ in each box of \!/vi~1
for 1 <i <n—1 and the entry i +1 —n in each box of \'/v*~! for n <i < 2n —2.
The required bounds on these entries are established exactly as in the proof of
[T6, Thm. 1], showing that U is a set-valued m-bitableau of shape A\/u such that
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(2y)¥ = gy eyl and U] = X (w) + 35, 0(v). Since

n—1
the sum in equation (5) is over all such U, the result follows. O

Example 1. For each positive integer m, the permutation s,, of length one can
be viewed as the m-Grassmannian element w) associated to the partition A = 1.
Theorem 1 therefore gives

6, (X, Y)=> pEITaf o almyitt Lyl
E
summed over all 4™ — 1 vectors F = (ey,...,e2,) with e; € {0,1} for each ¢ and
|E| :=e1 + -+ eam > 0. This corrects an error in [BKTY, Example 1].

Example 2. Let @)/, be a skew element of S,,. Extend the alphabet P to include
all marked and unmarked integers, and omit the bounds on the entries of the m-
bitableaux found in Definition 1. Then the right hand side of equation (5) gives a
tableau formula for the skew stable Grothendieck polynomial Gy, (X,Y’) of Fomin
and Kirillov [FK1]. This result was indicated by Buch in [B, Remark 3.3].

3. TABLEAU FORMULA FOR TYPE C SKEW GROTHENDIECK POLYNOMIALS

In this section, we assume that all Grassmannian and skew elements are taken
with respect to a fixed nonnegative integer k.

Let A and p be any two k-strict partitions such that (A, p) is a compatible pair
and let wy/, = wxwljl be the corresponding skew element of W,,. According to
[T1, Prop. 5], wy,, is unimodal if and only if A\/u is a k-horizontal strip, and in this
case we have n(wy,,) = n(\/u). If wy/, is decreasing down to 0 (resp. increasing
up from 0), then we say that the k-horizontal strip \/u is a z-strip (resp. Z-strip). If
we furthermore have w)/,, € So, we also say that \/u is an x-strip (resp. y-strip).
A z-strip (resp. z-strip) is an z-strip (resp. y-strip) if and only if £x(\) = k().

Example 3. The shaded boxes in the Young diagrams below illustrate two k-
horizontal strips with £ = 6. The one on the left is a z-strip and the one on the
right is both a z-strip and a y-strip.

The 2- and Z-strips are characterized among all k-horizontal strips as follows.

Proposition 2. A k-horizontal strip \/u is a z-strip (resp. Z-strip) if and only if
the left bozes in A/ form a vertical strip (resp. horizontal strip), and no two bozes
in N/ p are k' -related (resp. no two right bozes in A/ are in the same row).

Proof. A signed permutation is decreasing down to 0 (resp. increasing up from
0) if and only if it has no reduced word which contains ¢ — 1,4 (resp. 4,7 — 1) as a
subword for some 7 > 1. Observe that in any reduced factorization wy /, = us;_1s;v
(resp. wyy, = us;si—1v), the elements v and v are also skew, and associated to
k-horizontal strips which are substrips of A\/u. Therefore we may assume that
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W/, € {8i-15i,5:8i—1} for some i and study the associated skew diagram \/u. For
i > 2, the argument is the same as in the proof of [T6, Prop. 1], so it remains to
examine the case when 7 = 1.

If wy/, = sps1 then w, and wy have the form

so that A/p has two right boxes which are k’-related, or
wy=(1-]2-2), wy=(2-+|-+-1--")

so that A/p has a left box and a right box which are k’-related (and in the same
row). Here the vertical line | lies between positions k and £+ 1. On the other hand,
if wy,, = s150 then w, and wy have the form

Wy = (2o leee) or wy = (o] 1200), wy = (oo |oe-2en)

so that A\/p has two right boxes which are in the same row (and in columns k+1 and
k + 2). The converse statements are proved by using the correspondence between
v and w, given in Section 1.3.2. This completes the proof. U

Definition 2. For any pair A, i of k-strict partitions with p C A, we say that the
skew Young diagram \/u is a k-rook strip if it contains no two boxes in the same
row or column, and no two right boxes which are k-related.

Observe that the skew diagram A\/p is a k-rook strip if and only if A N\ b is
the diagram of a k-strict partition for each box b in A/u. The direct analogue of
Proposition 1 does not hold in types B, C, or D, as the next example illustrates.

Example 4. Let A = v := (4,1), p:= 2, and pu := (), so that u C p C v C A,
wy = 5152515051, and w, = sos1. If u 1= 515251 and v := wy, then Wy /= uov and
we have u = w),/, and v = w,/,. However, v/p = (4,1)/2 is not a k-rook strip.
Notice that neither w nor v is fully commutative in the sense of [St].

In place of Proposition 1 and Corollary 1, we have the following weaker results.

Proposition 3. Suppose that w),, = uov for some skew element wy;,, of Wx.
Then there exist k-strict partitions p and v such that u C p C X and p Cv C X are
compatible triples, u = wy,,, and v =w,,,.

Proof. Suppose that a; - - - a, is a reduced word for u, so that wy /, = 84,0+ 084, 00.
Since s;ov is equal to v or to the reduced product s;v for any 4, it is clear that there
exists a reduced factorization wy/, = w'v for some w’, and hence that v = w,/, for
some k-strict partition v with u C v C A\. Moreover, we have w’ = wy/, and the
pairs (\,v) and (v, u) are compatible. Similarly, we see that there exists a reduced
factorization w) /, = uw” for some w”, and hence that u = wj/, for some k-strict
partition p with g C p C A, such that the pairs (A, p) and (p, 1) are compatible. O

Corollary 2. For the skew element wy,,, € W, we have
WX/ Xp

65, (Z:X,Y) =) 65 (Z:X)8, 1 (V)
P,V

summed over all k-strict partitions p and v such that p C p C A and p C v C X are
compatible triples, lx(p) = €x(N), and wy/, = Wx/,0Wy /-



TABLEAU FORMULAS FOR SKEW GROTHENDIECK POLYNOMIALS 11

Proof. The definition (3) of &¢ implies that
60(Z: X Y)= > 6J(Z;X)6,1(Y)

uov=w
summed over all Hecke factorizations uwov of w with u € So,. The result follows
immediately from this, Proposition 3, and the fact that w),, € S if and only if

Ui(p) = Li(A). O

Suppose that X is a k-strict partition and ¢ > 0 is such that £(s;wy) = £(wy) — 1.
Then s;wy = w, for a k-strict partition ;1 C A, so that A/u is a k-horizontal strip
consisting of a single box b of A\. We then say that b is a remowvable box of .
It follows that a box b of A is a removable box of X if and only if (i) A\ b is a
partition, and (ii) if b is a left box of A, then b is not k’-related to two right boxes
of A (including boxes in row zero) which are both bottom boxes in their column.

Example 5. Let k:=1 and X := (3, 1), so that wy = $159s251. Then the box of A
in the third column is removable, but the box in the second row is not removable.
The diagram (3,1)/3 is a 1-rook strip but ((3,1),3) is not a compatible pair.

Similarly, suppose that (A, 1) is a compatible pair of k-strict partitions and ¢ > 0
is such that £(s;wy,,) = £(wy,,) — 1. Then s;wy,,, = w,,, for a k-strict partition
v with p C v C A, so that A/v is a k-horizontal strip consisting of a single box b of
A, which is not in pg. We then say that b is a removable box of \/p.

Example 6. Let k:=1, A\:= (4,1), and p := 3, 50 w) = $152818051 = 5281525051,
w,, = 815051, and Wx/y = S182. Then A has two removable boxes which are not in
i, but only the box b := (4,1)/4 in the second row is a removable box of A/p.

Proposition 4. Suppose that (A, p) is a compatible pair of k-strict partitions, and
b is a box of \ which is not in u. Then b is a removable box of A/ if and only if b
is a removable box of A and (A \ b, 1) is a compatible pair.

Proof. Suppose that b is a removable box of A/u and let « > 0 be such that s;w) /, =
Wy, With v := A\ 'b. Then (v, ) is a compatible pair and s;wy = s;wy,,w, =
Wy uWy = Wy, S0 b is a removable box of A\. Conversely, suppose that b is a
removable box of A, so that s;wy = w, with v := XA\ b, and assume that (v, u)
is a compatible pair. Since (A,v) is also compatible, we have wy,, = wy/,w,/, =

hence s;wy/, = w,/, and so b is a removable box of \/p.

Wy /s
The following proposition and its converse are the reason we can achieve tableau
formulas for Grothendieck polynomials in types B, C, and D beyond the fully com-
mutative Grassmannian examples of [GK, IN]. The point is that although Propo-
sition 1 fails in these Lie types, an analogous result is true when the left factor u

has a reduced word which is decreasing or increasing.

Proposition 5. Suppose that u is decreasing down to 0 or increasing up from 0
and wy/,, = uov for some skew element wy,,. Then there exist k-strict partitions
p C v such that p C p C X and p C v C X are compatible triples, v/p is a k-rook
Sirip, u = Wy /,, and V=W, -

Proof. Proposition 3 implies that v = w,/,, for some k-strict partition v such that
@ C v C Ais a compatible triple. We argue by induction on £(u). If £(u) = 1, then
u = s; is a simple reflection. If the product s;w, , is reduced, then u = wy,, and
we can take p to be equal to v. If the product s;w, , is not reduced, then v = A
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and we have s;w)/, = w,, for some k-strict partition p C A, where b := \/p is a
removable box of A/p. We are therefore done in both cases.

For the inductive step, we may assume that u = s;u’ with £(u) = £(u') + 1 and
u is decreasing down to 0. We have u'ow, ;,, = w¢,, for some k-strict partition ¢
with 4 C ¢ C A. The inductive hypothesis implies that v’ = w¢, for some k-strict
partition p C v such that u C p C ¢ and p C v C ¢ are compatible triples and v/p
is a k-rook strip. If s;we = wy then (A, () is a compatible pair. Hence (A, p) is a
compatible pair, v = s;w¢/, = wy/,, and we are done.

Otherwise, we have ( = X and so v/ = wy/p, While s;wy = wyp for some
removable box b of A which is not in u. Now there is a reduced word a, ---ay
for w),, such that i > a, > --- > a; > 0. Therefore \/p is a z-strip and, using
Propositions 2 and 3, we see that u = wj 5 for some z-strip A\/p with |[\/p] =r+1
that contains A/p as a substrip. As £(s;w)/5) = £(wy,5) — 1, we deduce that b is a
removable box of A/p which is not in A/p. Hence b is a box of p, p = p \ b, and
the equation wy/, = wy,/zov implies that 1 C p C A is a compatible triple. Since
AN b is a k-strict partition, it follows that v \ b is a k-strict partition. As v/p is a
k-rook strip, we conclude that v/p = (v/p) Ub is also a k-rook strip. Finally, the
proof in case wu is increasing up from 0 is similar. O

Remark 1. In the situation of Proposition 5, if u is decreasing down to 0 (resp.
increasing up from 0), then \/p and A\/v are both z-strips (resp. z-strips). To see
this for A/v, note that if a, - - - ay is a decreasing (resp. increasing) reduced word of
u, then s,, 0084, 0w,,, = wyy, implies that Saz, " Sa;, Wu/p = Wx/p for some
subword a;, - - - aj, of a, ---aq, and hence Wx/y = Sa;, * " Say, -

Example 7. Let k:= 1, v := (3,1), and X := (4,1), so that w, = 321 = 51525081
and wy = 231 = syw,. Let u := s;s2 and observe that wy = wow,. We then
have u = wy,, for p := 3 C v. Note that b := v/p is a removable box of A, but
not a removable box of v. This shows that (v, p) need not be a compatible pair in
Proposition 5. Next, let v := s351 and observe that again wy = vow,. We have
v =wyp for p:=(2,1) C v. In this case b= v/p is a removable box of v, but not
a removable box of .

The next result is a converse to Proposition 5.

Proposition 6. Suppose that pn C p C v C X are k-strict partitions such that
wCpCAandp CvCAare compatible triples, A/p is a z-strip or a Z-strip, and

v/p is a k-rook strip. Then we have a Hecke factorization wy/, = wy /0w, /-

Proof. Suppose that \/p is a Z-strip and a, - - - a; is a reduced word for w) /, with
r=|\/p|land 0 < a, < --- < ay. Since (p, ) is a compatible pair, we can define a
k-strict partition ¢; O p for each i € [1,7] by the equation s, - 84, W,/ = We, /u;s
and let b; denote the box ¢; \ (;_1. Define (; := (; Uv, (o = p, (o := v, and
set w(®) := s, 0--- 084,0W,/,. As v/p is a k-rook strip, it follows that ¢, is a k-
strict partition. We will prove by induction on 4 that ({;,v) is a compatible pair
and w® = wg s, for each i € [1,r]. Assume therefore that the pair ((;_,v) is

compatible, w1 = wg and consider the product s, owg ., = w®,

i—1/B

Suppose first that b; ¢ v, hence b; = (; \ (,_;. Since A/p is a k-horizontal
strip and (A, v) is compatible pair, we deduce that \/v is also a k-horizontal strip.
Proposition 2 then implies that A\/v is a Z-strip. Moreover, a, - --a; has a subword
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aj, ---aj which is a reduced word for wy,. Since we have i € {j1,...,j,}, we
deduce that the pair ((;,(;_;) is compatible. As the pair ({;_;,) is also compatible,
it follows that ({;,v) is compatible. Therefore (;, ) is compatible and we have
5a,0We, /= SaiWe,_ ju = WE,jp B8 required.

Next, suppose that b; is a box of the k-rook strip v/p, hence (; = ¢, ; and
the pair ((;,v) is compatible. Using Proposition 2 again, we see that ((;,p) is a
compatible pair and a, - - - a1 has a subword which includes a; and is a reduced word
for we This proves that b; is a removable box of (;/p and hence Sa,0W¢ s, =
we e Since Wg gy, = WE 1, Wp/p We deduce that 8a;0Wg s, = Sa;OWg ;= W
As ¢, = ), we conclude that W)/ pOWy /1y = w) = wy /- Finally, the argument
when A/p is a z-strip is similar. (]

Example 8. The hypotheses that (A, ) and (p, 1) are compatible pairs in Proposi-
tion 6 are necessary. For instance, let k:= 1, u:=0, p:=2, v:= 3, and A := (3,1).
Then p C p C A is a compatible triple, (v, i) is a compatible pair, wy,, = s152 is a
Z-strip, and v/p is a 1-rook strip. However, we have

Wy /0w, = (5152)0(515051) = 5152515051 7 Wa.

Moreover, if k =1, p:=3, p:=(3,1),and v = XA := (4,1), then p Cv C Ais a
compatible triple, (A, p) is a compatible pair, and v/p is a 1-rook strip. However,
we compute that

W/ pOWy sy = 520(5152) = 525152 7# Wy /-

Definition 3. A set-valued k-tableau T of shape A/u is a pair of sequences of
k-strict partitions
p=XcAXc-.-cA?=X and p=1"0 .. =2\

with the first one compatible, such that (i) u C v* C XY, (%, u) is a compatible
pair, and \?/v% is a k-rook strip for each 4, and (i) A/v*~! is a Z-strip if 4 is odd
and a z-strip if 7 is even, for 1 < ¢ < 2r. We represent T by a filling of the boxes
in A/p with finite nonempty subsets of barred and unbarred positive integers such
that for each h € [1,7], the boxes in T' which contain the entry h (resp. h) form the
skew diagram A\2"~1/120=2 (vesp. A\2"/u2P=1). For any set-valued k-tableau T we
let |T'| be the total number of barred and unbarred positive integers which appear
in T, including their multiplicities, and set z7 := [, 2", where m;, denotes the
number of times that A or h appears in T.

Theorem 2. Let w = wyy, be the skew element associated to the compatible pair
(A, 1) of k-strict partitions. Then we have

(6) Fy(2) =) Il T
T

where the sum is over all set-valued k-tableaw T of shape \/p.

Proof. We deduce from the definition of FS that
(7) FS(7) = Z B o) —t(w) H zf@zj—l)%(ﬂaj)
W=02,0+:0071 7

where the inner sum is over all Hecke factorizations o000y of w, for varying
r, such that o9;_; is increasing up from 0 and o9; is decreasing down to 0 for all
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j € [1,7]. Propositions 5 and 6 imply that any such factorization w = 9,0 - 00y
corresponds to a pair of sequences of k-strict partitions

p=XNcAXNc-..cA =X and p=200". . =)

as in Definition 3, with o; = wyi -1 for each i € [1,2r]. Moreover, if T' is the
associated set-valued k-tableau, then

2r 2r r
TI= Y N/ =Y by and 2T = ] oot
i=1 i=1 j=1
while ¢(w) = |A/p]. Equation (6) therefore follows immediately from (7). O

Example 9. Let k:= 1and X := (5,3,1) so that wy = 3421 = 515352808351505251-
The Hecke factorization

(s35180)0lo(sgsa)olo(sasg)o(s283)0(s35180)0(S0s2)0(s281)01

of wy as a product of 2r = 10 factors o; in Wy corresponds to the following set-
valued 1-tableau T of shape A:

1 {22} 2 {3,3,4} {4,5}
(1,2} {3,5} 5
{2,3}

Furthermore, we have 2T = 2225242223,

Example 10. Let (A, 1) be a compatible pair of typed k-strict partitions. A barred
k-tableau T of shape A/u is a sequence of k-strict partitions

p=XNcAXc-..cA=2\

such that \*/\=1 is a Z-strip if i is odd and a z-strip if i is even, for 1 < i < 2r.
We represent T by a filling of the boxes in A/p with barred and unbarred positive
integers such that for each h € [1,7], the boxes in T with entry h (resp. h) form
the skew diagram \2"—1/)\2h=2 (pesp. \2h /\2h—1)

If we set B := 0, then the K-theoretic Stanley function F$(Z) specializes to
the type C Stanley function F,,(Z), introduced and studied in [BH, FK3, La]. If
w = wy,, then Theorem 2 gives

(8) Fu(2) =3 "

summed over all barred k-tableaux T of shape A/u. The barred k-tableaux and
equation (8) refine the k-tableaux of [T1, Def. 2] and [T6, Eqn. (7)] in the same way
that the marked shifted tableaux of Sagan and Worley [Sa, W] and [Mac, III.(8.16")]
refine the shifted tableaux and [Mac, III.(8.16)].

For example, let k = 1, A = (3,1), Zy := (1,2), and Q2 denote the alphabet
{1 <1< 2 < 2}. Following [T1, Example 7], there are four 1-tableaux T of shape
\ with entries in {1,2}, each with multiplicity 2"(") = 4:

122 112 122 112
2 2 1 1 ’

These correspond to the following 16 barred 1-tableaux with entries in Q1s:
122 122 122 122 112 112 112 112
2 2 2 2 2 2 2 2
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122 122 122 122 112 12
1 1

1 1 1

—
—

12 112
.
We deduce that F,, (Z2) = 42325 + 82223 + 421 25.
Let Q denote the ordered alphabet
m—1<-2<l<1<1<2<2<---<1"<2"<---<(n=1)".
The symbols 1,2, ... (resp. 1,2,...) are barred integers (resp. unbarred integers).

Definition 4. Consider a pair U of sequences of k-strict partitions
p=ACc A C A2 = N and p=000 T2 =)

with the first one compatible, such that (i) p C v* C )\Z (z/,u) is a compatible
pair, and \?/v? is a k-rook strip for each 4, and (ii) A\?/v*~! is an z-strip for each
i <n—1, ay-strip for each i > n+ 2r, and a Z-strip (resp. z-strip) if i =n— 1+
for some odd (resp. even) j € [1,2r]. We represent U by a filling of the boxes
in A\/p by including the entry (n —4)’ in each box of \//vi~! for 1 < i < n —1,
the entry (i —n — 2r +1)” in each box of \//v'=! for n +2r <i < 2n +2r — 2,
and the entry j (resp. j) in each box of A"~1%J/y"=2+J for all odd (resp. even)
integers j € [1,2r]. We say that U is a set-valued k-tritableau of shape \/p if for
1 <i <L) (resp. 1 < i < Lr(N\)) and 1 < j < k, the entries of U in row i are
> (u; — k)" (resp. < (A; — k —1)”) and the entries in column k 4+ 1 — j lie in the
interval [(w, (7)), (wx(j) — 1)”]. We let |U| be the total number of symbols of Q
which appear in U, including their multiplicities, and define

asyz ch Hyl Hzn]

where n} and n!/ denote the number of times that ¢’ and ¢ appear in U, respectively,
for each 7 € [1,n — 1], and n; denotes the number of times that j or j appears in
U, for each j > 1.

Theorem 3. For the skew element w := wy,,, of Wy, we have

(9) 6C(2:X,Y) = 3 BVl ()

summed over all set-valued k-tritableaux U of shape A/ p.

Proof. It follows from formula (3) that we have

60 Z:X,Y) Zﬁe(u 0,0, w)yfl(i)n IV yf(m)wf(m) 1) Zf(de—l)JrZ(cmj)

n 1
where the sum is over all Hecke factorizations

Up—10+++0V1009,0+-0010U0 "+ OlUp_1

of w, for varying r > 0, such that v, € 5, is increasing up from p and u, € S, is
decreasing down to p for each p, o; is increasing up from 0 (resp. decreasing down
to 0) for all odd i (resp. all even i), and l(u,v,0,w) = > l(up) + >, l(vp) +
> (i) — £(w). We deduce from Propositions 5 and 6 that such factorizations
correspond to pairs of sequences of k-strict partitions

p=XcCA C. AT =\ and p=0000 L 22 =)



16 HARRY TAMVAKIS

and an associated filling U of the the boxes in A\/u as in Definition 4. The required
bounds on the entries of U are established exactly as in the proof of [T6, Thm. 2],
showing that U is a set-valued k-tritableau of shape A/u such that

L(vp—1 (v £(u1) Kunl o2j—1)+L(o
(2y2)U = gD L on) ) | )Hg 2o 1)+E(025)

and (U] = 32, l(up) + 32, €(vp) + 32, £(0). Since the sum in equation (9) is over
all such U, the result follows. O

Example 11. Let ¥ := 1 and X := (4,2) so that wy = 231 = 825051525051,
and consider the alphabet Q. := {1’ <1 <1 < 2 < 1” < 2”}. The set-valued
1-tritableau
1 {1,1} 1 {1,2,1"} nd {1} {1,1} 1 {1,2,17,2"}
(i 2 & 2 2
of shape A\ with entries in Q., correspond to the Hecke factorizations
$20(8082)0(s28150)0(s082)0(s251) and  s920890(Sps182)0(S25180)0(S051)081

of wy and map to the monomials x227 23y, and x12}25y1ys, respectively.

Example 12. For each integer k£ > 0, the signed permutation s of length one
can be viewed as the k-Grassmannian element w) associated to A = 1. When k is
positive, Theorem 3 therefore gives

@C ZXY ZB'Hl 1 "1. :C yf"“-“y?knzf’ g5

summed over all sequences H = (ey, ..., ek, f1,91, f2,92,--.) with finite support
such that e;, f;,g; € {0,1} for each 4, j and |H| := €1 +- -+ ez +3_,(f; +g5) > 0.
Furthermore, we have

65 (2:X,Y) =Y BP0
J

D

summed over all sequences D = (f1,91, f2,92,...) with finite support such that
fi:9; € {0,1} for each j and |D| :=>_.(f; +g;) > 0.

3.1. Tableau formula for type B skew Grothendieck polynomials. Given
that the root systems of types B, and C,, share a common Weyl group W,,, and
the similarity between equations (2) and (3), it is easy to modify the definitions
and theorems in this section to obtain set-valued k-tableau formulas for the type B
Grothendieck polynomials 2(Z; X,Y) and K-theoretic Stanley functions FZ(Z2)
indexed by skew elements w = wy,,. Indeed, it suffices to change the definition of
a z-strip in type B to be the same as that of a y-strip. With this modification, the
main results of this section then apply verbatim to the setting of type B.

Example 13. The type B Grothendieck polynomials for the elements sy of length
one in S, satisfy @i(Z; X,)Y)= 6&(Z; X,Y). Furthermore, we have

r_ f
6L (Z: X, Y) =Y pP I ]+
D’ j

summed over all sequences D" = (f1, fa,...) with finite support such that f; € {0,1}
for each j and [D'|:=3_, f; > 0.
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4. TABLEAU FORMULA FOR TYPE D SKEW GROTHENDIECK POLYNOMIALS

In this section, we assume that all Grassmannian and skew elements are taken
with respect to a fixed positive integer k.

Let A and u be any two typed k-strict partitions such that (A, u) is a compatible
pair and let w)/,, be the corresponding skew element of Wn It was shown in [T3]
that wy/, is unimodal if and only if A/ is a typed k’-horizontal strip, and in this
case we have n/(wy,,) = n'(A/p). If wy,, is decreasing down to 1, then we say that
the typed A’-horizontal strip \/u is an typed x-strip or a typed z-strip. If wy,, is
increasing up from 1 (resp. O), then we say that A\/u is a typed y-strip (resp. typed
z-strip). We say that a typed k’-horizontal strip A/u is extremal if

(£k(N), type(A)) 7 (£ (p), type(p))-
For any typed k-strict partition A, let e(\) := £k (\) + type(A).

According to [T6, Prop. 2], a typed k’-horizontal strip A/u is a typed z-strip
(resp. typed y-strip) if and only if (i) the left boxes in A/u form a vertical strip
(resp. horizontal strip), and no two boxes in A/u are (k — 1)-related (resp. no
two right boxes in A/p are in the same row), and (ii) if A\/u is extremal then
(type(N), type(u)) # (0,0) and the following condition holds: if e(u) is odd, then
€(A) is odd and type(p) = 0, while if e(u) is even, then €(\) is odd or type(p) =
1. Moreover, it was shown in the proof of loc. cit. that the typed Z-strips are
characterized among all typed k’-horizontal strips by the next Proposition.

Proposition 7. A typed k'-horizontal strip \/p is a typed Z-strip if and only if (i)
the left boxzes in \/u form a horizontal strip, and no two right bozes in \/p are in
the same row, and (ii) if A/ is extremal then (type(M),type(n)) # (0,0) and the
following condition holds: if e(u) is odd, then €(\) is even or type(u) = 1, while if
e(p) is even, then e(X) is even and type(p) = 0.

The following results are proved exactly as their analogues in type C.

Proposition 8. Suppose that wy,, = uov for some skew element wy,, of Woo,
Then there exist typed k-strict partitions p and v such thatyu C p C A andpu Cv C A
are compatible triples, u = wy,,, and v = w, .

Corollary 3. For the skew element wy,,, € Woo, we have

D . _ D .
®w>\/M(ZvX7 Y) - Z ij,,/u(ZvX)QSw;/lp(Y)
1414

summed over all typed k-strict partitions p and v such thatpy C p C Aandp Cv C A
are compatible triples, wy;, € Soo, and Wy, = Wx/,0Wy /-

Suppose that A is a typed k-strict partition and ¢ € N is such that £(s;wy) =
f(wy) — 1. Then s;wy = w,, for a typed k-strict partition p C A, so that A/ is a
typed k’-horizontal strip consisting of a single box b of \. We then say that b is a
removable box of A. It follows that a box b of A is a removable box of A if and only
if (i) A\ b is a partition and (ii) if b is a left box of A, then b is not (k — 1)-related
to two right boxes of A (including boxes in row zero) which are both bottom boxes
in their column. Notice that the type of the typed k-strict partition u = A\ b is
determined by the condition type(A) + type(u) # 3.

Similarly, suppose that (A, p) is a compatible pair of typed k-strict partitions
and i € Ng is such that £(s;wy;,) = f(wy/,) — 1. Then s;wy,, = w,/, for a
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typed k-strict partition v with g C v C A, so that A/v is a typed k-horizontal strip
consisting of a single box b of A, which is not in ;. We then say that b is a removable
boz of A/, and we must have type(\) 4 type(v) # 3. In this case, b is a removable
box of A which is not in g and such that (A~ b, ) is a compatible pair.

Proposition 9. Suppose that u is decreasing down to 1, increasing up from 1, or
increasing up from U, and wy,, = uov for some skew element wy,,,. Then there
exist typed k-strict partitions p C v such that 4w C p C X and p C v C X are
compatible triples, v/p is a k-rook strip, u = wy;,, and v = w, .

Proof. The argument is the same as in the proof of Proposition 5. O

Remark 2. In the situation of Proposition 9, if u is decreasing down to 1 (resp.
increasing up from 1 or increasing up from ), then A\/v and \/p are both typed
z-strips (resp. typed y-strips or typed Z-strips).

As in the previous section, Proposition 9 admits a converse statement.

Proposition 10. Suppose that p C p C v C A are typed k-strict partitions such
that pw C p C X and p C v C A are compatible triples, \/p is a typed z-strip (resp.
typed y-strip or typed Z-strip), and v/p is a k-rook strip. Then we have a Hecke
Jactorization wy,,, = wy;,0w, /-

Proof. The argument is the same as in the proof of Proposition 6. (]

Let R denote the ordered alphabet
1,1°<1,1°<2,2°<2,2° < -+ .
The symbols T,1°,2,2°, ... are barred, while the symbols 1,1°,2,2°, ... are unbarred.

Definition 5. A set-valued typed k'-tableau T of shape A\/p is a pair of sequences
of typed k-strict partitions

p=XNcAc-.-cA?=X and p=1"0 .. "=\

with the first one compatible, such that (i) u C v* C X, (v%, ) is a compatible
pair, and \'/v? is a k-rook strip for each i, and (ii) A/v*~! is a typed z-strip if 7 is
odd and a typed z-strip if 7 is even, for 1 < i < 2r. We represent T by a filling of
the boxes in A/p with finite nonempty subsets of symbols of R such that for each
h € [1,r], the boxes in T which contain the entry . or h° (resp. h or h°) form the
skew diagram A2h—1 /b2h=2 (resp. A2 /12h=1) "and we use h° (resp. h°) if and only
if type(A2"~1) = 2 (resp. type(\?") = 2), for each h € [1,7]. For any set-valued
typed k’-tableau T we let |T'| be the total number of symbols of R which appear
in T, including their multiplicities, and set 27 := [1, z,", where my denotes the
number of times that h, h, Eo, or h® appears in T

Theorem 4. Let w = wyy, be the skew element associated to the compatible pair
(\, 1) of typed k-strict partitions. Then we have

(10) FR(z)=Y gITI-Wul ;T

where the sum is over all set-valued typed k'-tableau of shape \/p.
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Proof. Tt is easy to see from the definition of F2 that

oq)—(w (o2, L(o2;
(11) FR(z)= Y pEitlon-X >sz< 2j-1)+4(02;)

W=02,0---0071 J

where the inner sum is over all Hecke factorizations og,0--- 001 of w, for varying
r, such that o9;_; is increasing up from [ and oy; is decreasing down to 1 for all
j € [1,r]. Propositions 9 and 10 imply that any such factorization w = 9,0 - 001
corresponds to a pair of sequences of typed k-strict partitions

p=XNcXMc...cA=X and p=200 - =2\

as in Definition 5, with o; = wyi /-1 for each 4 € [1,2r]. Furthermore, if T" is the
associated set-valued typed k’-tableau, then

2r 2r r
T) =S W/l =3t and o7 = [ &m0
i=1 i=1

Jj=1

while ¢(w) = |A/p|. Therefore, equation (10) follows directly from (11). O

Example 14. Given a compatible pair (A, 1) of typed k-strict partitions, a barred
typed k'-tableau T of shape A/p is a sequence of typed k-strict partitions

p=XNcAc...cA=\

such that A\'/\""1 is a typed z-strip if 7 is odd and a typed z-strip if 4 is even, for
1 <4 < 2r. We represent T by a filling of the boxes in A/p with symbols in R such
that for each h € [1,7], the boxes in T with entry h or 1" (vesp. h or h°) form the
skew diagram A2"=1/X2h=2 (resp. A2 /A2h=1) and we use h° (resp. h°) if and only
if type(A2"—1) = 2 (resp. type(A?") = 2), for each h € [1,7].

If we set 3 := 0, then the K-theoretic Stanley function FJ(Z) specializes to the
type D Stanley function E,(Z), introduced and studied in [BH, La]. If w := w,,
then Theorem 4 gives

(12) Ey(Z2)=) 2"

summed over all barred typed k’-tableaux T of shape A\/u. The barred typed k'-
tableaux and equation (12) refine the typed k’-tableaux of [T3, Def. 3] and [T6,
Egn. (11)] in a manner directly analogous to Example 10.

For instance, let k := 1, A := (3,1) with type(\) := 1 so that wy = 23T, and Ry,
denote the alphabet {I,1° < 1,1° < 2,2° < 2,2°}. There are four barred typed

1’-tableaux of shape A with entries in Ris:
1711 °12 122
2

NI
—
DO|

corresponding to the reduced factorizations sg- 28180, SOS2- 8180, S2-S0S281 - 1,
and sg-sgsa- sy -1 of wy, respectively. Moreover, let A° := (3, 1) with type(\°) := 2
so that wyo = 231. Then we find the following four barred typed 1’-tableaux of
shape A\° with entries in ngz

°11 1°12 T1°202° 172020

2° 2° 1° 2°
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corresponding to the reduced factorizations s;-1-s251-50, S1:S2-51-S0, S251-1-52-50,
and sg9s7 - s9 - 1+ s of wye, respectively. Setting Zs := (21, 22), we deduce that

By, (Z9) = By, (Z2) = 2320 + 22725 + 2125,
The reader may compare this with [T3, Example 2].
Let R denote the ordered alphabet

(n-1)<---2<1"<1,1°<1,1°<2,2°<2,2°<---<1"<2" <. < (n—1)
which extends the alphabet R.

Definition 6. Consider a pair U of sequences of typed k-strict partitions
p=Xc A c...c 2=\ and p=100.. . 22 =)

with the first one compatible, such that (i) u C v* C A, (v%, u) is a compatible
pair, and \'/v? is a k-rook strip for each 4, and (ii) A?/v*~! is a typed a-strip for
each i <n—1 (non-extremal if ¢ < n —2), a typed y-strip for each i > n+ 2r (non-
extremal if i > n+2r + 1), and a typed Z-strip (resp. typed z-strip) if i =n—1+
for some odd (resp. even) j € [1,2r]. We represent U by a filling of the boxes in
A/u by including the entry (n — )" in each box of \i/v*~! for 1 <i < n — 1, the
entry (i —n —2r +1)” in each box of \'/v*~1 for n+2r <i < 2n+2r — 2, and the
entry j or j (resp. j or j°) in each box of A"~ 17 /=247 for all odd (resp. even)
integers j € [1,2r], so that the circled entries j° and 30 are used if and only if the
ambient partition has type 2, as in Definition 5. We say that U is a set-valued typed
K -tritableau of shape A/p if for 1 < ¢ < £ (p) (resp. 1 <4 < fr(A)) and 1 < j <k,
the entries of U in row i are > (u; — k + 1)’ (resp. < (A; — k)”) and the entries
in column k + 1 — j lie in the interval [Jw,(j)|’, Jwr(j) — 1|"]. We let |U]| be the
total number of symbols of R which appear in U, including their multiplicities, and

define
azyz H Z; H Y H Z;

where n} and n!/ denote the number of times that i and 1" appear in U, respectlvely,
for each i € [1,n—1], and n; denotes the number of times that j, j°, j, or j appears
in U, for each j € Ng.

Theorem 5. For the skew element w := wy/,, of Wn, we have
(13) O (ZX,Y) =) U (ay2)Y

U
summed over all set-valued typed k'-tritableaux U of shape \/p.

Proof. We deduce from formula (4) that &2 (Z; X,Y) is equal to
Z ﬁ@ u,,0,w) e(”n 1) yf(vl)xi(ul) . g(un 1) H Z§(02.7—1)+2(U2j)

n 1
J
where the sum is over all Hecke factorizations

Up—10+++-0V1009,0+-0010UO "+ OUp_1

of w, for varying r > 0, such that v, € S, is increasing up from p and u, € S,
is decreasing down to p for each p, o; is increasing up from O (resp. decreasing
down to 1) for all odd 7 (vesp. all even i), and £(u, v, 0,w) := > L(up)+>_, €(vy) +
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> (03) — €(w). Propositions 9 and 10 imply that such factorizations correspond
to pairs of sequences of typed k-strict partitions

p=Xc X c...c 2 =\ and p=000 . T2 =)

and an associated filling U of the the boxes in A/ as in Definition 6. The required
bounds on the entries of U are established as in the proof of [T6, Thm. 3], showing
that U is a set-valued typed k’-tritableau of shape \/u such that

)U L(vn-1) yf(vl)xli(ul) 1) H Zﬁ(azj—l)-ﬁ-f(”zj).

(nyZ =Yn—1 n—1

J
Conversely, the typed set-valued k’-tritableaux of shape A/ correspond to Hecke
factorizations of w of the required form, and equation (13) follows. O

Example 15. Let k:= 1 and X := (4,2) so that wy = 1423 = s15352505251, and

consider the alphabet R, := {1’ < 1,1° < 1,1° < 2,2° < 2,2° < 1” < 2”}. The
set-valued typed 1’-tritableau
1 {1,2} 2 {2,1”,2"} and 1 A1,1} 1 {1,2,2}
{1,1} 1”7 2 {2,1"}

of shape A\ with entries in R, correspond to the Hecke factorizations

s30(8183)0(s382)0smolo(smsa)o(sasy) and  s10(s3s1)o(sps3)o(s3s281)osmosy
of wy and map to the monomials 222225y?y, and x12723y;, respectively.
Example 16. Using Theorem 5, the type D Grothendieck polynomials for the
elements s, of length one in W, are computed as follows. If » > 2, then we have

QﬁSDT(Z;X, Y)= ®§(Z;X7Y) = @5(2;)(’ Y).
For r = 1, we have
08z, 1) = X e TT
H' j

summed over all sequences H' = (e, e, f1, f2, f3,-..) with finite support such that
ei, fj € {0,1} for each ¢,j and |H'| :=e; + ex + Zj f; > 0. Finally, for r = O we

have ;
D . o D’'|—1 J
62X, Y) =3 87 ]
D’ j
summed over all sequences D" = (f1, fa,...) with finite support such that f; € {0,1}
for each j and [D'|:=3_, f; > 0.

Example 17. Let w € W4, (respectively w € Woo) and define the K -theoretic
double mized Stanley functions JB, JC and (respectively) I” by the equations
Jo(Z:X,Y) = (A'(Y)B(Z2)A(X),w),
JS(Z:X,Y) = (A(Y)C(Z)A(X),w), and
I2(Z:X,Y) = (A(Y)D(2)A(X),w).
These functions are analogues in connective K-theory of the double mixed Stanley

functions J,,(Z; X,Y) and I,(Z; X,Y') studied in [T2, Example 3] and [T4, Sections

3.5 and 4.6]. Now suppose that w := w) /, is a skew element of W, or W,. Extend
the alphabets Q and R to include all primed and double primed positive integers,
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and modify Definition 4 and Definition 6 by omitting the bounds on the entries of
the tritableaux found in both, and the non-extremal condition in the latter. Then
the right hand sides of equations (9) and (13) give tableau formulas for the type C
and type D functions JS(Z; X,Y) and 12 (Z; X,Y), respectively.

[ACT]
[BH]
[BJS]
(B]
[BKTY]

[FK1]

[FK2]

[FK3]
[GK]
[HIMN1]
[HIMN2)]
[IMN]
[IN]

[KN]
[Lal

[LP]

[LS]

[Mac]
(M1]
(M2]
[Sa]
[St]
[T1]

[T2]
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