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We will consider the linear advection equation on the interval z € [0, 1] with the periodic
boundary condition. the resulting initial and boundary value problem (IBVP) is

U + aug =0, z€[0,1], t >0,
(1) w(0,t) =u(1,t), t>0
u(z,0) =n(z).

The exact solution to (1) is n(x — at) periodically extended, i.e., n(x —at mod 1).

1.1. Useful matrices and their spectra. It is convenient to conduct the stability anal-
ysis of methods for linear advection equation by thinking of the method of lines and and
the forward Euler time discretization. Below we will list matrices that arise the right-hand
side of the method of lines and find their eigenvalues and eigenvectors.

Throughout this section, we will assume that the interval [0,1] is partitioned to m
subintervals of length h = 1/m. The periodic boundary conditions make the points z¢ =0
and x,, = 1 identical. Therefore, we need to find the numerical solutions only at the points
g, T1, ---, Tm—1 at each t, = kn. Hence, the matrices in the right-hand side of the MOL
will be m x m.

e Matrix A; arises whenever the first derivative in space approximated using the
central difference

Ujs1 -Uj
2h
and the periodic boundary conditions are imposed:
1 -1
-1 .
(2) A=
1
1 -1

In words, A; has 1s along its first superdiagonal, —1s along is first subdiagonal, —1
in the top right corner, and 1 in the bottom left corner. All other entries of Ay
are zero. We can guess the form of the eigenvector of A; taking into account that
its jth entry must be proportional to the difference between its nearest neighbors.
Moreover, the eigenvectors of A should be extendable periodically. Hence, we try
the vector v with entries v; = € as the candidate for the eigenvector. Periodicity
requires

ijbm

l=vg=v,,=¢

Hence jbm = 27p where p € Z. Therefore, b = %Wp. For all 0 < j <m -1 we have:

2mpi [ 2mpi [ 27pi - 2 2
[Av]j =vj1 —vjo1 =€ mo ) TG T ]2isin(—p) = vj2isin(—p).
m m
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(7)

Furthermore, the m distinct eigenpairs correspond to p=0,1,...,m—1. Therefore,
the eigenvectors and eigenvalues of A; are
B -
27pi
e m 5
TP . Y
o = | B2 , )\p:2ism(—p), p=0,1,...,m-1.
. m
ey(m_l)

Matrix As arises when the artificial viscosity, i.e. a term with
Uj+1 - 2Uj + Uj,1
h? ’
is added to the finite difference scheme and the periodic boundary conditions are
imposed. It is added in the Lax-Friedrichs scheme for stability purposes. In the Lax-
Wendroff scheme, it compensates the error term proportional to u,, resulting from

the finite difference approximation of the first derivative and makes the method
stable. The matrix Ay is:

-2 1 1

1 -2 1

A2 — . .
N |
1 1 -2

Its eigenvectors are the same as those of A; (see (3)). The eigenvalues of Ay are
2

Ap=2cos(ip)—2, p=0,1,...,m—-1.
m

Matrices As and A4 arise in left and right upwind schemes, in which the first
derivatives in = are approximated using

Ui=Uin g Uin—U

and —/————=,

h h
respectively:
1 -1 -1 1
-1 1 -1 1
Az = , Ag=
|
-1 1 1 -1

Their eigenvectors are the same as those of A; (see (3)). Their eigenvalues are

_2mpi 2mpi

Mp(Az)=1-e"m, A(Ay)=em -1, p=0,1,...,m-1

1.2. Finite difference schemes and their spectra.
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1.2.1. Laz-Friedrichs. The scheme:
uor.+U" k
+1 _ g+l j-1 _a
®) U= - (Ui - Uf).

The local truncation error for Lax-Friedrichs is O(h?)+O(k) making it first-order accurate.
The corresponding MOL discretization gives:

dU 1 a
& Aau-Zau
) a "oVt

The eigenvalues of the matrix M := ﬁAQ — o5 A1 are:

1 2 2
(10) Ang(cos(ﬂ)—l)—i%sin<ﬂ), p=0,1,...,m-1.
m m

The Lax-Friedrichs method is obtained from the MOL equation (9) by using the forward
Euler time stepping. Hence, the stability condition requires that |[kX, + 1| <1, i.e.,

2 2 9 2 9 1/2
(1) cog(ip)_i%sin(ip)‘:|:COS2(Lp)+(k_}j) sin2(ﬂ’)] .
m m m m

This condition holds iff
@

<1

(12)

2. MODIFIED EQUATIONS

Consideration of modified equations is a convenient tool for the analysis of finite dif-
ference schemes for PDEs. A modified equation is an equation that is satisfied by the
numerical solution more exactly than the original PDE. The extra terms in a modified
equation explain the behavior of the numerical error.

2.1. A derivation of the modified equation for the Lax-Wendroff scheme. We
consider the linear advection equation

(13)  w+au, =0.
The Lax-Wendroff scheme for it is
ak a’k?
(14) U]n-'—l:an_%( ]n+1_U]n—1)+ 2h2 ( ;L+1_2U;1+U}L—l)'

Assume that a smooth function v(¢,z) satisfies the Lax-Wendroff scheme, i.e.,

(15)  wv(t+k,x) =v(t,x)—%(v(t,x+h)—v(t,x—h})

a’k?

T onz

(v(t,z+h)—v(t,z) +v(t,z—h)).
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To find a PDE for v we use Taylor expansions around (¢, x):

2 3
v+ ]{I’Ut + E’Utt + E’Uttt + O(k4)

ak
2h
Canceling v and dividing by k we get:

=V —

3 21.2 2 4
Sy + 21 s + O ) + L (2" h
6 2 24

572 2—Vpp + 2—Vppax + O(hﬁ))

2 2
(16) v +av, = g (a%m - vtt) - % (vttt + %fumw) +O(K%).

Here we have taken into account that the Courant number v := % is constant.

Equation (16) implies that v;+av, is at most O(k). Let us show that it is actually O(k?)
and that vy — a®v,, is also O(k2). The next two equations are obtained by differentiating
(16) with respect to t and x, respectively:

(17) Vit + AUyt = (azvacact - ’Uttt) + O(k2)7

N TN

(CLQUJ:J:x - Uttx) + O(k2)

Multiplying (18) by a and subtracting it from (17) we obtain:

(18) Utz + QUgg =

k
(19) vy — a®vgy = 5 [(a2vm - vtt)t -a ((121)M - vtt)z] +O0(k?).
Equation (19) implies that vy — a?v,, is at most O(k). But this means that

k

5 ([0 =a[O(R)].) + O(K*) = O(K).

Therefore, vy — a?vy, = O(k?) which, together with (16) implied that v; + av, = O(k?).
Plugging the relationship vy — a?v, = O(k?) into (16) we get

(20) vy - @y =

k‘2 2
(21) Ut + AU = _E (Uttt + %Um:ac) + O(ks)

We would like to express the third derivative in ¢ via the third derivative in x on the
right-hand side in (21). We have:

(0 + ady)v = O(k?).
We apply the differential operator (s — a0 + a?0ys) to both parts of the last equality and
obtain:
(22) (O — adsp + 02D ) (Or + a0y )V = (st + 0> Dz )v = O(K?).
We still have O(k?) in the right-hand side because the differential operator (9 — a0y, +

a28m) does not contain k and hence at least cannot lower the order in k. Hence

3 3
O __ 9, O(k?).

23 — =
(23) ot3 oz3
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This means that, in (21), the term in the large parensethes on the right-hand side is:

ah? 5 h?
Vit + ?U:m:a: =al-a + 72 Vg

From the fact that v = % is constant we get k = % and % = 2. Therefore, (21) can be
rewritten as

2h2 2 h2
V_a (—CL2 + a_) Vgzz + O(hg) = _% (_V2 + 1) (O O(hg)

24 VUt +QUy = —
( ) t T a2 U2
Equation (24) is the modified equation whose solution satisfies the Lax-Wendroff scheme
exactly. If we are willing to truncate the higher-order terms on the right-hand side of (24),
we obtain a simpler modified equation that the numerical solution satisfies approximately,
but more exactly than the original PDE (13):

h2
(25) vt+avx+%(1—y2)vmm =0.

The modified equations (24) and (25) have a leading-order extra extra term in comparison
with the original advection equation (13) which is of the order O(h?) and dispersive, i.e.,
proportional to v,;,. This indicates that the Lax-Wendroff scheme is second-order accurate
and the numerical error in its numerical solution will be oscillatory.

3. BURGERS’S EQUATION

Burgers’s equation
(26)  wp + uuy = Vg,

is a successful, though rather simplified, mathematical model of the motion of a viscous
compressible gas, where

e u = the speed of the gas,
e v = the kinematic viscosity,
e r = the spatial coordinate,
e ¢ = the time.
4. SOLUTION OF THE BURGERS EQUATION WITH NONZERO VISCOSITY
Let us look for a solution of Eq. (26) of the form of traveling wave [1], i.e.,

u(z,t) =w((z—xzo) - st) =w(y).
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Then uy = —sw', u, = w’, and uz, = w”. Plugging this into Eq. (26) we obtain
—sw’ +ww' = vw"
2 !
—sw' + (w_) =vw”
2

w2 ’
—Sw+7=7/w +C.

We also impose conditions at the +oo: w(-o0) = urp, w(oo) = ug, where uy > upg, and
w'(+00) = 0. Then we have

2 2
u u
—suL+7L:C:—suR+7R.

Therefore, s must be (ur, +ug)/2. Thus, the shock speed is the same as in the case of zero
viscosity. Hence C' = —upupr/2. Then we continue.

;W ur, + uR ULUR
w +

2 2 2
dy dw
2w w2 - (ur, +uR)w+ULuR
dy dw
U w2 - (ur, +ug)w + (uL+4uR)2 _ (uL—4uR)2
@ B dw

2v _uptug)? _ (up-ugr)?
(w 2 ) 1

Integrating the both parts using

/ dw —llo w—-a-b
(w-a)2-b2 2b P —

we obtain
y 1 w— YWLTUR _ ULTUR 1 w—uL‘ 1 g —w
Z4+C = log| —— | = lo = log :
2v Uy, — UR w— 5+ At up - uR w—uR‘ Uy, — UR wW—UR

In the last equality we used the fact that uy > w > ug. Hence,

Uy, —w y(up—upR)
L e oD +C

w—URr

ur, —w = we —uge?, where A=y(ug-ug)/(2v)+C

w(e +1) = (ug, + upe?)

uL+uReA ur —urp 2
=T ALy CURY T o A
et +1 2 et +1
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Multiplying and dividing by exp(—A/2) and using the identity

26_A/2 6A/2 _ e—A/Q A
= 1 — = 1 - ta.nh -
CA2Z 4 o-AJ2 CA2 4 o-AJ2 D)
we get,
UR+UL UL~ UR y(ur —uR)
= - tanh| ———= + C').
w(y) 5 an ( ™ )
Hence,

_UR+UL UL - UR ([z —xo0] - st)(ur, —ugr)
27)  u(z,t)= 5 tanh( W )

The profiles w(y) for various values of v are shown in Fig. 1. As v — 0, u(x,t) tends to a
step function of the argument x — st.

—v=0.25
L —v=0.1
0.8 v=0.02
0.6

0.4+

0.2+

F1GURE 1. The profiles of the solution of the viscous Burgers equation for
ur =0, up =1, g = 0, and v equal to 0.25, 0.1, and 0.02. Note that w(y)
tends to a step function as v — 0.

5. SHOCK SPEED

If the viscosity v = 0, or neglected, Eq. (26) can be rewritten as
(28)  w+ [%uQ]x =0

Eq. (28) is easier to study theoretically and numerically than Eq. (26). From now on,
unless indicated otherwise, we will refer to Eq. (28) as the Burgers equation.
Equation (28) has a solution in the form of the traveling wave [2]

(29)  wu(z,t)=V(x-st),

where V (y) is a step function:

(30) V(y>={“L y<0},

urp y>0
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where uy, > ug. This wave is called the shock wave and s is the speed of propagation of
the shock wave. It can be obtained from the following reasoning. Let M be some large
number. Consider the integral

M

time

3

FIGURE 2. Finding the shock speed using the law of conservation of momentum.

d rM M 2| M 2 2
r [ u(z,t)dr = f —uudx = v YL u_R'
dt J-m -M 21-m 2 2

On the other hand,

M
[M u(z,t)dr = (M + st)up + (M - st)ug.

Therefore,

d rM p
E[M u(z,t)dr = s(ur, — ug).

Hence, the speed of propagation of the wave is
(31) 5:( )/(uL—uR):

Remark The argument above is valid for a more general equation of the form

(32)  w+[f(u)]s=0.

2 2
Ur Ur
2 2

Uy, + UR
5 .
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Such equations are called hyperbolic conservation laws. The shock speed is given by

oo fur) = f(ug) _jumpin f(u)

UL — UR jump in w

(33)
This equation is called the Rankine-Hugoniot condition.

6. CHARACTERISTICS OF THE BURGERS EQUATION

The characteristics of Eq. (28) are given by
dr
dt

Let us show that u is constant along the characteristics. Let (x(t),t) be a characteristic.
Then

(34) u(x,t).

Doa(ry.r) = T4 O
at Y " T ot

Therefore, the solution of Eq. (34) is given by
(35)  x(t) =u(x(0),0)t +x(0) = up(zo)t + z9, where x9=2x(0), wug(x)=u(z,0).

Eq. (35) shows that

e the characteristics are straight lines,
e they may intersect,
e they do not necessarily cover the entire (x,t) space.

=us +uuy = 0.

This is a new phenomenon in comparison with the linear advection equation us + au, = 0.
For the linear advection equation, there is a unique characteristic passing through every
point of the (z,t) space. Thus, its characteristics never intersect and cover the entire space.

Moreover, even for a smooth initial speed distribution ug(z) the solution of the Burgers
equation may become discontinuous in a finite time. This happens when u((z) is negative
somewhere. Then the characteristics intersect, i.e., the wave breaks. Let us find the break
time. Consider two characteristics z:(t) = ug(x1)t + x1 and z(t) = ug(xz2)t + x2. Then we
equate

x(t) = up(x1)t + 21 = ug(x2)t + 22.
Then the time at which they intersect is
o — I
uo(x2) —uo(z1)

Therefore, the break time is

t=

T . To — T1 1
= min |- =
b z1,22€R uo(xg)——uo(xl) InaX$h$2dR(22§ﬂl:EQQ22)

To—T1
1 1

maxs, ek (gt [27 up(a)de)  Maxaer[-up(@)]
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In words, the breaking time is the reciprocal of the mazimal negative slope of uf. An
example is shown in Figure 3. The initial data ug(z) = exp(~162%) and the corresponding
characteristics of the Burgers equation are shown in Fig. 3 (a) and (b) respectively. The
breaking time is found by taking the derivative of ug(z) and finding a point at which it
has the most negative slope which is z* =1/ V/32. The breaking time is

Ty = [322" exp(~16(z*)*)] " ~ 0.2915.

The solution at times ¢ = 0.5 and ¢ = 0.8 obtained by the method of characteristics is shown
in Fig. 3 (c) and (e). The numerical solution computed by Godunov’s method (see Section
9) is shown in Fig. 3 (d) and (f). The solution obtained by the method of characteristics is
triple-valued at some values of z and non-physical in the sense that it is not the vanishing
viscosity solution (see Section 4). In contrast, the solution computed by Godunov’s method
tends to the vanishing viscosity solution as we refine the mesh.

7. WEAK SOLUTIONS

We have seen in the previous section that a solution to the Burgers equation can become
discontinuous even if the initial data are smooth. Then the discontinuity travels with a
certain speed, the shock speed s, given by Eq. (31). In Section 5 we found s using
the underlying integral conservation law. However, at this point, we can only call the step
function given by Egs (29), (30), and (31) a solution to the integral conservation law rather
than the solution to Eq. (28). In order to validate discontinuous solutions for differential
equations, the concept of the weak solutions was introduced (see e.g. [3]). This extension
of the concept of the solution must satisfy the following requirements:

e a smooth function is a weak solution if and only if it is a regular solution,

e a discontinuous function can be a weak solution,

e only those discontinuous functions that satisfy the associated integral equation can
be weak solutions.

Motivation. Let ¢(z,t) be an infinitely smooth function with a compact support, i.e.,
it is different from zero only within some compact subset of the space (z,t) = R x [0, +00).
Let u(x,t) be a smooth solution of a hyperbolic conservation law given by Eq. (32). Then

(36) 0= [T [+ s)ododt=( [ puds)

Therefore, here is the definition [3].

: - [ooo [: G+ ¢p f (u)dxdt.

Definition 1. u(x,t) is a weak solution of the conservation law uy + [ f(u)]y = 0 if for any
infinitely differentiable function ¢(x,t) with a compact support

(37) fooo [: O+ Gy f (u)dxdt = ([: gbudm) =— [: d(z,0)u(x,0)d.

Such a function ¢(z,t) is called a test function.

()

0
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FIGURE 3. (a) The initial data ug(z) = exp(~16x2). (b) The corresponding
characteristics of the Burgers equation.(c-d) The solution at time ¢ = 0.5
obtained by the method of characteristics (c¢) and computed numerically
(by Godunov’s method) (d). (e-f) The solution at time ¢ = 0.8 obtained by
the method of characteristics (e) and computed numerically (by Godunov’s
method) (f).
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8. THE RIEMANN PROBLEM

In this section, we consider the following initial value problem for the hyperbolic con-
servation law u; + [f(u)]z =0 :

urp, x<0
u(x,O):{ u; >0 }

This problem is called the Riemann problem. We will consider two cases.

8.1. Case 1: uy > up. In this case, the characteristics cover the entire (z,t) space but also
cross. Hence the construction of the solution using only the characteristics is ambiguous.
Let us show that in this case,

(38) u(a:,t):{ ur T <st }

uR T > st

is a weak solution if and only if the shock speed is given by the Rankine-Hugoniot condition

(39) 5 = f(uL) — f(uR)
up -ur
The characteristics of this solution are shown in Fig. 4(a).

081

067

time

0.4r

0.2r

-0.4 -0.2 0 0.2 0.4 0.6

(a) (b)

FIGURE 4. (a) The characteristics for the shock wave. (b) Illustration for
the proof that the shock wave is the unique weak solution.

Let ¢(z,t) be a test function. First, suppose that support U lies entirely in one of the
sets {x < st} or {x > st}. Then since u(z,t) is constant in each of these sets, it satisfies
the Burgers equation on the support of ¢. Then using Eq. (36) we conclude that Eq. (37)
holds.
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Now suppose that the support U of ¢ is divided by the line x = st into two sets Uy, and
Ur (Fig. 4(b)). Then we have

/OOO [: (Ppru+ ¢o f(u)) dodt = Jj[qﬁtu + ¢p f(u)]dxdt + Jf[gzbtu + ¢ f(u)]dadt,

where f(u) = u?/2. Applying the Green identity
40 P, - Q)ddt = f Pdt +Qd
(40) g( Qi)dadt = [ Pdi+Qdx

and noting that u is constant within Uy, and within Ug, hence (¢u); = ¢pyu and (¢ f(u)), =
¢z f(u), we continue

/BUL ¢(f(UL)dt — ’LLde) + A ¢(f(UR)dt _ URdx)

/{;_Stqﬁ(@—u,;)dx—/;_st (f(uR) )da; _/ ourdr - f pupdx

= L:st (M - (ur, - uR)) ¢dx — [: (2, 0)u(z,0)d

S

The first integral in the last equality is zero for any test function ¢ iff s is given by (39)
Furthermore, the discussion in Section 4 indicates that the solution given by Eq. (38) is
the vanishing viscosity solution, i.e. the limit of the solutions of Eq. (26) as v — 0.

Remark Note that we did not use the fact that uy > ug is while checking that (38) is a
weak solution. This means that this is also a weak solution if uj, < ur which is nonphysical!

8.2. Case 2: ujy, < ugr. Then the characteristics do not cross but do not cover the entire
space (z,t). There are many weak solutions. Two of them are shown in Fig. 5. The one
in Fig. 5(a) called the rarefaction fan or the transonic rarefaction is given by

ur, T<urt
(41)  w(z,t) =1 x/t, urt<z<upt
UR, I >Uuprt

Another weak solution given by (38), shown in Fig. 5 (b), is called the rarefaction shock.
A family of weak solutions with rarefaction fans starting at some point of the shock line
can be constructed out of these two weak solutions.

Despite there being many weak solutions, only one of them is “physical”, i.e., the vanish-
ing viscosity solution. It is the rarefaction fan solution. One can reject all of the nonphysical
weak solutions by analyzing Eq. (26). However, the analysis of the equation with nonzero
viscosity is harder than the analysis of the one with zero viscosity. Then an additional
simpler-to-verify condition, the so-called entropy condition was introduced to eliminate
nonphysical weak solutions. There are several variations of the entropy condition. We will
state only the simplest one.
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1 1
0.8 1 0.8
0.6 0.6
i 0.4f B 0.4
0.21 / 021 /
0 -0.4 -0.2 0 0.2 0.4 0.6 0 -0.4 -0.2 0 0.2 0.4 0
X X

(a)

FIGURE 5. The characteristics for the rarefaction fan (a) and the rarefaction
shock (b). Both of these are weak solutions. However, the rarefaction wave
is the physical vanishing viscosity solution, while the rarefaction shock is
not.

Definition 2. A discontinuity propagating with speed s given by Eq. (33) satisfies entropy
condition if f'(ur) > s> f'(ug).

For the Burgers equation this entropy condition reduces to the requirement that if a
discontinuity is propagating with speed s then uy > ug.

8.3. Finding the exact solution to the Burgers equation. In this section, we work
out an exact solution to the Burgers equation u; + [0.5u?], = 0 for the initial condition

0, =<0
(42)  wu(x,0)=<1, O<x<1.
0, =z>1

The solution is constructed using the fact that the shock speed is given by the Rankine-
Hugoniot condition whenever there is a discontinuity in u, and that the gaps between the
characteristics are filled with rarefaction fans. A rarefaction fan originating at a point x(
at time 0 gives u(x,t) = (x — x0)/t.

It is evident from the initial condition (42) that there will be a rarefaction fan emanating
from the origin and a shock line emanating from (1,0) on the (x,t)-plane — see Fig. 6.
The shock line separates the region with u =4y, =1 and u = ug = 0. Hence the shock speed
is 0.5(ur, + ur) = 0.5. The shock line is given by

2(t) =1 +tp.

B
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1
05 |
S5 0r B
0.5+ B
-1 | | | |
1 0 1 2 3 4 5
X
6,
4 -
= 1/2
- u=0 x= (20 u=0
2
0 | | | |
1 0 1 2 3 4 5

FIGURE 6. The exact solution to the Burgers equation (bottom) for the
initial condition given by a pulse (top).

However, we note that the shock line collides with the rarefaction fan. This happens at
x found by equating the shock line z:(¢) = 1 + /2 and the boundary characteristic of the
rarefaction fan x(t) = ¢:

t=1+tp.

Hence, the collision point is x = 2, t = 2. Therefore, for time t > 2, the shock line will result
from the collision of u = z/t on the left and v = 0 on the right. The Rankine-Hugoniot
condition gives:

Lz/t)?-0 2
s(t) = Q.I/TO =5

Hence, to find the shock line, we need to solve the following ODE:
dx x
o)== 2) = 2.
o= g (@)
Its solution is given by

x =2t
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The resulting shock diagram is depicted in Fig. 6(bottom). The exact solution is given by
the following formulas. If ¢ < 2,

0, z<0
t, 0<xz<t
(43)  u(mt) = |5b Osws .
1, t<z<l+tf,
0, x>tk
Ift>2,
0, <0

(44)  u(z,t)={zft, 0<xz< V2.
0, x>\/2t

9. NUMERICAL METHODS FOR HYPERBOLIC CONSERVATION LAWS

Numerical solution of the Burgers equation is a challenging problem because perfectly
consistent and stable schemes might propagate discontinuities with wrong speeds and hence
fail to converge to the physically correct vanishing viscosity solution with the mesh re-
finement. In order to address this issue, additional requirements have been imposed on
numerical schemes for conservation laws that guarantee that they propagate discontinuities
with the right speeds [2].

9.1. Conservative methods for nonlinear problems. A specific difficulty in comput-
ing discontinuous solutions of hyperbolic conservation laws can be illustrated by the fol-
lowing simple example.

Example Consider the Burgers equation written in the quasi-linear form
ug + utg = 0.
Let
1, <0
u(xz,0) =ug(x) =1’ ’
(2,0) = uo() {0’ e
A generalization of the left upwind method for the case where the speed a = u gives
k
+1 _
Ut =U;" - EUJ”(U]" -U).
The initial condition gives U} =1 for j <0 and U} =0 for j > 0. Then

. -k11-1)=1, 7 <0,
7 l0-%0(00-U2,)=0, j>0.

Hence, U jl =U j(-). Therefore, U = U ]Q for all j. This means that the method propagates the
discontinuity with a wrong speed s = 0.
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How can we guarantee that a method propagates the discontinuity at the correct speed?
Let us recall what a conservation law is. A hyperbolic conservation law

(45) e+ [f(w)]. =0

means that the conserved quantity

ﬁRu(x,t)dx

can only change due to the flux through the boundaries, i.e.

/LRu(x,t+k:)dx—fLRu(x,t)d:U=Akf(u(L,t+T))dT—fokf(u(R,t+7'))d7'.

Definition 3. A numerical method is in a conservation form if it can be rewritten in the
form

k
h
for some function F which is called the numerical flur. A method that can be written in a
conservation form is called conservative.

(46) UMt =Ur-—[F(U},,... . UL - F(U 1, Ul )]

J

9.2. Discrete conservation. The basic principle of a conservation law is that the con-
served quantity in a given interval [L, R] can change only due to the flux through the
boundaries, i.e.

fLRu(x,tz)dx: fLRu(x,tl)dx— (ftltzf(u(R,t))dt—/tth f(u(L,t))dt).

A similar identity holds for conservative methods due to telescoping the sums. If we sum
a conservative method (46) from j = jz, to j = jr we get

& n+1 & n & n, ; n, ;
h Z Ui =h E U'-k E [F(U™;5)-FU™;5-1)].
J=jr+1 J=jr+1 J=jr+1
Here, for brevity, we have used the notation F(U";j) = F(Uj.,,...,U},,). The sum
telescopes and only boundary fluxes remain as a result:

JR JR
h ), UMt=h 3, UP=k[F(U"jr) - F(U"jr)]-
J=jr+1 Jj=jr+1
Therefore, the numerical solution, like the exact solution, allows the conserved quantity
h ;ij 11 Uj" to change only due to the flux through the boundaries.

9.3. Consistency. A method of the form (46) is consistent with the original conservation
law (45) if the numerical flux function F' reduces to the true flux function f (the one in
the equation u; + [ f(u)], = 0) for the case of constant flow. Le., if u(x,t) = u then

(47)  F(a,...,u) = f(a).
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Furthermore, if the arguments of F' approach some constant value u, F' should approach
f(@) smoothly, i.e.

(48) lim  F(vy,...,v) = f(w).

V1 yeeryUp—U

It is sufficient to require the Lipschitz continuity of F' whenever f is Lipschitz-continuous
in order to satisfy the smoothness condition given by Eq. (48). Recall that F'(vy,...,v;,)
is Lipschitz continuous if

(49)  |F(v1,...,v;) = F(wy,...,w.)| < Kmax{|v; —w1|,...,|v, —wy|},

where K is a constant depending on F' but not on its arguments called the Lipschitz
constant.
Therefore, sufficient consistency conditions are given by

(50) F(a,...,u) = f(u),

(51)  |F(v1,...,v,) = F(q,...,u)| < Kmax{|vy —al,...,|v, —1|}.

9.4. Generalization of methods developed for the advection equation. Now we
generalize some methods developed for the advection equation wu; + au, = 0 for hyper-
bolic conservation laws (45) making sure that these generalizations are conservative and
consistent.

Lax-Friedrichs
The generalization of the Lax-Friedrichs method to Eq. (45) takes the form

1 k
(52) U;L+1:§(U;'L_1+ ]n.;_l)_ﬁ(f( jn-%—l)_f(an—l))’
Observe that this method can be rewritten in the conservative form as

n n k n n n n
Uj+1:Uj_E[F( j+17UJ)_F(Uj7Uj 1)]7 where

(8)  F(U01,07) = 5 (U = User) + 5 (FU) + F(U0)).

Consistency check:
FU,U) = 5o (U -U) 4 5 (F(0) + () = F(),
[F(V,I0) = F(U,0)| = |30 (V= 0) = 0 (W = U) 4 2 (F(V) = F(O)) + 3 (FOW) = F(0)

h
< (E + Kf)max{|V _U W -U},

where Ky is the Lipschitz constant for the true flux f (we have assumed that f is Lipschitz-
continuous).
Lax-Wendroff
Recall that the Lax-Wendroff method for the advection equation wu; + au, = 0 is given by
ak a’k?
P20+ U7 ).

U7t =05 = o (U = Ujla) + o (Ul
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The most straightforward generalization requires the evaluation of the Jacobian f'(u)
(in the multidimensional case this is especially unpleasant). Two alternative extensions
were developed by Richtmyer and MacCormack. Both of them are two-step procedures.

Richtmyer:

n 1 n n k n n
Uj++11//22 =5 (Uj + j+1) = on [f(Uj+1) - f(U; )]7

n+1 n k n+1/2 n+1/2
(54) U=y - 2 U - £

MacCormack:
Up =07 - 3 [FUR) - ),
(55)  UP= (U” »)——[f(U) fFWin],

Exercise Show that the methods (54) and (55) reduce to the Lax-Wendroff method for
f(u) = au. Show that methods (54) and (55) are second-order consistent on smooth
solutions. Determine numerical flux functions for the methods (54) and (55) and show
that they are conservative.

9.5. Convergence. Lax and Wendroff have proven that a consistent and conservative
method converges to a weak solution of the conservation law almost everywhere as k,h — 0
and k/h satisfies stability conditions.

However, as we know from Section 8, a weak solution might be non-unique in the case
where uy, < up at the discontinuity. The entropy condition (see Definition 2) allows us to
reject all physically irrelevant weak solutions and select the physically correct one, which
is consistent with the limit of the solutions of the viscous equation u; + [f(u)], = €uy, as
e > 0. There is a danger that the numerical solution of u; + [f(u)], = 0 by a conservative
method converges to a weak but physically irrelevant solution. The following example
demonstrates that a seemingly reasonable method can fall into this trap.

Example Consider the Burgers equation uy + [u%/2], = 0 with the initial data

-1, x<0,
uo(w) = 1 x>0

The physically relevant solution to this problem (the vanishing viscosity solution) is a
transonic rarefaction given by

-1, z<-t,
u(z,t) =1xft, —-t<xz<it,
1, x> t.

The stationary discontinuity u(x,t) = ug(x) is another weak solution (note, the shock speed
is zero: s = (up +ug)/2=(1+(-1))/2=0).
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Let us set the numerical initial velocity to

-1, j7<0
U0 = ’ ’
J {1, j>0

and consider a conservative method obtained by a generalization of the upwind scheme:
U U - ¥ [P, UF) - F(UJ, U], where
flo), it (f(v) = f(w))/(v-w) 20,
f(w), if (f(v) - f(w))/(v-w) <0,
For the problem above, we have f(v) =v?/2 and
F(1,1)=f(1)=1/2, F(-1,-1)=f(-1)=1/2, F(1,-1)=f(1)=1/2.

Therefore,

F(v,w):{

k
Uj =U) - & [1/2-1/2] - uUy.

Hence U j" =U JQ for all n and j. Thus, the numerical solution will converge to the physically
irrelevant “stationary discontinuity” weak solution. On the other hand, if we set

_17 j<07
0 _ .
Uj_ 0, ]—0,
1, 75>0,

then the numerical solution by the same method will be the transonic rarefaction. Check
this.

In order to outlaw conservative methods that might produce discrete approximations
to physically irrelevant weak solutions, we need a discrete analog of the entropy condition
(Definition 2). Unfortunately, the simple version of the entropy condition in Definition 2 is
not extended to the discrete case. Another, more involved version, requiring an introduction
of an entropy function, has a discrete analog. I will not discuss this topic here. Instead, I
refer curious students to Ref. [2], Sections 3.8.1, 12.5, and 13.4.

In the next section, we will discuss a different class of methods for conservation laws for
which the version of the entropy condition involving an entropy function can be readily
verified. (We will not verify it here. You are welcome to read Section 13.4 in [2]).

9.6. Godunov’s method. The idea of Godunov’s method (1959) is the following. Let
U ]" be a numerical solution at time ¢, = kn. We define a function @(x,t) for t, <t <ty
as follows. At ¢ =t,,

U(w,tp) =Uj", xj-h/2<z<3ij+h[2, j=2,....n-1

Then u(z,t) is the solution to the collection of the Riemann problems on the interval
[tn,tn+1]. If the time step k is small enough so that the characteristics starting at the
points z; + h/2 do not intersect within this interval (i.e., the CFL condition is satisfied),
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then @(x,t,+1) is determined unambiguously. Then the numerical solution on the next
layer, U;”l is defined by averaging @(x,t,+1) over the intervals z; — h/2 <z < z; + h/2:

1 Ij+h/2
n+l _ ~ ~

This idea is illustrated in Fig. 7.

u(z,ty,)

H H TL H
=t a (AR

3 T i+l Tj+1

FIGURE 7. Top: The function a(t,) obtained by setting its value in the
intervals x; — h/2 <z <x;+ h/2 to U}. Middle: The diagram on the (z,1)-
plane showing lines of discontinuity and the critical characteristics. It allows
us to obtain @(t,4+1). Bottom: w(t,+1) obtained using the diagram on the
(z,t)-plane.

In practice, the cell averages (56) can be easily calculated using the integral form of
conservation law:

1 l’j+h/2 1 Zj+h/2
(2, by )d = — f iz, t,)d
w(x,tye1)de B Jane u(z,ty)dx

1

o [/t:"“ (@ +h/2,t)) dt - ftnt"“ f(a(z; - hf2,t)) dt] :

E x;—h/2
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Observing that @(x;+h/2,t) and @(x;—h/2,t) are constant over the time interval [ty ty1]
we obtain
k
Ujtt = Uf =+ [F(U}, Uf) = (UL, U]
(57) where F(ur,ur) = f (u*(ur,ug)).
Therefore, Godunov’s method is conservative.

The analysis below will be done for a scalar conservation law, i.e., for the case where
u is a scalar function. The value u*(ur,ug) in the numerical flux function F'(ur,ur) =
f(u*(up,ug)) is defined so that the entropy condition is satisfied and hence the weak
solution, to which the numerical solution converges, is the vanishing viscosity solution. If
f(u) is convex (if f is twice differentiable then f”(u) > 0), the following four cases must
be considered:

(1) f(ur)>0and f'(ur)>0. Then u* =uy.
(2) f'(ur) <0 and f'(ugr) <0. Then u* = ug.
(3) f'(ur) =02 f'(ugr). Then
. ur, if f(uqf):i(UR) > 0,
(58) u= UR, if f(ULIj—f?uR) <0.
UL, —UR
(4) f'(ur) <0< f'(ur). Then u* = ug (transonic rarefaction), where the value u; is
such that f'(us) = 0. It is called the sonic point. For example, for the Burgers
equation us + [u?/2], = 0, us = 0.

In the first three cases, the value u* is either uy, and ug, and it can be simply determined
by Eq. (58). Note that in Cases 1 and 2, u* is the same whether the physically correct
weak solution to the Riemann problem is a shock wave or a rarefaction. Only in Case 4,
the transonic rarefaction, the value of u* differs from the one determined by Eq. (58). This
is the value of u for which the characteristic speed is zero.

Note that the numerical flux determined by Cases 1 - 4 can be rewritten more compactly
as

(59) F('LLL UR) _ minuLSuSuR f(u)7 lf ur, < UR,
’ maxy<u<u, f(u), if wup>ug.

It was proven that the numerical flux given by Eq. (59) gives the physically correct flux
for scalar conservation laws even if f(u) is non-convex.

Here we considered only the methods for scalar conservation laws. In applications rele-
vant to gas and fluid dynamics the conservation laws are non-scalar. Further reading: R.
LeVeque, Finite Volume Methods for Hyperbolic Problems, Cambridge University Press,
2002.
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