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Vector Spaces
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• A subspace W of a vector space V = a subset of V closed 
under addition and scalar multiplication 

• The span of v1, …, vn = set of all their linear combinations 

• v1, …, vn are linearly independent if any their zero linear 
combination has all coefficients zero. 

• A basis of V is a subset of vectors                 such that  

• any v is represented, i.e.,  

• the set                   minimal, i.e.,

Reminder of basic concepts

<latexit sha1_base64="pIwLqywsBy84JsF3+8VpeeqZm2k=">AAACAnicbVBNS8NAEJ34WetX1JN4CRbBU0lE1GPRi94q2A9oQthst+22m03Y3RRKCF78K148KOLVX+HNf+OmzUFbHww83pthZl4QMyqVbX8bS8srq2vrpY3y5tb2zq65t9+UUSIwaeCIRaIdIEkY5aShqGKkHQuCwoCRVjC6yf3WmAhJI/6gJjHxQtTntEcxUlryzUM3HftDN/PToUu5GyI1wIild1nmmxW7ak9hLRKnIBUoUPfNL7cb4SQkXGGGpOw4dqy8FAlFMSNZ2U0kiREeoT7paMpRSKSXTl/IrBOtdK1eJHRxZU3V3xMpCqWchIHuzG+U814u/ud1EtW78lLK40QRjmeLegmzVGTleVhdKghWbKIJwoLqWy08QAJhpVMr6xCc+ZcXSfOs6lxUnfvzSu26iKMER3AMp+DAJdTgFurQAAyP8Ayv8GY8GS/Gu/Exa10yipkD+APj8wdQEpgF</latexit>

{vj}j2I
<latexit sha1_base64="1yCxHiUIUDL66t/P1Ui9hqirWbI=">AAACDHicbVDLSsNAFJ34rPVVdekmWARXJRFRN0LRje4q2Ac0IdxMJ+20k0mYmRRKyAe48VfcuFDErR/gzr9x0mahrQcGDuecy9x7/JhRqSzr21haXlldWy9tlDe3tnd2K3v7LRklApMmjlgkOj5IwignTUUVI51YEAh9Rtr+6Cb322MiJI34g5rExA2hz2lAMSgteZXq+MqRSeilQ4dyJwQ1wMDSuyxzgMUD8IZjb6hTVs2awlwkdkGqqEDDq3w5vQgnIeEKM5Cya1uxclMQimJGsrKTSBIDHkGfdDXlEBLpptNjMvNYKz0ziIR+XJlT9fdECqGUk9DXyXxdOe/l4n9eN1HBpZtSHieKcDz7KEiYqSIzb8bsUUGwYhNNAAuqdzXxAARgpfsr6xLs+ZMXSeu0Zp/X7Puzav26qKOEDtEROkE2ukB1dIsaqIkwekTP6BW9GU/Gi/FufMyiS0Yxc4D+wPj8ARfFnEg=</latexit>

v =
X

j2I
↵jvj

<latexit sha1_base64="pIwLqywsBy84JsF3+8VpeeqZm2k=">AAACAnicbVBNS8NAEJ34WetX1JN4CRbBU0lE1GPRi94q2A9oQthst+22m03Y3RRKCF78K148KOLVX+HNf+OmzUFbHww83pthZl4QMyqVbX8bS8srq2vrpY3y5tb2zq65t9+UUSIwaeCIRaIdIEkY5aShqGKkHQuCwoCRVjC6yf3WmAhJI/6gJjHxQtTntEcxUlryzUM3HftDN/PToUu5GyI1wIild1nmmxW7ak9hLRKnIBUoUPfNL7cb4SQkXGGGpOw4dqy8FAlFMSNZ2U0kiREeoT7paMpRSKSXTl/IrBOtdK1eJHRxZU3V3xMpCqWchIHuzG+U814u/ud1EtW78lLK40QRjmeLegmzVGTleVhdKghWbKIJwoLqWy08QAJhpVMr6xCc+ZcXSfOs6lxUnfvzSu26iKMER3AMp+DAJdTgFurQAAyP8Ayv8GY8GS/Gu/Exa10yipkD+APj8wdQEpgF</latexit>

{vj}j2I
<latexit sha1_base64="UODpzXWAnyeeg3xSZfJs5Gi82AM="></latexit>

8m 2 I 9v 2 V : v �
X

j2I\{m}

↵jvj 6= 0
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• A linear transformation of a vector space V  to a vector 
space W is a map L: V —> W such that 

•  Let                     and                    be bases in V and W, 
respectively. 

                                        = matrix of L w.r.t. these bases. 

• Matrix product:  

• Matrix transpose:                     ; adjoint:  

<latexit sha1_base64="x2GB/+9qeIjzHCF/nZIrj10uwJQ="></latexit>

8v1, v2 2 V 8↵1,↵2 2 R : L(↵1v1 + ↵2v2) = ↵1L(v1) + ↵2L(v2)

<latexit sha1_base64="zI4vooXqJwE2aL2BcSt+rHigvgk=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBFclURE3QilblxWsA9oQphMJ+3YySTMTIQS4q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAmjUtn2t7Gyura+sVnZqm7v7O7tmweHXRmnApMOjlks+gGShFFOOooqRvqJICgKGOkFk5vC7z0SIWnM79U0IV6ERpyGFCOlJd+suRFSY4xY1sqv3SzwH9zcN+t2w57BWiZOSepQou2bX+4wxmlEuMIMSTlw7ER5GRKKYkbyqptKkiA8QSMy0JSjiEgvm4XPrROtDK0wFvpxZc3U3xsZiqScRoGeLKLKRa8Q//MGqQqvvIzyJFWE4/mhMGWWiq2iCWtIBcGKTTVBWFCd1cJjJBBWuq+qLsFZ/PIy6Z41nIuGc3deb7bKOipwBMdwCg5cQhNuoQ0dwDCFZ3iFN+PJeDHejY/56IpR7tTgD4zPH/I9lPc=</latexit>

B = {bj}
<latexit sha1_base64="2oxU9wIolbTmjjiyfaEqMndtOj4=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KomIuhGKIrisYB/QhDCZTtqxkwczEyGE+CtuXCji1g9x5984abvQ1gMDh3Pu5Z45fsKZVJb1bSwtr6yurVc2qptb2zu75t5+R8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb98XXpdx+pkCyO7lWWUDfEw4gFjGClJc+sOSFWI4J5flNcOjn1HpzCM+tWw5oALRJ7RuowQ8szv5xBTNKQRopwLGXfthLl5lgoRjgtqk4qaYLJGA9pX9MIh1S6+SR8gY60MkBBLPSLFJqovzdyHEqZhb6eLKPKea8U//P6qQou3JxFSapoRKaHgpQjFaOyCTRgghLFM00wEUxnRWSEBSZK91XVJdjzX14knZOGfdaw707rzatZHRU4gEM4BhvOoQm30II2EMjgGV7hzXgyXox342M6umTMdmrwB8bnD/t8lP0=</latexit>

E = {ej}

L(v) = L

0

@
X

j

vjbj

1

A =
X

j

vjL(bj) =
X

j

vj
X

i

aijej

<latexit sha1_base64="2d6fM1pP9iStFJ6Enlcl6xXoMqQ="></latexit><latexit sha1_base64="2d6fM1pP9iStFJ6Enlcl6xXoMqQ="></latexit><latexit sha1_base64="2d6fM1pP9iStFJ6Enlcl6xXoMqQ="></latexit><latexit sha1_base64="2d6fM1pP9iStFJ6Enlcl6xXoMqQ="></latexit>

A|{z}
m⇥n

B|{z}
n⇥p

= C|{z}
m⇥p

<latexit sha1_base64="Jk7lTfGdDFrpUjvjy1xzMdW7oUQ=">AAACOXicbZDNSsNAFIUn/tb6F3XpZrAIrkoigroQartx2YK1hbaUyeS2HTqZhJmJUEKey41P4c6FGxcqbn0Bp20WsfXCwOF893LnHi/iTGnHebVWVtfWNzYLW8Xtnd29ffvg8EGFsaTQpCEPZdsjCjgT0NRMc2hHEkjgcWh549qUtx5BKhaKez2JoBeQoWADRok2Vt9udGPhg/QkoZDcpv0k6GoWgMIizZOqISIjUYpvcB7WcmNR2rdLTtmZFV4WbiZKKKt6337p+iGNAxCacqJUx3Ui3UuI1IxySIvdWEFE6JgMoWOkIGZPL5mdnuJT4/h4EErzhMYzNz+RkECpSeCZzoDokVpkU/M/1on14KqXMBHFGgSdLxrEHOsQT3PEPpNANZ8YQahk5q+YjojJQ5u0iyYEd/HkZdE8L1+X3cZFqVLN0iigY3SCzpCLLlEF3aE6aiKKntAb+kCf1rP1bn1Z3/PWFSubOUJ/yvr5BTaKr64=</latexit><latexit sha1_base64="Jk7lTfGdDFrpUjvjy1xzMdW7oUQ=">AAACOXicbZDNSsNAFIUn/tb6F3XpZrAIrkoigroQartx2YK1hbaUyeS2HTqZhJmJUEKey41P4c6FGxcqbn0Bp20WsfXCwOF893LnHi/iTGnHebVWVtfWNzYLW8Xtnd29ffvg8EGFsaTQpCEPZdsjCjgT0NRMc2hHEkjgcWh549qUtx5BKhaKez2JoBeQoWADRok2Vt9udGPhg/QkoZDcpv0k6GoWgMIizZOqISIjUYpvcB7WcmNR2rdLTtmZFV4WbiZKKKt6337p+iGNAxCacqJUx3Ui3UuI1IxySIvdWEFE6JgMoWOkIGZPL5mdnuJT4/h4EErzhMYzNz+RkECpSeCZzoDokVpkU/M/1on14KqXMBHFGgSdLxrEHOsQT3PEPpNANZ8YQahk5q+YjojJQ5u0iyYEd/HkZdE8L1+X3cZFqVLN0iigY3SCzpCLLlEF3aE6aiKKntAb+kCf1rP1bn1Z3/PWFSubOUJ/yvr5BTaKr64=</latexit><latexit sha1_base64="Jk7lTfGdDFrpUjvjy1xzMdW7oUQ=">AAACOXicbZDNSsNAFIUn/tb6F3XpZrAIrkoigroQartx2YK1hbaUyeS2HTqZhJmJUEKey41P4c6FGxcqbn0Bp20WsfXCwOF893LnHi/iTGnHebVWVtfWNzYLW8Xtnd29ffvg8EGFsaTQpCEPZdsjCjgT0NRMc2hHEkjgcWh549qUtx5BKhaKez2JoBeQoWADRok2Vt9udGPhg/QkoZDcpv0k6GoWgMIizZOqISIjUYpvcB7WcmNR2rdLTtmZFV4WbiZKKKt6337p+iGNAxCacqJUx3Ui3UuI1IxySIvdWEFE6JgMoWOkIGZPL5mdnuJT4/h4EErzhMYzNz+RkECpSeCZzoDokVpkU/M/1on14KqXMBHFGgSdLxrEHOsQT3PEPpNANZ8YQahk5q+YjojJQ5u0iyYEd/HkZdE8L1+X3cZFqVLN0iigY3SCzpCLLlEF3aE6aiKKntAb+kCf1rP1bn1Z3/PWFSubOUJ/yvr5BTaKr64=</latexit><latexit sha1_base64="Jk7lTfGdDFrpUjvjy1xzMdW7oUQ=">AAACOXicbZDNSsNAFIUn/tb6F3XpZrAIrkoigroQartx2YK1hbaUyeS2HTqZhJmJUEKey41P4c6FGxcqbn0Bp20WsfXCwOF893LnHi/iTGnHebVWVtfWNzYLW8Xtnd29ffvg8EGFsaTQpCEPZdsjCjgT0NRMc2hHEkjgcWh549qUtx5BKhaKez2JoBeQoWADRok2Vt9udGPhg/QkoZDcpv0k6GoWgMIizZOqISIjUYpvcB7WcmNR2rdLTtmZFV4WbiZKKKt6337p+iGNAxCacqJUx3Ui3UuI1IxySIvdWEFE6JgMoWOkIGZPL5mdnuJT4/h4EErzhMYzNz+RkECpSeCZzoDokVpkU/M/1on14KqXMBHFGgSdLxrEHOsQT3PEPpNANZ8YQahk5q+YjojJQ5u0iyYEd/HkZdE8L1+X3cZFqVLN0iigY3SCzpCLLlEF3aE6aiKKntAb+kCf1rP1bn1Z3/PWFSubOUJ/yvr5BTaKr64=</latexit>

A> = (aij)
<latexit sha1_base64="uW0UCHCqcNh4xPZ/NHlW95zP6Pg=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBPUgVL14rGBsoY1hs920aze7YXejlNif4sWDilf/iTf/jds2B219MPB4b4aZeWHCqNKO820VFhaXlleKq6W19Y3NLbu8fatEKjHxsGBCtkKkCKOceJpqRlqJJCgOGWmGg8ux33wgUlHBb/QwIX6MepxGFCNtpMAun991tEjgGayiIKP3o4PArjg1ZwI4T9ycVECORmB/dboCpzHhGjOkVNt1Eu1nSGqKGRmVOqkiCcID1CNtQzmKifKzyekjuG+ULoyENMU1nKi/JzIUKzWMQ9MZI91Xs95Y/M9rpzo68TPKk1QTjqeLopRBLeA4B9ilkmDNhoYgLKm5FeI+kghrk1bJhODOvjxPvMPaac29PqrUL/I0imAX7IEqcMExqIMr0AAewOARPINX8GY9WS/Wu/UxbS1Y+cwO+APr8wce3ZLQ</latexit><latexit sha1_base64="uW0UCHCqcNh4xPZ/NHlW95zP6Pg=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBPUgVL14rGBsoY1hs920aze7YXejlNif4sWDilf/iTf/jds2B219MPB4b4aZeWHCqNKO820VFhaXlleKq6W19Y3NLbu8fatEKjHxsGBCtkKkCKOceJpqRlqJJCgOGWmGg8ux33wgUlHBb/QwIX6MepxGFCNtpMAun991tEjgGayiIKP3o4PArjg1ZwI4T9ycVECORmB/dboCpzHhGjOkVNt1Eu1nSGqKGRmVOqkiCcID1CNtQzmKifKzyekjuG+ULoyENMU1nKi/JzIUKzWMQ9MZI91Xs95Y/M9rpzo68TPKk1QTjqeLopRBLeA4B9ilkmDNhoYgLKm5FeI+kghrk1bJhODOvjxPvMPaac29PqrUL/I0imAX7IEqcMExqIMr0AAewOARPINX8GY9WS/Wu/UxbS1Y+cwO+APr8wce3ZLQ</latexit><latexit sha1_base64="uW0UCHCqcNh4xPZ/NHlW95zP6Pg=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBPUgVL14rGBsoY1hs920aze7YXejlNif4sWDilf/iTf/jds2B219MPB4b4aZeWHCqNKO820VFhaXlleKq6W19Y3NLbu8fatEKjHxsGBCtkKkCKOceJpqRlqJJCgOGWmGg8ux33wgUlHBb/QwIX6MepxGFCNtpMAun991tEjgGayiIKP3o4PArjg1ZwI4T9ycVECORmB/dboCpzHhGjOkVNt1Eu1nSGqKGRmVOqkiCcID1CNtQzmKifKzyekjuG+ULoyENMU1nKi/JzIUKzWMQ9MZI91Xs95Y/M9rpzo68TPKk1QTjqeLopRBLeA4B9ilkmDNhoYgLKm5FeI+kghrk1bJhODOvjxPvMPaac29PqrUL/I0imAX7IEqcMExqIMr0AAewOARPINX8GY9WS/Wu/UxbS1Y+cwO+APr8wce3ZLQ</latexit><latexit sha1_base64="uW0UCHCqcNh4xPZ/NHlW95zP6Pg=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSxCvZREBPUgVL14rGBsoY1hs920aze7YXejlNif4sWDilf/iTf/jds2B219MPB4b4aZeWHCqNKO820VFhaXlleKq6W19Y3NLbu8fatEKjHxsGBCtkKkCKOceJpqRlqJJCgOGWmGg8ux33wgUlHBb/QwIX6MepxGFCNtpMAun991tEjgGayiIKP3o4PArjg1ZwI4T9ycVECORmB/dboCpzHhGjOkVNt1Eu1nSGqKGRmVOqkiCcID1CNtQzmKifKzyekjuG+ULoyENMU1nKi/JzIUKzWMQ9MZI91Xs95Y/M9rpzo68TPKk1QTjqeLopRBLeA4B9ilkmDNhoYgLKm5FeI+kghrk1bJhODOvjxPvMPaac29PqrUL/I0imAX7IEqcMExqIMr0AAewOARPINX8GY9WS/Wu/UxbS1Y+cwO+APr8wce3ZLQ</latexit>

A⇤ = (āij)
<latexit sha1_base64="ty4uO/5BQWatOSrhRLY2RkfF9mo=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1iE6qIkIqgLoerGZQVjC20Mk+m0HTt5MDMRagj+ihsXKm79EHf+jdM2C60euHA4517uvcePOZPKsr6Mwszs3PxCcbG0tLyyumaub9zIKBGEOiTikWj6WFLOQuoopjhtxoLiwOe04Q8uRn7jngrJovBaDWPqBrgXsi4jWGnJM7fObvfRKaq0fSxSnHkpu8v2PLNsVa0x0F9i56QMOeqe+dnuRCQJaKgIx1K2bCtWboqFYoTTrNROJI0xGeAebWka4oBKNx1fn6FdrXRQNxK6QoXG6s+JFAdSDgNfdwZY9eW0NxL/81qJ6h67KQvjRNGQTBZ1E45UhEZRoA4TlCg+1AQTwfStiPSxwETpwEo6BHv65b/EOaieVO2rw3LtPE+jCNuwAxWw4QhqcAl1cIDAAzzBC7waj8az8Wa8T1oLRj6zCb9gfHwDIoGT8g==</latexit><latexit sha1_base64="ty4uO/5BQWatOSrhRLY2RkfF9mo=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1iE6qIkIqgLoerGZQVjC20Mk+m0HTt5MDMRagj+ihsXKm79EHf+jdM2C60euHA4517uvcePOZPKsr6Mwszs3PxCcbG0tLyyumaub9zIKBGEOiTikWj6WFLOQuoopjhtxoLiwOe04Q8uRn7jngrJovBaDWPqBrgXsi4jWGnJM7fObvfRKaq0fSxSnHkpu8v2PLNsVa0x0F9i56QMOeqe+dnuRCQJaKgIx1K2bCtWboqFYoTTrNROJI0xGeAebWka4oBKNx1fn6FdrXRQNxK6QoXG6s+JFAdSDgNfdwZY9eW0NxL/81qJ6h67KQvjRNGQTBZ1E45UhEZRoA4TlCg+1AQTwfStiPSxwETpwEo6BHv65b/EOaieVO2rw3LtPE+jCNuwAxWw4QhqcAl1cIDAAzzBC7waj8az8Wa8T1oLRj6zCb9gfHwDIoGT8g==</latexit><latexit sha1_base64="ty4uO/5BQWatOSrhRLY2RkfF9mo=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1iE6qIkIqgLoerGZQVjC20Mk+m0HTt5MDMRagj+ihsXKm79EHf+jdM2C60euHA4517uvcePOZPKsr6Mwszs3PxCcbG0tLyyumaub9zIKBGEOiTikWj6WFLOQuoopjhtxoLiwOe04Q8uRn7jngrJovBaDWPqBrgXsi4jWGnJM7fObvfRKaq0fSxSnHkpu8v2PLNsVa0x0F9i56QMOeqe+dnuRCQJaKgIx1K2bCtWboqFYoTTrNROJI0xGeAebWka4oBKNx1fn6FdrXRQNxK6QoXG6s+JFAdSDgNfdwZY9eW0NxL/81qJ6h67KQvjRNGQTBZ1E45UhEZRoA4TlCg+1AQTwfStiPSxwETpwEo6BHv65b/EOaieVO2rw3LtPE+jCNuwAxWw4QhqcAl1cIDAAzzBC7waj8az8Wa8T1oLRj6zCb9gfHwDIoGT8g==</latexit><latexit sha1_base64="ty4uO/5BQWatOSrhRLY2RkfF9mo=">AAAB/HicbVDLSsNAFL2pr1pf8bFzM1iE6qIkIqgLoerGZQVjC20Mk+m0HTt5MDMRagj+ihsXKm79EHf+jdM2C60euHA4517uvcePOZPKsr6Mwszs3PxCcbG0tLyyumaub9zIKBGEOiTikWj6WFLOQuoopjhtxoLiwOe04Q8uRn7jngrJovBaDWPqBrgXsi4jWGnJM7fObvfRKaq0fSxSnHkpu8v2PLNsVa0x0F9i56QMOeqe+dnuRCQJaKgIx1K2bCtWboqFYoTTrNROJI0xGeAebWka4oBKNx1fn6FdrXRQNxK6QoXG6s+JFAdSDgNfdwZY9eW0NxL/81qJ6h67KQvjRNGQTBZ1E45UhEZRoA4TlCg+1AQTwfStiPSxwETpwEo6BHv65b/EOaieVO2rw3LtPE+jCNuwAxWw4QhqcAl1cIDAAzzBC7waj8az8Wa8T1oLRj6zCb9gfHwDIoGT8g==</latexit>

A = (aij) = E [L]B
<latexit sha1_base64="som4U9QZpjETDVnQxuFcWa95NSA=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxIR1EWhVgQXLioYW0hDmEwn7djJg5mJUML8hht/xY0LFbfd+TcmbRa19cCFwzn3cu89XsyokIbxoy0tr6yurZc2yptb2zu7+t7+o4gSjomFIxbxjocEYTQklqSSkU7MCQo8Rtre8Dr328+ECxqFD3IUEydA/ZD6FCOZSa5uXNWryE3pkzqBdZgqN+0GSA4wYumNUvadMyM0lYJlV68YNWMCuEjMglRAgZarj7u9CCcBCSVmSAjbNGLppIhLihlR5W4iSIzwEPWJndEQBUQ46eQzBY8zpQf9iGcVSjhRZydSFAgxCrysM79SzHu5+J9nJ9K/cFIaxokkIZ4u8hMGZQTzmGCPcoIlG2UEYU6zWyEeII6wzMLMQzDnX14k1mntsmben1UazSKNEjgER6AKTHAOGuAWtIAFMHgBb+ADfGqv2rv2pX1PW5e0YuYA/IE2/gUI6Z/t</latexit><latexit sha1_base64="som4U9QZpjETDVnQxuFcWa95NSA=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxIR1EWhVgQXLioYW0hDmEwn7djJg5mJUML8hht/xY0LFbfd+TcmbRa19cCFwzn3cu89XsyokIbxoy0tr6yurZc2yptb2zu7+t7+o4gSjomFIxbxjocEYTQklqSSkU7MCQo8Rtre8Dr328+ECxqFD3IUEydA/ZD6FCOZSa5uXNWryE3pkzqBdZgqN+0GSA4wYumNUvadMyM0lYJlV68YNWMCuEjMglRAgZarj7u9CCcBCSVmSAjbNGLppIhLihlR5W4iSIzwEPWJndEQBUQ46eQzBY8zpQf9iGcVSjhRZydSFAgxCrysM79SzHu5+J9nJ9K/cFIaxokkIZ4u8hMGZQTzmGCPcoIlG2UEYU6zWyEeII6wzMLMQzDnX14k1mntsmben1UazSKNEjgER6AKTHAOGuAWtIAFMHgBb+ADfGqv2rv2pX1PW5e0YuYA/IE2/gUI6Z/t</latexit><latexit sha1_base64="som4U9QZpjETDVnQxuFcWa95NSA=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxIR1EWhVgQXLioYW0hDmEwn7djJg5mJUML8hht/xY0LFbfd+TcmbRa19cCFwzn3cu89XsyokIbxoy0tr6yurZc2yptb2zu7+t7+o4gSjomFIxbxjocEYTQklqSSkU7MCQo8Rtre8Dr328+ECxqFD3IUEydA/ZD6FCOZSa5uXNWryE3pkzqBdZgqN+0GSA4wYumNUvadMyM0lYJlV68YNWMCuEjMglRAgZarj7u9CCcBCSVmSAjbNGLppIhLihlR5W4iSIzwEPWJndEQBUQ46eQzBY8zpQf9iGcVSjhRZydSFAgxCrysM79SzHu5+J9nJ9K/cFIaxokkIZ4u8hMGZQTzmGCPcoIlG2UEYU6zWyEeII6wzMLMQzDnX14k1mntsmben1UazSKNEjgER6AKTHAOGuAWtIAFMHgBb+ADfGqv2rv2pX1PW5e0YuYA/IE2/gUI6Z/t</latexit><latexit sha1_base64="som4U9QZpjETDVnQxuFcWa95NSA=">AAACGHicbVDLSsNAFJ34rPUVdelmsAh1UxIR1EWhVgQXLioYW0hDmEwn7djJg5mJUML8hht/xY0LFbfd+TcmbRa19cCFwzn3cu89XsyokIbxoy0tr6yurZc2yptb2zu7+t7+o4gSjomFIxbxjocEYTQklqSSkU7MCQo8Rtre8Dr328+ECxqFD3IUEydA/ZD6FCOZSa5uXNWryE3pkzqBdZgqN+0GSA4wYumNUvadMyM0lYJlV68YNWMCuEjMglRAgZarj7u9CCcBCSVmSAjbNGLppIhLihlR5W4iSIzwEPWJndEQBUQ46eQzBY8zpQf9iGcVSjhRZydSFAgxCrysM79SzHu5+J9nJ9K/cFIaxokkIZ4u8hMGZQTzmGCPcoIlG2UEYU6zWyEeII6wzMLMQzDnX14k1mntsmben1UazSKNEjgER6AKTHAOGuAWtIAFMHgBb+ADfGqv2rv2pX1PW5e0YuYA/IE2/gUI6Z/t</latexit>
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•        With the standard basis  

•                                                                           ; 

•                                                                   = (n+1)-dimensional 
vector space.                                       is a basis. 

•                                 is a linear transformation.

Examples: finite-dimensional vector spaces 

Rn
<latexit sha1_base64="ZKo9EhVjlGWocd4k9UwSfEF6RMk=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHZFUG9FLx6ruLbQriWbZtvQJLsm2UJZ+ju8eFDx6p/x5r8x2+5BWwcCw8x7vMmECWfauO63s7S8srq2Xtoob25t7+xW9vYfdJwqQn0S81i1QqwpZ5L6hhlOW4miWIScNsPhde43R1RpFst7M05oIHBfsogRbKwUdAQ2gzDM7iaPstytVN2aOwVaJF5BqlCg0a18dXoxSQWVhnCsddtzExNkWBlGOJ2UO6mmCSZD3KdtSyUWVAfZNPQEHVulh6JY2ScNmqq/NzIstB6L0E7mIfW8l4v/ee3URBdBxmSSGirJ7FCUcmRilDeAekxRYvjYEkwUs1kRGWCFibE95SV4819eJP5p7bLm3Z5V61dFGyU4hCM4AQ/OoQ430AAfCDzBM7zCmzNyXpx352M2uuQUOwfwB87nD+f8kbo=</latexit><latexit sha1_base64="ZKo9EhVjlGWocd4k9UwSfEF6RMk=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHZFUG9FLx6ruLbQriWbZtvQJLsm2UJZ+ju8eFDx6p/x5r8x2+5BWwcCw8x7vMmECWfauO63s7S8srq2Xtoob25t7+xW9vYfdJwqQn0S81i1QqwpZ5L6hhlOW4miWIScNsPhde43R1RpFst7M05oIHBfsogRbKwUdAQ2gzDM7iaPstytVN2aOwVaJF5BqlCg0a18dXoxSQWVhnCsddtzExNkWBlGOJ2UO6mmCSZD3KdtSyUWVAfZNPQEHVulh6JY2ScNmqq/NzIstB6L0E7mIfW8l4v/ee3URBdBxmSSGirJ7FCUcmRilDeAekxRYvjYEkwUs1kRGWCFibE95SV4819eJP5p7bLm3Z5V61dFGyU4hCM4AQ/OoQ430AAfCDzBM7zCmzNyXpx352M2uuQUOwfwB87nD+f8kbo=</latexit><latexit sha1_base64="ZKo9EhVjlGWocd4k9UwSfEF6RMk=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHZFUG9FLx6ruLbQriWbZtvQJLsm2UJZ+ju8eFDx6p/x5r8x2+5BWwcCw8x7vMmECWfauO63s7S8srq2Xtoob25t7+xW9vYfdJwqQn0S81i1QqwpZ5L6hhlOW4miWIScNsPhde43R1RpFst7M05oIHBfsogRbKwUdAQ2gzDM7iaPstytVN2aOwVaJF5BqlCg0a18dXoxSQWVhnCsddtzExNkWBlGOJ2UO6mmCSZD3KdtSyUWVAfZNPQEHVulh6JY2ScNmqq/NzIstB6L0E7mIfW8l4v/ee3URBdBxmSSGirJ7FCUcmRilDeAekxRYvjYEkwUs1kRGWCFibE95SV4819eJP5p7bLm3Z5V61dFGyU4hCM4AQ/OoQ430AAfCDzBM7zCmzNyXpx352M2uuQUOwfwB87nD+f8kbo=</latexit><latexit sha1_base64="ZKo9EhVjlGWocd4k9UwSfEF6RMk=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHZFUG9FLx6ruLbQriWbZtvQJLsm2UJZ+ju8eFDx6p/x5r8x2+5BWwcCw8x7vMmECWfauO63s7S8srq2Xtoob25t7+xW9vYfdJwqQn0S81i1QqwpZ5L6hhlOW4miWIScNsPhde43R1RpFst7M05oIHBfsogRbKwUdAQ2gzDM7iaPstytVN2aOwVaJF5BqlCg0a18dXoxSQWVhnCsddtzExNkWBlGOJ2UO6mmCSZD3KdtSyUWVAfZNPQEHVulh6JY2ScNmqq/NzIstB6L0E7mIfW8l4v/ee3URBdBxmSSGirJ7FCUcmRilDeAekxRYvjYEkwUs1kRGWCFibE95SV4819eJP5p7bLm3Z5V61dFGyU4hCM4AQ/OoQ430AAfCDzBM7zCmzNyXpx352M2uuQUOwfwB87nD+f8kbo=</latexit>

{ej}nj=1.
<latexit sha1_base64="5/qdI/vp/rHQPMLRHNUCbbbPrYQ=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5CIoB6EohePFYwttDFstpt2280m7G6UEvNTvHhQ8eo/8ea/cdPmoK0PBh7vzTAzL0gYlcq2v43K0vLK6lp1vbaxubW9Y9Z372ScCkxcHLNYdAIkCaOcuIoqRjqJICgKGGkH46vCbz8QIWnMb9UkIV6EBpyGFCOlJd+s9zLij3q5n40unPyeWzXfbNiWPQVcJE5JGqBEyze/ev0YpxHhCjMkZdexE+VlSCiKGclrvVSSBOExGpCuphxFRHrZ9PQcHmqlD8NY6OIKTtXfExmKpJxEge6MkBrKea8Q//O6qQrPvIzyJFWE49miMGVQxbDIAfapIFixiSYIC6pvhXiIBMJKp1WE4My/vEjcY+vccm5OGs3LMo0q2AcH4Ag44BQ0wTVoARdg8AiewSt4M56MF+Pd+Ji1VoxyZg/8gfH5A8gvkzo=</latexit><latexit sha1_base64="5/qdI/vp/rHQPMLRHNUCbbbPrYQ=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5CIoB6EohePFYwttDFstpt2280m7G6UEvNTvHhQ8eo/8ea/cdPmoK0PBh7vzTAzL0gYlcq2v43K0vLK6lp1vbaxubW9Y9Z372ScCkxcHLNYdAIkCaOcuIoqRjqJICgKGGkH46vCbz8QIWnMb9UkIV6EBpyGFCOlJd+s9zLij3q5n40unPyeWzXfbNiWPQVcJE5JGqBEyze/ev0YpxHhCjMkZdexE+VlSCiKGclrvVSSBOExGpCuphxFRHrZ9PQcHmqlD8NY6OIKTtXfExmKpJxEge6MkBrKea8Q//O6qQrPvIzyJFWE49miMGVQxbDIAfapIFixiSYIC6pvhXiIBMJKp1WE4My/vEjcY+vccm5OGs3LMo0q2AcH4Ag44BQ0wTVoARdg8AiewSt4M56MF+Pd+Ji1VoxyZg/8gfH5A8gvkzo=</latexit><latexit sha1_base64="5/qdI/vp/rHQPMLRHNUCbbbPrYQ=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5CIoB6EohePFYwttDFstpt2280m7G6UEvNTvHhQ8eo/8ea/cdPmoK0PBh7vzTAzL0gYlcq2v43K0vLK6lp1vbaxubW9Y9Z372ScCkxcHLNYdAIkCaOcuIoqRjqJICgKGGkH46vCbz8QIWnMb9UkIV6EBpyGFCOlJd+s9zLij3q5n40unPyeWzXfbNiWPQVcJE5JGqBEyze/ev0YpxHhCjMkZdexE+VlSCiKGclrvVSSBOExGpCuphxFRHrZ9PQcHmqlD8NY6OIKTtXfExmKpJxEge6MkBrKea8Q//O6qQrPvIzyJFWE49miMGVQxbDIAfapIFixiSYIC6pvhXiIBMJKp1WE4My/vEjcY+vccm5OGs3LMo0q2AcH4Ag44BQ0wTVoARdg8AiewSt4M56MF+Pd+Ji1VoxyZg/8gfH5A8gvkzo=</latexit><latexit sha1_base64="5/qdI/vp/rHQPMLRHNUCbbbPrYQ=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16WSyCp5CIoB6EohePFYwttDFstpt2280m7G6UEvNTvHhQ8eo/8ea/cdPmoK0PBh7vzTAzL0gYlcq2v43K0vLK6lp1vbaxubW9Y9Z372ScCkxcHLNYdAIkCaOcuIoqRjqJICgKGGkH46vCbz8QIWnMb9UkIV6EBpyGFCOlJd+s9zLij3q5n40unPyeWzXfbNiWPQVcJE5JGqBEyze/ev0YpxHhCjMkZdexE+VlSCiKGclrvVSSBOExGpCuphxFRHrZ9PQcHmqlD8NY6OIKTtXfExmKpJxEge6MkBrKea8Q//O6qQrPvIzyJFWE49miMGVQxbDIAfapIFixiSYIC6pvhXiIBMJKp1WE4My/vEjcY+vccm5OGs3LMo0q2AcH4Ag44BQ0wTVoARdg8AiewSt4M56MF+Pd+Ji1VoxyZg/8gfH5A8gvkzo=</latexit>

W := {v 2 V | ⌃jvj = 0} is a subspace
<latexit sha1_base64="kxeih/IyNA8mG8yqHVUOjv8GniY="></latexit><latexit sha1_base64="kxeih/IyNA8mG8yqHVUOjv8GniY="></latexit><latexit sha1_base64="kxeih/IyNA8mG8yqHVUOjv8GniY="></latexit><latexit sha1_base64="kxeih/IyNA8mG8yqHVUOjv8GniY="></latexit>

W1 := {v 2 V | ⌃jvj = 1} is NOT a subspace
<latexit sha1_base64="jg/VTjmfq3qfhDKgEcyUqg2uC2M="></latexit><latexit sha1_base64="jg/VTjmfq3qfhDKgEcyUqg2uC2M="></latexit><latexit sha1_base64="jg/VTjmfq3qfhDKgEcyUqg2uC2M="></latexit><latexit sha1_base64="jg/VTjmfq3qfhDKgEcyUqg2uC2M="></latexit>

Pn = { polynomials of degree  n}
<latexit sha1_base64="Rjm2MIz9+IQCweZMybDKswHpwPo=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKCuhBENy4rWCs0oUymN3VwMhNmbsQS8ilu/BU3LlTEXf/GpO3C14GBwzn3cuecKJXCoueNnJnZufmFxdpSfXlldW3d3di8tjozHNpcS21uImZBCgVtFCjhJjXAkkhCJ7o7r/zOPRgrtLrCYQphwgZKxIIzLKWeexgkDG85k3mr6Cl6QoM8QHjAnKZaDpVOBJOW6pj2YWAAikACVUFR77kNr+mNQf8Sf0oaZIpWz/0M+ppnCSjkklnb9b0Uw5wZFFxCUQ8yCynjd2wA3ZIqloAN83HAgu6WSp/G2pRPIR2r3zdyllg7TKJysopjf3uV+J/XzTA+CnOh0gxB8cmhOJMUNa3aon1hgKMcloRxI8q/Un7LDONYdlqV4P+O/Je095vHTf/yoHF6Nm2jRrbJDtkjPjkkp+SCtEibcPJInskreXOenBfn3fmYjM44050t8gPO6Atsq6NT</latexit><latexit sha1_base64="Rjm2MIz9+IQCweZMybDKswHpwPo=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKCuhBENy4rWCs0oUymN3VwMhNmbsQS8ilu/BU3LlTEXf/GpO3C14GBwzn3cuecKJXCoueNnJnZufmFxdpSfXlldW3d3di8tjozHNpcS21uImZBCgVtFCjhJjXAkkhCJ7o7r/zOPRgrtLrCYQphwgZKxIIzLKWeexgkDG85k3mr6Cl6QoM8QHjAnKZaDpVOBJOW6pj2YWAAikACVUFR77kNr+mNQf8Sf0oaZIpWz/0M+ppnCSjkklnb9b0Uw5wZFFxCUQ8yCynjd2wA3ZIqloAN83HAgu6WSp/G2pRPIR2r3zdyllg7TKJysopjf3uV+J/XzTA+CnOh0gxB8cmhOJMUNa3aon1hgKMcloRxI8q/Un7LDONYdlqV4P+O/Je095vHTf/yoHF6Nm2jRrbJDtkjPjkkp+SCtEibcPJInskreXOenBfn3fmYjM44050t8gPO6Atsq6NT</latexit><latexit sha1_base64="Rjm2MIz9+IQCweZMybDKswHpwPo=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKCuhBENy4rWCs0oUymN3VwMhNmbsQS8ilu/BU3LlTEXf/GpO3C14GBwzn3cuecKJXCoueNnJnZufmFxdpSfXlldW3d3di8tjozHNpcS21uImZBCgVtFCjhJjXAkkhCJ7o7r/zOPRgrtLrCYQphwgZKxIIzLKWeexgkDG85k3mr6Cl6QoM8QHjAnKZaDpVOBJOW6pj2YWAAikACVUFR77kNr+mNQf8Sf0oaZIpWz/0M+ppnCSjkklnb9b0Uw5wZFFxCUQ8yCynjd2wA3ZIqloAN83HAgu6WSp/G2pRPIR2r3zdyllg7TKJysopjf3uV+J/XzTA+CnOh0gxB8cmhOJMUNa3aon1hgKMcloRxI8q/Un7LDONYdlqV4P+O/Je095vHTf/yoHF6Nm2jRrbJDtkjPjkkp+SCtEibcPJInskreXOenBfn3fmYjM44050t8gPO6Atsq6NT</latexit><latexit sha1_base64="Rjm2MIz9+IQCweZMybDKswHpwPo=">AAACH3icbVDLSsNAFJ34rPUVdelmsAiuSiKCuhBENy4rWCs0oUymN3VwMhNmbsQS8ilu/BU3LlTEXf/GpO3C14GBwzn3cuecKJXCoueNnJnZufmFxdpSfXlldW3d3di8tjozHNpcS21uImZBCgVtFCjhJjXAkkhCJ7o7r/zOPRgrtLrCYQphwgZKxIIzLKWeexgkDG85k3mr6Cl6QoM8QHjAnKZaDpVOBJOW6pj2YWAAikACVUFR77kNr+mNQf8Sf0oaZIpWz/0M+ppnCSjkklnb9b0Uw5wZFFxCUQ8yCynjd2wA3ZIqloAN83HAgu6WSp/G2pRPIR2r3zdyllg7TKJysopjf3uV+J/XzTA+CnOh0gxB8cmhOJMUNa3aon1hgKMcloRxI8q/Un7LDONYdlqV4P+O/Je095vHTf/yoHF6Nm2jRrbJDtkjPjkkp+SCtEibcPJInskreXOenBfn3fmYjM44050t8gPO6Atsq6NT</latexit>

X := {1, x, . . . , xn}
<latexit sha1_base64="PqZOeznfPv5nEKjuMsvRjke5vnk=">AAACCnicbVDLSsNAFJ34rPUVdelmaBFclJKI4AOEohuXFYwtNLFMJpN26GQSZibSErJ346+4caHi1i9w5984abvQ1gMXDufcy733+AmjUlnWt7GwuLS8slpaK69vbG5tmzu7dzJOBSYOjlks2j6ShFFOHEUVI+1EEBT5jLT8wVXhtx6IkDTmt2qUEC9CPU5DipHSUtesuBFSfYxY1s7P4QV0M7s2rLksiJWsDe+5m5e7ZtWqW2PAeWJPSRVM0eyaX24Q4zQiXGGGpOzYVqK8DAlFMSN52U0lSRAeoB7paMpRRKSXjX/J4YFWAhjGQhdXcKz+nshQJOUo8nVncbmc9QrxP6+TqvDUyyhPUkU4niwKUwZVDItgYEAFwYqNNEFYUH0rxH0kEFY6viIEe/bleeIc1c/q9s1xtXE5TaME9kEFHAIbnIAGuAZN4AAMHsEzeAVvxpPxYrwbH5PWBWM6swf+wPj8Aatmmb0=</latexit><latexit sha1_base64="PqZOeznfPv5nEKjuMsvRjke5vnk=">AAACCnicbVDLSsNAFJ34rPUVdelmaBFclJKI4AOEohuXFYwtNLFMJpN26GQSZibSErJ346+4caHi1i9w5984abvQ1gMXDufcy733+AmjUlnWt7GwuLS8slpaK69vbG5tmzu7dzJOBSYOjlks2j6ShFFOHEUVI+1EEBT5jLT8wVXhtx6IkDTmt2qUEC9CPU5DipHSUtesuBFSfYxY1s7P4QV0M7s2rLksiJWsDe+5m5e7ZtWqW2PAeWJPSRVM0eyaX24Q4zQiXGGGpOzYVqK8DAlFMSN52U0lSRAeoB7paMpRRKSXjX/J4YFWAhjGQhdXcKz+nshQJOUo8nVncbmc9QrxP6+TqvDUyyhPUkU4niwKUwZVDItgYEAFwYqNNEFYUH0rxH0kEFY6viIEe/bleeIc1c/q9s1xtXE5TaME9kEFHAIbnIAGuAZN4AAMHsEzeAVvxpPxYrwbH5PWBWM6swf+wPj8Aatmmb0=</latexit><latexit sha1_base64="PqZOeznfPv5nEKjuMsvRjke5vnk=">AAACCnicbVDLSsNAFJ34rPUVdelmaBFclJKI4AOEohuXFYwtNLFMJpN26GQSZibSErJ346+4caHi1i9w5984abvQ1gMXDufcy733+AmjUlnWt7GwuLS8slpaK69vbG5tmzu7dzJOBSYOjlks2j6ShFFOHEUVI+1EEBT5jLT8wVXhtx6IkDTmt2qUEC9CPU5DipHSUtesuBFSfYxY1s7P4QV0M7s2rLksiJWsDe+5m5e7ZtWqW2PAeWJPSRVM0eyaX24Q4zQiXGGGpOzYVqK8DAlFMSN52U0lSRAeoB7paMpRRKSXjX/J4YFWAhjGQhdXcKz+nshQJOUo8nVncbmc9QrxP6+TqvDUyyhPUkU4niwKUwZVDItgYEAFwYqNNEFYUH0rxH0kEFY6viIEe/bleeIc1c/q9s1xtXE5TaME9kEFHAIbnIAGuAZN4AAMHsEzeAVvxpPxYrwbH5PWBWM6swf+wPj8Aatmmb0=</latexit><latexit sha1_base64="PqZOeznfPv5nEKjuMsvRjke5vnk=">AAACCnicbVDLSsNAFJ34rPUVdelmaBFclJKI4AOEohuXFYwtNLFMJpN26GQSZibSErJ346+4caHi1i9w5984abvQ1gMXDufcy733+AmjUlnWt7GwuLS8slpaK69vbG5tmzu7dzJOBSYOjlks2j6ShFFOHEUVI+1EEBT5jLT8wVXhtx6IkDTmt2qUEC9CPU5DipHSUtesuBFSfYxY1s7P4QV0M7s2rLksiJWsDe+5m5e7ZtWqW2PAeWJPSRVM0eyaX24Q4zQiXGGGpOzYVqK8DAlFMSN52U0lSRAeoB7paMpRRKSXjX/J4YFWAhjGQhdXcKz+nshQJOUo8nVncbmc9QrxP6+TqvDUyyhPUkU4niwKUwZVDItgYEAFwYqNNEFYUH0rxH0kEFY6viIEe/bleeIc1c/q9s1xtXE5TaME9kEFHAIbnIAGuAZN4AAMHsEzeAVvxpPxYrwbH5PWBWM6swf+wPj8Aatmmb0=</latexit>

d

dx
: Pn ! Pn�1

<latexit sha1_base64="vRYMSftnpCyC8EbR4yttX1tnX/A=">AAACH3icbVBNS8NAEN34WetX1KOXYBG8WBIRqp6KXjxWMLbQhLLZbNqlm03Y3ahlyU/x4l/x4kFFvPXfuGlzqK0PBh7vzTAzL0gpEdK2x8bS8srq2nplo7q5tb2za+7tP4gk4wi7KKEJ7wRQYEoYdiWRFHdSjmEcUNwOhjeF337EXJCE3ctRiv0Y9hmJCIJSSz2z4UUcIhXmKnzOr7wYygGCVLXyHvM46Q8k5Dx5mtUVO3Xyas+s2XV7AmuROCWpgRKtnvnjhQnKYswkolCIrmOn0leQS4IozqteJnAK0RD2cVdTBmMsfDV5MLeOtRJaUcJ1MWlN1NkJBWMhRnGgO4tLxbxXiP953UxGF74iLM0kZmi6KMqoJROrSMsKCcdI0pEmEHGib7XQAOrEpM60CMGZf3mRuGf1y7pzd15rXpdpVMAhOAInwAEN0AS3oAVcgMALeAMf4NN4Nd6NL+N72rpklDMH4A+M8S+RbKSi</latexit><latexit sha1_base64="vRYMSftnpCyC8EbR4yttX1tnX/A=">AAACH3icbVBNS8NAEN34WetX1KOXYBG8WBIRqp6KXjxWMLbQhLLZbNqlm03Y3ahlyU/x4l/x4kFFvPXfuGlzqK0PBh7vzTAzL0gpEdK2x8bS8srq2nplo7q5tb2za+7tP4gk4wi7KKEJ7wRQYEoYdiWRFHdSjmEcUNwOhjeF337EXJCE3ctRiv0Y9hmJCIJSSz2z4UUcIhXmKnzOr7wYygGCVLXyHvM46Q8k5Dx5mtUVO3Xyas+s2XV7AmuROCWpgRKtnvnjhQnKYswkolCIrmOn0leQS4IozqteJnAK0RD2cVdTBmMsfDV5MLeOtRJaUcJ1MWlN1NkJBWMhRnGgO4tLxbxXiP953UxGF74iLM0kZmi6KMqoJROrSMsKCcdI0pEmEHGib7XQAOrEpM60CMGZf3mRuGf1y7pzd15rXpdpVMAhOAInwAEN0AS3oAVcgMALeAMf4NN4Nd6NL+N72rpklDMH4A+M8S+RbKSi</latexit><latexit sha1_base64="vRYMSftnpCyC8EbR4yttX1tnX/A=">AAACH3icbVBNS8NAEN34WetX1KOXYBG8WBIRqp6KXjxWMLbQhLLZbNqlm03Y3ahlyU/x4l/x4kFFvPXfuGlzqK0PBh7vzTAzL0gpEdK2x8bS8srq2nplo7q5tb2za+7tP4gk4wi7KKEJ7wRQYEoYdiWRFHdSjmEcUNwOhjeF337EXJCE3ctRiv0Y9hmJCIJSSz2z4UUcIhXmKnzOr7wYygGCVLXyHvM46Q8k5Dx5mtUVO3Xyas+s2XV7AmuROCWpgRKtnvnjhQnKYswkolCIrmOn0leQS4IozqteJnAK0RD2cVdTBmMsfDV5MLeOtRJaUcJ1MWlN1NkJBWMhRnGgO4tLxbxXiP953UxGF74iLM0kZmi6KMqoJROrSMsKCcdI0pEmEHGib7XQAOrEpM60CMGZf3mRuGf1y7pzd15rXpdpVMAhOAInwAEN0AS3oAVcgMALeAMf4NN4Nd6NL+N72rpklDMH4A+M8S+RbKSi</latexit><latexit sha1_base64="vRYMSftnpCyC8EbR4yttX1tnX/A=">AAACH3icbVBNS8NAEN34WetX1KOXYBG8WBIRqp6KXjxWMLbQhLLZbNqlm03Y3ahlyU/x4l/x4kFFvPXfuGlzqK0PBh7vzTAzL0gpEdK2x8bS8srq2nplo7q5tb2za+7tP4gk4wi7KKEJ7wRQYEoYdiWRFHdSjmEcUNwOhjeF337EXJCE3ctRiv0Y9hmJCIJSSz2z4UUcIhXmKnzOr7wYygGCVLXyHvM46Q8k5Dx5mtUVO3Xyas+s2XV7AmuROCWpgRKtnvnjhQnKYswkolCIrmOn0leQS4IozqteJnAK0RD2cVdTBmMsfDV5MLeOtRJaUcJ1MWlN1NkJBWMhRnGgO4tLxbxXiP953UxGF74iLM0kZmi6KMqoJROrSMsKCcdI0pEmEHGib7XQAOrEpM60CMGZf3mRuGf1y7pzd15rXpdpVMAhOAInwAEN0AS3oAVcgMALeAMf4NN4Nd6NL+N72rpklDMH4A+M8S+RbKSi</latexit>

DX =

2

6664

0 1 0 . . . 0
0 0 2 . . .

. . .
0 0 n

3

7775

<latexit sha1_base64="Je4HhEeKLcVevNqgO5+IWSiIhxg="></latexit><latexit sha1_base64="Je4HhEeKLcVevNqgO5+IWSiIhxg="></latexit><latexit sha1_base64="Je4HhEeKLcVevNqgO5+IWSiIhxg="></latexit><latexit sha1_base64="Je4HhEeKLcVevNqgO5+IWSiIhxg="></latexit>

5

<latexit sha1_base64="sDNYM13FU782+7Ro5aGrIHgEVvU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQEUoiRT0WvXisYD+gCWWz3bRLN5uwOxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkRwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRW8epoqxFYxGrbkA0E1yyFnIUrJsoRqJAsE4wvpv5nSemNI/lI04S5kdkKHnIKUEjedJDHjFdlRfueb9ccWrOHPYqcXNSgRzNfvnLG8Q0jZhEKojWPddJ0M+IQk4Fm5a8VLOE0DEZsp6hkphNfja/eWqfGWVgh7EyJdGeq78nMhJpPYkC0xkRHOllbyb+5/VSDG/8jMskRSbpYlGYChtjexaAPeCKURQTQwhV3Nxq0xFRhKKJqWRCcJdfXiXty5p7Vas/1CuN2zyOIpzAKVTBhWtowD00oQUUEniGV3izUuvFerc+Fq0FK585hj+wPn8A/j2RAg==</latexit>

n⇥ (n+ 1)



• Space of all polynomials 

• Space of all continuous functions on [a,b] 

• Space of all continuous functions on [a,b] such that 

Examples infinite-dimensional vector spaces 

6

f(a) = f(b) = 0
<latexit sha1_base64="pvdh7eHG+va6gMnt+9XeTXACoWc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahvZREBPVQKHrxWMHYQhvKZrtpl242cXdTKKG/w4sHFa/+GW/+GzdtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo0cVJZJQl0Q8kh0fK8qZoK5mmtNOLCkOfU7b/vg289sTKhWLxIOextQL8VCwgBGsjeQFVVxrBFW/hhrI7pcrdt2eA60SJycVyNHql796g4gkIRWacKxU17Fj7aVYakY4nZV6iaIxJmM8pF1DBQ6p8tL50TN0ZpQBCiJpSmg0V39PpDhUahr6pjPEeqSWvUz8z+smOrjyUibiRFNBFouChCMdoSwBNGCSEs2nhmAimbkVkRGWmGiTU8mE4Cy/vErc8/p13bm/qDRv8jSKcAKnUAUHLqEJd9ACFwg8wTO8wps1sV6sd+tj0Vqw8plj+APr8wchb4/r</latexit><latexit sha1_base64="pvdh7eHG+va6gMnt+9XeTXACoWc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahvZREBPVQKHrxWMHYQhvKZrtpl242cXdTKKG/w4sHFa/+GW/+GzdtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo0cVJZJQl0Q8kh0fK8qZoK5mmtNOLCkOfU7b/vg289sTKhWLxIOextQL8VCwgBGsjeQFVVxrBFW/hhrI7pcrdt2eA60SJycVyNHql796g4gkIRWacKxU17Fj7aVYakY4nZV6iaIxJmM8pF1DBQ6p8tL50TN0ZpQBCiJpSmg0V39PpDhUahr6pjPEeqSWvUz8z+smOrjyUibiRFNBFouChCMdoSwBNGCSEs2nhmAimbkVkRGWmGiTU8mE4Cy/vErc8/p13bm/qDRv8jSKcAKnUAUHLqEJd9ACFwg8wTO8wps1sV6sd+tj0Vqw8plj+APr8wchb4/r</latexit><latexit sha1_base64="pvdh7eHG+va6gMnt+9XeTXACoWc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahvZREBPVQKHrxWMHYQhvKZrtpl242cXdTKKG/w4sHFa/+GW/+GzdtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo0cVJZJQl0Q8kh0fK8qZoK5mmtNOLCkOfU7b/vg289sTKhWLxIOextQL8VCwgBGsjeQFVVxrBFW/hhrI7pcrdt2eA60SJycVyNHql796g4gkIRWacKxU17Fj7aVYakY4nZV6iaIxJmM8pF1DBQ6p8tL50TN0ZpQBCiJpSmg0V39PpDhUahr6pjPEeqSWvUz8z+smOrjyUibiRFNBFouChCMdoSwBNGCSEs2nhmAimbkVkRGWmGiTU8mE4Cy/vErc8/p13bm/qDRv8jSKcAKnUAUHLqEJd9ACFwg8wTO8wps1sV6sd+tj0Vqw8plj+APr8wchb4/r</latexit><latexit sha1_base64="pvdh7eHG+va6gMnt+9XeTXACoWc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahvZREBPVQKHrxWMHYQhvKZrtpl242cXdTKKG/w4sHFa/+GW/+GzdtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo0cVJZJQl0Q8kh0fK8qZoK5mmtNOLCkOfU7b/vg289sTKhWLxIOextQL8VCwgBGsjeQFVVxrBFW/hhrI7pcrdt2eA60SJycVyNHql796g4gkIRWacKxU17Fj7aVYakY4nZV6iaIxJmM8pF1DBQ6p8tL50TN0ZpQBCiJpSmg0V39PpDhUahr6pjPEeqSWvUz8z+smOrjyUibiRFNBFouChCMdoSwBNGCSEs2nhmAimbkVkRGWmGiTU8mE4Cy/vErc8/p13bm/qDRv8jSKcAKnUAUHLqEJd9ACFwg8wTO8wps1sV6sd+tj0Vqw8plj+APr8wchb4/r</latexit>



Vector norms

7



Examples

8



Inner product

Norm associated with an inner product is the 2-norm: || v || = (v, v)1/2

Examples:

 Legendre inner product

 Chebyshev inner product

Hermite inner product
9

f, g 2 C([�1, 1]), (f, g) =

Z 1

�1

f(x)g(x)p
1� x2

dx
<latexit sha1_base64="dHm+RDF9yUI2cyPdMFZYr0yYxFs="></latexit><latexit sha1_base64="dHm+RDF9yUI2cyPdMFZYr0yYxFs="></latexit><latexit sha1_base64="dHm+RDF9yUI2cyPdMFZYr0yYxFs="></latexit><latexit sha1_base64="dHm+RDF9yUI2cyPdMFZYr0yYxFs="></latexit>



Matrix norm

10



• Diagonalizable matrices 

• Symmetric matrices: eigenvalues are real; there is an ONB 
consisting of eigenvectors

Eigenvalues and eigenvectors

A = R⇤R�1 ⌘ R⇤L

=


r1 r2 · · · rn
# # #

�

| {z }
right eigenvectors

2

6664

�1

�2

. . .
�n

3

7775

| {z }
eigenvalues

2

6664

l1 !
l2 !
...
ln !

3

7775

| {z }
left eigenvectors

<latexit sha1_base64="PQorGLiJvgMqifR1TTzbA+X1eIw="></latexit><latexit sha1_base64="PQorGLiJvgMqifR1TTzbA+X1eIw="></latexit><latexit sha1_base64="PQorGLiJvgMqifR1TTzbA+X1eIw="></latexit><latexit sha1_base64="PQorGLiJvgMqifR1TTzbA+X1eIw="></latexit>

11

Arj = �jrj
<latexit sha1_base64="t1bQ8nmhk4h/4UtDo5yiD3oRZK4=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCOpCqLpxWcGxhXYYMpm0TZt5kGSEOhR/xY0LFbd+iDv/xkw7C209EDg55x5yc/yEM6ks69soLSwuLa+UVytr6xubW+b2zr2MU0GoQ2Iei5aPJeUsoo5iitNWIigOfU6b/vA695sPVEgWR3dqlFA3xL2IdRnBSkueuXcpvAG6QB2uMwH2Bvpa8cyqVbMmQPPELkgVCjQ886sTxCQNaaQIx1K2bStRboaFYoTTcaWTSppgMsQ92tY0wiGVbjbZfowOtRKgbiz0iRSaqL8TGQ6lHIW+ngyx6stZLxf/89qp6p65GYuSVNGITB/qphypGOVVoIAJShQfaYKJYHpXRPpYYKJ0YXkJ9uyX54lzXDuv2bcn1fpV0UYZ9uEAjsCGU6jDDTTAAQKP8Ayv8GY8GS/Gu/ExHS0ZRWYX/sD4/AFP6JQL</latexit><latexit sha1_base64="t1bQ8nmhk4h/4UtDo5yiD3oRZK4=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCOpCqLpxWcGxhXYYMpm0TZt5kGSEOhR/xY0LFbd+iDv/xkw7C209EDg55x5yc/yEM6ks69soLSwuLa+UVytr6xubW+b2zr2MU0GoQ2Iei5aPJeUsoo5iitNWIigOfU6b/vA695sPVEgWR3dqlFA3xL2IdRnBSkueuXcpvAG6QB2uMwH2Bvpa8cyqVbMmQPPELkgVCjQ886sTxCQNaaQIx1K2bStRboaFYoTTcaWTSppgMsQ92tY0wiGVbjbZfowOtRKgbiz0iRSaqL8TGQ6lHIW+ngyx6stZLxf/89qp6p65GYuSVNGITB/qphypGOVVoIAJShQfaYKJYHpXRPpYYKJ0YXkJ9uyX54lzXDuv2bcn1fpV0UYZ9uEAjsCGU6jDDTTAAQKP8Ayv8GY8GS/Gu/ExHS0ZRWYX/sD4/AFP6JQL</latexit><latexit sha1_base64="t1bQ8nmhk4h/4UtDo5yiD3oRZK4=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCOpCqLpxWcGxhXYYMpm0TZt5kGSEOhR/xY0LFbd+iDv/xkw7C209EDg55x5yc/yEM6ks69soLSwuLa+UVytr6xubW+b2zr2MU0GoQ2Iei5aPJeUsoo5iitNWIigOfU6b/vA695sPVEgWR3dqlFA3xL2IdRnBSkueuXcpvAG6QB2uMwH2Bvpa8cyqVbMmQPPELkgVCjQ886sTxCQNaaQIx1K2bStRboaFYoTTcaWTSppgMsQ92tY0wiGVbjbZfowOtRKgbiz0iRSaqL8TGQ6lHIW+ngyx6stZLxf/89qp6p65GYuSVNGITB/qphypGOVVoIAJShQfaYKJYHpXRPpYYKJ0YXkJ9uyX54lzXDuv2bcn1fpV0UYZ9uEAjsCGU6jDDTTAAQKP8Ayv8GY8GS/Gu/ExHS0ZRWYX/sD4/AFP6JQL</latexit><latexit sha1_base64="t1bQ8nmhk4h/4UtDo5yiD3oRZK4=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCOpCqLpxWcGxhXYYMpm0TZt5kGSEOhR/xY0LFbd+iDv/xkw7C209EDg55x5yc/yEM6ks69soLSwuLa+UVytr6xubW+b2zr2MU0GoQ2Iei5aPJeUsoo5iitNWIigOfU6b/vA695sPVEgWR3dqlFA3xL2IdRnBSkueuXcpvAG6QB2uMwH2Bvpa8cyqVbMmQPPELkgVCjQ886sTxCQNaaQIx1K2bStRboaFYoTTcaWTSppgMsQ92tY0wiGVbjbZfowOtRKgbiz0iRSaqL8TGQ6lHIW+ngyx6stZLxf/89qp6p65GYuSVNGITB/qphypGOVVoIAJShQfaYKJYHpXRPpYYKJ0YXkJ9uyX54lzXDuv2bcn1fpV0UYZ9uEAjsCGU6jDDTTAAQKP8Ayv8GY8GS/Gu/ExHS0ZRWYX/sD4/AFP6JQL</latexit>

ljA = �j lj
<latexit sha1_base64="EHiun5xgsNgh5C2UpjDABRO2r7c=">AAAB+3icbVDLSsNAFL2pr1pf0S7dDBbBVUlEUBdC1Y3LCsYW2hAmk0k77eTBzEQIof6KGxcqbv0Rd/6N0zYLrR4YOHPOPcyd46ecSWVZX0ZlaXllda26XtvY3NreMXf37mWSCUIdkvBEdH0sKWcxdRRTnHZTQXHkc9rxx9dTv/NAhWRJfKfylLoRHsQsZAQrLXlmnXujS3SB+lxnAuyN9N0zG1bTmgH9JXZJGlCi7Zmf/SAhWURjRTiWsmdbqXILLBQjnE5q/UzSFJMxHtCepjGOqHSL2fITdKiVAIWJ0CdWaKb+TBQ4kjKPfD0ZYTWUi95U/M/rZSo8cwsWp5miMZk/FGYcqQRNm0ABE5QonmuCiWB6V0SGWGCidF81XYK9+OW/xDlunjft25NG66psowr7cABHYMMptOAG2uAAgRye4AVejUfj2Xgz3uejFaPM1OEXjI9vAsaT6w==</latexit><latexit sha1_base64="EHiun5xgsNgh5C2UpjDABRO2r7c=">AAAB+3icbVDLSsNAFL2pr1pf0S7dDBbBVUlEUBdC1Y3LCsYW2hAmk0k77eTBzEQIof6KGxcqbv0Rd/6N0zYLrR4YOHPOPcyd46ecSWVZX0ZlaXllda26XtvY3NreMXf37mWSCUIdkvBEdH0sKWcxdRRTnHZTQXHkc9rxx9dTv/NAhWRJfKfylLoRHsQsZAQrLXlmnXujS3SB+lxnAuyN9N0zG1bTmgH9JXZJGlCi7Zmf/SAhWURjRTiWsmdbqXILLBQjnE5q/UzSFJMxHtCepjGOqHSL2fITdKiVAIWJ0CdWaKb+TBQ4kjKPfD0ZYTWUi95U/M/rZSo8cwsWp5miMZk/FGYcqQRNm0ABE5QonmuCiWB6V0SGWGCidF81XYK9+OW/xDlunjft25NG66psowr7cABHYMMptOAG2uAAgRye4AVejUfj2Xgz3uejFaPM1OEXjI9vAsaT6w==</latexit><latexit sha1_base64="EHiun5xgsNgh5C2UpjDABRO2r7c=">AAAB+3icbVDLSsNAFL2pr1pf0S7dDBbBVUlEUBdC1Y3LCsYW2hAmk0k77eTBzEQIof6KGxcqbv0Rd/6N0zYLrR4YOHPOPcyd46ecSWVZX0ZlaXllda26XtvY3NreMXf37mWSCUIdkvBEdH0sKWcxdRRTnHZTQXHkc9rxx9dTv/NAhWRJfKfylLoRHsQsZAQrLXlmnXujS3SB+lxnAuyN9N0zG1bTmgH9JXZJGlCi7Zmf/SAhWURjRTiWsmdbqXILLBQjnE5q/UzSFJMxHtCepjGOqHSL2fITdKiVAIWJ0CdWaKb+TBQ4kjKPfD0ZYTWUi95U/M/rZSo8cwsWp5miMZk/FGYcqQRNm0ABE5QonmuCiWB6V0SGWGCidF81XYK9+OW/xDlunjft25NG66psowr7cABHYMMptOAG2uAAgRye4AVejUfj2Xgz3uejFaPM1OEXjI9vAsaT6w==</latexit><latexit sha1_base64="EHiun5xgsNgh5C2UpjDABRO2r7c=">AAAB+3icbVDLSsNAFL2pr1pf0S7dDBbBVUlEUBdC1Y3LCsYW2hAmk0k77eTBzEQIof6KGxcqbv0Rd/6N0zYLrR4YOHPOPcyd46ecSWVZX0ZlaXllda26XtvY3NreMXf37mWSCUIdkvBEdH0sKWcxdRRTnHZTQXHkc9rxx9dTv/NAhWRJfKfylLoRHsQsZAQrLXlmnXujS3SB+lxnAuyN9N0zG1bTmgH9JXZJGlCi7Zmf/SAhWURjRTiWsmdbqXILLBQjnE5q/UzSFJMxHtCepjGOqHSL2fITdKiVAIWJ0CdWaKb+TBQ4kjKPfD0ZYTWUi95U/M/rZSo8cwsWp5miMZk/FGYcqQRNm0ABE5QonmuCiWB6V0SGWGCidF81XYK9+OW/xDlunjft25NG66psowr7cABHYMMptOAG2uAAgRye4AVejUfj2Xgz3uejFaPM1OEXjI9vAsaT6w==</latexit>



• Matrix 2-norm:  

• Defective matrices and the Jordan form:

12

kAk =
r

max
j

�j(A⇤A)
<latexit sha1_base64="b8/aZnrijMjxJpxWv/VSh+fR2Vw=">AAACEHicbVC7TsMwFHXKq5RXgZHFokIqDFWCkIABqYWFsUiUVmpK5DhO69Zxgu0gqrS/wMKvsDAAYmVk429w2g7QcqQrHZ1zr33vcSNGpTLNbyMzN7+wuJRdzq2srq1v5De3bmQYC0xqOGShaLhIEkY5qSmqGGlEgqDAZaTu9i5Sv35PhKQhv1b9iLQC1ObUpxgpLTn5oj2o2AN4Bm15J1RiB+jBSbpDm+knPOR0i5XbA1jZH+acfMEsmSPAWWJNSAFMUHXyX7YX4jggXGGGpGxaZqRaCRKKYkaGOTuWJEK4h9qkqSlHAZGtZHTREO5pxYN+KHRxBUfq74kEBVL2A1d3Bkh15LSXiv95zVj5J62E8ihWhOPxR37MoAphGg/0qCBYsb4mCAuqd4W4gwTCSoeYhmBNnzxLaoel05J1dVQon0/SyIIdsAuKwALHoAwuQRXUAAaP4Bm8gjfjyXgx3o2PcWvGmMxsgz8wPn8AAWOcCQ==</latexit><latexit sha1_base64="b8/aZnrijMjxJpxWv/VSh+fR2Vw=">AAACEHicbVC7TsMwFHXKq5RXgZHFokIqDFWCkIABqYWFsUiUVmpK5DhO69Zxgu0gqrS/wMKvsDAAYmVk429w2g7QcqQrHZ1zr33vcSNGpTLNbyMzN7+wuJRdzq2srq1v5De3bmQYC0xqOGShaLhIEkY5qSmqGGlEgqDAZaTu9i5Sv35PhKQhv1b9iLQC1ObUpxgpLTn5oj2o2AN4Bm15J1RiB+jBSbpDm+knPOR0i5XbA1jZH+acfMEsmSPAWWJNSAFMUHXyX7YX4jggXGGGpGxaZqRaCRKKYkaGOTuWJEK4h9qkqSlHAZGtZHTREO5pxYN+KHRxBUfq74kEBVL2A1d3Bkh15LSXiv95zVj5J62E8ihWhOPxR37MoAphGg/0qCBYsb4mCAuqd4W4gwTCSoeYhmBNnzxLaoel05J1dVQon0/SyIIdsAuKwALHoAwuQRXUAAaP4Bm8gjfjyXgx3o2PcWvGmMxsgz8wPn8AAWOcCQ==</latexit><latexit sha1_base64="b8/aZnrijMjxJpxWv/VSh+fR2Vw=">AAACEHicbVC7TsMwFHXKq5RXgZHFokIqDFWCkIABqYWFsUiUVmpK5DhO69Zxgu0gqrS/wMKvsDAAYmVk429w2g7QcqQrHZ1zr33vcSNGpTLNbyMzN7+wuJRdzq2srq1v5De3bmQYC0xqOGShaLhIEkY5qSmqGGlEgqDAZaTu9i5Sv35PhKQhv1b9iLQC1ObUpxgpLTn5oj2o2AN4Bm15J1RiB+jBSbpDm+knPOR0i5XbA1jZH+acfMEsmSPAWWJNSAFMUHXyX7YX4jggXGGGpGxaZqRaCRKKYkaGOTuWJEK4h9qkqSlHAZGtZHTREO5pxYN+KHRxBUfq74kEBVL2A1d3Bkh15LSXiv95zVj5J62E8ihWhOPxR37MoAphGg/0qCBYsb4mCAuqd4W4gwTCSoeYhmBNnzxLaoel05J1dVQon0/SyIIdsAuKwALHoAwuQRXUAAaP4Bm8gjfjyXgx3o2PcWvGmMxsgz8wPn8AAWOcCQ==</latexit><latexit sha1_base64="b8/aZnrijMjxJpxWv/VSh+fR2Vw=">AAACEHicbVC7TsMwFHXKq5RXgZHFokIqDFWCkIABqYWFsUiUVmpK5DhO69Zxgu0gqrS/wMKvsDAAYmVk429w2g7QcqQrHZ1zr33vcSNGpTLNbyMzN7+wuJRdzq2srq1v5De3bmQYC0xqOGShaLhIEkY5qSmqGGlEgqDAZaTu9i5Sv35PhKQhv1b9iLQC1ObUpxgpLTn5oj2o2AN4Bm15J1RiB+jBSbpDm+knPOR0i5XbA1jZH+acfMEsmSPAWWJNSAFMUHXyX7YX4jggXGGGpGxaZqRaCRKKYkaGOTuWJEK4h9qkqSlHAZGtZHTREO5pxYN+KHRxBUfq74kEBVL2A1d3Bkh15LSXiv95zVj5J62E8ihWhOPxR37MoAphGg/0qCBYsb4mCAuqd4W4gwTCSoeYhmBNnzxLaoel05J1dVQon0/SyIIdsAuKwALHoAwuQRXUAAaP4Bm8gjfjyXgx3o2PcWvGmMxsgz8wPn8AAWOcCQ==</latexit>

A = V JV �1
<latexit sha1_base64="w85A/92aN2+/HBE4XMSH9s5IbTI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnoQql7EUwXTFtq0bLabdulmE3Y3Sgn9H148qHj1x3jz37htc9DWBwOP92aYmefHnClt299Wbml5ZXUtv17Y2Nza3inu7tVVlEhCXRLxSDZ9rChngrqaaU6bsaQ49Dlt+MObid94pFKxSDzoUUy9EPcFCxjB2kidK3SJ6ugO1TvpiTPuFkt22Z4CLRInIyXIUOsWv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInFPyxdl575Sql5naeThAA7hGBw4gyrcQg1cICDhGV7hzXqyXqx362PWmrOymX34A+vzBxtVkII=</latexit><latexit sha1_base64="w85A/92aN2+/HBE4XMSH9s5IbTI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnoQql7EUwXTFtq0bLabdulmE3Y3Sgn9H148qHj1x3jz37htc9DWBwOP92aYmefHnClt299Wbml5ZXUtv17Y2Nza3inu7tVVlEhCXRLxSDZ9rChngrqaaU6bsaQ49Dlt+MObid94pFKxSDzoUUy9EPcFCxjB2kidK3SJ6ugO1TvpiTPuFkt22Z4CLRInIyXIUOsWv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInFPyxdl575Sql5naeThAA7hGBw4gyrcQg1cICDhGV7hzXqyXqx362PWmrOymX34A+vzBxtVkII=</latexit><latexit sha1_base64="w85A/92aN2+/HBE4XMSH9s5IbTI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnoQql7EUwXTFtq0bLabdulmE3Y3Sgn9H148qHj1x3jz37htc9DWBwOP92aYmefHnClt299Wbml5ZXUtv17Y2Nza3inu7tVVlEhCXRLxSDZ9rChngrqaaU6bsaQ49Dlt+MObid94pFKxSDzoUUy9EPcFCxjB2kidK3SJ6ugO1TvpiTPuFkt22Z4CLRInIyXIUOsWv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInFPyxdl575Sql5naeThAA7hGBw4gyrcQg1cICDhGV7hzXqyXqx362PWmrOymX34A+vzBxtVkII=</latexit><latexit sha1_base64="w85A/92aN2+/HBE4XMSH9s5IbTI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgnoQql7EUwXTFtq0bLabdulmE3Y3Sgn9H148qHj1x3jz37htc9DWBwOP92aYmefHnClt299Wbml5ZXUtv17Y2Nza3inu7tVVlEhCXRLxSDZ9rChngrqaaU6bsaQ49Dlt+MObid94pFKxSDzoUUy9EPcFCxjB2kidK3SJ6ugO1TvpiTPuFkt22Z4CLRInIyXIUOsWv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInFPyxdl575Sql5naeThAA7hGBw4gyrcQg1cICDhGV7hzXqyXqx362PWmrOymX34A+vzBxtVkII=</latexit>

J =

2

6664

J1
J2

. . .
Jr

3

7775

<latexit sha1_base64="GMEhsVGu92F5maxCwnkGnN9qosQ="></latexit><latexit sha1_base64="GMEhsVGu92F5maxCwnkGnN9qosQ="></latexit><latexit sha1_base64="GMEhsVGu92F5maxCwnkGnN9qosQ="></latexit><latexit sha1_base64="GMEhsVGu92F5maxCwnkGnN9qosQ="></latexit>

Jk =

2

6664

�k 1
. . .

. . .
�k 1

�k

3

7775

<latexit sha1_base64="twk+NBrqoM2P4NgMh5BLDGKulWE="></latexit><latexit sha1_base64="twk+NBrqoM2P4NgMh5BLDGKulWE="></latexit><latexit sha1_base64="twk+NBrqoM2P4NgMh5BLDGKulWE="></latexit><latexit sha1_base64="twk+NBrqoM2P4NgMh5BLDGKulWE="></latexit>

A =


1 10
0 1

�

<latexit sha1_base64="xw/xGpXF+1pkRuCJrujSiJDKpmk=">AAACHnicbVBNS8NAEN3U7/pV9ehlsVg8lUTEj4NQ9eJRwarQhLLZTtqlm03YnQgl9J948a948aAieNJ/47bmoNYHA4/3ZnZnXphKYdB1P53S1PTM7Nz8QnlxaXlltbK2fm2STHNo8kQm+jZkBqRQ0ESBEm5TDSwOJdyE/bORf3MH2ohEXeEghSBmXSUiwRlaqV3ZP6HH1JcQYcsPoStUzrRmg2HO+dCrea7vuzXPB9UpdF+Lbg+DdqXq1t0x6CTxClIlBS7alXe/k/AsBoVcMmNanptiYB9FwSUMy35mIGW8z7rQslSxGEyQj+8b0m2rdGiUaFsK6Vj9OZGz2JhBHNrOmGHP/PVG4n9eK8PoMMiFSjMExb8/ijJJMaGjsGhHaOAoB5YwroXdlfIe04yjjbRsQ/D+njxJmrv1o7p3uVdtnBZpzJNNskV2iEcOSIOckwvSJJzck0fyTF6cB+fJeXXevltLTjGzQX7B+fgCtm6iaQ==</latexit><latexit sha1_base64="xw/xGpXF+1pkRuCJrujSiJDKpmk=">AAACHnicbVBNS8NAEN3U7/pV9ehlsVg8lUTEj4NQ9eJRwarQhLLZTtqlm03YnQgl9J948a948aAieNJ/47bmoNYHA4/3ZnZnXphKYdB1P53S1PTM7Nz8QnlxaXlltbK2fm2STHNo8kQm+jZkBqRQ0ESBEm5TDSwOJdyE/bORf3MH2ohEXeEghSBmXSUiwRlaqV3ZP6HH1JcQYcsPoStUzrRmg2HO+dCrea7vuzXPB9UpdF+Lbg+DdqXq1t0x6CTxClIlBS7alXe/k/AsBoVcMmNanptiYB9FwSUMy35mIGW8z7rQslSxGEyQj+8b0m2rdGiUaFsK6Vj9OZGz2JhBHNrOmGHP/PVG4n9eK8PoMMiFSjMExb8/ijJJMaGjsGhHaOAoB5YwroXdlfIe04yjjbRsQ/D+njxJmrv1o7p3uVdtnBZpzJNNskV2iEcOSIOckwvSJJzck0fyTF6cB+fJeXXevltLTjGzQX7B+fgCtm6iaQ==</latexit><latexit sha1_base64="xw/xGpXF+1pkRuCJrujSiJDKpmk=">AAACHnicbVBNS8NAEN3U7/pV9ehlsVg8lUTEj4NQ9eJRwarQhLLZTtqlm03YnQgl9J948a948aAieNJ/47bmoNYHA4/3ZnZnXphKYdB1P53S1PTM7Nz8QnlxaXlltbK2fm2STHNo8kQm+jZkBqRQ0ESBEm5TDSwOJdyE/bORf3MH2ohEXeEghSBmXSUiwRlaqV3ZP6HH1JcQYcsPoStUzrRmg2HO+dCrea7vuzXPB9UpdF+Lbg+DdqXq1t0x6CTxClIlBS7alXe/k/AsBoVcMmNanptiYB9FwSUMy35mIGW8z7rQslSxGEyQj+8b0m2rdGiUaFsK6Vj9OZGz2JhBHNrOmGHP/PVG4n9eK8PoMMiFSjMExb8/ijJJMaGjsGhHaOAoB5YwroXdlfIe04yjjbRsQ/D+njxJmrv1o7p3uVdtnBZpzJNNskV2iEcOSIOckwvSJJzck0fyTF6cB+fJeXXevltLTjGzQX7B+fgCtm6iaQ==</latexit><latexit sha1_base64="xw/xGpXF+1pkRuCJrujSiJDKpmk=">AAACHnicbVBNS8NAEN3U7/pV9ehlsVg8lUTEj4NQ9eJRwarQhLLZTtqlm03YnQgl9J948a948aAieNJ/47bmoNYHA4/3ZnZnXphKYdB1P53S1PTM7Nz8QnlxaXlltbK2fm2STHNo8kQm+jZkBqRQ0ESBEm5TDSwOJdyE/bORf3MH2ohEXeEghSBmXSUiwRlaqV3ZP6HH1JcQYcsPoStUzrRmg2HO+dCrea7vuzXPB9UpdF+Lbg+DdqXq1t0x6CTxClIlBS7alXe/k/AsBoVcMmNanptiYB9FwSUMy35mIGW8z7rQslSxGEyQj+8b0m2rdGiUaFsK6Vj9OZGz2JhBHNrOmGHP/PVG4n9eK8PoMMiFSjMExb8/ijJJMaGjsGhHaOAoB5YwroXdlfIe04yjjbRsQ/D+njxJmrv1o7p3uVdtnBZpzJNNskV2iEcOSIOckwvSJJzck0fyTF6cB+fJeXXevltLTjGzQX7B+fgCtm6iaQ==</latexit>

Example:



The Jordan form is rarely computed
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The Schur form is often computed 
A = QTQ>

<latexit sha1_base64="T5eXo1M8kFP/PSlmC9daEg1t8Oo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/VggnrxCAkrJLCQbinQ0G03bVdDNvwPLx7UePXHePPfWGAPCr5kkpf3ZjIzL4w508Z1v53cyura+kZ+s7C1vbO7V9w/eNAyUYT6RHKpmiHWlDNBfcMMp81YURyFnDbC0d3UbzxSpZkUdTOOaRDhgWB9RrCxUucGXaNavdZJ20bGk26x5JbdGdAy8TJSggzVbvGr3ZMkiagwhGOtW54bmyDFyjDC6aTQTjSNMRnhAW1ZKnBEdZDOrp6gE6v0UF8qW8Kgmfp7IsWR1uMotJ0RNkO96E3F/7xWYvqXQcpEnBgqyHxRP+HISDSNAPWYosTwsSWYKGZvRWSIFSbGBlWwIXiLLy8T/6x8VfZq56XKbZZGHo7gGE7BgwuowD1UwQcCCp7hFd6cJ+fFeXc+5q05J5s5hD9wPn8AvI6Rkw==</latexit><latexit sha1_base64="T5eXo1M8kFP/PSlmC9daEg1t8Oo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/VggnrxCAkrJLCQbinQ0G03bVdDNvwPLx7UePXHePPfWGAPCr5kkpf3ZjIzL4w508Z1v53cyura+kZ+s7C1vbO7V9w/eNAyUYT6RHKpmiHWlDNBfcMMp81YURyFnDbC0d3UbzxSpZkUdTOOaRDhgWB9RrCxUucGXaNavdZJ20bGk26x5JbdGdAy8TJSggzVbvGr3ZMkiagwhGOtW54bmyDFyjDC6aTQTjSNMRnhAW1ZKnBEdZDOrp6gE6v0UF8qW8Kgmfp7IsWR1uMotJ0RNkO96E3F/7xWYvqXQcpEnBgqyHxRP+HISDSNAPWYosTwsSWYKGZvRWSIFSbGBlWwIXiLLy8T/6x8VfZq56XKbZZGHo7gGE7BgwuowD1UwQcCCp7hFd6cJ+fFeXc+5q05J5s5hD9wPn8AvI6Rkw==</latexit><latexit sha1_base64="T5eXo1M8kFP/PSlmC9daEg1t8Oo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/VggnrxCAkrJLCQbinQ0G03bVdDNvwPLx7UePXHePPfWGAPCr5kkpf3ZjIzL4w508Z1v53cyura+kZ+s7C1vbO7V9w/eNAyUYT6RHKpmiHWlDNBfcMMp81YURyFnDbC0d3UbzxSpZkUdTOOaRDhgWB9RrCxUucGXaNavdZJ20bGk26x5JbdGdAy8TJSggzVbvGr3ZMkiagwhGOtW54bmyDFyjDC6aTQTjSNMRnhAW1ZKnBEdZDOrp6gE6v0UF8qW8Kgmfp7IsWR1uMotJ0RNkO96E3F/7xWYvqXQcpEnBgqyHxRP+HISDSNAPWYosTwsSWYKGZvRWSIFSbGBlWwIXiLLy8T/6x8VfZq56XKbZZGHo7gGE7BgwuowD1UwQcCCp7hFd6cJ+fFeXc+5q05J5s5hD9wPn8AvI6Rkw==</latexit><latexit sha1_base64="T5eXo1M8kFP/PSlmC9daEg1t8Oo=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/VggnrxCAkrJLCQbinQ0G03bVdDNvwPLx7UePXHePPfWGAPCr5kkpf3ZjIzL4w508Z1v53cyura+kZ+s7C1vbO7V9w/eNAyUYT6RHKpmiHWlDNBfcMMp81YURyFnDbC0d3UbzxSpZkUdTOOaRDhgWB9RrCxUucGXaNavdZJ20bGk26x5JbdGdAy8TJSggzVbvGr3ZMkiagwhGOtW54bmyDFyjDC6aTQTjSNMRnhAW1ZKnBEdZDOrp6gE6v0UF8qW8Kgmfp7IsWR1uMotJ0RNkO96E3F/7xWYvqXQcpEnBgqyHxRP+HISDSNAPWYosTwsSWYKGZvRWSIFSbGBlWwIXiLLy8T/6x8VfZq56XKbZZGHo7gGE7BgwuowD1UwQcCCp7hFd6cJ+fFeXc+5q05J5s5hD9wPn8AvI6Rkw==</latexit>

T =

2

666664

�1 t12 t13 . . . t1n
�2 t23 . . . t2n

. . .
. . .

�n�1 tn�1,n

�n

3

777775

<latexit sha1_base64="HWrZ/Pslx5RTdaMbAd8fXDk3kyo="></latexit><latexit sha1_base64="HWrZ/Pslx5RTdaMbAd8fXDk3kyo="></latexit><latexit sha1_base64="HWrZ/Pslx5RTdaMbAd8fXDk3kyo="></latexit><latexit sha1_base64="HWrZ/Pslx5RTdaMbAd8fXDk3kyo="></latexit>

 Q is orthogonal , i.e. QTQ = QQT = 1 
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QR decomposition
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SVD

ONB
ONB

u1

u2

u3

Avj = �juj
<latexit sha1_base64="e+rTVejWpwEmYGkHsOP9+f6yYRc=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFYwttCFstpt2291N2N0UQql/xYsHFa/+EW/+GzdtDtr6YODx3gwz88KEUaUd59sqrayurW+UNytb2zu7e/b+waOKU4mJh2MWy3aIFGFUEE9TzUg7kQTxkJFWOLrN/daYSEVj8aCzhPgc9QWNKEbaSIFdvR4HQ3gFu4r2OQqGaTCsBHbNqTszwGXiFqQGCjQD+6vbi3HKidCYIaU6rpNof4KkppiRaaWbKpIgPEJ90jFUIE6UP5kdP4XHRunBKJamhIYz9ffEBHGlMh6aTo70QC16ufif10l1dOFPqEhSTQSeL4pSBnUM8yRgj0qCNcsMQVhScyvEAyQR1iavPAR38eVl4p3WL+vu/VmtcVOkUQaH4AicABecgwa4A03gAQwy8AxewZv1ZL1Y79bHvLVkFTNV8AfW5w+2o5O4</latexit><latexit sha1_base64="e+rTVejWpwEmYGkHsOP9+f6yYRc=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFYwttCFstpt2291N2N0UQql/xYsHFa/+EW/+GzdtDtr6YODx3gwz88KEUaUd59sqrayurW+UNytb2zu7e/b+waOKU4mJh2MWy3aIFGFUEE9TzUg7kQTxkJFWOLrN/daYSEVj8aCzhPgc9QWNKEbaSIFdvR4HQ3gFu4r2OQqGaTCsBHbNqTszwGXiFqQGCjQD+6vbi3HKidCYIaU6rpNof4KkppiRaaWbKpIgPEJ90jFUIE6UP5kdP4XHRunBKJamhIYz9ffEBHGlMh6aTo70QC16ufif10l1dOFPqEhSTQSeL4pSBnUM8yRgj0qCNcsMQVhScyvEAyQR1iavPAR38eVl4p3WL+vu/VmtcVOkUQaH4AicABecgwa4A03gAQwy8AxewZv1ZL1Y79bHvLVkFTNV8AfW5w+2o5O4</latexit><latexit sha1_base64="e+rTVejWpwEmYGkHsOP9+f6yYRc=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFYwttCFstpt2291N2N0UQql/xYsHFa/+EW/+GzdtDtr6YODx3gwz88KEUaUd59sqrayurW+UNytb2zu7e/b+waOKU4mJh2MWy3aIFGFUEE9TzUg7kQTxkJFWOLrN/daYSEVj8aCzhPgc9QWNKEbaSIFdvR4HQ3gFu4r2OQqGaTCsBHbNqTszwGXiFqQGCjQD+6vbi3HKidCYIaU6rpNof4KkppiRaaWbKpIgPEJ90jFUIE6UP5kdP4XHRunBKJamhIYz9ffEBHGlMh6aTo70QC16ufif10l1dOFPqEhSTQSeL4pSBnUM8yRgj0qCNcsMQVhScyvEAyQR1iavPAR38eVl4p3WL+vu/VmtcVOkUQaH4AicABecgwa4A03gAQwy8AxewZv1ZL1Y79bHvLVkFTNV8AfW5w+2o5O4</latexit><latexit sha1_base64="e+rTVejWpwEmYGkHsOP9+f6yYRc=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFYwttCFstpt2291N2N0UQql/xYsHFa/+EW/+GzdtDtr6YODx3gwz88KEUaUd59sqrayurW+UNytb2zu7e/b+waOKU4mJh2MWy3aIFGFUEE9TzUg7kQTxkJFWOLrN/daYSEVj8aCzhPgc9QWNKEbaSIFdvR4HQ3gFu4r2OQqGaTCsBHbNqTszwGXiFqQGCjQD+6vbi3HKidCYIaU6rpNof4KkppiRaaWbKpIgPEJ90jFUIE6UP5kdP4XHRunBKJamhIYz9ffEBHGlMh6aTo70QC16ufif10l1dOFPqEhSTQSeL4pSBnUM8yRgj0qCNcsMQVhScyvEAyQR1iavPAR38eVl4p3WL+vu/VmtcVOkUQaH4AicABecgwa4A03gAQwy8AxewZv1ZL1Y79bHvLVkFTNV8AfW5w+2o5O4</latexit>

A : Rn ! Rm
<latexit sha1_base64="utkyg7Vaxaks/rmlskYRy10/hjI=">AAACDnicbVC7TsMwFHXKq5RXgJHFogIxVQlC4jEVWBgLIrRSEyrHdVurthPZDqiK+gcs/AoLAyBWZjb+BqfNUFqOdKWjc+7VvfeEMaNKO86PVZibX1hcKi6XVlbX1jfsza07FSUSEw9HLJKNECnCqCCeppqRRiwJ4iEj9bB/mfn1ByIVjcStHsQk4KgraIdipI3UsvfPz3yOdC8M05vhvfAl7fY0kjJ6nJB5qWWXnYozApwlbk7KIEetZX/77QgnnAiNGVKq6TqxDlIkNcWMDEt+okiMcB91SdNQgThRQTr6Zwj3jNKGnUiaEhqO1MmJFHGlBjw0ndmRatrLxP+8ZqI7J0FKRZxoIvB4USdhUEcwCwe2qSRYs4EhCEtqboW4hyTC2kSYheBOvzxLvMPKacW9PipXL/I0imAH7IID4IJjUAVXoAY8gMETeAFv4N16tl6tD+tz3Fqw8plt8AfW1y8S9pzk</latexit><latexit sha1_base64="utkyg7Vaxaks/rmlskYRy10/hjI=">AAACDnicbVC7TsMwFHXKq5RXgJHFogIxVQlC4jEVWBgLIrRSEyrHdVurthPZDqiK+gcs/AoLAyBWZjb+BqfNUFqOdKWjc+7VvfeEMaNKO86PVZibX1hcKi6XVlbX1jfsza07FSUSEw9HLJKNECnCqCCeppqRRiwJ4iEj9bB/mfn1ByIVjcStHsQk4KgraIdipI3UsvfPz3yOdC8M05vhvfAl7fY0kjJ6nJB5qWWXnYozApwlbk7KIEetZX/77QgnnAiNGVKq6TqxDlIkNcWMDEt+okiMcB91SdNQgThRQTr6Zwj3jNKGnUiaEhqO1MmJFHGlBjw0ndmRatrLxP+8ZqI7J0FKRZxoIvB4USdhUEcwCwe2qSRYs4EhCEtqboW4hyTC2kSYheBOvzxLvMPKacW9PipXL/I0imAH7IID4IJjUAVXoAY8gMETeAFv4N16tl6tD+tz3Fqw8plt8AfW1y8S9pzk</latexit><latexit sha1_base64="utkyg7Vaxaks/rmlskYRy10/hjI=">AAACDnicbVC7TsMwFHXKq5RXgJHFogIxVQlC4jEVWBgLIrRSEyrHdVurthPZDqiK+gcs/AoLAyBWZjb+BqfNUFqOdKWjc+7VvfeEMaNKO86PVZibX1hcKi6XVlbX1jfsza07FSUSEw9HLJKNECnCqCCeppqRRiwJ4iEj9bB/mfn1ByIVjcStHsQk4KgraIdipI3UsvfPz3yOdC8M05vhvfAl7fY0kjJ6nJB5qWWXnYozApwlbk7KIEetZX/77QgnnAiNGVKq6TqxDlIkNcWMDEt+okiMcB91SdNQgThRQTr6Zwj3jNKGnUiaEhqO1MmJFHGlBjw0ndmRatrLxP+8ZqI7J0FKRZxoIvB4USdhUEcwCwe2qSRYs4EhCEtqboW4hyTC2kSYheBOvzxLvMPKacW9PipXL/I0imAH7IID4IJjUAVXoAY8gMETeAFv4N16tl6tD+tz3Fqw8plt8AfW1y8S9pzk</latexit><latexit sha1_base64="utkyg7Vaxaks/rmlskYRy10/hjI=">AAACDnicbVC7TsMwFHXKq5RXgJHFogIxVQlC4jEVWBgLIrRSEyrHdVurthPZDqiK+gcs/AoLAyBWZjb+BqfNUFqOdKWjc+7VvfeEMaNKO86PVZibX1hcKi6XVlbX1jfsza07FSUSEw9HLJKNECnCqCCeppqRRiwJ4iEj9bB/mfn1ByIVjcStHsQk4KgraIdipI3UsvfPz3yOdC8M05vhvfAl7fY0kjJ6nJB5qWWXnYozApwlbk7KIEetZX/77QgnnAiNGVKq6TqxDlIkNcWMDEt+okiMcB91SdNQgThRQTr6Zwj3jNKGnUiaEhqO1MmJFHGlBjw0ndmRatrLxP+8ZqI7J0FKRZxoIvB4USdhUEcwCwe2qSRYs4EhCEtqboW4hyTC2kSYheBOvzxLvMPKacW9PipXL/I0imAH7IID4IJjUAVXoAY8gMETeAFv4N16tl6tD+tz3Fqw8plt8AfW1y8S9pzk</latexit>

v1
v2
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Condition number
f : Rn ! Rm

<latexit sha1_base64="5+KdZnNJgNpwtIJ32FnODrbJq6Q=">AAACD3icbVC7TsNAEDzzDOFloKQ5ESGoIhsh8agiaCgDwiRSbKLz5Zyccg/r7gyKrHwCDb9CQwGIlpaOv8FOXISEkVYazexqdyeMGdXGcX6sufmFxaXl0kp5dW19Y9Pe2r7TMlGYeFgyqZoh0oRRQTxDDSPNWBHEQ0YaYf8y9xsPRGkqxa0ZxCTgqCtoRDEymdS2D6Jz6HNkemGY3gzvha9ot2eQUvJxQubltl1xqs4IcJa4BamAAvW2/e13JE44EQYzpHXLdWITpEgZihkZlv1EkxjhPuqSVkYF4kQH6eihIdzPlA6MpMpKGDhSJydSxLUe8DDrzI/U014u/ue1EhOdBikVcWKIwONFUcKgkTBPB3aoItiwQUYQVjS7FeIeUgibLMM8BHf65VniHVXPqu71caV2UaRRArtgDxwCF5yAGrgCdeABDJ7AC3gD79az9Wp9WJ/j1jmrmNkBf2B9/QKrCp0z</latexit><latexit sha1_base64="5+KdZnNJgNpwtIJ32FnODrbJq6Q=">AAACD3icbVC7TsNAEDzzDOFloKQ5ESGoIhsh8agiaCgDwiRSbKLz5Zyccg/r7gyKrHwCDb9CQwGIlpaOv8FOXISEkVYazexqdyeMGdXGcX6sufmFxaXl0kp5dW19Y9Pe2r7TMlGYeFgyqZoh0oRRQTxDDSPNWBHEQ0YaYf8y9xsPRGkqxa0ZxCTgqCtoRDEymdS2D6Jz6HNkemGY3gzvha9ot2eQUvJxQubltl1xqs4IcJa4BamAAvW2/e13JE44EQYzpHXLdWITpEgZihkZlv1EkxjhPuqSVkYF4kQH6eihIdzPlA6MpMpKGDhSJydSxLUe8DDrzI/U014u/ue1EhOdBikVcWKIwONFUcKgkTBPB3aoItiwQUYQVjS7FeIeUgibLMM8BHf65VniHVXPqu71caV2UaRRArtgDxwCF5yAGrgCdeABDJ7AC3gD79az9Wp9WJ/j1jmrmNkBf2B9/QKrCp0z</latexit><latexit sha1_base64="5+KdZnNJgNpwtIJ32FnODrbJq6Q=">AAACD3icbVC7TsNAEDzzDOFloKQ5ESGoIhsh8agiaCgDwiRSbKLz5Zyccg/r7gyKrHwCDb9CQwGIlpaOv8FOXISEkVYazexqdyeMGdXGcX6sufmFxaXl0kp5dW19Y9Pe2r7TMlGYeFgyqZoh0oRRQTxDDSPNWBHEQ0YaYf8y9xsPRGkqxa0ZxCTgqCtoRDEymdS2D6Jz6HNkemGY3gzvha9ot2eQUvJxQubltl1xqs4IcJa4BamAAvW2/e13JE44EQYzpHXLdWITpEgZihkZlv1EkxjhPuqSVkYF4kQH6eihIdzPlA6MpMpKGDhSJydSxLUe8DDrzI/U014u/ue1EhOdBikVcWKIwONFUcKgkTBPB3aoItiwQUYQVjS7FeIeUgibLMM8BHf65VniHVXPqu71caV2UaRRArtgDxwCF5yAGrgCdeABDJ7AC3gD79az9Wp9WJ/j1jmrmNkBf2B9/QKrCp0z</latexit><latexit sha1_base64="5+KdZnNJgNpwtIJ32FnODrbJq6Q=">AAACD3icbVC7TsNAEDzzDOFloKQ5ESGoIhsh8agiaCgDwiRSbKLz5Zyccg/r7gyKrHwCDb9CQwGIlpaOv8FOXISEkVYazexqdyeMGdXGcX6sufmFxaXl0kp5dW19Y9Pe2r7TMlGYeFgyqZoh0oRRQTxDDSPNWBHEQ0YaYf8y9xsPRGkqxa0ZxCTgqCtoRDEymdS2D6Jz6HNkemGY3gzvha9ot2eQUvJxQubltl1xqs4IcJa4BamAAvW2/e13JE44EQYzpHXLdWITpEgZihkZlv1EkxjhPuqSVkYF4kQH6eihIdzPlA6MpMpKGDhSJydSxLUe8DDrzI/U014u/ue1EhOdBikVcWKIwONFUcKgkTBPB3aoItiwQUYQVjS7FeIeUgibLMM8BHf65VniHVXPqu71caV2UaRRArtgDxwCF5yAGrgCdeABDJ7AC3gD79az9Wp9WJ/j1jmrmNkBf2B9/QKrCp0z</latexit>

The  condition number is the ratio of the relative error in f to 
the relative error in x:

19

(f ;x) := lim
✏!0

max
k�xk=✏

kf(x+�x)�f(x)k
kf(x)k
k�xk
kxk

<latexit sha1_base64="XdE4lQQsV34STe99ENNIzOT47KE="></latexit><latexit sha1_base64="XdE4lQQsV34STe99ENNIzOT47KE="></latexit><latexit sha1_base64="XdE4lQQsV34STe99ENNIzOT47KE="></latexit><latexit sha1_base64="XdE4lQQsV34STe99ENNIzOT47KE="></latexit>

Relative error in f

Relative error in x

J(x) = U⌃V >. If �x k v1, then kJ(x)�xk = �1k�xk ⌘ kJ(x)kk�xk
<latexit sha1_base64="bvYXLDQ6vyAdzDApWocTPQurmZc="></latexit><latexit sha1_base64="bvYXLDQ6vyAdzDApWocTPQurmZc="></latexit><latexit sha1_base64="bvYXLDQ6vyAdzDApWocTPQurmZc="></latexit><latexit sha1_base64="bvYXLDQ6vyAdzDApWocTPQurmZc="></latexit>

(f ;x) =
kJ(x)kkxk
kf(x)k

<latexit sha1_base64="NID6N2wfloiaHMcUyJ9P7Dkd/yQ=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoQUoigooIRTfiqoKxhSaUyXTSDp08mJlIS5KfcOOvuHGh4taFO//GadqFth4YOPece7lzjxsxKqRhfGuFhcWl5ZXiamltfWNzS9/euRdhzDGxcMhC3nKRIIwGxJJUMtKKOEG+y0jTHVyN/eYD4YKGwZ0cRcTxUS+gHsVIKqmjH9oDFEWo4p0Pq/AC2h5HOLHTm8qwaqd2OrTTTJVeXmYdvWzUjBxwnphTUgZTNDr6l90NceyTQGKGhGibRiSdBHFJMSNZyY4FiRAeoB5pKxognwgnya/K4IFSutALuXqBhLn6eyJBvhAj31WdPpJ9MeuNxf+8diy9UyehQRRLEuDJIi9mUIZwHBHsUk6wZCNFEOZU/RXiPlLBSBVkSYVgzp48T6yj2lnNvD0u1y+naRTBHtgHFWCCE1AH16ABLIDBI3gGr+BNe9JetHftY9Ja0KYzu+APtM8f0uueOQ==</latexit><latexit sha1_base64="NID6N2wfloiaHMcUyJ9P7Dkd/yQ=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoQUoigooIRTfiqoKxhSaUyXTSDp08mJlIS5KfcOOvuHGh4taFO//GadqFth4YOPece7lzjxsxKqRhfGuFhcWl5ZXiamltfWNzS9/euRdhzDGxcMhC3nKRIIwGxJJUMtKKOEG+y0jTHVyN/eYD4YKGwZ0cRcTxUS+gHsVIKqmjH9oDFEWo4p0Pq/AC2h5HOLHTm8qwaqd2OrTTTJVeXmYdvWzUjBxwnphTUgZTNDr6l90NceyTQGKGhGibRiSdBHFJMSNZyY4FiRAeoB5pKxognwgnya/K4IFSutALuXqBhLn6eyJBvhAj31WdPpJ9MeuNxf+8diy9UyehQRRLEuDJIi9mUIZwHBHsUk6wZCNFEOZU/RXiPlLBSBVkSYVgzp48T6yj2lnNvD0u1y+naRTBHtgHFWCCE1AH16ABLIDBI3gGr+BNe9JetHftY9Ja0KYzu+APtM8f0uueOQ==</latexit><latexit sha1_base64="NID6N2wfloiaHMcUyJ9P7Dkd/yQ=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoQUoigooIRTfiqoKxhSaUyXTSDp08mJlIS5KfcOOvuHGh4taFO//GadqFth4YOPece7lzjxsxKqRhfGuFhcWl5ZXiamltfWNzS9/euRdhzDGxcMhC3nKRIIwGxJJUMtKKOEG+y0jTHVyN/eYD4YKGwZ0cRcTxUS+gHsVIKqmjH9oDFEWo4p0Pq/AC2h5HOLHTm8qwaqd2OrTTTJVeXmYdvWzUjBxwnphTUgZTNDr6l90NceyTQGKGhGibRiSdBHFJMSNZyY4FiRAeoB5pKxognwgnya/K4IFSutALuXqBhLn6eyJBvhAj31WdPpJ9MeuNxf+8diy9UyehQRRLEuDJIi9mUIZwHBHsUk6wZCNFEOZU/RXiPlLBSBVkSYVgzp48T6yj2lnNvD0u1y+naRTBHtgHFWCCE1AH16ABLIDBI3gGr+BNe9JetHftY9Ja0KYzu+APtM8f0uueOQ==</latexit><latexit sha1_base64="NID6N2wfloiaHMcUyJ9P7Dkd/yQ=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoQUoigooIRTfiqoKxhSaUyXTSDp08mJlIS5KfcOOvuHGh4taFO//GadqFth4YOPece7lzjxsxKqRhfGuFhcWl5ZXiamltfWNzS9/euRdhzDGxcMhC3nKRIIwGxJJUMtKKOEG+y0jTHVyN/eYD4YKGwZ0cRcTxUS+gHsVIKqmjH9oDFEWo4p0Pq/AC2h5HOLHTm8qwaqd2OrTTTJVeXmYdvWzUjBxwnphTUgZTNDr6l90NceyTQGKGhGibRiSdBHFJMSNZyY4FiRAeoB5pKxognwgnya/K4IFSutALuXqBhLn6eyJBvhAj31WdPpJ9MeuNxf+8diy9UyehQRRLEuDJIi9mUIZwHBHsUk6wZCNFEOZU/RXiPlLBSBVkSYVgzp48T6yj2lnNvD0u1y+naRTBHtgHFWCCE1AH16ABLIDBI3gGr+BNe9JetHftY9Ja0KYzu+APtM8f0uueOQ==</latexit>

f(x+�x) = f(x) + J(x)�x+O(k�xk2)
<latexit sha1_base64="qJxE0xcjF5Xz8cv9Cu/XCTz1mHM=">AAACH3icbVDLSgMxFM3UV62vqks3wSK0FMpMEaoLoagLcWMFxwqdsWTSTBuayQxJRlrafoobf8WNCxVx178xfYG2Hgg595x7Se7xIkalMs2hkVhaXlldS66nNja3tnfSu3v3MowFJjYOWSgePCQJo5zYiipGHiJBUOAxUvXaFyO/+kSEpCG/U92IuAFqcupTjJSW6ulSys928s4lYQrBTg6eQV3nYB5e62smw/xN1unPKqf/WMzV0xmzYI4BF4k1JRkwRaWe/nYaIY4DwhVmSMqaZUbK7SGhKGZkkHJiSSKE26hJappyFBDp9sYLDuCRVhrQD4U+XMGx+nuihwIpu4GnOwOkWnLeG4n/ebVY+Sduj/IoVoTjyUN+zKAK4Sgt2KCCYMW6miAsqP4rxC0kEFY605QOwZpfeZHYxcJpwbo9zpTPp2kkwQE4BFlggRIogytQATbA4Bm8gnfwYbwYb8an8TVpTRjTmX3wB8bwB0R9nvg=</latexit><latexit sha1_base64="qJxE0xcjF5Xz8cv9Cu/XCTz1mHM=">AAACH3icbVDLSgMxFM3UV62vqks3wSK0FMpMEaoLoagLcWMFxwqdsWTSTBuayQxJRlrafoobf8WNCxVx178xfYG2Hgg595x7Se7xIkalMs2hkVhaXlldS66nNja3tnfSu3v3MowFJjYOWSgePCQJo5zYiipGHiJBUOAxUvXaFyO/+kSEpCG/U92IuAFqcupTjJSW6ulSys928s4lYQrBTg6eQV3nYB5e62smw/xN1unPKqf/WMzV0xmzYI4BF4k1JRkwRaWe/nYaIY4DwhVmSMqaZUbK7SGhKGZkkHJiSSKE26hJappyFBDp9sYLDuCRVhrQD4U+XMGx+nuihwIpu4GnOwOkWnLeG4n/ebVY+Sduj/IoVoTjyUN+zKAK4Sgt2KCCYMW6miAsqP4rxC0kEFY605QOwZpfeZHYxcJpwbo9zpTPp2kkwQE4BFlggRIogytQATbA4Bm8gnfwYbwYb8an8TVpTRjTmX3wB8bwB0R9nvg=</latexit><latexit sha1_base64="qJxE0xcjF5Xz8cv9Cu/XCTz1mHM=">AAACH3icbVDLSgMxFM3UV62vqks3wSK0FMpMEaoLoagLcWMFxwqdsWTSTBuayQxJRlrafoobf8WNCxVx178xfYG2Hgg595x7Se7xIkalMs2hkVhaXlldS66nNja3tnfSu3v3MowFJjYOWSgePCQJo5zYiipGHiJBUOAxUvXaFyO/+kSEpCG/U92IuAFqcupTjJSW6ulSys928s4lYQrBTg6eQV3nYB5e62smw/xN1unPKqf/WMzV0xmzYI4BF4k1JRkwRaWe/nYaIY4DwhVmSMqaZUbK7SGhKGZkkHJiSSKE26hJappyFBDp9sYLDuCRVhrQD4U+XMGx+nuihwIpu4GnOwOkWnLeG4n/ebVY+Sduj/IoVoTjyUN+zKAK4Sgt2KCCYMW6miAsqP4rxC0kEFY605QOwZpfeZHYxcJpwbo9zpTPp2kkwQE4BFlggRIogytQATbA4Bm8gnfwYbwYb8an8TVpTRjTmX3wB8bwB0R9nvg=</latexit><latexit sha1_base64="qJxE0xcjF5Xz8cv9Cu/XCTz1mHM=">AAACH3icbVDLSgMxFM3UV62vqks3wSK0FMpMEaoLoagLcWMFxwqdsWTSTBuayQxJRlrafoobf8WNCxVx178xfYG2Hgg595x7Se7xIkalMs2hkVhaXlldS66nNja3tnfSu3v3MowFJjYOWSgePCQJo5zYiipGHiJBUOAxUvXaFyO/+kSEpCG/U92IuAFqcupTjJSW6ulSys928s4lYQrBTg6eQV3nYB5e62smw/xN1unPKqf/WMzV0xmzYI4BF4k1JRkwRaWe/nYaIY4DwhVmSMqaZUbK7SGhKGZkkHJiSSKE26hJappyFBDp9sYLDuCRVhrQD4U+XMGx+nuihwIpu4GnOwOkWnLeG4n/ebVY+Sduj/IoVoTjyUN+zKAK4Sgt2KCCYMW6miAsqP4rxC0kEFY605QOwZpfeZHYxcJpwbo9zpTPp2kkwQE4BFlggRIogytQATbA4Bm8gnfwYbwYb8an8TVpTRjTmX3wB8bwB0R9nvg=</latexit>



Condition number for matrix-vector multiplication
f(x) := Ax

<latexit sha1_base64="0lKMtxcVpC5/K2xnPXMg5JCqcLs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lE8AOEqhePFYyttKFstpt26e4m7G6kJfRXePGg4tW/481/Y9LmoK0PBh7vzTAzz48408a2v62FxaXlldXCWnF9Y3Nru7Sz+6DDWBHqkpCHquljTTmT1DXMcNqMFMXC57ThD24yv/FElWahvDejiHoC9yQLGMEmlR6DyvDo4vJqWOyUynbVngDNEycnZchR75S+2t2QxIJKQzjWuuXYkfESrAwjnI6L7VjTCJMB7tFWSiUWVHvJ5OAxOkyVLgpClZY0aKL+nkiw0Hok/LRTYNPXs14m/ue1YhOceQmTUWyoJNNFQcyRCVH2PeoyRYnho5Rgolh6KyJ9rDAxaUZZCM7sy/PEPa6eV527k3LtOk+jAPtwABVw4BRqcAt1cIGAgGd4hTdLWS/Wu/UxbV2w8pk9+APr8wd1/I8R</latexit><latexit sha1_base64="0lKMtxcVpC5/K2xnPXMg5JCqcLs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lE8AOEqhePFYyttKFstpt26e4m7G6kJfRXePGg4tW/481/Y9LmoK0PBh7vzTAzz48408a2v62FxaXlldXCWnF9Y3Nru7Sz+6DDWBHqkpCHquljTTmT1DXMcNqMFMXC57ThD24yv/FElWahvDejiHoC9yQLGMEmlR6DyvDo4vJqWOyUynbVngDNEycnZchR75S+2t2QxIJKQzjWuuXYkfESrAwjnI6L7VjTCJMB7tFWSiUWVHvJ5OAxOkyVLgpClZY0aKL+nkiw0Hok/LRTYNPXs14m/ue1YhOceQmTUWyoJNNFQcyRCVH2PeoyRYnho5Rgolh6KyJ9rDAxaUZZCM7sy/PEPa6eV527k3LtOk+jAPtwABVw4BRqcAt1cIGAgGd4hTdLWS/Wu/UxbV2w8pk9+APr8wd1/I8R</latexit><latexit sha1_base64="0lKMtxcVpC5/K2xnPXMg5JCqcLs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lE8AOEqhePFYyttKFstpt26e4m7G6kJfRXePGg4tW/481/Y9LmoK0PBh7vzTAzz48408a2v62FxaXlldXCWnF9Y3Nru7Sz+6DDWBHqkpCHquljTTmT1DXMcNqMFMXC57ThD24yv/FElWahvDejiHoC9yQLGMEmlR6DyvDo4vJqWOyUynbVngDNEycnZchR75S+2t2QxIJKQzjWuuXYkfESrAwjnI6L7VjTCJMB7tFWSiUWVHvJ5OAxOkyVLgpClZY0aKL+nkiw0Hok/LRTYNPXs14m/ue1YhOceQmTUWyoJNNFQcyRCVH2PeoyRYnho5Rgolh6KyJ9rDAxaUZZCM7sy/PEPa6eV527k3LtOk+jAPtwABVw4BRqcAt1cIGAgGd4hTdLWS/Wu/UxbV2w8pk9+APr8wd1/I8R</latexit><latexit sha1_base64="0lKMtxcVpC5/K2xnPXMg5JCqcLs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lE8AOEqhePFYyttKFstpt26e4m7G6kJfRXePGg4tW/481/Y9LmoK0PBh7vzTAzz48408a2v62FxaXlldXCWnF9Y3Nru7Sz+6DDWBHqkpCHquljTTmT1DXMcNqMFMXC57ThD24yv/FElWahvDejiHoC9yQLGMEmlR6DyvDo4vJqWOyUynbVngDNEycnZchR75S+2t2QxIJKQzjWuuXYkfESrAwjnI6L7VjTCJMB7tFWSiUWVHvJ5OAxOkyVLgpClZY0aKL+nkiw0Hok/LRTYNPXs14m/ue1YhOceQmTUWyoJNNFQcyRCVH2PeoyRYnho5Rgolh6KyJ9rDAxaUZZCM7sy/PEPa6eV527k3LtOk+jAPtwABVw4BRqcAt1cIGAgGd4hTdLWS/Wu/UxbV2w8pk9+APr8wd1/I8R</latexit>

(A;x) =
kAkkxk
kAxk

<latexit sha1_base64="iTnZsdUwkUBJpbCJ2z1kP5wBDKs=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+AQ52W0IqiIsOnF4wTrBmsZaZZuYekLSSob7T6CF7+KFw8qXr1689uYbj3o5gMhP/7/5yF5/m7EqJCG8a0VFhaXlleKq6W19Y3NLX17516EMcfEwiELectFgjAaEEtSyUgr4gT5LiNNd3Cd+c0HwgUNgzs5iojjo15APYqRVFJHP7QHKIpQpX4xPIKX0PY4womd1u3UTod2Os44uzt62agak4LzYOZQBnk1OvqX3Q1x7JNAYoaEaJtGJJ0EcUkxI+OSHQsSITxAPdJWGCCfCCeZLDSGB0rpQi/k6gQSTtTfEwnyhRj5rur0keyLWS8T//PasfTOnIQGUSxJgKcPeTGDMoRZOrBLOcGSjRQgzKn6K8R9pDKRKsOSCsGcXXkerOPqedW8PSnXrvI0imAP7IMKMMEpqIEb0AAWwOARPINX8KY9aS/au/YxbS1o+cwu+FPa5w+oNJya</latexit><latexit sha1_base64="iTnZsdUwkUBJpbCJ2z1kP5wBDKs=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+AQ52W0IqiIsOnF4wTrBmsZaZZuYekLSSob7T6CF7+KFw8qXr1689uYbj3o5gMhP/7/5yF5/m7EqJCG8a0VFhaXlleKq6W19Y3NLX17516EMcfEwiELectFgjAaEEtSyUgr4gT5LiNNd3Cd+c0HwgUNgzs5iojjo15APYqRVFJHP7QHKIpQpX4xPIKX0PY4womd1u3UTod2Os44uzt62agak4LzYOZQBnk1OvqX3Q1x7JNAYoaEaJtGJJ0EcUkxI+OSHQsSITxAPdJWGCCfCCeZLDSGB0rpQi/k6gQSTtTfEwnyhRj5rur0keyLWS8T//PasfTOnIQGUSxJgKcPeTGDMoRZOrBLOcGSjRQgzKn6K8R9pDKRKsOSCsGcXXkerOPqedW8PSnXrvI0imAP7IMKMMEpqIEb0AAWwOARPINX8KY9aS/au/YxbS1o+cwu+FPa5w+oNJya</latexit><latexit sha1_base64="iTnZsdUwkUBJpbCJ2z1kP5wBDKs=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+AQ52W0IqiIsOnF4wTrBmsZaZZuYekLSSob7T6CF7+KFw8qXr1689uYbj3o5gMhP/7/5yF5/m7EqJCG8a0VFhaXlleKq6W19Y3NLX17516EMcfEwiELectFgjAaEEtSyUgr4gT5LiNNd3Cd+c0HwgUNgzs5iojjo15APYqRVFJHP7QHKIpQpX4xPIKX0PY4womd1u3UTod2Os44uzt62agak4LzYOZQBnk1OvqX3Q1x7JNAYoaEaJtGJJ0EcUkxI+OSHQsSITxAPdJWGCCfCCeZLDSGB0rpQi/k6gQSTtTfEwnyhRj5rur0keyLWS8T//PasfTOnIQGUSxJgKcPeTGDMoRZOrBLOcGSjRQgzKn6K8R9pDKRKsOSCsGcXXkerOPqedW8PSnXrvI0imAP7IMKMMEpqIEb0AAWwOARPINX8KY9aS/au/YxbS1o+cwu+FPa5w+oNJya</latexit><latexit sha1_base64="iTnZsdUwkUBJpbCJ2z1kP5wBDKs=">AAACD3icbZBNS8MwGMfT+TbnW9Wjl+AQ52W0IqiIsOnF4wTrBmsZaZZuYekLSSob7T6CF7+KFw8qXr1689uYbj3o5gMhP/7/5yF5/m7EqJCG8a0VFhaXlleKq6W19Y3NLX17516EMcfEwiELectFgjAaEEtSyUgr4gT5LiNNd3Cd+c0HwgUNgzs5iojjo15APYqRVFJHP7QHKIpQpX4xPIKX0PY4womd1u3UTod2Os44uzt62agak4LzYOZQBnk1OvqX3Q1x7JNAYoaEaJtGJJ0EcUkxI+OSHQsSITxAPdJWGCCfCCeZLDSGB0rpQi/k6gQSTtTfEwnyhRj5rur0keyLWS8T//PasfTOnIQGUSxJgKcPeTGDMoRZOrBLOcGSjRQgzKn6K8R9pDKRKsOSCsGcXXkerOPqedW8PSnXrvI0imAP7IMKMMEpqIEb0AAWwOARPINX8KY9aS/au/YxbS1o+cwu+FPa5w+oNJya</latexit>

… is large if kAk � kAxk
kxk

<latexit sha1_base64="KGUbqW2O5tbSMyW8jSNNMChPuJA=">AAACBXicbVC7TsMwFL0pr1JeAUaEZFEhMVUJQgK2AgtjkQit1ESV4zqtVech20FUaScWfoWFARAr/8DG3+C0GaDlSNY9Pude2ff4CWdSWda3UVpYXFpeKa9W1tY3NrfM7Z07GaeCUIfEPBYtH0vKWUQdxRSnrURQHPqcNv3BVe4376mQLI5u1TChXoh7EQsYwUpLHXPfHV24I7fXQ24gMMn09cEdjXXNS8esWjVrAjRP7IJUoUCjY3653ZikIY0U4VjKtm0lysuwUIxwOq64qaQJJgPco21NIxxS6WWTNcboUCtdFMRCn0ihifp7IsOhlMPQ150hVn056+Xif147VcGZl7EoSRWNyPShIOVIxSjPBHWZoETxoSaYCKb/ikgf6ziUTq6iQ7BnV54nznHtvGbfnFTrl0UaZdiDAzgCG06hDtfQAAcIPMIzvMKb8WS8GO/Gx7S1ZBQzu/AHxucPcvmZVQ==</latexit><latexit sha1_base64="KGUbqW2O5tbSMyW8jSNNMChPuJA=">AAACBXicbVC7TsMwFL0pr1JeAUaEZFEhMVUJQgK2AgtjkQit1ESV4zqtVech20FUaScWfoWFARAr/8DG3+C0GaDlSNY9Pude2ff4CWdSWda3UVpYXFpeKa9W1tY3NrfM7Z07GaeCUIfEPBYtH0vKWUQdxRSnrURQHPqcNv3BVe4376mQLI5u1TChXoh7EQsYwUpLHXPfHV24I7fXQ24gMMn09cEdjXXNS8esWjVrAjRP7IJUoUCjY3653ZikIY0U4VjKtm0lysuwUIxwOq64qaQJJgPco21NIxxS6WWTNcboUCtdFMRCn0ihifp7IsOhlMPQ150hVn056+Xif147VcGZl7EoSRWNyPShIOVIxSjPBHWZoETxoSaYCKb/ikgf6ziUTq6iQ7BnV54nznHtvGbfnFTrl0UaZdiDAzgCG06hDtfQAAcIPMIzvMKb8WS8GO/Gx7S1ZBQzu/AHxucPcvmZVQ==</latexit><latexit sha1_base64="KGUbqW2O5tbSMyW8jSNNMChPuJA=">AAACBXicbVC7TsMwFL0pr1JeAUaEZFEhMVUJQgK2AgtjkQit1ESV4zqtVech20FUaScWfoWFARAr/8DG3+C0GaDlSNY9Pude2ff4CWdSWda3UVpYXFpeKa9W1tY3NrfM7Z07GaeCUIfEPBYtH0vKWUQdxRSnrURQHPqcNv3BVe4376mQLI5u1TChXoh7EQsYwUpLHXPfHV24I7fXQ24gMMn09cEdjXXNS8esWjVrAjRP7IJUoUCjY3653ZikIY0U4VjKtm0lysuwUIxwOq64qaQJJgPco21NIxxS6WWTNcboUCtdFMRCn0ihifp7IsOhlMPQ150hVn056+Xif147VcGZl7EoSRWNyPShIOVIxSjPBHWZoETxoSaYCKb/ikgf6ziUTq6iQ7BnV54nznHtvGbfnFTrl0UaZdiDAzgCG06hDtfQAAcIPMIzvMKb8WS8GO/Gx7S1ZBQzu/AHxucPcvmZVQ==</latexit><latexit sha1_base64="KGUbqW2O5tbSMyW8jSNNMChPuJA=">AAACBXicbVC7TsMwFL0pr1JeAUaEZFEhMVUJQgK2AgtjkQit1ESV4zqtVech20FUaScWfoWFARAr/8DG3+C0GaDlSNY9Pude2ff4CWdSWda3UVpYXFpeKa9W1tY3NrfM7Z07GaeCUIfEPBYtH0vKWUQdxRSnrURQHPqcNv3BVe4376mQLI5u1TChXoh7EQsYwUpLHXPfHV24I7fXQ24gMMn09cEdjXXNS8esWjVrAjRP7IJUoUCjY3653ZikIY0U4VjKtm0lysuwUIxwOq64qaQJJgPco21NIxxS6WWTNcboUCtdFMRCn0ihifp7IsOhlMPQ150hVn056+Xif147VcGZl7EoSRWNyPShIOVIxSjPBHWZoETxoSaYCKb/ikgf6ziUTq6iQ7BnV54nznHtvGbfnFTrl0UaZdiDAzgCG06hDtfQAAcIPMIzvMKb8WS8GO/Gx7S1ZBQzu/AHxucPcvmZVQ==</latexit>

The worst-case scenario:  x k vn
<latexit sha1_base64="2MvrPi+tOcG6yRYQl869eHhQs7E=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFYwttLJvttF262YTdTbWE/g8vHlS8+mO8+W/ctjlo64OBx3szzMwLE8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3f6zhVDH0Wi1g1QqpRcIm+4UZgI1FIo1BgPRxcT/z6EJXmsbwzowSDiPYk73JGjZUenloJVVQIFGTYlu1S2a24U5BF4uWkDDlq7dJXqxOzNEJpmKBaNz03MUFGleFM4LjYSjUmlA1oD5uWShqhDrLp1WNybJUO6cbKljRkqv6eyGik9SgKbWdETV/PexPxP6+Zmu5FkHGZpAYlmy3qpoKYmEwiIB2ukBkxsoQyxe2thPVtDMzYoIo2BG/+5UXin1YuK97tWbl6ladRgEM4ghPw4ByqcAM18IGBgmd4hTfn0Xlx3p2PWeuSk88cwB84nz/7SZJe</latexit><latexit sha1_base64="2MvrPi+tOcG6yRYQl869eHhQs7E=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFYwttLJvttF262YTdTbWE/g8vHlS8+mO8+W/ctjlo64OBx3szzMwLE8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3f6zhVDH0Wi1g1QqpRcIm+4UZgI1FIo1BgPRxcT/z6EJXmsbwzowSDiPYk73JGjZUenloJVVQIFGTYlu1S2a24U5BF4uWkDDlq7dJXqxOzNEJpmKBaNz03MUFGleFM4LjYSjUmlA1oD5uWShqhDrLp1WNybJUO6cbKljRkqv6eyGik9SgKbWdETV/PexPxP6+Zmu5FkHGZpAYlmy3qpoKYmEwiIB2ukBkxsoQyxe2thPVtDMzYoIo2BG/+5UXin1YuK97tWbl6ladRgEM4ghPw4ByqcAM18IGBgmd4hTfn0Xlx3p2PWeuSk88cwB84nz/7SZJe</latexit><latexit sha1_base64="2MvrPi+tOcG6yRYQl869eHhQs7E=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFYwttLJvttF262YTdTbWE/g8vHlS8+mO8+W/ctjlo64OBx3szzMwLE8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3f6zhVDH0Wi1g1QqpRcIm+4UZgI1FIo1BgPRxcT/z6EJXmsbwzowSDiPYk73JGjZUenloJVVQIFGTYlu1S2a24U5BF4uWkDDlq7dJXqxOzNEJpmKBaNz03MUFGleFM4LjYSjUmlA1oD5uWShqhDrLp1WNybJUO6cbKljRkqv6eyGik9SgKbWdETV/PexPxP6+Zmu5FkHGZpAYlmy3qpoKYmEwiIB2ukBkxsoQyxe2thPVtDMzYoIo2BG/+5UXin1YuK97tWbl6ladRgEM4ghPw4ByqcAM18IGBgmd4hTfn0Xlx3p2PWeuSk88cwB84nz/7SZJe</latexit><latexit sha1_base64="2MvrPi+tOcG6yRYQl869eHhQs7E=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFYwttLJvttF262YTdTbWE/g8vHlS8+mO8+W/ctjlo64OBx3szzMwLE8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3f6zhVDH0Wi1g1QqpRcIm+4UZgI1FIo1BgPRxcT/z6EJXmsbwzowSDiPYk73JGjZUenloJVVQIFGTYlu1S2a24U5BF4uWkDDlq7dJXqxOzNEJpmKBaNz03MUFGleFM4LjYSjUmlA1oD5uWShqhDrLp1WNybJUO6cbKljRkqv6eyGik9SgKbWdETV/PexPxP6+Zmu5FkHGZpAYlmy3qpoKYmEwiIB2ukBkxsoQyxe2thPVtDMzYoIo2BG/+5UXin1YuK97tWbl6ladRgEM4ghPw4ByqcAM18IGBgmd4hTfn0Xlx3p2PWeuSk88cwB84nz/7SZJe</latexit>

A = U⌃V >
<latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit><latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit><latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit><latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit>

A =


1000 0

0 10

�
and x =


0
1

�

<latexit sha1_base64="WHhrEVGbYk7pnA+F5ZOZRLswOgg="></latexit><latexit sha1_base64="WHhrEVGbYk7pnA+F5ZOZRLswOgg="></latexit><latexit sha1_base64="WHhrEVGbYk7pnA+F5ZOZRLswOgg="></latexit><latexit sha1_base64="WHhrEVGbYk7pnA+F5ZOZRLswOgg="></latexit>

Example:

Ax =


0
10

�

<latexit sha1_base64="vJZ0gebAVF8Br2/J+gouRRPJIOk=">AAACG3icbVBNS8NAEN3Ur1q/qh69LBbBU0lUUA9C1YvHClaFJpTNdtIu3WzC7kQsoT/Ei3/FiwcVT4IH/43bmoNfDwYe783szrwwlcKg6344panpmdm58nxlYXFpeaW6unZpkkxzaPFEJvo6ZAakUNBCgRKuUw0sDiVchYPTsX91A9qIRF3gMIUgZj0lIsEZWqlT3T2+pUeU+hIibPsh9ITKmdZsOMr5yPV9z/VBdQvJ16LXx6BTrbl1dwL6l3gFqZECzU71ze8mPItBIZfMmLbnphjYR1FwCaOKnxlIGR+wHrQtVSwGE+ST40Z0yypdGiXalkI6Ub9P5Cw2ZhiHtjNm2De/vbH4n9fOMDoIcqHSDEHxr4+iTFJM6Dgp2hUaOMqhJYxrYXelvM8042jzrNgQvN8n/yWtnfph3TvfqzVOijTKZINskm3ikX3SIGekSVqEkzvyQJ7Is3PvPDovzutXa8kpZtbJDzjvn1+ModI=</latexit><latexit sha1_base64="vJZ0gebAVF8Br2/J+gouRRPJIOk=">AAACG3icbVBNS8NAEN3Ur1q/qh69LBbBU0lUUA9C1YvHClaFJpTNdtIu3WzC7kQsoT/Ei3/FiwcVT4IH/43bmoNfDwYe783szrwwlcKg6344panpmdm58nxlYXFpeaW6unZpkkxzaPFEJvo6ZAakUNBCgRKuUw0sDiVchYPTsX91A9qIRF3gMIUgZj0lIsEZWqlT3T2+pUeU+hIibPsh9ITKmdZsOMr5yPV9z/VBdQvJ16LXx6BTrbl1dwL6l3gFqZECzU71ze8mPItBIZfMmLbnphjYR1FwCaOKnxlIGR+wHrQtVSwGE+ST40Z0yypdGiXalkI6Ub9P5Cw2ZhiHtjNm2De/vbH4n9fOMDoIcqHSDEHxr4+iTFJM6Dgp2hUaOMqhJYxrYXelvM8042jzrNgQvN8n/yWtnfph3TvfqzVOijTKZINskm3ikX3SIGekSVqEkzvyQJ7Is3PvPDovzutXa8kpZtbJDzjvn1+ModI=</latexit><latexit sha1_base64="vJZ0gebAVF8Br2/J+gouRRPJIOk=">AAACG3icbVBNS8NAEN3Ur1q/qh69LBbBU0lUUA9C1YvHClaFJpTNdtIu3WzC7kQsoT/Ei3/FiwcVT4IH/43bmoNfDwYe783szrwwlcKg6344panpmdm58nxlYXFpeaW6unZpkkxzaPFEJvo6ZAakUNBCgRKuUw0sDiVchYPTsX91A9qIRF3gMIUgZj0lIsEZWqlT3T2+pUeU+hIibPsh9ITKmdZsOMr5yPV9z/VBdQvJ16LXx6BTrbl1dwL6l3gFqZECzU71ze8mPItBIZfMmLbnphjYR1FwCaOKnxlIGR+wHrQtVSwGE+ST40Z0yypdGiXalkI6Ub9P5Cw2ZhiHtjNm2De/vbH4n9fOMDoIcqHSDEHxr4+iTFJM6Dgp2hUaOMqhJYxrYXelvM8042jzrNgQvN8n/yWtnfph3TvfqzVOijTKZINskm3ikX3SIGekSVqEkzvyQJ7Is3PvPDovzutXa8kpZtbJDzjvn1+ModI=</latexit><latexit sha1_base64="vJZ0gebAVF8Br2/J+gouRRPJIOk=">AAACG3icbVBNS8NAEN3Ur1q/qh69LBbBU0lUUA9C1YvHClaFJpTNdtIu3WzC7kQsoT/Ei3/FiwcVT4IH/43bmoNfDwYe783szrwwlcKg6344panpmdm58nxlYXFpeaW6unZpkkxzaPFEJvo6ZAakUNBCgRKuUw0sDiVchYPTsX91A9qIRF3gMIUgZj0lIsEZWqlT3T2+pUeU+hIibPsh9ITKmdZsOMr5yPV9z/VBdQvJ16LXx6BTrbl1dwL6l3gFqZECzU71ze8mPItBIZfMmLbnphjYR1FwCaOKnxlIGR+wHrQtVSwGE+ST40Z0yypdGiXalkI6Ub9P5Cw2ZhiHtjNm2De/vbH4n9fOMDoIcqHSDEHxr4+iTFJM6Dgp2hUaOMqhJYxrYXelvM8042jzrNgQvN8n/yWtnfph3TvfqzVOijTKZINskm3ikX3SIGekSVqEkzvyQJ7Is3PvPDovzutXa8kpZtbJDzjvn1+ModI=</latexit>

.    Then 

�x =


✏
0

�
. Then A(x+�x)�Ax = A�x =


1000✏
0

�

<latexit sha1_base64="XPXmPchipiFlbqez1Q05jcFCZhs="></latexit><latexit sha1_base64="XPXmPchipiFlbqez1Q05jcFCZhs="></latexit><latexit sha1_base64="XPXmPchipiFlbqez1Q05jcFCZhs="></latexit><latexit sha1_base64="XPXmPchipiFlbqez1Q05jcFCZhs="></latexit>

20

Check that  (A;x) = 100
<latexit sha1_base64="5LA6OJ2qvfCMtc97LE2IN4iYyS8=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREBBURql48VjC20Iay2W7bpZtN2N2oJfanePGg4tV/4s1/47bNQVsfDDzem2FmXhBzprTjfFu5hcWl5ZX8amFtfWNzyy5u36kokYR6JOKRbARYUc4E9TTTnDZiSXEYcFoPBldjv35PpWKRuNXDmPoh7gnWZQRrI7XtYmuA4xiXL84eD9A5ch2nbZecijMBmiduRkqQoda2v1qdiCQhFZpwrFTTdWLtp1hqRjgdFVqJojEmA9yjTUMFDqny08npI7RvlA7qRtKU0Gii/p5IcajUMAxMZ4h1X816Y/E/r5no7omfMhEnmgoyXdRNONIRGueAOkxSovnQEEwkM7ci0scSE23SKpgQ3NmX54l3WDmtuDdHpepllkYedmEPyuDCMVThGmrgAYEHeIZXeLOerBfr3fqYtuasbGYH/sD6/AG7yZHl</latexit><latexit sha1_base64="5LA6OJ2qvfCMtc97LE2IN4iYyS8=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREBBURql48VjC20Iay2W7bpZtN2N2oJfanePGg4tV/4s1/47bNQVsfDDzem2FmXhBzprTjfFu5hcWl5ZX8amFtfWNzyy5u36kokYR6JOKRbARYUc4E9TTTnDZiSXEYcFoPBldjv35PpWKRuNXDmPoh7gnWZQRrI7XtYmuA4xiXL84eD9A5ch2nbZecijMBmiduRkqQoda2v1qdiCQhFZpwrFTTdWLtp1hqRjgdFVqJojEmA9yjTUMFDqny08npI7RvlA7qRtKU0Gii/p5IcajUMAxMZ4h1X816Y/E/r5no7omfMhEnmgoyXdRNONIRGueAOkxSovnQEEwkM7ci0scSE23SKpgQ3NmX54l3WDmtuDdHpepllkYedmEPyuDCMVThGmrgAYEHeIZXeLOerBfr3fqYtuasbGYH/sD6/AG7yZHl</latexit><latexit sha1_base64="5LA6OJ2qvfCMtc97LE2IN4iYyS8=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREBBURql48VjC20Iay2W7bpZtN2N2oJfanePGg4tV/4s1/47bNQVsfDDzem2FmXhBzprTjfFu5hcWl5ZX8amFtfWNzyy5u36kokYR6JOKRbARYUc4E9TTTnDZiSXEYcFoPBldjv35PpWKRuNXDmPoh7gnWZQRrI7XtYmuA4xiXL84eD9A5ch2nbZecijMBmiduRkqQoda2v1qdiCQhFZpwrFTTdWLtp1hqRjgdFVqJojEmA9yjTUMFDqny08npI7RvlA7qRtKU0Gii/p5IcajUMAxMZ4h1X816Y/E/r5no7omfMhEnmgoyXdRNONIRGueAOkxSovnQEEwkM7ci0scSE23SKpgQ3NmX54l3WDmtuDdHpepllkYedmEPyuDCMVThGmrgAYEHeIZXeLOerBfr3fqYtuasbGYH/sD6/AG7yZHl</latexit><latexit sha1_base64="5LA6OJ2qvfCMtc97LE2IN4iYyS8=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREBBURql48VjC20Iay2W7bpZtN2N2oJfanePGg4tV/4s1/47bNQVsfDDzem2FmXhBzprTjfFu5hcWl5ZX8amFtfWNzyy5u36kokYR6JOKRbARYUc4E9TTTnDZiSXEYcFoPBldjv35PpWKRuNXDmPoh7gnWZQRrI7XtYmuA4xiXL84eD9A5ch2nbZecijMBmiduRkqQoda2v1qdiCQhFZpwrFTTdWLtp1hqRjgdFVqJojEmA9yjTUMFDqny08npI7RvlA7qRtKU0Gii/p5IcajUMAxMZ4h1X816Y/E/r5no7omfMhEnmgoyXdRNONIRGueAOkxSovnQEEwkM7ci0scSE23SKpgQ3NmX54l3WDmtuDdHpepllkYedmEPyuDCMVThGmrgAYEHeIZXeLOerBfr3fqYtuasbGYH/sD6/AG7yZHl</latexit>



Condition number for solving Ax = b

The worst-case scenario:  

A = U⌃V >
<latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit><latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit><latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit><latexit sha1_base64="3Vo05Xhw4uvJGTnBTOL8zjJTkg8=">AAAB+3icbVBNS8NAEN3Ur1q/oj16WSyCp5KIoB6EqhePFU1baGLZbDft0t1N2N0IIdS/4sWDilf/iDf/jds2B219MPB4b4aZeWHCqNKO822VlpZXVtfK65WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdjq4nfvuRSEVjca+zhAQcDQSNKEbaSD27egkvoAf9OzrgCLYefB0nPbvm1J0p4CJxC1IDBZo9+8vvxzjlRGjMkFJd10l0kCOpKWZkXPFTRRKER2hAuoYKxIkK8unxY3holD6MYmlKaDhVf0/kiCuV8dB0cqSHat6biP953VRHZ0FORZJqIvBsUZQyqGM4SQL2qSRYs8wQhCU1t0I8RBJhbfKqmBDc+ZcXiXdcP6+7tye1xlWRRhnsgwNwBFxwChrgBjSBBzDIwDN4BW/Wk/VivVsfs9aSVcxUwR9Ynz/2QZNA</latexit>

Example:

.  Then 
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Check that  

f(b) = A�1b
<latexit sha1_base64="eTI8MkeVe1IaozaLQ1cTtx7H3Xo=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCB0lLTNSDCerFIyZWSKCQ7bKFDdtts7vVkIb/4cWDGq/+GG/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1peWV3Lrxc2Nre2d4q7ew8qSiShLol4JJs+VpQzQV3NNKfNWFIc+pw2/OHNxG88UqlYJO71KKZeiPuCBYxgbaROUPaP0SW66qQnztjvFkt2xZ4CLRInIyXIUO8Wv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInGrlYuKc3daql1naeThAA6hDA6cQQ1uoQ4uEJDwDK/wZj1ZL9a79TFrzVnZzD78gfX5A4Z+kMc=</latexit><latexit sha1_base64="eTI8MkeVe1IaozaLQ1cTtx7H3Xo=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCB0lLTNSDCerFIyZWSKCQ7bKFDdtts7vVkIb/4cWDGq/+GG/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1peWV3Lrxc2Nre2d4q7ew8qSiShLol4JJs+VpQzQV3NNKfNWFIc+pw2/OHNxG88UqlYJO71KKZeiPuCBYxgbaROUPaP0SW66qQnztjvFkt2xZ4CLRInIyXIUO8Wv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInGrlYuKc3daql1naeThAA6hDA6cQQ1uoQ4uEJDwDK/wZj1ZL9a79TFrzVnZzD78gfX5A4Z+kMc=</latexit><latexit sha1_base64="eTI8MkeVe1IaozaLQ1cTtx7H3Xo=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCB0lLTNSDCerFIyZWSKCQ7bKFDdtts7vVkIb/4cWDGq/+GG/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1peWV3Lrxc2Nre2d4q7ew8qSiShLol4JJs+VpQzQV3NNKfNWFIc+pw2/OHNxG88UqlYJO71KKZeiPuCBYxgbaROUPaP0SW66qQnztjvFkt2xZ4CLRInIyXIUO8Wv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInGrlYuKc3daql1naeThAA6hDA6cQQ1uoQ4uEJDwDK/wZj1ZL9a79TFrzVnZzD78gfX5A4Z+kMc=</latexit><latexit sha1_base64="eTI8MkeVe1IaozaLQ1cTtx7H3Xo=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRmKCB0lLTNSDCerFIyZWSKCQ7bKFDdtts7vVkIb/4cWDGq/+GG/+GxfoQcGXTPLy3kxm5vkxZ0rb9reVW1peWV3Lrxc2Nre2d4q7ew8qSiShLol4JJs+VpQzQV3NNKfNWFIc+pw2/OHNxG88UqlYJO71KKZeiPuCBYxgbaROUPaP0SW66qQnztjvFkt2xZ4CLRInIyXIUO8Wv9q9iCQhFZpwrFTLsWPtpVhqRjgdF9qJojEmQ9ynLUMFDqny0unVY3RklB4KImlKaDRVf0+kOFRqFPqmM8R6oOa9ifif10p0cO6lTMSJpoLMFgUJRzpCkwhQj0lKNB8Zgolk5lZEBlhiok1QBROCM//yInGrlYuKc3daql1naeThAA6hDA6cQQ1uoQ4uEJDwDK/wZj1ZL9a79TFrzVnZzD78gfX5A4Z+kMc=</latexit>

(A�1; b) =
kA�1kkbk
kA�1bk = kA�1kkAxk

kxk
<latexit sha1_base64="o749HIFvsaeNFq9SKh5UztayhHg="></latexit><latexit sha1_base64="o749HIFvsaeNFq9SKh5UztayhHg="></latexit><latexit sha1_base64="o749HIFvsaeNFq9SKh5UztayhHg="></latexit><latexit sha1_base64="o749HIFvsaeNFq9SKh5UztayhHg="></latexit>

A�1 = V ⌃�1U>
<latexit sha1_base64="LRjKqJsCHQ4GoStvZGwLmT136vI=">AAACBHicbVC7TsMwFHV4lvIKMMJgUSGxUCUICRiQCiyMRZC2UpNWjuu0Vu04sh2kKurCwq+wMABi5SPY+BvcNgO0HOlKx+fcK997woRRpR3n25qbX1hcWi6sFFfX1jc27a3tmhKpxMTDggnZCJEijMbE01Qz0kgkQTxkpB72r0d+/YFIRUV8rwcJCTjqxjSiGGkjte29y1Z25A7hBaz5d7TL0eTptXwtkrZdcsrOGHCWuDkpgRzVtv3ldwROOYk1ZkippuskOsiQ1BQzMiz6qSIJwn3UJU1DY8SJCrLxFUN4YJQOjIQ0FWs4Vn9PZIgrNeCh6eRI99S0NxL/85qpjs6CjMZJqkmMJx9FKYNawFEksEMlwZoNDEFYUrMrxD0kEdYmuKIJwZ0+eZZ4x+Xzsnt7Uqpc5WkUwC7YB4fABaegAm5AFXgAg0fwDF7Bm/VkvVjv1sekdc7KZ3bAH1ifP4LrluI=</latexit><latexit sha1_base64="LRjKqJsCHQ4GoStvZGwLmT136vI=">AAACBHicbVC7TsMwFHV4lvIKMMJgUSGxUCUICRiQCiyMRZC2UpNWjuu0Vu04sh2kKurCwq+wMABi5SPY+BvcNgO0HOlKx+fcK997woRRpR3n25qbX1hcWi6sFFfX1jc27a3tmhKpxMTDggnZCJEijMbE01Qz0kgkQTxkpB72r0d+/YFIRUV8rwcJCTjqxjSiGGkjte29y1Z25A7hBaz5d7TL0eTptXwtkrZdcsrOGHCWuDkpgRzVtv3ldwROOYk1ZkippuskOsiQ1BQzMiz6qSIJwn3UJU1DY8SJCrLxFUN4YJQOjIQ0FWs4Vn9PZIgrNeCh6eRI99S0NxL/85qpjs6CjMZJqkmMJx9FKYNawFEksEMlwZoNDEFYUrMrxD0kEdYmuKIJwZ0+eZZ4x+Xzsnt7Uqpc5WkUwC7YB4fABaegAm5AFXgAg0fwDF7Bm/VkvVjv1sekdc7KZ3bAH1ifP4LrluI=</latexit><latexit sha1_base64="LRjKqJsCHQ4GoStvZGwLmT136vI=">AAACBHicbVC7TsMwFHV4lvIKMMJgUSGxUCUICRiQCiyMRZC2UpNWjuu0Vu04sh2kKurCwq+wMABi5SPY+BvcNgO0HOlKx+fcK997woRRpR3n25qbX1hcWi6sFFfX1jc27a3tmhKpxMTDggnZCJEijMbE01Qz0kgkQTxkpB72r0d+/YFIRUV8rwcJCTjqxjSiGGkjte29y1Z25A7hBaz5d7TL0eTptXwtkrZdcsrOGHCWuDkpgRzVtv3ldwROOYk1ZkippuskOsiQ1BQzMiz6qSIJwn3UJU1DY8SJCrLxFUN4YJQOjIQ0FWs4Vn9PZIgrNeCh6eRI99S0NxL/85qpjs6CjMZJqkmMJx9FKYNawFEksEMlwZoNDEFYUrMrxD0kEdYmuKIJwZ0+eZZ4x+Xzsnt7Uqpc5WkUwC7YB4fABaegAm5AFXgAg0fwDF7Bm/VkvVjv1sekdc7KZ3bAH1ifP4LrluI=</latexit><latexit sha1_base64="LRjKqJsCHQ4GoStvZGwLmT136vI=">AAACBHicbVC7TsMwFHV4lvIKMMJgUSGxUCUICRiQCiyMRZC2UpNWjuu0Vu04sh2kKurCwq+wMABi5SPY+BvcNgO0HOlKx+fcK997woRRpR3n25qbX1hcWi6sFFfX1jc27a3tmhKpxMTDggnZCJEijMbE01Qz0kgkQTxkpB72r0d+/YFIRUV8rwcJCTjqxjSiGGkjte29y1Z25A7hBaz5d7TL0eTptXwtkrZdcsrOGHCWuDkpgRzVtv3ldwROOYk1ZkippuskOsiQ1BQzMiz6qSIJwn3UJU1DY8SJCrLxFUN4YJQOjIQ0FWs4Vn9PZIgrNeCh6eRI99S0NxL/85qpjs6CjMZJqkmMJx9FKYNawFEksEMlwZoNDEFYUrMrxD0kEdYmuKIJwZ0+eZZ4x+Xzsnt7Uqpc5WkUwC7YB4fABaegAm5AFXgAg0fwDF7Bm/VkvVjv1sekdc7KZ3bAH1ifP4LrluI=</latexit>

kA�1k =
1

�n
<latexit sha1_base64="G4oOY7MlWEbR1Wcx9iXLNCe7oOQ=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFgEL5ZEBPUgVL14rGBsoYlhs920SzebsLsRSpqjF/+KFw8qXv0L3vw3btsctPXBwOO9GWbmBQmjUlnWt1Gam19YXCovV1ZW19Y3zM2tOxmnAhMHxywWrQBJwignjqKKkVYiCIoCRppB/2rkNx+IkDTmt2qQEC9CXU5DipHSkm/uusOL++zQzt0hPIduKBDO7DxzJe1GyOe5b1atmjUGnCV2QaqgQMM3v9xOjNOIcIUZkrJtW4nyMiQUxYzkFTeVJEG4j7qkrSlHEZFeNn4kh/ta6cAwFrq4gmP190SGIikHUaA7I6R6ctobif957VSFp15GeZIqwvFkUZgyqGI4SgV2qCBYsYEmCAuqb4W4h3QYSmdX0SHY0y/PEueodlazb46r9csijTLYAXvgANjgBNTBNWgAB2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkDZOWZKg==</latexit><latexit sha1_base64="G4oOY7MlWEbR1Wcx9iXLNCe7oOQ=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFgEL5ZEBPUgVL14rGBsoYlhs920SzebsLsRSpqjF/+KFw8qXv0L3vw3btsctPXBwOO9GWbmBQmjUlnWt1Gam19YXCovV1ZW19Y3zM2tOxmnAhMHxywWrQBJwignjqKKkVYiCIoCRppB/2rkNx+IkDTmt2qQEC9CXU5DipHSkm/uusOL++zQzt0hPIduKBDO7DxzJe1GyOe5b1atmjUGnCV2QaqgQMM3v9xOjNOIcIUZkrJtW4nyMiQUxYzkFTeVJEG4j7qkrSlHEZFeNn4kh/ta6cAwFrq4gmP190SGIikHUaA7I6R6ctobif957VSFp15GeZIqwvFkUZgyqGI4SgV2qCBYsYEmCAuqb4W4h3QYSmdX0SHY0y/PEueodlazb46r9csijTLYAXvgANjgBNTBNWgAB2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkDZOWZKg==</latexit><latexit sha1_base64="G4oOY7MlWEbR1Wcx9iXLNCe7oOQ=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFgEL5ZEBPUgVL14rGBsoYlhs920SzebsLsRSpqjF/+KFw8qXv0L3vw3btsctPXBwOO9GWbmBQmjUlnWt1Gam19YXCovV1ZW19Y3zM2tOxmnAhMHxywWrQBJwignjqKKkVYiCIoCRppB/2rkNx+IkDTmt2qQEC9CXU5DipHSkm/uusOL++zQzt0hPIduKBDO7DxzJe1GyOe5b1atmjUGnCV2QaqgQMM3v9xOjNOIcIUZkrJtW4nyMiQUxYzkFTeVJEG4j7qkrSlHEZFeNn4kh/ta6cAwFrq4gmP190SGIikHUaA7I6R6ctobif957VSFp15GeZIqwvFkUZgyqGI4SgV2qCBYsYEmCAuqb4W4h3QYSmdX0SHY0y/PEueodlazb46r9csijTLYAXvgANjgBNTBNWgAB2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkDZOWZKg==</latexit><latexit sha1_base64="G4oOY7MlWEbR1Wcx9iXLNCe7oOQ=">AAACB3icbVBNS8NAEN3Ur1q/oh49uFgEL5ZEBPUgVL14rGBsoYlhs920SzebsLsRSpqjF/+KFw8qXv0L3vw3btsctPXBwOO9GWbmBQmjUlnWt1Gam19YXCovV1ZW19Y3zM2tOxmnAhMHxywWrQBJwignjqKKkVYiCIoCRppB/2rkNx+IkDTmt2qQEC9CXU5DipHSkm/uusOL++zQzt0hPIduKBDO7DxzJe1GyOe5b1atmjUGnCV2QaqgQMM3v9xOjNOIcIUZkrJtW4nyMiQUxYzkFTeVJEG4j7qkrSlHEZFeNn4kh/ta6cAwFrq4gmP190SGIikHUaA7I6R6ctobif957VSFp15GeZIqwvFkUZgyqGI4SgV2qCBYsYEmCAuqb4W4h3QYSmdX0SHY0y/PEueodlazb46r9csijTLYAXvgANjgBNTBNWgAB2DwCJ7BK3gznowX4934mLSWjGJmG/yB8fkDZOWZKg==</latexit>

x k v1, or b k u1
<latexit sha1_base64="c67POlt8cL47YVVOuqP6OiZdHRk=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBZBQUoignorevFYwdhCE8Jmu2mXbrJhd1MsofkLXvwrXjyoePXmzX/jtg2orQ8GHu/NMDMvSBiVyrK+jNLC4tLySnm1sra+sbllbu/cSZ4KTBzMGRetAEnCaEwcRRUjrUQQFAWMNIP+1dhvDoiQlMe3apgQL0LdmIYUI6Ul3zy6dxMkEGOEwYFvH+d55ooIcjHK8+DHSn3bN6tWzZoAzhO7IFVQoOGbn26H4zQiscIMSdm2rUR5GRKKYkZGFTeVJEG4j7qkrWmMIiK9bPLSCB5opQNDLnTFCk7U3xMZiqQcRoHujJDqyVlvLP7ntVMVnnsZjZNUkRhPF4Upg4rDcT6wQwXBig01QVhQfSvEPR0DVjrFig7Bnn15njgntYuafXNarV8WaZTBHtgHh8AGZ6AOrkEDOACDB/AEXsCr8Wg8G2/G+7S1ZBQzu+APjI9vC5Wd6A==</latexit><latexit sha1_base64="c67POlt8cL47YVVOuqP6OiZdHRk=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBZBQUoignorevFYwdhCE8Jmu2mXbrJhd1MsofkLXvwrXjyoePXmzX/jtg2orQ8GHu/NMDMvSBiVyrK+jNLC4tLySnm1sra+sbllbu/cSZ4KTBzMGRetAEnCaEwcRRUjrUQQFAWMNIP+1dhvDoiQlMe3apgQL0LdmIYUI6Ul3zy6dxMkEGOEwYFvH+d55ooIcjHK8+DHSn3bN6tWzZoAzhO7IFVQoOGbn26H4zQiscIMSdm2rUR5GRKKYkZGFTeVJEG4j7qkrWmMIiK9bPLSCB5opQNDLnTFCk7U3xMZiqQcRoHujJDqyVlvLP7ntVMVnnsZjZNUkRhPF4Upg4rDcT6wQwXBig01QVhQfSvEPR0DVjrFig7Bnn15njgntYuafXNarV8WaZTBHtgHh8AGZ6AOrkEDOACDB/AEXsCr8Wg8G2/G+7S1ZBQzu+APjI9vC5Wd6A==</latexit><latexit sha1_base64="c67POlt8cL47YVVOuqP6OiZdHRk=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBZBQUoignorevFYwdhCE8Jmu2mXbrJhd1MsofkLXvwrXjyoePXmzX/jtg2orQ8GHu/NMDMvSBiVyrK+jNLC4tLySnm1sra+sbllbu/cSZ4KTBzMGRetAEnCaEwcRRUjrUQQFAWMNIP+1dhvDoiQlMe3apgQL0LdmIYUI6Ul3zy6dxMkEGOEwYFvH+d55ooIcjHK8+DHSn3bN6tWzZoAzhO7IFVQoOGbn26H4zQiscIMSdm2rUR5GRKKYkZGFTeVJEG4j7qkrWmMIiK9bPLSCB5opQNDLnTFCk7U3xMZiqQcRoHujJDqyVlvLP7ntVMVnnsZjZNUkRhPF4Upg4rDcT6wQwXBig01QVhQfSvEPR0DVjrFig7Bnn15njgntYuafXNarV8WaZTBHtgHh8AGZ6AOrkEDOACDB/AEXsCr8Wg8G2/G+7S1ZBQzu+APjI9vC5Wd6A==</latexit><latexit sha1_base64="c67POlt8cL47YVVOuqP6OiZdHRk=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBZBQUoignorevFYwdhCE8Jmu2mXbrJhd1MsofkLXvwrXjyoePXmzX/jtg2orQ8GHu/NMDMvSBiVyrK+jNLC4tLySnm1sra+sbllbu/cSZ4KTBzMGRetAEnCaEwcRRUjrUQQFAWMNIP+1dhvDoiQlMe3apgQL0LdmIYUI6Ul3zy6dxMkEGOEwYFvH+d55ooIcjHK8+DHSn3bN6tWzZoAzhO7IFVQoOGbn26H4zQiscIMSdm2rUR5GRKKYkZGFTeVJEG4j7qkrWmMIiK9bPLSCB5opQNDLnTFCk7U3xMZiqQcRoHujJDqyVlvLP7ntVMVnnsZjZNUkRhPF4Upg4rDcT6wQwXBig01QVhQfSvEPR0DVjrFig7Bnn15njgntYuafXNarV8WaZTBHtgHh8AGZ6AOrkEDOACDB/AEXsCr8Wg8G2/G+7S1ZBQzu+APjI9vC5Wd6A==</latexit>

A =


1000 0

0 10

�
and b =


1
0

�

<latexit sha1_base64="6zdLyy9emWbPHgVRJ8Rj7b293rI="></latexit><latexit sha1_base64="6zdLyy9emWbPHgVRJ8Rj7b293rI="></latexit><latexit sha1_base64="6zdLyy9emWbPHgVRJ8Rj7b293rI="></latexit><latexit sha1_base64="6zdLyy9emWbPHgVRJ8Rj7b293rI="></latexit>

x = A�1b =


10�3

0

�

<latexit sha1_base64="eOyuwfsnCGZvNyZt+6G6Uqq5j+k="></latexit><latexit sha1_base64="eOyuwfsnCGZvNyZt+6G6Uqq5j+k="></latexit><latexit sha1_base64="eOyuwfsnCGZvNyZt+6G6Uqq5j+k="></latexit><latexit sha1_base64="eOyuwfsnCGZvNyZt+6G6Uqq5j+k="></latexit>

�b =


0
✏

�
. Then A�1(b+�b)� x = A�1�b =


0

0.1✏

�

<latexit sha1_base64="XvMVJzuB1Bf79awt6lPa90swK+w="></latexit><latexit sha1_base64="XvMVJzuB1Bf79awt6lPa90swK+w="></latexit><latexit sha1_base64="XvMVJzuB1Bf79awt6lPa90swK+w="></latexit><latexit sha1_base64="XvMVJzuB1Bf79awt6lPa90swK+w="></latexit>

(A�1; b) = 100
<latexit sha1_base64="Uvl/Ooq2tppzBzkX893LKo2o6q0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksQj1YEhFURKh68VjB2EIby2a7bZduNsvuRighF/+KFw8qXv0b3vw3btoctPXBwOO9GWbmBYJRpR3n2yrMzS8sLhWXSyura+sb9ubWvYpiiYmHIxbJZoAUYZQTT1PNSFNIgsKAkUYwvM78xiORikb8To8E8UPU57RHMdJG6tg77SESAlUuH5JDNz0PDuAFdB2n1LHLTtUZA84SNydlkKPesb/a3QjHIeEaM6RUy3WE9hMkNcWMpKV2rIhAeIj6pGUoRyFRfjJ+IIX7RunCXiRNcQ3H6u+JBIVKjcLAdIZID9S0l4n/ea1Y9079hHIRa8LxZFEvZlBHMEsDdqkkWLORIQhLam6FeIAkwtpkloXgTr88S7yj6lnVvT0u167yNIpgF+yBCnDBCaiBG1AHHsAgBc/gFbxZT9aL9W59TFoLVj6zDf7A+vwBQomTyQ==</latexit><latexit sha1_base64="Uvl/Ooq2tppzBzkX893LKo2o6q0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksQj1YEhFURKh68VjB2EIby2a7bZduNsvuRighF/+KFw8qXv0b3vw3btoctPXBwOO9GWbmBYJRpR3n2yrMzS8sLhWXSyura+sb9ubWvYpiiYmHIxbJZoAUYZQTT1PNSFNIgsKAkUYwvM78xiORikb8To8E8UPU57RHMdJG6tg77SESAlUuH5JDNz0PDuAFdB2n1LHLTtUZA84SNydlkKPesb/a3QjHIeEaM6RUy3WE9hMkNcWMpKV2rIhAeIj6pGUoRyFRfjJ+IIX7RunCXiRNcQ3H6u+JBIVKjcLAdIZID9S0l4n/ea1Y9079hHIRa8LxZFEvZlBHMEsDdqkkWLORIQhLam6FeIAkwtpkloXgTr88S7yj6lnVvT0u167yNIpgF+yBCnDBCaiBG1AHHsAgBc/gFbxZT9aL9W59TFoLVj6zDf7A+vwBQomTyQ==</latexit><latexit sha1_base64="Uvl/Ooq2tppzBzkX893LKo2o6q0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksQj1YEhFURKh68VjB2EIby2a7bZduNsvuRighF/+KFw8qXv0b3vw3btoctPXBwOO9GWbmBYJRpR3n2yrMzS8sLhWXSyura+sb9ubWvYpiiYmHIxbJZoAUYZQTT1PNSFNIgsKAkUYwvM78xiORikb8To8E8UPU57RHMdJG6tg77SESAlUuH5JDNz0PDuAFdB2n1LHLTtUZA84SNydlkKPesb/a3QjHIeEaM6RUy3WE9hMkNcWMpKV2rIhAeIj6pGUoRyFRfjJ+IIX7RunCXiRNcQ3H6u+JBIVKjcLAdIZID9S0l4n/ea1Y9079hHIRa8LxZFEvZlBHMEsDdqkkWLORIQhLam6FeIAkwtpkloXgTr88S7yj6lnVvT0u167yNIpgF+yBCnDBCaiBG1AHHsAgBc/gFbxZT9aL9W59TFoLVj6zDf7A+vwBQomTyQ==</latexit><latexit sha1_base64="Uvl/Ooq2tppzBzkX893LKo2o6q0=">AAAB/3icbVBNS8NAEN3Ur1q/oh48eFksQj1YEhFURKh68VjB2EIby2a7bZduNsvuRighF/+KFw8qXv0b3vw3btoctPXBwOO9GWbmBYJRpR3n2yrMzS8sLhWXSyura+sb9ubWvYpiiYmHIxbJZoAUYZQTT1PNSFNIgsKAkUYwvM78xiORikb8To8E8UPU57RHMdJG6tg77SESAlUuH5JDNz0PDuAFdB2n1LHLTtUZA84SNydlkKPesb/a3QjHIeEaM6RUy3WE9hMkNcWMpKV2rIhAeIj6pGUoRyFRfjJ+IIX7RunCXiRNcQ3H6u+JBIVKjcLAdIZID9S0l4n/ea1Y9079hHIRa8LxZFEvZlBHMEsDdqkkWLORIQhLam6FeIAkwtpkloXgTr88S7yj6lnVvT0u167yNIpgF+yBCnDBCaiBG1AHHsAgBc/gFbxZT9aL9W59TFoLVj6zDf7A+vwBQomTyQ==</latexit>


