MATH 436
HOMEWORK 3
DUE SEPTEMBER 25, 2007

SOLUTIONS

(1) Compute the curvature and torsion of the curve ac: R — R? given by
a(t) = (acosh(t),asinh(t), bt),
where a,b € R are constants.

Solution: We'll use the following formulae:

(axa)
flaxal?
so we need to compute some derivatives:

o = (acosh(t), asinh(t), bt)
= (asinh(t), a cosh(t),b)
= (acosh(t), asinh(t),0)
= (asinh(t), a cosh(t),0)

So let’s compute the things we need for x and 7:

&l = \/a2 sinh?(t) 4 a2 cosh?(t) + b2

— \/2a2 sinh?(t) 4 a2 + b2
& x & = (absinh(t), —abcosh(t), a®)

é x & || = /2022 sinh?(¢) + (52 + a?)
& x & = (—absinh(t), abcosh(t), —a®)
(& x &) - & = a®b.
Plugging these into (1) and (2), we get
\/2a2b2 sinh?(t) + a2(b? + a?)
(2a2 sinh*(t) + a2 + b2)3/2
- a’b
 2a2b?sinh?(t) + a2(b? 4 a2)

There are many, many different ways to write these, so your answer may look slightly
different.

O
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SOLUTIONS
(2) Let B: (—1,1) — R3 be defined by

B(s) = <(1 +3s)3/27 (1 —33)3/27 %)

Show 3 is a unit speed curve. Compute its tangent vector, principal normal vector,
and binormal vector, and compute each of their first derivatives with respect to s.

Proof. We compute ,8 to verify that we have a unit-speed curve:

5 Vits J1-5s 1
B 2 2 V2
2 14s 1-s 1

4+4+2

|8

= 1.

So we have the tangent vector B, we now need to compute ﬁ in order to compute
the principal normal.

. 1 1
= (4\/1—#374\/1 —S’O)
P 1 1
HﬁH ~ 16149 16(1 =)
1
8(1—s?)

1

\/8(1—s2)’

So kK =

and the principal normal is

1.

n=—f
1—s 1+s
Vo).

And it is now trivial to compute the binormal:

b=8Bxn

B V1+s V/1—s5 /1+s 1+s+\/1—s 1—s
B 2 2 2 V2 2 V2
B Vi+s Vy1—s 1
B 2 2 \A)
So we’ve got the tangent vector and its derivative, the principal normal, and the

binormal; finding b gives us 7, which we could use to compute the derivative of the
principal normal, but it is easier to compute directly.

1 1
- <_4\/1+s’_4\/1 —570)
B

= —RKN.
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1

\/8(1—s2)

This means 7 = k = . We now can compute

S ! 0
B —s) VB+s) )
L]

(3) Is there a simple closed curve in the plane with length equal to 6 feet bounding an
area of 3 square feet? If so, give an example; if not, tell why not.

Answer: No, this would violate the Isoperimetric Inequality, since 3 > %. O
(4) Let v: R — R? be the curve
~(t) = ([cos(3t) + 2] cos(t), [cos(3t) + 2] sin(t)) .
Show « is a simple closed curve, and compute the area of its interior.

Proof. 1t is clear that v has period 2w. Computing the area of the interior is pretty
easy; let’s identify some functions we’ll need.

x(t) = [cos(3t) + 2] cos(t)
= cos(t) cos(3t) + 2 cos(t)
y(t) = [cos(3t) + 2] sin(?)
= sin(t) cos(3t) + 2sin(t)
&(t) = —sin(t) cos(3t) — 3 cos(t) sin(3t) — 2sin(t)
y(t) = cos(t) cos(3t) — 3sin(t) sin(3t) + 2 cos(t).
Now the area of the interior is
2
Afint() = 5 [ i =) a
9
=5
I used Maple to evaluate this integral, because I am lazy. 0
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