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Properties of idealized, two-dimensional current distributions on circular loops are
investigated analytically via the solution of a constrained optimization problem.
The directivity in the far field is maximized under a fix€d=N/T, whereN is the
integral of the square of the current magnitude @rid the total radiated powe€

enters the ensuing Fourier series for the current implicitly through a Lagrange
multiplier «. For non-negativer and large electrical radiusa, the directivity and

the current are evaluated approximately via combined use of the Poisson summa-
tion formula and the Mellin transform technique. As a result, a geometrical-ray
representation for the current is derived for the case of directivities that are slightly
larger than that of the uniform distribution. The analysis indicates certain advan-
tages of large radiating structures for moderate values of the cong@raint the

limit C—o of Oseen’s “Einstein needle radiation,” an asymptotic formula for the
directivity is obtained. Possible extensions of these results to classes of smooth
convex loops are briefly discussed. ZD00 American Institute of Physics.
[S0022-24880)04109-9

I. INTRODUCTION

In a recent paper,a theoretical scheme for studying properties of monochromatic, highly
directive source distributions was formulated and analyzed. The first step is to pose a constrained
optimization problem for the optimum continuous source distribution, the solution of which is
then shown to satisfy a Fredholm integral equation of the second kind. In this equation, the
constraint enters implicitly via a non-negative Lagrange multiplietn Ref. 1, the sources are
classical currents along a fixed axis, generating electromagnetic fields that obey Maxwell's equa-
tions in free space.

In this paper, the aforementioned scheme is applied to two-dimensional sources that lie on
large circular loops of radiua, under the conditiotka>1, wherek is the wave number. These
sources appear as boundary data for the scalar wave equation. Two considerations motivating this
work are the following. The first consideration is that, due to the continuous rotational symmetry
of the source region, the integral equation can be solved exactly. Alternatively, the optimization
problem can be solved directly, with no recourse to the integral equation. Exact solutions of this
type have been given elsewhésee, e.g., Ref. 1 and the references therein, especially the studies
by Katsenelenbaum and Shalukhiand by Angell and co-workets The most familiar exact
solution involves source distributions of uniform magnitude that generate the maximum directivity
by constructive interference, herein called “the reference case”; it corresponds-t* The
present paper focuses on the case of l&c@and positivea, where the optimum sources produce
directivities higher than that of the reference case. Insight into this demanding problem is obtained
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C

FIG. 1. The three-dimensional geometry of the problem considered in this pggmeeral formulation C is the cross
section of an infinitely long cylindrical shell that extends alongzteis. The arrows show the direction of thénvariant
surface currenh(s)z.

by deriving simple asymptotic formulas for the optimum source distributions, as well as for the
directivity. Necessarily, these sources are oscillatory in nature.

The second consideration is that, for the case of the electromagnetic fields, the source distri-
butions may serve as a model for axially ) invariant surface currents flowing in infinitely long,
highly conducting cylindrical shells along the axia)) (direction. The constraining quantity mea-
sures the efficiency of the radiating system in the plane transverse to the cylindrichlTaes.
geometry is depicted in Fig. 1 for an arbitrary, simple closed cdres the boundary. Notably,
interesting properties of electrically large, convex cylindrical shells have been indicated by recent
experimental and theoretical work on resonant circular arrays of cylindrical dipolas. dis-
cussed in Sec. IX, it is hoped that, conversely, the present study may offer some insight into
similar properties of currents in convexpncirculararrays of dipoles. Such properties have not as
yet been observed experimentally. An outline of the present paper is provided in the following.

Section Il is devoted to the derivation of suitable series expansions describing the optimum
current, directivity, and constraint. The starting point is a familiar boundary-value problem for the
wave equation in two space dimensions. In Sec. lll, the reference aas@)(is studied in detail
for a large circular loop; in particular, an asymptotic expansion is derived for the directivity.
Sections IV-VI deal with the asymptotic evaluation of the directivity as a function of the con-
straint whenka>1 and «>0. In Sec. VII, the results of these calculations are discussed, with
emphasis on the possible theoretical advantages of large radiating structures. Section VIII provides
a description for the asymptotic behavior of the optimum current for moderate values of the
constraintC. Thee™'“! time dependence is suppressed throughout the analysis.

II. PRELIMINARIES

As depicted in Fig. 2C is the boundary of a simply connected regiBnin two space
dimensions, wittRNC=. Consider the boundary-value probfem
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FIG. 2. The geometry of the problem in two space dimensigeseral formulation R is the cross section of the cylinder
of Fig. 1 andC is the boundary oR.

V2U(r)+k?U(r)=0, re&N\C,
U(r) twice continuously differentiable ir€,\C,
U(r) continuous acrosg, (2.1
AUt (N lan—aU—(r)ldn=h(s), rec,
AU (r)/ar—ikU(r)=o(r 13, r=|[r|—o,

where&, denotes the entire two-dimensional Euclidean spkds,a fixed positive number, and
dU*/dn is the derivative ofU(r) in the outward local normal t@ as the position vector
approacheg from the exterior of¢ (+) or fromR (—).” h(s) is assumed to be continuous and
have the finite norm/N, wheré

1
_ 2
N= Lds|h(s)| . 2.2

L.=fcds andds is the usual measure @h U(x,y) is interpreted as the sole)( component of
the vector potential in the Lorentz gauge due to the surface current distriby(spa oscillating
with frequencyw=kc in a long cylindrical shell of cross sectigh(see Fig. 1, wherec is the
velocity of light in vacuum.

This boundary-value problem admits the solution

i
U(r):Zfds' HB(kr—r(s"))h(s'). (2.3
c
The associated far-field pattern is defined as

) [akr 1 e '
g i(kr+m/4) Tu(r)}:L_CLdS/ e—|kr(¢)~r(s)h(s/)' (2.4

wheref =7 (¢) = (cose¢,sing) (0< $p<27). The power flux and the total radiated povieer unit
length are

A 4 .
np(r)=L— lim

c kr—oe

S(¢)=9(P)[?, (2.9
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FIG. 3. The circular loop.

T=%f:ﬁd¢ (). (2.6

Following the analysis in Ref. 1, define
D=P/T, P=S(¢y), (2.7)
C=NI/T, (2.9

whereD is the directivity in a given directiob,. In the electromagnetic cas€, measures the
efficiency of the radiating system, becauséas proportional to the dissipation losses.
Attention now focuses on currents that produce the maxirbumnder a fixedC. Such an

optimum currenh(s) =h(s) uniquely solves the following problem:

Problem 2.1:Given k and C, maximize P for fixed N, T, and phase Arg(fy)=0 [f,
=f(eo)].

All optimum currents can be obtained via multiplicationfufs) by arbitrary nonzero con-
stants. By use of the method of Lagranbés) is found to satisfy a Fredholm integral equation of
the second kind:?

E(s)+Lins' Jo(K|r(s)—r(s")|)h(s")=elki(@o) 1(s) (2.9
cJcC

where « is essentially a Lagrange multiplier, taken to be non-negative, Janis the Bessel
function of ordem.

A. Optimum source distribution on the circle

When( is a circle of radius centered at the origits=ad, as depicted in Fig.)3h(s) can
be obtained in simple closed form. The starting point is the Fourier expansion

R(s(e)=i(¢)= 2 Tne", (2.10

wheref,, are coefficients yet to be determined. It follows that
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WH)= 2 fodn(ka)e"@m2), (2.1
foel 2

P= :2_ f J,(ka)en(@o=m2) (2.12

N= 2 Ifl% (2.13

T=n;_ |l 230 (ka)2. (2.14

Due to the continuous rotational symmetry of the current-carrying region, it is immaterial
what the value ofp, is. For definiteness, také,= w/2. BecauseN and T depend only on the
magnitudesf,|, it is advantageous to maximiZ first by keeping all f,| fixed and varying the
phases Ard, . For nonzero coefficient,, the choice

fo real (2.15

is made conveniently without loss of generality. The sigrf phas no significance; if is zero,
a remedy is to changea slightly by invoking the continuity of each, in ka. Accordingly, the

maximum of
% 2
P=| > f.Jn(ka) (2.16
n=-—ow
is attained by taking alf , to be real. Consider
fodn(ka)=0, n=0,*x1,*2,.... (2.17
The task is thus assigned to maximize the function
VP= 2 fun(ka), (2.18
by keeping fixed the\ andT of Egs.(2.13 and(2.14).
The method of Lagrange furnisies
\]n(ka)_)\1fn_)\2~]n(ka)2fn:0a
or
Jn(ka)
=N ad (ka)?’ (2.19

where a=\,/\;, and XN is a constant that may be set equal to 1 since it is irrelevant to the
maximization ofD. Consequently,

oo

N Jn(ka) ing
J(¢,a)—1(¢)—n:_wmze : (2.20

This current generates the real far field
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©

Jn(ka)?
W= S ok

in(é—ml2)
W= 1+ ad (ka)2® ' (2.21

The ensuing optimum quantities of interest are

o Jakay?
Pl@= 2 15 k@ @22
_y ke
N@)= 2 T ad ka2’ (223
- Jn(ka)*

T(a)= 2,

2. [T+ ady (k)2 (229

Alternatively, one may expand the kernel of the integral equa®o® as®

!

Jow)= > J(ka)2e"@=¢)  w=2kasin 5

n=—w

. ¢,¢' €[0,2m). (2.29

The eigenfunctions of the homogeneous counterpart of E€) aree™? for the circle(n: inte-
gen, with eigenvaluesy,= — J,(ka)2. The procedure to obtain E(R.20) is outlined in Appendix
E of Ref. 1.

B. Alternative representations

The original series representatiot&20 and (2.22—(2.24) can be converted into series of
integrals by application of the Poisson summation forn{ake Appendix A'! Thus,

, S J,(ka) i . .
= o vo iv(m— ) pl2rmy
i(#)= 2 | dvi ggpletrer e dem, (2.26
. ” JV(ka)z i27my
x/P(a)—Zm;_m Odv1+aJV(ka)2e , (2.27)
N(a)=2 i “d Juka)? gl2mm» (2.28
YT Jo T M e (k)P '
Ta)=2 i " J,(ka)* gizmme (229
Y Jo T M ad (k)PP '
Introduce
A(v)=3HMP(ka), B(v)=3HP(ka). (2.30
There exist functions;= 7,(v) and 7,= 7,(v) such that
1+iva J,(ka)=7p(1+ 7,A)(1+ 7,B). (2.31)

This equation leads to a system of nonlinear equations{fow) and ,(v), viz.,

1+ 2AB)=1, mr=ia, (2.32
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with the solution

_ 2iVa
T 1+ 4aAB

Successive decompositions into partial fractions give
Jka)  (=2iYa)"t  (=2iVa)"
1+ad,(ka)® 1+iJad,(ka) 1—ivVad,(ka)

1 A B
~ 5+aAB|1- (1A 1-(7B)?)

1
72=§(1+ V1+4aAB). (2.33

(2.39

In this last expression, only the bracketed terms exhibit oscillatiomsdrieading order inka) ~*
whenka>1. In the following, Eqs(2.26—(2.29 are treated analytically fdta>1.

Ill. REFERENCE CASE (a=0)

The case withe=0 deserves some special attention. The resulting optimum current is the
familiar uniform distribution

©

i(¢;0)= Z_ J,(ka)en®=glkasiné, (3.0

The other quantities of interest are

¢0(f)=¢(f;0)=% Ozwd(aqb’)eika”‘ﬂcos‘f"=J0(2kasin(¢/2— wl4)), (3.2
VPO)=N(0)= > Jn(ka)*=1, (3.3
T(0)= 2 Jn(ka)*=To(ka). (3.4

A. Asymptotic formula for  Ty(ka)

A convenient, alternative expression fog(ka) is

1 2m 2 (w2
To(ka)=—f d¢|¢o(f)|2=—f d6Jy(2kasin6)2. (3.5
2 0 mJo
Its Mellin transform read$®

= = T(OT(3-30)
_ -4 Y L L
To({) JO d(ka) (ka) “To(ka)=2 risige (3.6

Note that for R&=c, and Im{=y— * oo,
To(§)=0(ly| ~*~%). 3.7

The inversion formula fofo(g) is
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Im¢
A
Csp )\ {-plane
L
cme 2 ofefs a2 . ometr Rel
A
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FIG. 4. Pole configuration for the integrand of £§.8) (m=0, 1, 2, ..). I'; is the original inversion path in E¢3.8),
andI", serves the evaluation dfy(ka) in terms of power serie€3.33).

1 Cotie
T(,(ka)=2—7TiJc | dZ To(O)(ka)*™ 1, 0<co<1
0700

_ L1 e I (-9
T 2mwka 2w Jo i ¢ ri+o)3

(2ka)?¢, o0<c’'<i, (3.9

where( is replaced by 2 in the first line and Legendre’s duplication formula is invoked.
Equation(3.7) indicates that an asymptotic expansiofifgfka) cannot be obtained by merely

shifting the inversion contour in the left half of thieplane and calculating the relevant residues

(see Fig. 4. Additional contributions come from two imaginary saddle pointg, that give rise

to oscillations inka. To extract these oscillations, let

1 /2 1 (=2
To(ka)=;Ref0 de Hgl>(2kasine)2+;J0 doH{V(2kasing)HP)(2kasin 6).

(3.9

Evaluation of the first integral is carried out along the positive imaginary axis and the axis
Ref#=x/2,Im >0, as shown in Fig. 5:

|m_9 _____________
A Y
A Y
0 /2 R(;G

FIG. 5. Integration pattiwith arrows for Eq. (3.10.
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J doH{(2kasing)? =—|—zf dt Ko(2kasinht)? fdtH(l)(Zkacosht)2

(3.10
To(ka)=Im7Z,(ka)+Z,(ka), (3.11

1 )
zl(ka):—f dt H{Y(2kacosht)?, (3.12

7 Jo

1 (=2
Iz(ka)=;f d6[Jo(2kasing)?+ Yq(2kasin6)?]. (3.13
0

For ka>1, the major contribution to integration ify(ka) arises from the end poirit=0, indi-
cating that the resulting asymptotic expansion exhibits oscillationsainThe situation is dis-
tinctly different forZ,(ka). These two cases are treated separately.

The change of variable = sinh¢/2)e~'™*in Z;, rotation of the integration path by/4 in the
counterclockwise sense, and use of the formula

. /2
Hgl)(x):el(xfrrM) R 1—

result in retaining the first three terms of an asymptotic expansiofi;for

[ 9

1
&_W—’_O(F as X—® (314)

o (1) s o2\ 2 .
7,(ka) = WMJ d,uHO (2ka(1+2iu?)) —(2mka) ket 1 9% 281 i
0 Vitin® 3ka 2(3%a)

(3.15

This procedure can be readily carried out ad infinitum.
The evaluation of,(ka) is more involved. By use of the Mehler—Sonine forntfila

2 o)
Yo(X)=— p JO dtcogxcosht), x>0, (3.19

and the elementary integrals

f dx x ¢cosx=I"(1-¢)sin(w{l2), 0<Rel<1, (3.173
0
I'(3-30)
J dt (cosht)é~ 1—{ 2 2 Res<1, (3.17H
F(l_zg)
the Mellin transform ofYy(bx) (b>0,x>0) is found to be
- bé F(1-9r(3-30)
dx X ¢Y,(bx)=— sin(w¢l2 . 3.1
J o ¥t = =2 —sinimaie) == (318
The combination of this result with the known formtfla
4 ©
Jo(x)Z—YO(x)Z:;f dt Yo(2x cosht) (3.19
0

and Eq.(3.17D yields
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dex X [ Io(X)2= Yo(x)2]=sin(w{/2)I(£), (3.20
0
_ 1_T(A-9r(-3¢)?
I(¢)=——2¢ . 3.2
(0= 22— (320
Note thatZ(¢) is holomorphic for R&<0.
It follows from Egs.(3.13 and(3.20 and the integral
12 Vo T30
ing){l="_ >
fo dé(sinf) 2 Ttig (3.22
that the Mellin transform of,(ka) equals
T,(0)= fwd(ka) (ka) ‘T,(ka), O0<Rel(<1
0
2672 _
=— HO+T
Tra-sorarip O
I'(3-30°T(30)?
— g 3pi-2 , (3.23
! rG+10)
T,(¢)=0(ly| *~%e ™M), Ref=c,, Im{=y—=o. (3.24

Z,(0) — To(¢) is holomorphic for R&<0. Compare with Eq(3.7).

Evidently, Z,({) has double poles at,,_.=—2m (m=0,1,2,..). Inview of Eq.(3.24), an
asymptotic expansion df,(ka) can be obtained by merely shifting the contour in the left half of
the ¢ plane and summing the relevant residues. In the vicinity of gach,*

fz(é)(ka)g_lN1 ke L A ( +[2¢(1+2m) = 3y(5+m)
2\ 2 (2m2r(i—m)s | ({—¢m-)? ?
+In(ka/2)] é—t“m}' (3.25
d 1
tp(z):d—zlnl“(z), ¢(1+Z):E+¢(Z)’ (3.26
Y(1)=—y=—-0.5772156649-, (i)=—y—2In2. (3.27)

Hence, forka>1 and positive integeM,

1 Cotioe -1
Iz(ka): 2_77|J’C : ngZ(g)(ka) y 0<C0<1
o~ i®

1G22 (-ym(1)\° )

where (a), is Pochhammer’s symbol, i.e.,
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1.0

0.8

0.6
Tolka)

exact

_— approximate

04

0.2

2 4 6 8
ka

(@)

0.0

o

10

0.8

exact

0.6
—_— approximate
Totka)

0.4

0.2

0.0 ——
0

(b)

FIG. 6. (a) Comparison of the exact serié3.4) with the term[ y+In(32ka)]/(7?ka) of approximate formul&3.30. (b)
Comparison of the exact seri€3.4) with the first two termgincluding the cosineof approximate formuld3.30.

(a)o=1, (dp=ala+l)---(atm-1), m=12,.... (3.29

An asymptotic formula forTy(ka) follows from Egs.(3.11), (3.15, and (3.28 with Egs.
(3.26), (3.27, and(3.29 andM=2:

Tk In(32ka)+ vy 1 " y 9w e B
0( a)N ’772ka. - (zwka)g/zcoi a+ )_ 16(27Tk&)525|n( a+ )
In(32ka)—3+y 281m?
T ek | 51 2nmkayRCodAkat mla). (3.30

Compare with Ref. 15. The first three terms of this asymptotic forrtupeto the first cosine
provide remarkable accuracy even for low valuekaf(ka=0.5). See Figs. ® and Gb) for
comparisons with the numerically computed exact series. The corresponding formuly for
= NO/TO and DOZ PO/TO iS
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m’ka m  cog4ka+ w/4)

Co=Do~ > inExa | 1T 2 (ke "yt in(3ka)] |

ka>1. (3.3)

B. Exact formula for Ty(ka)

In Eq. (3.8), allow the original integration path to envelope the positive real &ig. 4). In
the vicinity of each simple polé,,,=m+3 (m=0,1,2,..),

NO?*TG-0 (-p™iTm+3)? 1

. 3.3
Fhro? M TmeD? i 332
The evaluation and summation of the residues give
1 & I(m+3)?
To(ka)= ;mz,o W(—4k2az M=,F4(4,%1,1,1;— 4k%a?). (3.33
,F3 is a hypergeometric serié8.
IV. POWER FLUX P(a)
A. Case a<<ka
For O<a<Kka, series(2.22) is recast in the fori{"18
VP(a)=1—aTy(ka)+2a? 5 In(ka)® —a? Jolka® 4.0
« “lo Y S Trad,(ka)? ¢ 1+ ady(ka)? '
2 1/3
~1—aTy(ka)+2 G @’Gp(w) as ka—x, (4.2)
where
ka\ 23
=« 7 , (43)
G = fw d alG) 0 4.4
p(X) = B §mz, x>0. (4.4
By virtue of expansion(3.30),
Inka a _
\/P(a)=1—am+0 k_a , a<0(1). (4.5

If «is scaled ag/ka, the leading term of the asymptotic expansion &y produces a term
that exactly cancels the logarithfeee Appendix R It follows from approximation(4.2) and Eq.
(C48 of Appendix C that

3 a« ka 3In(4m -1

o
VP(a)~ —?Em;—Tk—a, w>1, a<ka. (4.6)

This expansion breaks down wher=O(ka).
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B. a=0(ka)

In view of decompositior(2.34), the integrand of Eq2.27) for m=0 is written as

V(ka)2 osd (nos
m (v)+Fp>(v). 4.7
The F° defined as
1+ 72AB[  A? B2
(050 \ — 1
Fp o (v)= 2+ aAB| 1= (1A? 1—(7-18)2 4.9
is oscillatory inv when 0O<wv<ka. In contrast, theFfjnos given by
2AB
(nos —
Fe(v) T§+ aAB 4.9
is not oscillatory to the leading order ifk#) ~*.
Accordingly,
VP(@)=2 2 [ZEEN(a) + TR @)+ Too (@), (4.10
ka )
I (@) = f dv FE%(v)e'2™™, (4.1
0
ka .
IO (@)= f dv FE%(v)e'2™™, (4.12
0
To- @)= fxd ™ (413
P=ml @)= | " 1¥ ad (ka) ' '
The inspection of then+#0 terms suggests tHat
P(a)~2[Z52h-o(@) + Tp= m-ol )], (4.14
which is useful for alle=0
In particular, fora=0(ka),
P(a) ~22g?sr2n ola). (4.15

This approximation can be justified heuristically by noticing that the width of the critical integra-
tion range in formula4.14) is roughly determined by the condition

ad,(ka)?=0(1). (4.1
According to Ref. 10,

1
FOoS(p)~ 11— ,
Py J1ta[1l-(vka)] 72

(4.17)

where
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a2 4.1
a=_ (4.18
It follows from Eq. (4.12 that
ka 1 dx
7899 (a)=— 1—f 4.1
pem=o(@)= " 0 V1+4aA(kax)B(kax) 419
2 1-Z 4.2
~ —=[1-Zu(a)], (4.20
1 (1_X2)l/4
ZP(E):J0 dx[(l—x2)1’2+ﬂ1’2' (4.21)
With the change of variable=2t/(1+1?),
2@ =— Jl‘“(l_tZ)z - (4.22
)= s .
P tra o (1+? Ja-19)(1- <20
il 4.2
= Tva 423
Ze(@) is evaluated in terms of the complete elliptic integralandII, as follows°
Consider each one of the two integrals arising from the decomposition
1-1%)2 2 1+t2)24+2(1-t?
( 2)2:_ 2t ( ) 2(2 )- (4.24
(1+t%) 1+t (1+t?)

The first integral is identified withl,(1,«). In view of the identity

d| JA-t)(1-k)] 1
dt 1+t - (1- k%D
o142 1-12 1+3K222 212 45

the second integral is evaluated as

1odt (1+t9)%+2(1-t%)  1+3«? 1
jo(1+t2)2 JI-D(1-x2?) 14 My(1) + 32 B(x). (4.26

Equation(4.21) then gives

Zp(@)=V1+alE(x)— (1= x*)y(1x)]. (4.27)
With approximation(4.20 anda=0O(1),

I8 (@)~ %{1— VI+alE(k)— (1= k) (1.6)]}. (4.28

It is easily verified that this formula can be extendedvtoka, whenZy(a) becomes of the order
of 1/\Ja. From expressioii4.15),
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FIG. 7. Comparison of the exact serigs22 for \JP(a) with approximate formuld4.29.

4
JP(a)~ W—E{l— Vi+a[E(k)—(1—k)I1(16)]}, a<O0O(1). (4.29

This formula is compared with the original exact se(@222 in Fig. 7. It is verified thatx scales
asal/(ka).

It remains to check whether the preceding formula connects smoothly to expadsthn
Indeed, withx’ = \1— x? and the expansions

E—11I41’23I413’4O'6I—1 4.3
() =1+ g\ =g+ gg| I — gz« FO 7 Ins ). (439
(1 _1| 4+7T+7T_2 /2+O /4| 1 ! O+ 4.3
N ’K)_Enx’ R «'*In—| as k'—0", (4.3

it becomes evident thd#.29 reproduces all three terms of expansidib).

C. Considerations for a>O0(ka)
It is worthwhile noting that
I8 _o(@)=O(ka/a), a>ka. (4.32

Condition (4.16) indicates that the integrélp-. ,—o of formula (4.14) should be invoked.
For sufficiently largea, the principal contribution to integration ifip-.. ,,— arises from a
range outside the transitional region for the Bessel funcfigkccordingly,

Zp> m=o(@)~Ip(a), (4.33
where
I _ka = dy g2kalA—=®(7)] 43
P(a)_; 1 p?-1 1+ (n?—1) Yeg2kal A=l (4.34
O ()= I+ \PP— 1)~ P~ 1, (4.39
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A i 4.3
= 2ka"2nka’ (439
The analysis is facilitated by introduction of the variable
=0 ! In(7%—1 = 4.3
s=®(m+ 507" =1, 7=n(s). (4.37)

The major contribution to integration arises fray O(A) with a width { (ka) ~*]. It is found
through differentiation of both sides of the preceding equation that when

A—Olnka A<O 4.3
|A]= xa |’ <0, (4.38

n(A)—1 becomes of the order ok&) ~?® and the integration in Eq4.13 for m=0 needs to
take into account the transitional region of the Bessel function. Then for(du8 apparently
breaks down. This remains a reasonable approximation if

Inka

0=s—A< ka

or
A>0. (4.39
In some detalil,

ka (= a2ka(A—s)
)= ) 7 ) ey

1
1+é

—kaAllfmd’At A=t
= [n(A) =1+ LA AT 5 7 A B

7T2

24aka

- l%a[ n(A)—1]+ 7'(A), ka=>1, kaA>1, (4.40

where the prime here denotes differentiation with respect to the argument. The following three
cases are distinguished far.

1. A>1

Starting with the asymptotic expansion

|277 2'”77 > ! o(1/%3 4.4
s(np)=n n—+ H+E WJF (1/n°) as np—oo, (4.4))

define anny= 70(s) such that

27
5= r;olnTO. (4.42

If terms of the order of b or smaller are neglected in expansi@41), then
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2 3 (M)
A)~70(A) =z mo(A)In 70(A) = 7= 5

A1, (4.43
Through successive iterations of E¢.42),

INA  (INA)2=InA  (InA)3—(5/2(INA)2+InA
1+ —+ +

ANy=——
(A= oNe N X i
INA)*—(13/3(InA)3+(9/2)(INA)2—InA InA)°
, (N D)= (13300 1)*+(9/2)(In ) v (D) ] wad
A4 A®
, 1 1 InA-1 (InA)2-3InA+1
A= = ——— =
In[270(A)] A A? A3
INA)3—(11/2(InA)2+6 InA—1 InA)*
+( )7—( )(_ ) +o(_) , (4.45
A* A°
1! 1
770(A)=O W as A—>00, (4.46)
where
A=’ 4.4
= n?. ( . D
An asymptotic formula fol , ensues from expansigd.40:
ka
o~ —[mo(A)~11. (4.49
In particular,
. 1 Ina Ininin « Ininln a2 »
P>"“:(’(oz)_ﬂlnlna T nine T Inin a as a—es. (4.49
2. A=0(1)
Clearly,
ka 1
lp(a)=;[n(/\)—1]+0[(aka) 1, (4.50
where
A~nIn(n+\n’=1)—(n*—1)*2 (4.5))

This approximate equation faj can be solved numerically for fixed.
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3. 1<€kaA<ka
For (ka)?3(In ka)**<kaA <ka, the term

* In(7%>—1
4ka n(7l - )
can be neglected in E¢4.37):
ka ka| 1l
lp(a)~—[n(A)—1]=— 5(3A)2/3+O(A4/3) : (4.52

For 1<kaA <(ka)?%(Inka)®®, the previously neglected logarithm needs to be taken into
account. The scaling

£=2%ka)?3(5—1), A=3kaA/2, &=¢&(s)>0, (4.53
leads to
E(AN)%P+ EIng(A)~A, A>1, (4.54
which in turn gives
EM~A1- A ' INA— 5A 4(InA)%+ ZA2InA]. (4.55

I () is readily evaluated from approximati@d.40 with the neglect ofy”(A).

D. Asymptotic formula for P(«)

The foregoing discussion suggests that the integfé,r@’s%zo and Zp-. n—o become of the
same order in magnitude wher<Q\ = O(1), thesecond one dominating wheér>1. The leading

term for JP(a) is

2k
VPla)~ = (1-VIFa[E() - (1- AL+ [n(A) -1}, (456

to all orders ina, where

1
s=n(s)IL7(s)+Vn(s)*=11=Vn(s)*= 1+ z—In[7(s)*~1]. (4.57
«a, k, andA are defined by Eqg4.18), (4.23), and(4.36).
V. CURRENT NORM

The asymptotic analysis fo¥(«) is quite similar to that forn/P(«).

A. Case a<<fka

The exact serie€2.23 is recast in the form

c 3. (ka)® Jn(ka)®
_1_ 2 n n
N(@)=1-2aTo(ka)+2a%| 23 T 5+ 2 o5
3+2alq(ka)?
2 6
ok S (ka) 72
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1/3
~1-2aTy(ka)+2 kz—a) @[2Gp(@)+Gy(@)], (5.1
where
oc Ai(§)8
GN(X)ZJA_wdfﬁ, x>0. (5.2

@ andGp(x) are defined by Eqg4.3 and(4.4). In analogy with Eq(4.5 and expansiori4.6),

Inka
N(a)=1-2a0a——+0| —

—a , as0(1), (5.3

ka

6 a ka 6In(47)—10 a  _
N(a)~1- —Zia In———z— a>1, a<ka (5.9
ka « ka
B. a=0(ka)
In consideration of decompositid2.34), let

J,(ka)?

I (os9 (nos
[ ad (ka2 TN T, (5.5
where
1 A? 2AB 7 A)? B2
FR®(0) = — 7 pavias ISV (nA) 7+ 772
(15+aAB)? | [1-(7A)*]?  1—(7AB)? 1—(1,A)*  [1—(7,B)?]
. 2AB (m,B)? 6
1—(r2AB)2 1—(7,B)? |’ (5.6
2AB 1
(nog .\ —
PN )=z AR 1= (ZAB) S
71, are defined by Eq2.33. With the definition&®
ka .
I ()= fo dv F0%9(p)ei2mm, (5.9
ka .
T{®) (@)= fo dv F199(p)ei2mm», (5.9
Iy m(@)= f L e (5.10
N>, mi & "I1+ad, (ka2 '
it is evident that onlyZ{{°%) _ andZy-. ;- contribute to the lowest order irk&) ~*:
N(a@)~2[Z{%% o( @)+ Iy> m-o(@)]. (5.1
Now considera=O(ka). By analogy with Eq(4.20),
I\ (@)~ 7 Zy(a), (5.12
where
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FIG. 8. Comparison of the exact serigs23 for N(«) with approximate formuld5.17).

2 (1—1t2)? 1
ZN@‘(HW’ZL o020 (010 (513

anda and « are defined by Eqg4.18 and(4.23. The use of the equalities

(1-t?)? 1 4 1 (1—k?)2 1
N N 7 7t = ATV (5.19
(1+t9)(1— k“t9) kS 1+k°1+t° k7 (1+k°) 1—«k°t
and
d [1-+2 11—kt 1—«? 1 51
al'Vimewr)“eN 12 T Ceevinaoan O
yields
. 3 2 oll.(1 K(k)—aE(k) -
N(E)_ m l( 1K) Tr ( . 6)

whereK is the complete elliptic integral of the first kiﬁBIf\,”gfznzo(a) is evaluated from formula
(5.12. This formula can be extended to>ka.
The ensuing leading term foM(«) reads

N(a)~2Z{%) o

K(k)—aE(k)

l1-a

2I14(1,x)— , a<0(ka). (5.17

4
ml+a
See Fig. 8 for a comparison of this expression with the exact sgigsg).

It is noted in passing that witk’ = \'1— «2, the expansion&.30), (4.31), and

,29|47
el 6

4 1
|n7—1 K'4+0(K’6ln7), k'—0%, (5.19

K | 4 1
(k)= n7+Z

reproduce all three terms of expansi@4).
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C. Considerations for a>O0(ka)
By following the steps of Sec. IV C, one gets
IN>,m=0(CY)~|N(01), (5.19
where

ka [~ d,)7 e2ka[A7<I>(77)]
In(a)= . N (11 (77— 1) TeZar -0y

1 1 o t
=227 <A>+4akafo d‘[’? (Mm

1
1+¢€t

t
‘”(A‘m
2

a
Wﬂ"’([\), ka>1, kaA>1. (5.20

1 A
~og WA
®(7n) andA are given by Eqs(4.35 and(4.36). With the variables of Eq. (4.37),

4 =1{] + 2_1 +iﬂ o 5.2
7' (s)=1In[7(s)+Vn(s) ] oka m(s)2-1| (5.21)
1. A>1

From Eq.(5.22),

1
7' (A)~ (5.22
In[ 7(A)+\n(A)?—1]
- (5.23
In[270(A) ]’ '
where 7q(s) is defined by Eq(4.42. Furthermore,
75 (A)=0[A™2(InA)7?], A—oo. (5.24
It is evident that
I L A t A 2
N(a)~z77( )Nzﬁo( ) (5.29
with recourse to expansia@.45. Of particular interest is the asymptotic formula
1 1 Ininin Ininin a\?
I m=0l®)= 5 i a Inin a Inin a as a=ee. (5.29
2. A=0(1)
Obviously,
1 !
In(a)~ 5= 7' (A). (5.27)

7' (A) is given by formula(5.22), in combination with approximatiot4.51).
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3. 1<kaA<ka
For (ka)?®<kaA <ka, the term proportional tokia) ~* in Eq. (5.21) can be neglected:

1 ’ 1 -1/3
In(a)~ 57" (A)~5—(3A) (5.28

If 1<kaA <(ka)?®, both terms in Eq(5.23 need to be retained. From E@.53),

ka 1/3 1

(M)~ =

TN ) G T e )]
ka|\¥3_ 1InA 1 1 (nA)? 5InA
2 12 A  4A 72 A2 48 A2

It is now a trivial matter to write down an expansion g «).

D. Asymptotic formula for  N(a)

The foregoing discussion suggests th fﬂnzo(a) becomes of the same order of magnitude
asZy> m-o(@) when a=0[ (ka)"¥(Inka)??]. This entails that & kaA =O(Inka). The leading
term for N(«) to all orders in«a is

A DY A Gl GO R T (530
W\/lTE 1( rK) o a77( )r .

1
wherea and k are defined by Eq$4.18 and(4.23, and the derivative;’ (A) is evaluated from
Eq. (5.21) with (4.37).

N(a)~

VI. TOTAL POWER T(a)

Despite the equality

T(a) (6.1

_ JP(@)~N(a)

the derivation of an asymptotic formula fof «) is somewhat tricky. For instance, it is clearly not
allowed to replace in Eq6.1) VP(a) andN(«) for all a<O(ka) by expressiong4.29 and
(5.17) that involve complete elliptic integrals. These terms produce an erroneous formiigafor
whena becomes small.

A. a<O[(ka)??]

From Egs.(4.2) and(5.1),

: (6.2

45
T(a)~To(ka)— k—Z[Gp(aHGN("&)], a=a

whereGp and Gy are defined by Eq94.4) and(5.2), andTy(ka) corresponds to the reference
case already examined in Sec. lll. For present purposes, it suffices to take

v+In(32ka)

To(ka)~ 2ka

. ka>1. (6.3
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B. a>(ka)?®

By invoking the large-argument approximations of Appendix B &4(@) and Gy(«), and
scalinga by ka inside the logarithms, the right-hand side of form(#a2) becomes

4w _ 31 ka 6In4m—13
To(ka) ~ 1= [Gpl(@)+ Gn(@) ]~ — I —+ — 7 —, 6.4

provided thata>1 while a<1. Both of these terms are correctly reproduced by (Bdl) with
formulas(4.29 and(5.17), and expansion&t.30 and(5.18. Without further adoT(«) is

1 E(x)—aK(k)
Jita 1-a
@ and k are defined by Eqg4.18 and (4.23. This formula breaks down whem= O[ (ka)%?].

For larger values of, contributions in serief2.29 representing’ («) arise from terms with
m=0 andv>0(ka). Finally, a combination of expressiof4.56 and(5.30 yields

T(a)~ . (ka)?P<a=0(ka). (6.5

m’ka a?

2ka 1  E(x)—aK(k) , 23
T~? _\/]_TE - +[7](A)—l]—%7](1\) , a>(ka)“s. (6.9

VIl. REMARKS ON C AND D OPTIMUM

It is worthwhile noting the following.

(i) As pointed out in Sec. Il, the constraifit of Eq. (2.8) is intended as a measure of the
efficiency of the radiating system in they plane. In the electromagnetic case, the efficiency
should express the ratio

dissipation (Ohmic) losses
total radiated power -

The Ohmic losses are obtained via multiplicatiorGdtka) by a quantity independent af Thus,
for a fixed given frequencw, it is desirable to employ the ratio

Ce= c 7.1
e ka’ (7.2)
(i) It follows from Egs.(4.2), (5.1), and(6.2) that
D/Dg P In(32ka) +y
=kaTg—~kaTp~ ———, a<ka, ka>1, (7.2

Ce N

where the subscript 0 corresponds to the reference case, while
In(32ka)+vy ~ )t

Ce=Cela)~| ——z—— —4a[Gp(a)+ Gn(a)] (7.3

Gp and Gy are given by Eqs(4.4) and(5.2). In particular,
2l ka 13|71 .
Ce(a)'v? In;+|n(4w)—€ . (ka)?P<a<ka. (7.4

Note that fora<O(ka), D/Dg increases moderately above 1 at the expense of a moderate
increase in the constrai@,. The slope oD/Dg, qua function ofC,, is logarithmic inka.
For a=0(ka),
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o5l ka = 10,000
D/Dq ka = 1000
20—
15—
1.0
0

Ce =Clka

FIG. 9. Normalized directivityD/D vs constraintC, for different values ofka. D is the directivity of a uniform
distribution (reference casea=0.

D/Do_, _ 2a
Ce =kKa OW(E)y - '7Tka.

=0(1), (7.9

while C, depends orw andka only throughea. In the above)V(«) is a known function that is
expressed in terms of the complete elliptic integfake Secs. IV and VIt follows that for fixed
C., D/Dy increases logarithmically ika.

These remarks can be verified by direct comparison with Fig. 9. Notice the range\adr
which D/D varies almost linearly irC,.

(iii) According to formulag4.56), (5.30, and(6.1), if

ka<a<(ka)"¥(Inka)??, (7.6)
then
2ka
Pla)~—, (7.7)
o
VP(a) 2ka
Therefore,
b_. P k 2I 2k
D—O—T0?~2 aT0~?[n(3 a)+y]. (7.9)

Evidently, this value requires an extremely large constr@int
(iv) In the limit C—oo (or a—), expression$4.49 and (5.26) furnish

In o

C(a)N%’ I:)(a)wlnlna

as a —o, (7.10

which in turn lead to
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In(CInC)

~ e as C—ow. (7.1

Note that this formula is independent ko& and signifies Oseen’s “Einstein needle radiatiot?
An underlying condition wheka>1 reads

|C k 7.1
nk—a>a, (7.12

which stems from the condition>1 by invoking Eq.(4.36).

VIIl. OPTIMUM CURRENT j(¢)
By inspection of Eq(2.20),

j(m=¢)=j(¢), (—d)=]"(). 8.1

Without loss of generality, one may assume @< /2.

A. Remarks on the integral equation

For sufficiently smalle, an approximate expression for the current can be obtained from the
integral equatior(2.9) according to the iterative schefe

!

¢ )j(pl)(¢'):e‘k35i“¢, p=1.2,.., (8.2

2kasin

i (P)( ).,.i 27Td "3
(e 27 Jo ¢’ Jo

jO(p)=glkasine, (8.3
which results in a Neumann series. Evidently,

p

i()=ekasnit 3 |~ =] g(¢), a<ka, 8.9
p=1 a
where
. ka - ika sin (¢—2y)
01(¢)= ;fo dx Jo(2kasiny)e 9, (8.9
. ka (= o
(9= | "dx Jn2kasinng, «(6-2x), p-23.... 8

Whenka is large andp, m— ¢ are O(1), themajor contribution to integration in the preced-
ing two equations distinctly comes frofi) neighborhoods of stationary-phase points with widths
O(1//ka), and(ii) the vicinities ofy =0, 7 with widths O(1ka). The stationary-phase points are

given by
d : .
a[iZszstm(qﬁ—Z,\/)]:O, 0<y<m, (8.7
or
d+nm
X= o, 3 n=0,1,2. (8.9
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The widths of the contributing regions are of the order &faging) Y2 and {ka|sin(¢
+n77)/3]|}‘1’2, respectively. The total stationary-phase contributiod o) is

i3kasin (p/3)—iml2  ai3kasin [(¢+2m)/3]—im/2

< (sp) 1 eikal sin¢ 1[e e
917 (d)~ 5= - +— - + :
2m | [sing] *v3| [sin(¢/3)] [sin( (¢ +2m)/3]]
@i 3kasin [(¢—2m)/3] +iml2
: , 8.9
S (- 2m73] } 8.9
while the total contribution from the end points=0, 7 is
2ka (= _ ) ) eika sin ¢
& (ep) U ika sin ¢—i2kay coseé _
6P )~ | “dxdo(2kare e 610
Therefore, to the lowest order ik§) 1,
3 glkasing 1 giskasin(@/3)—im/2  giskasin[(¢+2m)/3]—im/2
81(d)~ 5 o T [ ; + s
7 [sing|  2q4v3 [  [sin(¢/3)] |sin(¢+2m)/3]|
giskasin[(¢—2m)/3]+im/2
- 8.1
S (é—2m] ] (819

The preceding calculations can be extended to higher ordershnt the iteration procedure
becomes increasingly cumbersome. In view of Eg6), the pth iteration =2) introduces
stationary-phase points that solve

d . [¢—2x+2nm
—| =2 siny+(2p—1)sin Zp——l

dy =0, n=—(p—1),...p— 1L (8.12

These points are

( ¢+(2n+2p—1
¢+(2n+2p )771 n=-(p—1),...,—1,0
2p+1
d+2nT n=0.1 _1
Xn=1 2p—+1' =0,1,....p (8.13
+2(n+2p—1
grant2p-lm
\ 2p+1
with corresponding phases
(2p+Lkasingpn, m=-—p, —p+1,...p—1p, (8.19
where
_¢>+2m71- _ 1 1 8.1
¢pm_2F)—+li m=-p, —p+1...p—1p. (8.19

For non-negativen which is less than or equal w2, #,, represents the reflection anglg,,
at the local tangent of a ray that originates from thaxis, travels in the direction of maximum
field at = 7/2, and reaches the observation point after bounpitignes at the circular boundary
counterclockwise, witm being the winding number. For larger valuesnof =— i, becomes
the reflection angle, the sense of circulation is clockwise,@ndn is the winding number. When
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Vi1 == Wy
(@
lTfpm Z: :S ‘_me
Py

FIG. 10. A geometric interpretation of iterative formu&2) with ¢, from Eq.(8.19 andp=0,1. P is the observation
point and P, the point at reflection(a) p=0, m=0 (+), (b) p=1, m=0(+), (c) p=1, m=1(+), (d p=1, m
=-1(-).

m is negative, the ray runs initially antiparallel to the positiwexis and the previous consider-
ations hold withm being replaced bym| and,, by — ¢,n, and the sense of circulation reversed
in each case. See Figs.(@p-10(d), for p=0,1, and Figs. 1&)-11(e) for p=2.

Because the expansion parameter here is proportional(ca), this scheme is restricted in
its applicability. Furthermore, whesp=0O[ (ka) ~ %], x=0 falls inside the critical region of the
stationary-phase points gt=¢/(2p+1) (p=0,1,2,...) and theapproximations made hitherto
break down. This case is particularly interesting because the major contribution to the maximum
field at ¢ = 7/2 is determined by the current in the vicinities &0, 7. Indeed, in view of Egs.
(2.4 and(8.4), consider the integral

2
J dd’, e—ika cos(¢—¢’)ei(2p+ 1)kasin[(¢’ +2mm)/(2p+ 1)]_ (8.1@
0
With ¢=m/2+ €, |e|<1, stationary-phase points are located at

1
1+ ——

55 , m=012..., p=12,.... (8.17)

¢'=

N 2mar
€ 2p+1

For m=0, these points fall arbitrarily close to O.

B. Asymptotic expansion for  j(¢), $=0(1), w—p=0(1)
To get an asymptotic expansion fif¢), start with Eqs(2.26) and(2.34), and

1 < (m A N
W:ZO(“A)%’LJWZ’ I (WA(W)|<1, v positive,  (8.19
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(e) Yo (g

FIG. 11. A geometric interpretation of formu(8.2) with (8.14 and i, from Eq.(8.15, andp=2. P is the observation
point andP;, i=1,2, points at reflection(@ m=0 (+), (b) m=1 (+), (c) m=2 (+), (d m=—-1(-), () m=-2
(=).

along with its complex conjugate involving=B(v). In the limit L—oo,

i(9)=2 2 Upn(®)+Jpn(m= )] (8.19

A rigorous justification of this expansion is a trifling matter. In the above,

0

5 - dv
Jom(P) = Jo 72(v)2+ aA(v)B(v)

[A(v)(7,A)%P+B(v)(7,B)?P]e(#*2mm  (8.20

These integrals can be evaluated by the standard method of stationary phase. The associated
overall phase reads

Pom=(v;)==(2p+ 1)V(ka)>— v?F(2p+1)varccogv/(ka)] ¥ (2p+1) %“L vop+2mmy.
(8.21)
In the first branch of arcco$,n+(v>0;¢) is rendered stationary at
V(P =Kkacosym, (8.223

where
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+ 0<ppms=ml2, —: —72< <0, (8.22h

and ¢, is defined by Eq(8.15, while

d?P e 2p+1
plsp) _ T pm: _PTr
Ppme=(2p+Dkasingpm=(2p+1) 7, — 57 [p=s) =+ “Kasindom (8.23
Condition (8.22h poses a restriction on the allowed valueswofor fixed p:
0=2m=p, 0<op=ml2
o=s2ms=sp-1, #w/2<¢<m,
—ps=2m=-1, 0<p<=ml/2
—: (8.29
—p—1s2m=s-1, w/2<¢<m.
Consequently,
j ( _)P |Sin¢pm|
pri @ \/2p+ [|sin iy Y2+ \|sin ¢pm|+j2p+l VIsingpml +a
Xexgi(2p+1)kasing,,—ipm/2], 0<2m=p, (8.29
or
j ( _)p |Sin¢pm|
pri \/2p+ [|sin iy Y2+ |sin gbpm|+—_|2er1 e
xexdi(2p+1)kasing,,+ipm/2], —p<2m=-1, (8.2
wherea is given by Eq.(4.18. It follows from Eq.(8.19 that
o (—@)P 1
()~ 22 > > — —
0 y2p+1s== mESpS[|S|n'r//pm| + Sm'r/fpml"'j P
xMexm(Zer Lkasin,,—ispm/2], (8.27
VIsingpm| +a
S+ ={integer m: Os=ms=p}, S, ={integer m: —ps=m<-—1}. (8.28

The condition 6< |,/ < /2 is now replaced by €|,y <.

This ray representation for the optimum current is reminiscent of the geometrical optics for
electromagnetic fields. With>1 and fixedm and«, each corresponding term of the series is of
the order ofp~*2 and absolute convergence obtains. ket rka Mingn{Sin pn/2, the summands
can be expanded in powers af Note that®

(1+1+2) 2P 1=2" 2" LF (p+3,p+1;2p+2;~2), (829

where,F, is the hypergeometric function aze- «|sin zppnrl. Expanding,F, readily reproduces
asymptotic formulas for the iterative solutions described by E#j2)—(8.6).

Investigating expansiof8.27) in routine mathematical rigor is beyond the scope of this paper.
A condition for its validity is

a<0(ka), (8.30
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while expansion$8.25 and (8.26) make sense if

Yol 7= thpnl > Ol (ka) ], (8.31)

at least forp, m=0(1). Thelatter conditions follow from the requirement that the stationary-
phase points lie outside the transitional region of the Bessel functiong+0x(1), thefirst one
of conditions(8.31) is violated wherm=0 and ¢=O[ (ka) ~/3].2°

In the next paragraphs, attention focuses on the range®(ka) and 0< ¢<0O[ (ka) 3.
From a practical viewpoint, this case is perhaps the most interesting one, since it amounts to an
optimum directivityD that is moderately larger than the directividy of the uniform distribution.

C. Case 0=¢=0[(ka)~¥%], a=<0(ka)

Considera<0[ (ka)?®]. The optimum current is approximatedBy®

) o0 J,(ka) i
= J s
(e Ai(¢§) -~ [ka|™ %k
~o [ der e a=al5) =0, 632
where
~ a.1/3
¢,:¢,(?) <O(1). (8.33

It has not been possible to evaluate the requisite integral in terms of known transcendental func-
tions wheng=0(1) anda=0(1).
By virtue of Eq.(C31) of Appendix C,

j(p)~e'kad

Jw dgAi(g)e@ﬁ—aF dE Ai(£)%ei %

—imwl6
zeika(¢—¢3le)_a:ﬁllze [‘J1/6(2_7ka¢3

327

kag?®

2

eika(¢—5¢3/54)
27 '

1
—im 2
+5e” BH(l/%(

w<1, kag®<1. (8.39

This result agrees with expressié®127) when ¢> 1. Indeed, the substitutions

2 3
Jue 2—7ka¢

3v3 S( 2 Kag® 11')
~ ——=C08 55 Kag°"— =/,
Jrkag® 27 3
3v3
Jmkag®

into formula(8.34 for ¢>(ka) ' and a<(ka)?® give

H (ﬁg el (2kag3/27— wl3)

Zk 3
27kad

\/ja . 3 .
ika(¢p— ¢°154)—iml2
2nkad e . (8.35

ika(g—¢%6) _

) ( 3«
)~ 15 e ®
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On the other hand,

22 (_E)p 1 |Sinl7[fp0|
p=0 2p+ 1 [|sinro| 2+ [sin ol + a]?P Tt V[singrpg| +

) 1 sing
Vsing+ \sing+a Vsing+a

ei (2p+1)kasin ypo—ipm/2

eika sin ¢

@ 1 SIN(A3)  iava sin(¢/3)iﬂ-/2]
_ - —¢ .
V3 [sin(¢/3) + \sin( 13) + a]® sin( ¢/3) + «

With the approximations

(8.39

e N S 1
Jo+Jo+a 2Jp\~ 4" Jp+ta o' 2]
1 33
[VoI3+ o3 +a]® 8¢32

the sum(8.36) reduces to

ikasing_ ﬂei?,ka sin(@/3) i /2, (8.37)

2wkag

) 1 3a
()~ 1~- 2mkag)
Obviously, expressiof8.35) is recovered ifp<(ka) ",
With &=0(1) and¢>1, the major contribution to the integré8.32 stems from stationary-

phase points that are distributed along the negatiaeis. These are singled out by expanding the
integrand according to E¢8.18),

A 1[G (rnALA  (1,B)2B
TraA(D? T§+aAB[pZO [(mA)PA+(B)PB]+ 1= et 1= g2 [
(8.39
where
A=A(§)=e '™Ai([gle”'™), B=B(£§)=€"TCAi(|¢le'™), (839

m1=71(&€) and m,=7,(&) are given by EQ.(2.33 with a being replaced byax, and 1<L

=0(¢) so that the remainders whénterms are summed can be neglected. Tlake~ once the
stationary-phase calculation is carried out. Notably, the stationary-phase points lie away from the
origin and large-argument approximations for the Airy functions become effective. The ensuing
expansion connects smoothly to thie=0 terms of serie$8.27) with

sin l,/lpo’\“ m

in the amplitude, and

. ¢ 1 ¢° kag®
SINYp0~ 2011 6 (2p+1)°° (2p+1)

s<1,

in the phase.
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FIG. 12. (a) Real part of the optimum curren{¢) from exact serieg2.20 for ka=10 and different values of the
constraintC, . (b) Imaginary part of the optimum currepf¢) from exact serie$2.20 for ka=10.

The casea>O[ (ka)??] is more involved, because contributions to the inte¢8aB? arise
from positive¢ such thai Ai( £)?>=0(1), inaddition to them# 0 terms from serie€8.27. When

$=<0(1) anda=0(1), theformer contributions may become negligible.

D. Graphical representations of  j(¢) and far-field pattern

In Figs. 12a) and 12h), the real and imaginary parts of the optimum currdrt) are plotted
versus¢ (0= ¢=<) for four different values of the constraift,. The corresponding radiation
patterns scaled d/(f)|/#(y) are shown in Fig. 13. As expected intuitively, the number of the
side lobes increases while their size decreases @jith

IX. CONCLUSIONS AND DISCUSSION

Starting with a familiar boundary-value problem for the wave equation, this paper applies the
general scheme of Ref. 1 in order to analyze optimally directive circular currents in two space
dimensions. The integral equation for the current is solved exactly in terms of Fourier series and
the optimal quantities, such as the directivity, are evaluated approximately for large values of the
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@ =90’

<
= ]

(reference case) |

[ 0=10, G, = 1.714 ka=10 ] «=1000, C =12.601  ka=10

0.5L ' ' ' 1 05 ' ' '
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FIG. 13. Normalized optimum radiation pattern from exact se(2e81) for ka=10.

electrical radiuka. A noteworthy indication of this study is that large radiating structures can be
advantageous for the achievement of directivities moderately larger than the direDjuitythe
uniform current distribution. In the case of the circle, a more precise statement quantified in Sec.
VIl is that the rate of the directivity increase slightly abdvg is logarithmic inka. Intuitively, a
similar result is expected to hold for some class of sufficiently smooth and convex closed loops of
electrically large linear dimensions.

The asymptotic analysis reveals oscillatory optimum currents that can be represented by
geometrical rays bouncing and circulating inside the circle. This picture breaks down in the
vicinity of width O (ka) ~*®] of points (@, ¢) which contribute to the leading order in the maxi-
mum of the radiation field, and lie in a direction perpendicular to that of the maximum peak. A
formula to remedy this anomaly has been provided for directivities moderately largeDthah
is expected that a somewhat analogous picture should hold for a wide class of convex, simple
closed curves, where the specifics of the ray structure depend on the radius of curvateye’*

The principal contribution to the field in the direction of maximum may then be determined from
the behavior of the current in the vicinities of the local extrema 0§).

As implied by Oseen’s analysts,the Einstein needle radiation requires optimal currents
reversing extremely rapidly along the loop, with large values of the consttaat— ). Then
the normalized far-field pattern tends to resemble a needle in the direction of maximum directivity.
For a—« andka=0(1), theFourier serie$2.20 for the current can be reasonably approximated
by noticing that the major contribution to summation comes from all integerfor which
condition(4.16) is satisfiedwith v replaced byn). Thus, there is always a contributing region that
lies above the transition poirka; there, the Bessel functions decrease exponentially. i\s
expected, the corresponding terms exhibit rapid oscillationg.iln addition, there is possibly
another contributing regiom<ka, where the Bessel functions have zeros qua functions of their
index. For certain narrow ranges lo&, some of these zeros may happen to fall sufficiently close
to integers and the corresponding terms have a magnitude of the ordet/@f This rather
exceptional case is not investigated any further in this paper.

The leading term of an asymptotic expansion for the directilityas C— oo is intimately
related to the behavior as— o of the logarithms ltw,|, wherea,, are the eigenvalues pertaining
to integral equatiori2.9). Under quite restrictive conditions on the convexity and smoothnegs of
it can be conjectured that this leading behavior approximates, in some sense, the ane for
=—J(ka) 2. Itis therefore expected that there exists a class of cufvbat reasonably satisfy
the asymptotic formulé7.11). The required consistency conditions such as the degree of smooth-
ness ofC are left as an open question for future research.
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A next step is to extend the methodology applied hitherto to the cases of circular and noncir-
cular loops embedded in a three-dimensional space. An intriguing question that could be addressed
is whether the optimum current examined in this paper may resemble, and if so in what sense, a
current that can be excited on resonant, noncircular closed-loop arrays of cylindrical diffoles.
the answer to this question is positive, it may be possible to excite the optimum current distribu-
tions in convex, noncircular loops.
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APPENDIX A: ON THE POISSON SUMMATION FORMULA

By relaxing the requirements of mathematical rigor, consider the series

S= 20 f(n). (A1)

Whenf(n) is properly replaced by(v:complex), the Poisson summation formula can be derived
from the “Watson transformation.?? It is assumed that the positive real axis, including0, is
free of any singularities of (v). Clearly,

-1 f(v)

S= 20 r Yanmy’

(A2)

where the contour is wrapped around the positive real axis clockwise, leaving all singularities of
f(v) outside the enclosed region. LEt. be a portion ofl" lying in the upper ¢) or lower

(—) half of thev plane, and", a semicircle of smallfinite) radiuse, centered ai=0, such that
I'=r,ur' .ur_. The expansion of (1/tanv) as

N.—-1 +i2mvN 4 *+i2m7y
1 =i E [eti2wnv+eii2w(n+l)v]+ e “(1te )
tanv s 1—e 2™

], vel's, (A3)

and subsequent use of the limits. —« independently while keeping fixed, furnish

N, -1
S:E lim [ Z dVf(v)[eianv+ei2w(n+l)V]

N.—® n=0 r,
N_—-1
- . . 1 f(v)
_ —i2mny —i2m(n+1)vy{ _
n§=:O F_dvf(v)[e e ]} 2i frédvtanm/' (Ad)
In the limit e—0", the integration ovef . picks up half the residue dff (v)/tan7v] at v=0,
leading to
[e’s} N+ .
> f(n)=1f(0)+ lim > dv f(v)ei2™, (A5)
n=0

N,—ow N=—N_ JO
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APPENDIX B: EVALUATION OF Gp(x) AND Gy(x) FOR x>1

In this Appendix, the integral&p(x) andGy(x) of Egs.(4.4) and(5.2) are evaluated fox
>1 by the Mellin transform technique.

1. Integral Gp(x)
The Mellin transform ofGp(x) equals

Si:ﬂ f:dg[Ai(g)Z]H, 0<Re’<1. (B1)

Ep(g)zf:dxx*ng(x)z

The strip given here is the region where the original integral of the Mellin transform converges.

The functiongp(g) may be continued analytically to the entifglane.
When/—0", the integral of Eq(B1) tends to diverge in-<. In the spirit of Sec. llI, the
first two terms of the asymptotic expansion®§(x) asx— can be determined by expanding

Ep(g) in powers of{ in the vicinity of {=0. By writing

| aetaicerrri- [ aetaic-e7ren | aetaicoP s 0<s-on), @2

it is recognized that only the first term becomes singulaf-a9. Specifically,

24¢

2 T
—12ai2| £ s32,. T
I3 smz(sg +7

f CAEAI(— i 2 f “de
) S

+ [ ae

While nothing further needs to be done about the second term of this formula, the first one is
approximated as follows:

W—Z—{j dé
s

% 2 T
2= —1-2 ;b T 312,
T J(S déé sin (3§ + 7

Ai(— )t m2g sin4<§§3/2+ z

7 (B3)

aT 2+¢

4

2
g— 1/28inZ( § g3/2+

2 T
2 S e, T
1+§Insm2<3§ + 2

® 2
~7r’2’§f dgglg’zsin4(§§3’2+% + 27 27 Ysinf( 0+ m/4)In sir( 6
5

+7l4)y6 42 as (-0, (B4)
where

- - N ISR g 3 7
(sin*( 6+ w/4)Insi (0+7T/4)>_EJ0 dosin*fInsi 0——Zln2+E, (B5)

* 2 T o 3 1 8 1 4

12 | S g3y M —1-72° _ = O ar| L Tainl O 32
Jédéf e Sln4<3§ + 3 Jﬁdg& 1=¢ [8 8005(35 )+25|n(3§ ”
3 ¢ =dgl 1 (8 .\ 1 (4

’\'4—5(1—5"15 +J5?[—§CO{§§32)+ESIn(gfsz)}. (Bﬁ)
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Note that the preceding integral is canceled exactly by terms produced by the second integral in
the right-hand side of approximatigB3).
The combination of formula@B1)—(B6) yields

_ 3 t
Gp(g)wm—m as {—0, (B7)
where
L=12In(2\/;)—7—8772fw dgAi(g)“—swzfmdg[Ai(—5)4— >—|+3Ins. (B8)
-5 ) 87T g
Of course, t is independent & The preceding equation reads
L=12In(2\/;)—7—8772f0 d§Ai(§)4—87T2f0 dé| Ai(—&)4— 82158 (B9)

The analytical evaluation of t is performed in Appendix C. It is of some interest to recast Eq.
(B9) in a form that is amenable to numerical computation. With

Ai(—§)=e""2™RAi(£e! ™)+ e2TRAI (de T3+ 4e'2TRAI (£6' )3T (ge 1)
+4e 2R (e ™3I (£e'R) + Y AI(— €)%+ Bi(— €))%, (B10)
where use is made of the known identfty
Ai(¢e™' ™) = ;e T AI(— ) =i Bi(—§)], (B11)

Eqg. (B9) becomes
L=12In2\7)—7—24 medei(§)4—3 medg [Ai(—§)2+Bi(—§)z]z—;
" ™ Jo "o m(1+8) ]

(B12)

Carrying out the calculations to higher orders gdrsuggests thagp(g) admits a Laurent
expansion at=0. Calculating the residue at this double pole gives

3 Inx t
GP(X)NWT—m as X—o, (813)

2. Integral Gy(x)

The Mellin transform ofGy(x) reads
_ = _ A w (> _ .
GN(():j_xdf[Al(f)Z]Z {jo dtmzmj_mdi[m(g)z]z ‘. (B14)

The original inversion path should lie inside the strigt Be{<<1. Note thatg,\,(g) has a simple
pole at{=0, in contradistinction to the double pole Giy({). From formula(B7),

— 3
GN(§)=m+O(1) as (—0, (B15)

which in turn leads to
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3
GN(X)NMTTX as X—, (816)

APPENDIX C: ON THE FOURIER INTEGRALS OF Ai (x)", n=1,2,3,4
Let
wy(X)=Ai(x)", n: positive integer. (Cy

Eachw,(x) admits the integral representation

1 o
W, (X)= ch dre "M, (N), (C2

where(, is an infinite contour with asymptotes that are subject to the usual convergence require-
ments as\—o. W,(\) is holomorphic in any finite part of thie plane, except possibly at
=0, and obeys

Wi () =Wp(—\%). (C3
In this Appendix, the task is to determimg,(\) and the integration pati, for n=1,2,3,4. The
constant £ of Appendix B is subsequently computed through the Timpih —0*).
1. Case n=1

The casen=1 is well-known yet instructive and needs to be revisited. The starting point is
Airy’s equation

d?w,
W —xw;=0. (C9
Thereforew;(\) has to satisfy
dw;
K—’_”\ w;=0. (CS)
It follows that
Wy(\)=Cre B, (C6)

whereC; is a constant yet to be determined. The right-hand side of &2).for n=1 uncovers a
linear combination of Aix) and Bi(x). The contouiC, is chosen to lie in the lower half of the
plane with asymptotes in the sectdis: — m<<Arg A< —27/3} and{\: — w/3<Arg A<0}, and
be described from left to right, as depicted in Fig. 14.

With the change of variable = \/xq, wherex is positive and large(; is deformed into the
steepest descents path

Img=— 1+ (Req)?/3, (C7)
that passes through the saddle poingjat—i. An elementary calculation gives
C1 ~ix3%q+q°3) Ci1 1 — (213)x%2
Wi(X)= == x| dge X araR) . =y~ as Xx— +o. (C8)
2 Cl 2 a

A comparison with the known formula for the largebehavior of Ai() furnishes’
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ImA

A-plane

Re A

Arg A = —2m/3 ArgA = -m/3

FIG. 14. Inversion patld; (j=1,2,3,4) for the Fourier transformg;(\) of Ai(x)} examined in Appendix C. The branch
cut along the positive imaginary axis is necessary onlyj fe@,3,4.

C,=1. (C9

The ensuing integral representation ¥y(x) is
1 —inx—irn%3
Wl(X): E c d\ e . (ClO)
1

2. Case n=2

Ww,(X) satisfies the third-order differential equation

dw, ax 2 o o C11)
o P "0 (1D

with solutions Ai)?, Ai(x)Bi(x), and Bi(x)?. The Fourier transform of this equation is

dw, 3 o
4)\K+(I7\ +2)w,=0, (C12
with the solution
—in3/12

N

The first Riemann sheet is defined so tkfatis positive forh >0, with the branch cut lying
in the upper half of thex plane, as shown in Fig. 14. The integration p&his subsequently
chosen as in the case with=1. With the change of variable=2/xq, the leading saddle-point
contribution atq=—i is

Wy(X) = &XIMJ' ﬂe—zixsfz(qm%): &ei iy~ 126= (432 ey Lo (C14)
‘/2 a C2 \/a 2 \/;

It follows that
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e—iw/4
ar
Wy (X) is
) e il . N e—i)\3/12 c16
Wy(X)= —— Ne MNe——.
? 47T\/; G2 \/X

Alternatively, one may have recourse to the convolution integral
—iml4

if dtWy (D Wy (A —t) = ———e N 12 (C17
277 Cl 2\ TN

Clearly, the appropriate branch for the square root is selected via cont®n

3. Case n=3
In light of the foregoing analysis, it is straightforward yet somewhat laborious to calculate the
Fourier transform of Aik)3. The starting point is the differential equation

AL P TN TIPSO c18
o 10 10y PO (C18

which has solutions AK)3, Ai(x)?Bi(x), Ai(x)Bi(x)?, and Bi(x)*, and is transformed into

9d2v_v3+1m\2dw3 A= 100\ )W,=0 C19
anZ an ( Yw3=0. (C19
Let

wa(M)=e UY(u), u=2\%. (C20

Equation(C19) reads

d’y 2dy 16

Umz'f'gm'f'Z—SUY:O. (CZ].)

Y(u) can be determined through the replacement
Y(u)=u"Z,(Bu), (C22

whereZ,, denotes any Bessel function of order Equation(C21) is satisfied if and only if

p=ti, v=3}, p=xi. (c23
Accordingly, the general solution to E¢C19) is
_ a3 a3
Wa(A)=Ca\h Jl/e(f +03H‘ﬁé(7) e T (C24

With the branch cut lying in the upper half of theplane so that-27+ 6,<Arg\<6,, O
< #y<r, the integration patli; is chosen as in the case with=2 (see Fig. 14 foy= 7/2). By
virtue of the analytic continuation formufés
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Juge 2"z)=e"1"3,(2), (C2H
H{R(e 1272) = —H¥)(2) - v3e ™H ) (2), (C26

Eq. (C24) is equivalent to

W3(97 i 17/2§) — C397 i 77/4\/2

1 i 76 | (1) 4L
5€ —C3v3e'™ [ Hyjg 57

- 477, (c27)

1 - 4z
po T i1 o |

In the Fourier inversion formula, the saddle-point contribution stemming fronHf& term is
dominant unless

Cy=1e '8, (C28)

The preceding value o5 ensures that the leading exponential fiof(x) asx— + agrees
with the known asymptotic formula for Ax).'’ In some detail, with Eq(C28 and the large-
argument approximation fad {}2(z),*

W3(X)_— I1T/4f d§ \/ZH%{%( ) 5¢3127— {x (§ 3\/—t)

1+i
__ Cs 33/267m/3e72x3’21 '°°dtesx3’2(t71)2

Am\2m 1o

_ 3Cs i 716y, —3/4
AmV2

ei oy~ 45y oo (C29

where(C} results from the counterclockwise rotation@f by /2 about the origin. Hence,

—i7l6
Ca= . (C30

The desired Fourier representation ¥g(x) is
~iml6

677\ 2’77 C3

a3 1 AN s
‘]1/6( 7) +§elw/3Hgi6)( 7 )}eIS)\ /27. (031)

d)\ e*i)\X\/X

W3(X) =

4. Case n=4

The differential equation

dPws zoxdw4 30Ol V4 6ax? dw * 164 0, C32
rra a3 a2 Mg+ 6axw,= (C32

with solutions Aix)*, Ai(x)3Bi(x), Ai(x)?Bi(x)2, Ai(x)Bi(x)3, and Bi()*, is transformed into

22—

W dw,
24—(20)\3—644')d—;’—(i)\5+30)\2)v_v4=0. (C33

64N ax

Evidently, this equation can be solved via the substitutions
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Wa(N\)=e VZy(3u/5), u= &\°. (C349

Z, is any Bessel function of order 0. The general solution to (B3 reads
3

ol 33 e—i5x3/96_ (C35

)\3
(2)
remg) 3|

W4(N)=CyJ

The first Riemann sheet and the integration gatlare chosen as in Appendix O 8ee Fig. 14
Consider the analytic continuation formula
1 I
Z_ (2)
e

The coefficientC, is determined by elimination of thldgz) term in this equation:

§3

=)t 54719 (C36)

1
5—204) H(l)(

wy(e ™) =C,

C,=1. (C37

A standard steepest-descent calculation as in(Eg9 then gives
C4 iml2 §3 3
=—_ T aim 1) 5 5£3/96— {x
Wy (X) 47Te Lédg Hy'li 37 e

Cy 32
o (813)

> as X— +oo, (C38

Comparison with the leading term for Aj(* from Ref. 17 yields

Cy=— Fp (C39
Consequently,
. A3 1 NV s
— —iAX - @ —i5\°/96
Wy (X) 1677 C4d)\ e J (32) + 5 Hg (32”e i (C40
Alternatively, one may employ the convolution integral
_ 1 (e _
Wy(N)= Ef dtwy(A—t)wy(t) [t=N(7+1)/2]
e~ in%/48 e~ iN37116 e in%116
( j dT f dT )
e—|5)\3/96 ,
= 877 (_If deel)\ cos()/SZ_,_f doe™ ix coshf)laz) (C4l)

which immediately leads to EqC40). In the above, the changes of variable sin(¢/2) and 7
=cosh@/2) are made in the first and second integral of the second line, respectively.

5. Analytical evaluation of £

On the basis of Eq(C40), it is a simple task to calculate explicitly the £ of EB9) of
Appendix B. This equation is recast in the form
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+ oo .
L=12In2\7)—7—872 lim f dx @M AI(x)*—b(x)], (C42
A—0T -
where
3 1 <0
__’ X
b(x)=1{ 87 1—x (ca3
0, x>0.

Note that the function AKX)*—b(x) is absolutely integrable, while each one of &if andb(x)
is square integrable in<{«,x). For the sake of some routine rigor, it is advisable to invoke the
Fourier—Plancherel operatdrand rewrite Eq(C42) as

£=12In2\m) - 7877 lim - f ax L i f ax—Lhix)|. (ca4
)\HO"'
The second integral is calculated explicitly to give
d 0 IAX__ 3
d_)\f dx——— b(x)——8—e”‘E|(—|)\)
3 i
N_W(ln)\+7+7 as \—0%, (C4H

where Ei(-z) is the exponential integraf. The integral involving Aik)* follows from Plancher-
el's theorer@®?*and Eq.(C40), along with the approximations

@) 2i
Jo(2)~1, Hy (z)~l—; as z—0. (C40

| V4
+In-
Y3

Accordingly,

3 3InA+y—61In2

~Temi 5.2 as \—0%. (C47
The combination of Eq9C44), (C45, and(C47) furnishes
t=6In2w)—2y—7. (C48

This result agrees with the numerical calculation based onEtR) of Appendix B.
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