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Exactly calculable field components of electric dipoles
in planar boundary
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The Sommerfeld integrals for the electromagnetic fields in the planar boundary
between air and a homogeneous, isotropic medium, due to a horizontal and a
vertical electric dipole each lying along the interface, are examined in detail. In the
case of the horizontal dipole, the tangential electric field is given in terms of series
that involve confluent hypergeometric functions, namely, the Fresnel and exponen-
tial integrals. A similar exposition is presented for the magnetic and vertical electric
fields of the vertical dipole. When the index of refraction of the adjacent space is of
a sufficiently large magnitude, the derived series converge rapidly and uniformly
with the distance from the source. Specifically, their rates of convergence are
shown to be independent of distance. It is pointed out that the corresponding for-
mulas of Kinget al. are valid down to any distance close to the source, where they
smoothly connect to known ‘‘quasi-static’’ approximations. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1330731#

I. INTRODUCTION

Almost a century ago, Sommerfeld1 first formulated the problem of the radiating vertic
electric dipole located in the planar boundary between two homogeneous and isotropic half
by invoking the Hertz vectorP rather than the electromagnetic fieldsE andB. With the use of the
Fourier–Bessel representations in cylindrical coordinates, Sommerfeld proposed approxima
mulas for P for distances of many wavelengths in air away from the source. Soon after
student Ho¨rschelman2 applied the same method to the case of the horizontal electric dipole in
Other authors revisited these problems aiming at alternative representations forP that could be
amenable to asymptotic evaluations for sufficiently large distances. A historical accoun
extensive list of references can be found in the monograph by Ban˜os.3

Serious efforts to derive accurate expressions for theP of electric or magnetic dipoles wer
often made under the simplifying yet practically significant assumption that both the sourc
the observation point lie at the interface.3–10 Some of the components ofP then involve the
Fourier–Bessel integrals,3
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wherekj ( j 51, 2) is the complex wave number in mediumj , r is the polar distance from the
source, andJ0 is the Bessel function of order 0. Van der Pol6 showed thatU(r) is given in terms
of elementary functions, whileV(r) can be converted to a finite, one-dimensional integral of
elementary function that readily yields Sommerfeld’s approximate result. On the basis of Va
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Pol’s formula forV(r), Rice10 derived exact series expansions that, although credited as b
‘‘uniform’’ in the distancer,11 become impractical whenukjru@1. He also proposed dispara
asymptotic expansions for these distances when the refraction indexk1 /k2 is close to 1,k2 being
the wave number in air. Along the same lines is the exposition by Wise.7 Noteworthy is Fock’s9

expansion forV(r) in terms of products of Bessel functions with half-integer indices, where
expansion parameter (k1

22k2
2)/(k1

21k2
2) is assumed to be of magnitude less than 1. Ban˜os3 re-

derived the Sommerfeld–Van der Pol formula by applying a version of the steepest de
method, where a simple pole is extracted from the vicinity of a saddle point, and neglecting
orders ink2 /k1 . However, the issue of connecting this formula, which is valid in the ra
k2

3r/uk1
2u>O(1), to therespective approximation foruk1ru!1 was not essentially addressed.

In a series of works,12 Wait gave asymptotic formulas for the Sommerfeld integrals in diff
ent ranges of polar distances and source heights. Consider, for example, the rangesk2r!1, k2r
5O(1), andk2r@1 when the dipole and the observation point both lie in the boundary;13 even in
this simplest nontrivial case, Wait’s approximations seem to be based on intuitive argume
particular, in the ‘‘quasi-static approach,’’13 the fields in air are regarded as solutions of Laplac
or Poisson’s equation with no practical restriction onk1r, but there is no clear indication, fo
instance, about the convergence or the magnitude of the remainder of the underlying exp
whenk15O(k2) with k2,uk1u. In the spirit of the quasi-static approach, the computation of
Hertz vector is carried out in Refs. 14–16 for low frequencies via a convenient resummation
l-Maclaurin expansion for the radical under the integral sign. The ensuing simple expressio
interpreted as superpositions of primary and reflected fields, where the earth is replace
perfectly conducting medium with the boundary being shifted by the distance 1/k1 .16 Notably, the
electric and magnetic fields are obtained through direct differentiations of the approximate f
las for P.

Recently, integrated formulas were derived by Kinget al.17 for the electromagnetic field in ai
over an imperfectly conducting or dielectric earth when the source is a horizontal or ve
electric dipole. Their major simplifying conditions arek2

2!uk1
2u andk2r .O(1), r being the radial

distance from the source. Some of the novelties of their approach can be outlined as follows
these authors deal directly and systematically with the field itself and not the Hertz vector; th
of formulas satisfy Maxwell’s equations and the required boundary conditions consistently
desired order ink2

2/k1
2. Second, in their sequence of approximation steps, the direct and

ideal-image fields are singled out, some of the remaining integrals are computed exac
analytical means, and large-argument approximations for the Bessel functions are only app
the remainders that involve the Sommerfeld pole. The results advance the works of Ban˜os3 and
others both quantitatively, with the retainment of a larger number of terms, and qualitatively
the notions of the surface and lateral waves being dissociated in the mathematical treatme
that of a saddle-point in the vicinity of a pole.

In a recent paper,18 King and Wu make use of the approximate formulas of Ref. 17 for
horizontal dipole to calculate the electromagnetic field in air of infinitely long transmission
above the earth. However, as pointed out in Ref. 18, the violation of the conditionuk1r u.1 at
extremely low frequencies introduces an inaccuracy for the axial component of the electric
A formula for this component that is uniform in distance was later derived in a more elab
analysis by Margetis.19 The inaccuracy mentioned above signifies one of the instances w
approximate formulas that are known to hold sufficiently far from the source are forced
extended to distances too close to the source. An interesting question is whether it is possib
if so in what sense, to connect the lateral-wave formulas of Kinget al.17 to known near-field
expressions, such as those given by Wait fork2r!1,13 so that the final formulas adequate
describe the field for all reasonable distances whenk2

2!uk1
2u.20 Various interesting references an

formulas for the evaluation of Sommerfeld-type integrals are provided in Ref. 21. Notew
among these formulas are the representations in terms of incomplete cylindrical functions.

The purpose of this paper is twofold. The first is to evaluate exactly, in terms of series th
uniform in r, those Sommerfeld integrals that are given by integrals of elementary function
relaxing the conditionk2

2!uk1
2u. This task is carried out in Secs. III and IV for the electromagne
 19 Jan 2005 to 18.87.1.204. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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field of electric dipoles lying in the planar interface; the use of the Hertz vector is entirely avo
in the spirit of Ref. 17. The expansion parameter is the inverse of the refraction index,k2 /k1 ,
which is assumed to be of magnitude less than 1, and the coefficients are known transce
functions, namely, the exponential and Fresnel integrals. These series are believed to be
particular, the rates of convergence of the derived series are shown to depend only on th
k2

2/k1
2.11 Emphasis is also placed on obtaining bounds and estimates for the remainders w

finite number of terms are summed. As a consequence, stringent conditions for the valid
simplifications underk2

2!uk1
2u can follow. All derivations are subject to routine mathemati

rigor, and comparisons with numerical computations are beyond the scope of this pape22 A
discussion on the merits of the present analysis for numerical evaluations is provided in Se

The second purpose is to demonstrate that the corresponding lateral-wave formulas in
may indeed be extended to distances from the source that are short compared to the wavel
air. In Sec. V we deal precisely with this task via the step-by-step approximations of the
series. Finally, in Appendix A we calculate analytically a class of integrals involving Be
functions through a generalized Schwinger–Feynman representation; Van der Pol’s formu6 es-
sentially follows as a special case. The nature of the field asymptotic expansions fork2r@1 is
analyzed in Appendix B on the basis of the derived series, while in Appendix C we revis
simplifications of the original integrals in the limiting casesk2r!1 andk2r@1. The time depen-
dencee2 ivt is suppressed throughout the analysis.

II. FORMAL REPRESENTATIONS

A. Horizontal electric dipole

The geometry and Cartesian coordinate system are shown in Fig. 1. As the source a
observation point approach the boundary from below (d→01) and from above (z→01), respec-
tively, the Fourier–Bessel representation for the electromagnetic field in the cylindrical co
nates (r,f,z) with x5r cosf andy5r sinf (0<f,2p) is17
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FIG. 1. The geometry and Cartesian coordinate system for a unit horizontal dipole in the earth. The heightd is allowed to
approach zero (d→01).
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the first subscript in each component referring to the region~1 for z,0 and 2 forz.0).
These integrals are divergent in the conventional sense. The procedure implied by al

d→01 and z→01 in Fig. 1 dictates that they be interpreted in the sense of Abel.23 The first
Riemann sheet is such that (j 51, 2)

Im Akj
22l2>0, l.0, ~2.7!

with the branch-cut configuration of Fig. 2 wherek1 is taken to be real andk2,k1 . Note that each
Akj

22l2 is even inl and the denominator,

FIG. 2. Branch-cut configuration and integration paths pertaining to the Sommerfeld integrals~2.1!–~2.6! for the horizontal
electric dipole and~2.10!–~2.12! for the vertical electric dipole. The original integration path is shown with arrows in
positive real axis. The contoursG andG j ( j 51,2) serve the asymptotic evaluations fork2r@1 carried out in Appendix C.
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D~l!5k1
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22l21k2
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22l2, ~2.8!

has four simple zeros in the Riemann surface. These are located at

l56kS56
k1k2

Ak1
21k2

2
, ~2.9!

and are not present in the first Riemann sheet.

B. Vertical electric dipole

The ẑ-directed unit dipole is immersed in air~region 2,z.0), as depicted in Fig. 3. In the
limit d→01 andz→01 the field is17

B2f5B1f5 i
m0k1

2

2p E
0

`

dll2
1

k2
2Ak1

22l21k1
2Ak2

22l2
J1~lr!, ~2.10!

E2z5
k1

2

k2
2 E1z52

vm0k1
2

2pk2
2 E

0

`

dll3
1

k2
2Ak1

22l21k1
2Ak2

22l2
J0~lr!5

iv

k2
2

1

r

d

dr
rB2f ,

~2.11!

E2r5E1r52
ivm0

4pk2
2 E

0

`

dll2
k2

2Ak1
22l22k1

2Ak2
22l2

k2
2Ak1

22l21k1
2Ak2

22l2
J1~lr!. ~2.12!

The first Riemann sheet along with the branch-cut configuration, and the integration pa
chosen as described in Sec. II A and shown in Fig. 2. Throughout the following analysis
assumed that

0,k2,uk1u, 0<Arg k1,p/4. ~2.13!

III. EXACT B 2z , E2f , AND E2r OF HORIZONTAL ELECTRIC DIPOLE

For mathematical convenience, consider the replacements

kj5 iq j , Akj
22l25 iAl21qj

2 ~ j 51, 2!. ~3.1!

FIG. 3. The geometry and Cartesian coordinate system for a unit vertical dipole in air. The heightd is allowed to approach
zero (d→01).
 19 Jan 2005 to 18.87.1.204. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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The Sommerfeld pole corresponds toqS52 ikS. For the purpose of carrying out the requisi
integrations,q1 and q2 are thought of as positive withq2,q1 , unless it is stated or implied
otherwise. The final formulas are continued analytically to complexqj52 ik j ( j 51, 2) in view of
restrictions~2.13!.

A. The z-component of the magnetic field

It is verified thatB2z is expressed in terms of elementary functions.13 The requisite integral
equals

B2z5
m0

2p

1

q1
22q2

2

1

r4 @Im~q1r!2Im~q2r!#sinf, ~3.2!

where

Im~a!5E
0

`

dx x2Ax21a2J1~x!5
a5/2

223/2GS 2
1

2D K5/2~a!, ~3.3!

via the analytic continuation tom523/2 of the right-hand side of the equation,24

E
0

`
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~x21a2!m11 5
a12m

2mG~m11!
K12m~a!.

Kn(a) is the modified Bessel function of the third kind.25 Hence,

Im~a!52a2S 11
3

a
1

3

a2De2a. ~3.4!

It follows that
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3
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This result is also derived by Wait through differentiation of the Hertz vector.13 Discussions on a
similar integral appearing in the problem of the radiating vertical magnetic dipole can be fou
the books by Ban˜os3 and Kong.26

B. The f-component of the electric field

With the definitionqS52 ikS, consider the decomposition
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Accordingly, Eq.~2.2! reads as
 19 Jan 2005 to 18.87.1.204. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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where
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0

`
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with recourse to Ref. 24, and
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The task is to expressW(r) in terms of known transcendental functions.
Following Van der Pol,6 a first step is to convert the representation~3.9! into an integral of

elementary functions. The radical in the integrand reads as follows:

q2
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The interchange of the order of integration yields
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where, from Ref. 24 or Eq.~A6! of Appendix A,

E
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dl
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Al21qS
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5
1

qSrx
~12e2qSrx!. ~3.12!

Therefore, through integration by parts,

W~r!52
1

qSr Fq12q2

qS
2

q1e2q2r2q2e2q1r

qS
1rW~r!G , ~3.13!

where

W~r!5W~r;q1 ,q2 ,qS!, W~r;j1 ,j2 ,j3!5E
j2

j1
dy

y

Ay22j3
2

e2yr, j3<j2,j1 . ~3.14!

The procedure described hitherto is not different from the one in Ref. 27 for the Hertz vecto
vertical dipole. An alternative derivation of the last equation, that is amenable to generaliza
is provided in Appendix A. It is noted thatW(r) can be expressed in terms of incomple
cylindrical functions as further discussed in Sec. VI. Despite this fact, it is more advantage
rewrite W(r) as
 19 Jan 2005 to 18.87.1.204. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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W~r!5W~r;`,qS ,qS!2W~r;`,q1 ,qS!2W~r;q2 ,qS ,qS!. ~3.15!

The first term is calculated explicitly:25

W~r;`,qS ,qS!5qSE
0

`

dy coshye2qSr coshy5qSK1~qSr!. ~3.16!

1. Integral W „r; `,q 1 ,q S…

By invoking the identity

~12u!21/25 (
m50

M21 ~ 1
2!m

m!
um1

~ 1
2!M

~M21!!
uME

0

1

dt~12t !M21~12ut!2M21/2, ~3.17!

with u5qS
2y22 and a positive integerM , the second term in Eq.~3.15! reads as

W~r;`,q1 ,qS!5
e2q1r

r F (
m50

M21

Um~r!1R1M~r!G , ~3.18!

where
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In the above,2F1 is the hypergeometric function28 and (a)m is Pochhammer’s symbol.28

By bearing in mind that 12t<u12wtu for 0<t<1 anduwu<1, it is inferred that for admis-
sible complexq1 andq2 (Req1>0),

uR1M~r!u,uq1ru~12uqS
2u/uq1

2u!23/2
~ 1

2!M

M ! UqS
2

q1
2UM

, M51,2,. . . , ~3.22a!

which can be used to prove the convergence of the corresponding series asM→`. This relation
must be supplemented with the formula

R1M~r!;
~ 1

2!M

M ! 2F1~M1 1
2,1;M11;qS

2/q1
2!

q1r

2M1q1r S qS

q1
D 2M

, uq1ru@1, ~3.22b!

in order to show thatuR1M(r)u remains bounded asuq1ru→`. It is noted in passing that form
50, 1, 2, . . . ,
 19 Jan 2005 to 18.87.1.204. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp
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in Eq. ~3.21a! leads to
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By inspection of Eq.~3.14!, the rate of convergence of the series from Eq.~3.18! is essentially
independent ofr. In particular,Um(r) is approximated by
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This formula also holds whenm5O(1) and uq1ru@1 with Req1>0, and becomes exact whe
m50 for anyq1r. Hence,
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In the sense of Cauchy for convergence,
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The coefficientsgn(q1r) are partial derivatives inx of the generating function,
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where Ei(2z) is the exponential integral.28 Finally,
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An asymptotic expansion forW(r;`,q1 ,qS) when uq1ru@1 is derived in Appendix B.

2. Integral W „r; q 2 ,q S ,q S…

With the change of variablej5v2qS in the original integral from Eqs.~3.14! and use of the
identity
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~112u!~11u!21/25 (
m50

M21

~21!m11
~ 1

2!m

m!

m11/2

m21/2
um1~21!M21

~ 1
2!M21

~M21!!
uM

3E
0

1

dt~12t !M21 ~M11/21ut!~11ut!2M21/2, ~3.30!

where nowu5(2qS)21j, it is straightforward to get

W~r;q2 ,qS ,qS!5
e2qSr

A2qS
E

0

q22qS dj

Aj
~j1qS! S 11

j

2qS
D 21/2

e2jr, ~3.31a!

52qSe2q2rF (
m50

M21

Vm~r!1R2M~r!G . ~3.31b!

In the above,

Vm~r!52eip/4i m11
~ 1

2!m

m!

m11/2

m21/2
~2qSr!2m21/2f m„i ~q22qS!r…, ~3.32!

f m~z!5E
0

z

dttm21/2e2 i (z2t), ~3.33!

R2M~r!5~21!M
~ 1

2!M21

~M21!! S q22qS

2qS
D M11/2E

0

1

dhhM21/2e(q22qS)r(12h)

3E
0

1

dt~12t !M21S M1
1

2
1

q22qS

2qS
ht D S 11

q22qS

2qS
ht D 2M21/2

. ~3.34!

Because

Re
q22qS

2qS
5Re

k22kS

2kS
.0, ~3.35!

one may employ the inequalityu11wtu>1 for t>0 and Rew.0, to show that for complexq1 and
q2 with Re (q22qS)<0,

uR2M~r!u,
~ 1

2!M

M !

M11

M221/4Uq22qS

2qS
UM11/2

, M51,2, . . . . ~3.36a!

The convergence of the right-hand side of Eq.~3.31b! asM→` follows. Furthermore,

R2M~r!;~21!M
~ 1

2!M

M ! F 2F1~M1 1
2,1;M11;2w!

1
1

M21/22F1~M2 1
2,1;M11;2w!G

w5(q22qS)/(2qS)

3
1

M21/22~q22qS!r S q22qS

2qS
D M11/2

, u~q22qS!ru@1. ~3.36b!
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M is any positive integer. In the above, the hypergeometric functions reduce to elementary
tions. For instance, by settingM51 in the second line,

2F1~ 1
2,1;2;z!5

2

11A12z
.

On the other hand, by virtue of formula~3.23!,

R2M~r!;~21!M
~ 1

2!M21

M ! S q22qS

2qS
D M11/2E

0

1

dh
M11/2

11
q22qS

2qS
h

e(M21/2)ln h1(q22qS)r(12h)

;
2qS

q21qS
~21!M

~ 1
2!M

M !

M11/2

M21/2

1

M21/22~q22qS!r S q22qS

2qS
D M11/2

, M@1.

~3.37!

Whenuq2ru@1, the corresponding sum needs to be combined with the asymptotic expa
for the modified Hankel function of Eq.~3.16!, as discussed in Appendix B. In some analogy w
expressions~3.25! and ~3.26!,

Vm~r!;
~21!m

m21/22~q22qS!r

~ 1
2!m

m!

m11/2

m21/2S q22qS

2qS
D m11/2

, ~3.38!

which in turn leads to

Vm11~r!

Vm~r!
;2

m2 1
2

m1 1
2

m1 3
2

m11

m2 1
2 2~q22qS!r

m1 1
2 2~q22qS!r

q22qS

2qS
, um2~q22qS!ru@1, ~3.39!

provided thatm is a positive integer.
The aforementioned considerations indicate some rather attractive convergence prope

the series expansions whenuq2
2u!uq1

2u. Their termwise differentiation with respect tor is legiti-
mate and preserves the uniform-in-r convergence. The series from Eq.~3.31b! is

W~r;q2 ,qS ,qS!5eip/4
qSe2q2r

A2qSr
(

m50

`

i m11
~ 1

2!m

m!

m11/2

m21/2
~2qSr!2mf m„i ~q22qS!r…. ~3.40!

The generating function forf m(z) is

(
m50

`
f m~z!

m!
~ ix !m5A2pe2 iz~11x!21/2F0„~11x!z…, ~3.41!

where

F0~z!5E
0

z

dt
eit

A2pt
5C~z!1 iS~z!, ~3.42!

andC(z) andS(z) are the Fresnel integrals,28

C~z!5E
0

z

dx
cosx

A2px
, S~z!5E

0

z

dx
sinx

A2px
. ~3.43!
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Hence,

f m~z!5A2p~2 i !me2 izz1/21m
dm

dzm @z21/2F0~z!#. ~3.44!

3. Exact formula for E 2f

The combination of Eqs.~3.15!, ~3.16!, ~3.27!, and ~3.40!, with Eqs.~3.19! and ~3.32!, fur-
nishes the desired expression forW(r), viz.,

W~r!5qSK1~qSr!1qSe2q2r (
m50

`

Vm~r!2
e2q1r

r (
m50

`

Um~r!. ~3.45!

From Eq.~3.13!,

W~r!52 i
k12k2

kS
2r

1 i
k1eik2r2k2eik1r

kS
2r

1
p

2
H1

(1)~kSr!2eik2r (
m50

`

Vm~r!2
eik1r

ikSr
(

m50

`

Um~r!,

~3.46!

where

Um~r!5H 1, m50,

~ 1
2!m

m! ~2m21!!
~2kS

2r2!m
d2m21

dz2m21 @ez Ei~2z!#z52 ik1r , m51,2, . . . ,
~3.47!

Vm~r!5A2p i m
~ 1

2!m

m!

m11/2

m21/2S k22kS

2kS
D m11/2H e2 iz

dm

dzm @z21/2F0~z!#J
z5(k22kS)r

. ~3.48!

The substitution of Eqs.~3.8! and ~3.46! into ~3.7! gives

E2f52
ivm0

2p

k2
2

k1
42k2

4 H 2 ieik1rk1Fk1
21k2

2~22kS/k2!

k2
2r2 1 i

k1
212k2

2

k1k2
2r3 G

1 ieik2r
2k1

21k2
2

k2r2 S 11
i

k2r D2 i
k1kS

2

k2r F ip

2
H1

(1)~kSr!2 ieik2r (
m50

`

Vm~r!

2
eik1r

kSr
(

m50

`

Um11~r!G J sinf. ~3.49!

Note that whenk2
2!uk1

2u, the argument of each Fresnel integral becomes

~k22kS!r5k2F12S 11
k2

2

k1
2D 21/2Gr;

k2
3r

2k1
2 5`, ~3.50!

whereu(k22kS)ru is the Sommerfeld ‘‘numerical distance.’’29

For k2r@1, the Hankel function in Eq.~3.49! is approximated by an expansion with the pha
factor eikSr. This expansion exactly cancels terms produced by the Fresnel integrals, so th
final expression describes only waves traveling with the phase velocity of medium 1 or 2~terms
}eik jr, j 51, 2), as shown in Appendix B.
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C. The r-component of the electric field

The integral forE2r is evaluated via the interchange of 1/r and the operator (d/dr) in Eq.
~3.7!. The series that result through the term-by-term differentiation of expansions~3.27! and
~3.40! also exhibit rapid convergence fork2

2!uk1
2u, with a rate which is essentially independent

the distancer. Without further ado,

E2r5
ivm0

2p

k2
2

k1
42k2

4 H eik1rS k1
22k2

2

k2
2r3 2 ik1

k1
22k2

2

k2
2r2 1

k1
2

r D
1eik2rS k1

22k2
2

k2
2r3 2 i

k1
22k2

2

k2r2 2
k1

2

r D 2 i
k1

k2
kSW8~r!J cosf, ~3.51a!

5
ivm0

2p

k2
2

k1
42k2

4 H eik1rS k1
22k2

2

k2
2r3 2 ik1

k1
22k2

2

k2
2r2 1

k1
2

r D
1eik2rS k1

22k2
2

k2
2r3 2 i

k1
22k2

2

k2r2 2
k1

2

r D 1
p

2

k1

k2
kS

3H1
(1)8~kSr!

2
k1

k2
kS

2 d

dr Feik1r

ikSr
(

m50

`

Um~r!1eik2r (
m50

`

Vm~r!G J cosf, ~3.51b!

whereW(r) is defined by Eq.~3.14! and the prime here denotes differentiation with respect to
argument.

It is desirable to further manipulate this formula. Decomposition~3.15! entails

W8~r!5 ikS
2 p

2
H1

(1)8~kSr!1W̃~r;`,2 ik1 ,2 ikS!1W̃~r;2 ik2 ,2 ikS,2 ikS!, ~3.52a!

where

W̃~r;j1 ,j2 ,j3!5E
j2

j1
dy

y2

Ay22j3
2

e2yr, j3<j2,j1 . ~3.52b!

1. Integral W̃ „r; `,q 1 ,q S…

With the steps of Sec. III B and forM51,2,. . . ,

W̃~r;`,q1 ,qS!5
e2q1r

r2 ~11q1r!2qS
2e2q1rF (

m50

M21

Ũm~r!1R̃1M~r!G , ~3.53!

where

Ũm~r!52
~ 1

2!m11

~m11!!
~qSr!2mg2m11~q1r!, m50,1,2,. . . , ~3.54!

with gn(z) defined by Eq.~3.20!, and

R̃1M~r!52
~ 1

2!M11

M ! S qS

q1
D 2ME

1

`

dhh22M21e2q1r(h21)

3E
0

1

dt~12t !M~12qS
2q1

22h22t !2M23/2. ~3.55!
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It is easily verified that

uR̃1M~r!u,~12ukS
2u/uk1

2u!23/2
~ 1

2!M11

~M11!! UkS
2

k1
2UM

, M51, 2, . . . , ~3.56a!

R̃1M~r!;2
~ 1

2!M11

~M11!! 2F1~M1 3
2,1;M12;kS

2/k1
2!

1

2M112 ik1r S kS
2

k1
2D M

, uk1ru@1,

~3.56b!

R̃1M~r!;2~12kS
2/k1

2!21
~ 1

2!M11

~M11!!

1

2M112 ik1r S kS
2

k1
2D M

, M@1, ~3.56c!

while, for u2m112 ik1ru@1,

Ũm~r!;2
~ 1

2!m11

~m11!!

1

2m112 ik1r S kS
2

k1
2D m

, ~3.57a!

Ũm11~r!

Ũm~r!
;

m13/2

m12

2m112 ik1r

2m132 ik1r

kS
2

k1
2

. ~3.57b!

2. Integral W̃ „r; q 2 ,q S ,q S…

Likewise,

W̃~r;q2 ,qS ,qS!5qS
2e2q2rF (

m50

M21

Ṽm~r!1R̃2M~r!G , ~3.58!

where, form50,1,2,. . . ,

Ṽm~r!52eip/4i m11
~ 1

2!m

m!

m213/4

~m21/2!~m23/2!
~2qSr!2m21/2f m„i ~q22qS!r), ~3.59!

with f m(z) defined by Eq.~3.44!, and

R̃2M~r!5~21!M
~ 1

2!M21

~M21!!

1

M23/2S q22qS

2qS
D M11/2E

0

1

dhhM21/2e(q22qS)r(12h)

3E
0

1

dt~12t !M21FM21
3

4
1S 2M1313

q22qS

2qS
ht D q22qS

2qS
ht G

3S 11
q22qS

2qS
ht D 2M21/2

. ~3.60!

It is of interest to note the relations

uR̃2M~r!u,
~ 1

2!M M21M13
2 Uk22kSUM11/2

, M51,2,. . . , ~3.61a!

M ! uM23/2u~M 21/4! 2kS
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R̃2M~r!;~21!M
~ 1

2!M

M ! F 2F1~M1 1
2,1;M11;2w!1

2

M21/22F1~M2 1
2,1;M11;2w!

1
3

~M21/2!~M23/2! 2F1~M2 3
2,1;M11;2w!G

w5(k22kS)/(2kS)

3
1

M21/21 i ~k22kS!r S k22kS

2kS
D M11/2

, u~k22kS!ru@1, ~3.61b!

R̃2M~r!;
2kS

k21kS
~21!M

~ 1
2!M

M !

M213/4

~M21/2!~M23/2!

1

M21/21 i ~k22kS!r

3S k22kS

2kS
D M11/2

, M@1. ~3.61c!

Again, the hypergeometric functions here are calculable in terms of elementary function
m>1 andum1 i (k22kS)ru@1,

Ṽm~r!;~21!m
~ 1

2!m

m!

m213/4

~m21/2!~m23/2!

1

m21/21 i ~k22kS!r S k22kS

2kS
D m11/2

, ~3.62a!

Ṽm11~r!

Ṽm~r!
;2

m11/2

m11

m23/2

m11/2

~m11!213/4

m213/4

m21/21 i ~k22kS!r

m11/21 i ~k22kS!r

k22kS

2kS

. ~3.62b!

3. Exact formula for E 2r

It follows that in the limitM→` all series converge uniformly inr. W8(r) from Eq. ~3.52!
reads as

W8~r!5eik1rS 1

r2 2
ik1

r D1kS
2F ip

2
H1

(1)8~kSr!2eik2r (
m50

`

Ṽm~r!1eik1r (
m50

`

Ũm~r!G .

~3.63!

Finally, substitutingW8(r) in Eq. ~3.51a! yields

E2r5
ivm0

2p

k2
2

k1
42k2

4 H eik1rFk1
22k2

2

k2
2r3 2 ik1

k1
22k2

2~12kS/k2!

k2
2r2 1

k1
2~12kS/k2!

r G
1eik2rS k1

22k2
2

k2
2r3 2 i

k1
22k2

2

k2r2 2
k1

2

r D
2 i

k1

k2
kS

3F ip

2
H1

(1)8~kSr!2eik2r (
m50

`

Ṽm~r!1eik1r (
m50

`

Ũm~r!G J cosf, ~3.64!

where Ũm(r) and Ṽm(r) are given by Eqs.~3.54! and ~3.59!. An asymptotic formula fork2r
@1 can be derived along the lines of Appendix B.
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IV. EXACT B 2f AND E2z OF VERTICAL ELECTRIC DIPOLE

A. Magnetic field

In consideration of Eq.~3.1! with qS52 ikS and the decomposition,

1

q1
2Al21q2

21q2
2Al21q1

2
5

q1q2

q1
42q2

4 Fq1

q2

Al21q2
2

l21qS
2 2

q2

q1

Al21q1
2

l21qS
2 G , ~4.1!

Eq. ~2.10! becomes

B2f52
m0

2p

q1
3q2

q1
42q2

4 E
0

`

dll2Fq2

q1

Al21q1
2

l21qS
2 2

q1

q2

Al21q2
2

l21qS
2 GJ1~lr!. ~4.2!

From Eq.~3.10!, one gets

B2f52
m0

2p

q1
3q2

q1
42q2

4 E
q2 /qS

q1 /qS
d@~x221!21/2#E

0

`

dll2
J1~lr!

Al21qS
2x2

, ~4.3!

where

E
0

`

dll2
J1~lr!

Al21qS
2x2

5A 2

pr
~qSx!3/2K3/2~qSrx!5

1

r2 ~11qSrx!e2qSrx, ~4.4!

via the analytic continuation ton51 of the right-hand side of the formula24

E
0

`

dx
xn11Jn~ax!

Ax21k2
5

a21/2kn11/2

221/2Ap
Kn11/2~ka!.

Alternatively,

B2f52
m0

2p

q1
3q2

q1
42q2

4 H 1

r2 Fq2

q1
Ie~q1r!2

q1

q2
Ie~q2r!G2qS

2W~r!J , ~4.5!

whereIe(a) is given by Eq.~3.8! and W(r) is defined by Eq.~3.9!. B2f can be expressed in
terms of incomplete cylindrical functions.27

With the W(r) introduced in Eq.~3.13!, the exactB2f from Eq. ~4.3! reads as

B2f52
m0

2p

q1
3q2

q1
42q2

4 H 1

r2 Fe2q1r
q2

q1
~11q1r!2e2q2r

q1

q2
~11q2r!G1qSW~r!J

52
m0

2p

k1
3k2

k1
42k2

4 H eik1r
k2

k1
F2

ik1~12kS/k2!

r
1

1

r2G2eik2r
k1

k2
S 2

ik2

r
1

1

r2D
2 ikS

2F ip

2
H1

(1)~kSr!2 ieik2r (
m50

`

Vm~r!2
eik1r

kSr
(

m50

`

Um11~r!G J . ~4.6!

Um and Vm (m50, 1, 2, . . . ) aregiven by Eqs.~3.47! and ~3.48!. For obtaining an asymptotic
formula for B2f whenk2r@1, one may follow the steps of Appendix B.

B. The z-component of the electric field

By use of Eqs.~4.1! and ~3.10!, Eq. ~2.11! becomes
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E2z5
ivm0q1

3

2pq2

1

q1
42q2

4 E
q2 /qS

q1 /qS
d@~x221!21/2#

3F E
0

`

dllAl21qS
2x2J0~lr!2qS

2x2E
0

`

dl
lJ0~lr!

Al21qS
2x2G . ~4.7!

After some straightforward algebra,24

E2z52
ivm0k1

3

2pk2

1

k1
42k2

4 H eik1rk2Fk1~12kS
2/k2

2!

r
1

i

r2 2
1

k1r3G
2eik2rk1Fk2~12kS

2/k1
2!

r
1

i

r2 2
1

k2r3G2 ikS
3W̌~r!J , ~4.8!

where

W̌~r!5W̌~r;2 ik1 ,2 ik2 ,2 ikS!, W̌~r;j1 ,j2 ,j3!5E
j2

j1 dy

Ay22j3
2

e2yr, j3<j2,j1 .

~4.9!

Similar to Eq.~3.15!,

W̌~r;q1 ,q2 ,qS!5W̌~r;`,qS ,qS!2W̌~r;`,q1 ,qS!2W̌~r;q2 ,qS ,qS!, ~4.10!

the first term of which is calculated as25

W̌~r;`,qS ,qS!5E
0

`

dte2qSr cosht5K0~qSr!. ~4.11!

1. Integral W̌ „r; `,q 1 ,q S…

On the basis of a term-by-term integration of Eq.~3.17!,

W̌~r;`,q1 ,qS!5e2q1rF (
m50

M21

Ǔm~r!1Ř1M~r!G , M51,2,. . . , ~4.12!

where

Ǔm~r!5
~ 1

2!m

m!
~qSr!2mg2m11~q1r!52

~ 1
2!m

m! ~2m!!
~2kS

2r2!m
d2m

dz2m @ez Ei~2z!#z52 ik1r ,

~4.13!

Ř1M~r!5
~ 1

2!M

~M21!! S qS

q1
D 2ME

1

`

dhh22M21e2q1r(h21)

3E
0

1

dt~12t !M21~12qS
2q1

22h22t !2M21/2

5
~ 1

2!M

M ! S qS

q1
D 2ME

1

`

dhh22M21
2F1~M1 1

2,1;M11;qS
2q1

22h22!e2q1r(h21). ~4.14!

Appealing properties of the series expansion ensue from the relations
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uŘ1M~r!u,
1

2
~12ukS

2u/uk1
2u!23/2

~ 1
2!M

M ! UkS
2

k1
2UM

, M51,2,. . . , ~4.15a!

Ř1M~r!;
~ 1

2!M

M ! 2F1~M1 1
2,1;M11;kS

2/k1
2!

1

2M112 ik1r S kS
2

k1
2D M

, uk1ru@1, ~4.15b!

Ř1M~r!;~12kS
2/k1

2!21
~ 1

2!M

M !

1

2M112 ik1r S kS
2

k1
2D M

, M@1, ~4.15c!

and, withu2m112 ik1ru@1,

Ǔm~r!;
~ 1

2!m

m!

1

2m112 ik1r S kS
2

k1
2D m

, ~4.16a!

Ǔm11~r!

Ǔm~r!
;

m11/2

m11

2m112 ik1r

2m132 ik1r

kS
2

k1
2 . ~4.16b!

As M→`, the remainderŘ1M(r) approaches zero while being bounded uniformly in distan
The rate of convergence of the exact series is independent ofr.

2. Integral W̌ „r; q 2 ,q S ,q S…

By use of Eq.~3.17!,

W̌~r;q2 ,qS ,qS!5e2q2rF (
m50

M21

V̌m~r!1Ř2M~r!G , ~4.17!

where

V̌m~r!52eip/4i m11
~ 1

2!m

m!
~2qSr!2m21/2f m„i ~q22qS!r…

5A2p i m
~ 1

2!m

m! S k22kS

2kS
D m11/2H e2 iz

dm

dzm @z21/2F0~z!#J
z5(k22kS)r

, ~4.18!

Ř2M~r!5~21!M
~ 1

2!M

~M21!! S q22qS

2qS
D M11/2E

0

1

dhhM21/2e(q22qS)r(12h)

3E
0

1

dt~12t !M21S 11
q22qS

2qS
ht D 2M21/2

5~21!M
~ 1

2!M

M ! S q22qS

2qS
D M11/2

3E
1

`

dhhM21/2
2F1S M1 1

2,1;M11;2
q22qS

2qS
h De(q22qS)r(12h). ~4.19!

F0(z) is defined by Eq.~3.42!.
In analogy with expressions~4.15! and ~4.16!,
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uŘ2M~r!u,
~ 1

2!M

M !

1

M11/2Uk22kS

2kS
UM11/2

, M51,2,. . . , ~4.20a!

Ř2M~r!;~21!M
~ 1

2!M

M ! 2F1S M1 1
2,1;M11;2

k22kS

2kS
D

3
1

M21/21 i ~k22kS!r S k22kS

2kS
D M11/2

, u~k22kS!ru@1, ~4.20b!

Ř2M~r!;
2kS

k21kS
~21!M

~ 1
2!M

M !

1

M21/21 i ~k22kS!r S k22kS

2kS
D M11/2

, M@1, ~4.20c!

while for um1 i (k22kS)ru@1 andm51, 2, . . . ,

V̌m~r!;~21!m
~ 1

2!m

m!

1

m21/21 i ~k22kS!r S k22kS

2kS
D m11/2

, ~4.21a!

V̌m11~r!

V̌m~r!
;2

m11/2

m11

m21/21 i ~k22kS!r

m11/21 i ~k22kS!r

k22kS

2kS

. ~4.21b!

3. Exact formula for E 2z

By virtue of Eqs.~4.8!–~4.10!,

E2z52
ivm0k1

3

2pk2

1

k1
42k2

4 H eik1rk2Fk1~12kS
2/k2

2!

r
1

i

r2 2
1

k1r3G
2eik2rk1Fk2~12kS

2/k1
2!

r
1

i

r2 2
1

k2r3G
2 ikS

3F ip

2
H0

(1)~kSr!2eik2r (
m50

`

V̌m~r!2eik1r (
m50

`

Ǔm~r!G J . ~4.22!

Ǔm(r) and V̌m(r) are defined by Eqs.~4.13! and ~4.18!.

V. SIMPLIFIED FORMULAS FOR k 2™zk 1z

The exact results of Secs. III and IV are simplified considerably under the condition

k2!uk1u, ~5.1!

which holds in many cases of practical interest. In this section, connection formulas fo
approximations of Appendix C are recovered to the leading order ink2 /k1 .

A. Horizontal electric dipole

1. The z-component of the magnetic field

Equation~3.5! for B2z becomes

B2z;
m0

2pk1
2 Feik2rS k2

2

r2 1
3ik2

r3 2
3

r4D 2eik1rS k1
2

r2 1
3ik1

r3 2
3

r4D Gsinf, ~5.2!
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which is identical to the result given in Ref. 17 and agrees with formulas~C4!, ~C20!, and~C21!
of Appendix C. Note that condition~5.1! is redundant for establishing a smooth connection
formula ~C4!.

2. Tangential electric field

With

U1~r!52
kS

2r2

2 Fe2 ik1r Ei~ ik1r!2
1

ik1rG , ~5.3!

V0~r!52eip/4e2 i (k22kS)rA p

2kSr
1A p

kSr
F„~k22kS!r…, ~5.4!

E2f of Eq. ~3.49! becomes

E2f;2
ivm0

2pk1
2 H eik2rk2F2i

r2 S 11
k2

2

2k1
2D 2

2

k2r3 S 11
k2

2

2k1
2D 2

kS
2

k1r
A p

kSr
F„~k22kS!r…

1
pkS

2

2k1r
e2 i (k22kS)rS e2 ikSrH1

(1)~kSr!1eip/4A 2

pkSr
D G2eik1rk1F i

r2 S 11
k2

2

k1
2D

2
1

k1r3 S 11
2k2

2

k1
2 D 1

ik2
4

2k1
2 S e2 ik1r Ei~ ik1r!2

1

ik1r D G J sinf. ~5.5!

A close inspection of the terms inside the parentheses containing the exponential inte
shows that these contribute to higher orders ink2

2/k1
2. On the other hand, the Hankel function an

its accompanying term are negligible fork2r<O(1) under condition~5.1!, while they are can-
celled by theVm’s whenk2r@1, as outlined in Appendix B. A moment’s reflection leads to t
uniform formula

E2f;2
ivm0

2pk1
2 H eik2rF2ik2

r2 2
2

r3 2
kS

2k2

k1r
A p

kSr
F„~k22kS!r…G2eik1rS ik1

r2 2
1

r3D J sinf,

~5.6!

valid for all distances that are consistent with the planar-earth model. This formula yields ap
mation ~C6! as well as~C24! and ~C25! of Appendix C whenk2r!1 andk2r@1, respectively.

Similar steps can be taken forE2r of Eq. ~3.64!, to obtain

E2r;2
ivm0

2p

k2
2

k1
2 H eik2rF2

12k2
2/k1

2

k2
2r3 1 i

12k2
2/k1

2

k2r2 1
1

r
1

ikS
3

k1k2
A p

kSr
F„~k22kS!r…

2
pkS

3

2k1k2
e2 i (k22kS)rS e2 ikSr H1

(1)8~kSr!2e2 ip/4A 2

pkSr
D G

2eik1rF12k2
2/k1

2

k2
2r3 2

ik1

k2
2r2 2

ikS
3

2k1k2
S e2 ik1r Ei~ ik1r!2

k2
3

kS
3

1

ik1r D G J cosf. ~5.7!

In consideration of the asymptotic expansion~B18! of Appendix B, it is inferred that
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E2r;2
ivm0

2pk1
2 H eik2rk2Fk2

r
1

i

r2 2
1

k2r3 1
ikS

3

k1k2
A p

kSr
F„~k22kS!r…G

2eik1rk1S 1

k1r3 2
i

r2D J cosf. ~5.8!

This formula is useful for all reasonable purposes yet it assumes that

k2r!uk1
5/k2

5u, ~5.9!

which poses no practical restriction. The formula agrees with approximations~C5!, ~C22!, and
~C23! of Appendix C.

B. Vertical electric dipole

1. Magnetic field

Equation~4.6! for B2f furnishes

B2f;2
m0

2p H eik2rF ik2

r
2

1

r2 2
k2kS

2

k1
A p

kSr
F„~k22kS!r…

1
pkS

2k2

2k1
e2 i (k22kS)rS e2 ikSrH1

(1)~kSr!1eip/4A 2

pkSr
D G1eik1r

k2
2

k1
2

3F2
ik2

2

2k1r S 12
3

4

k2
2

k1
2D 1

1

r2 2
ik1kS

3r

2k2
S e2 ik1r Ei~ ik1r!2

1

ik1r D G J . ~5.10!

Under the sensible condition

k2r!uk1
3/k2

3u, ~5.11!

the exponential integral and its accompanying term can be neglected. Consequently,

B2f;2
m0

2p H eik2rF ik2

r
2

1

r2 2
k2kS

2

k1
A p

kSr
F„~k22kS!r…G1eik1r

k2
2

k1
2

1

r2J , ~5.12!

which connects smoothly to expressions~C10!, and~C32! and ~C33! of Appendix C.

2. The z-component of the electric field

The retainment of the first term in each series of Eq.~4.22! for E2z yields

E2z;2
ivm0

2pk2
H 2eik2rFk2~12k2

2/k1
2!

r
1

i

r22
1

k2r3 1
ikS

3

k1
A p

kSr
F„~k22kS!r…

2
pkS

3

2k1
e2 i (k22kS)rS e2 ikSrH0

(1)~kSr!2e2 ip/4A 2

pkSr
D G

1eik1r
k2

k1
F2

k1

r

k2
4

k1
4 1

i

r2 2
1

k1r3 2
ikS

3

k2
S e2 ik1r Ei~ ik1r!2

k2
3

kS
3

1

ik1r D G J . ~5.13!

With condition ~5.11!, the preceding expression becomes
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E2z;2
ivm0

2pk2
H 2eik2rFk2

r
1

i

r2 2
1

k2r3 1
ikS

3

k1
A p

kSr
F„~k22kS!r…G

1eik1r
k2

k1
S i

r2 2
1

k1r3D J , ~5.14!

in agreement with approximations~C11!, and~C34! and ~C35! of Appendix C.
Approximations~5.6!, ~5.8!, ~5.12!, and~5.14! are in full agreement with the formulas of Kin

et al.,17 provided that the replacement of (k22kS)r by ` is made according to~3.50!.

VI. CONCLUSIONS AND DISCUSSION

We start this paper with the Fourier–Bessel integral representations for the fields in the
boundary between air and a homogeneous half space of infinitesimal electric dipoles lying
interface. The focus is on the componentsEr andEf of the horizontal dipole andBf andEz of the
vertical dipole in the cylindrical coordinates of Figs. 1 and 3. These components can be giv
one-dimensional integrals of elementary functions, as is known from previous works on the
vector.4–10 The present analysis is believed to go a step further by relaxing the conditiok2

2

!uk1
2u and replacing the integrals by simple, exact integrated series which are usable fo

distance from the source. It is verified that theBz component of a horizontal dipole is described
simple elementary functions.

The exposition bears two appealing features. The first feature is that the ratio of any s
sive terms in each series is shown to be proportional tok2

2/k1
2, i.e., the inverse of the diffraction

index squared, while it remains bounded uniformly inr. The relative errors due to the retainme
of a finite number of terms in the series, sayM , are essentially of the order of (k2

2/k1
2)M regardless

of k2r andk1r. In most cases of practical interest whereuk1u>3k2 , at most three or four terms
of each expansion suffice for reasonable accuracy.

The second feature is that the summands are expressed in simple closed form as th
known exponential and Fresnel integrals. These functions explicitly reveal the dependence
physical parameters such as thek1r and the Sommerfeld numerical distance. They also provid
natural connection to the recently obtained, approximate formulas of Kinget al. that distinguish
between the direct and ideal-image fields and the lateral-wave or surface-wave contribution
k2

2!uk1
2u.17 The present treatment not only verifies the results of these authors by different,

means, but also extends their validity to distances close to the source.
The two features mentioned above illustrate the advantages of the proposed formula

representations of the incomplete Hankel function used for the same purpose.27 The price that one
seems to pay for this simplicity, however, is the limitation in the choice of possible configura
or field components that can be treated exactly in a similar fashion.21 Obtaining integrated serie
of analogous properties for the remaining components of Eqs.~2.1!–~2.6! and~2.10!–~2.12! is an
open problem for future work.

Higher-order terms of the derived series may become of importance for radiowave pro
tion over a very dry earth; another example of applications could perhaps be related
so-called ‘‘low-k’’ dielectric insulators.30 As in Ref. 19, the present model is restricted in
applicability due to the assumption of a planar boundary. Lowest-order correction formulas t
into account the effect of a finite yet sufficiently large radius of curvature are given elsewhere31–34
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APPENDIX A: GENERALIZED FORMULA FOR INTEGRAL W„r…

In this appendix, a generalized integration procedure is described which leads to Eq.~3.13! as
a special case. More precisely, with the decomposition
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W~r!5
q2

q1
I ~q1r,qSr;21/2!2

q1

q2
I ~q2r,qSr;21/2!, ~A1!

attention is focused on the integral

I ~a,b;z!5E
0

`

dx
~x21a2!2z

x21b2 J1~x!, a>b.0. ~A2!

Of course,I is understood as Abel summable inx→`. Without loss of generality,a andb are
assumed to be positive. The inequalitya>b is imposed for definiteness.

1. Case aÄb

With a5b,

I ~a,a;z!5E
0

`

dx~x21a2!2z21J1~x!. ~A3!

The starting point is the known formula24

E
0

`

dx xn11
Jn~x!

~x21a2!11z 5
22zan2z

G~11z!
Kn2z~a!, 21,Ren,2 Rez13/2, ~A4!

where Kn2z is the modified Bessel function of the third kind. Note that one may not
n521 on both sides of this equation simultaneously. Caution needs to be exercised b
allowing n→211 in

xn11Jn~x!5O~x2n11! as x→01,

results in a nonintegrable singularity atx50 with a vanishing numerical coefficient.
A remedy is to employ the integral

E
0

`

dx xn11Jn~x!50, Ren.21, ~A5!

and rewriteI (a,a;z) as

I ~a,a;z!52 lim
n→211

H E
0

`

dx xn11@~x21a2!212z2a22(11z)#Jn~x!J
1a22(11z)E

0

`

dx J1~x!

52
22z a2(11z)

G~11z!
K11z~a!1a22(11z). ~A6!

BecauseKn11/2(a) is elementary ifn is any integer, the conclusion is reached thatI (a,a;z) is an
elementary function ifz5n21/2. Explicitly, one gets25
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I ~a,a;n21/2!55
a22n211

~21!n11

~2n21!!! S d

a da D n e2a

a
, n51,2,. . . ,

a21~12e2a!, n50,

a22n21F11$~2unu21!!! %S d

a da D unu21 e2a

a G , 2n51,2,. . . ,

~A7!

where, in the usual notation, (2m21)!! 51•3¯(2m21) for positive integerm.

2. Case aÌb

Let

A5x21a2, B5x21b2, ~A8!

and consider the integral representations

A2z5
1

G~z!
E

0

`

dj j211ze2Aj, Rez.0,

B215E
0

`

dh e2Bh. ~A9!

The radical in Eq.~A2! is recast in the form

A2zB215
1

G~z!
E

0

`E
0

`

dj dh j211ze2(Aj1Bh) @j5uv,h5~12u!v#

5zE
0

1

du u211z@Au1B~12u!#212z, Rez.0. ~A10!

Analytic continuation to complexz with Rez,0 is brought about via the integral

A2zB215
z

12ei2pz E
C
du u211z@Au1B~12u!#212z, ~A11!

whereC is a closed contour in theu-plane.C originates fromu51 in the first Riemann sheet an
encircles the origin in the clockwise sense, as shown in Fig. 4. The first Riemann sheet is d
so that

u211z.0 and @Au1B~12u!#212z.0, 0,u,1, ~A12!

with the associated branch cuts lying along the positive and negative real axis. Note t
addition to the branch point atu50 another branch point exists in the negative axis atu5
2B/(A2B).

FIG. 4. Contour of integrationC for the integral of Eq.~A11!.
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With Eq. ~A6!, it follows that

I ~a,b;z!5
z

12ei2pz E
C
du u211zE

0

`

dx$x21@a2u1b2~12u!#%212zJ1~x!

52
ze2 ipz

2i sinpz EC
du u211z@a2u1b2~12u!#2(11z)

3H 12
22z

G~11z!
@a2u1b2~12u!# (11z)/2K11z~Aa2u1b2~12u!!J . ~A13!

Hence,I (a,b;z) is an integral of an elementary function ifz5n21/2, n: integer.
Let

t5t~u!5Aa2u1b2~12u!, t~1!5a, t~0!5b. ~A14!

This transformation mapsC onto C8 ~Fig. 5!:

I ~a,b;z!52
ze2 ipz

i sinpz

1

~a22b2!z E
C8

dt t2122z~ t22b2!211z

3H 12
22z

G~11z!
t11zK11z~ t !J . ~A15!

By virtue of the identity

d

dt
@ t22z~ t22b2!z#52b2zt2122z~ t22b2!211z, ~A16!

application of integration by parts to Eq.~A15! furnishes

I ~a,b;z!5a22zb22F12
22za11z

G~11z!
K11z~a!G

2
e2 ipz

2i sinpz

22z

G~11z!

1

b2~a22b2!z E
C8

dt t22z~ t22b2!z
d

dt
@ t11zK11z~ t !#.

~A17!

It is of some interest to write down recursive formulas that are particularly useful forz5n
21/2, wheren is any integer. Clearly, from Eq.~A2!,

I ~a,b;z11!52
1

2a

1

z

]

]a
I ~a,b;z!, ~A18!

while

FIG. 5. Map ofC of Fig. 4 in thet-plane viat25a2u1b2(12u).
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I ~a,b;z21!5~a22b2!I ~a,b;z!1I ~a,a;z21!

5~a22b2!I ~a,b;z!1a22z2
22z11a2z

G~z!
K2z~a!. ~A19!

Therefore, it suffices to evaluateI (a,b;z) for z521/2. Equation~A18! can be employed forz
521/2, 1/2, 3/2,. . . , and Eq.~A19! is adequate forz521/2,23/2,25/2, . . . .

The substitutionz521/2 in Eq.~A17! gives

I ~a,b;21/2!5
a

b2 ~12e2a!2
Aa22b2

2b2 E
C8

dt
t

At22b2
e2t. ~A20!

Since the integrand has now an integrable singularity att5b, the path can be indented back to th
positive real axis:

I ~a,b;21/2!5
a

b2 ~12e2a!2
Aa22b2

b2 E
b

a

dt
t

At22b2
e2t. ~A21!

This result agrees with Eqs.~3.13! and~3.14!. Evidently, applying Eq.~A18! does not produce any
new integrals of elementary functions.

APPENDIX B: AN ASYMPTOTIC EXPANSION FOR E2f

In this appendix, an asymptotic formula is derived for theE2f of Sec. III whenk2r@1 and
k2,uk1u on the basis of its exact series expansion. Consider theW(r) of Eq. ~3.14!. The combi-
nation of the first and third terms in Eq.~3.15! yields

W~r!5W~r;`,2 ik2 ,2 ikS!2W~r;`,2 ik1 ,2 ikS!, ~B1!

where the second term here is given by Eq.~3.27! and

W~r;`,q2 ,qS!5e2qSrqSE
(q22qS)/qS

` dh

Ah
~11h!~21h!21/2e2qSrh. ~B2!

1. Wave through region 2

When uqSru@1, the major contribution to integral~B2! arises from the vicinity of the lower
endpoint of widthO@(qSr)21#. If in addition u(q22qS)ru<O(1), h50 falls inside the critical
region and the radical can be replaced by a Maclaurin expansion. Accordingly,

W~r;`,q2 ,qS!52e2q2rqSF (
m50

M21

Vm~r!2e(q22qS)rYM~r!2R2M~r!G , M>1, ~B3!

where

Vm~r!52eip/4i m11
~ 1

2!m

m!

m11/2

m21/2
~2qSr!2m21/2wm„i ~q22qS!r…, ~B4!

wm~z!5A2p~2 i !me2 izz1/21m
dm

dzm @z21/2eizF~z!#, ~B5!

F~z!5e2 izE
z

`

dx
eix

A2px
5e2 izF1

2
~11 i !2F0~z!G . ~B6!
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F0(z) is introduced in Eqs.~3.41! and ~3.42!, R2M(r) is given by Eq.~3.34!, andYM(r) is the
remainder in the sense of Poincare´35 of an asymptotic expansion foreqSrK1(qSr) whenM terms
are summed,25 i.e.,YM(r)5O@(kSr)2M21/2# asukSru→` for M5O(1), uniformly in Arg(kSr).
Compare with Eqs.~3.31!.

For 1<M5O(1) andu(k22kS)/(2kS)u!1,

R2M~r!5OF S k22kS

2kS
D M11/2G , u~k22kS!ru<O~1!, ~B7!

leading to

e2 i (k22kS)rYM~r!1R2M~r!

VM21~r!
5OS 1

k2r D . ~B8!

When u(k22kS)ru@1, the remainderR2M(r) dominates over theYM(r) in Eq. ~B3!. It
follows that

R2M~r!5OF S k22kS

2kS
D M11/2 1

~k22kS!rG , u~k22kS!ru@1, M5O~1!, ~B9!

by inspection of Eq.~3.36b!, and

e2 i (k22kS)rYM~r!1R2M~r!

2VM21~r!
5OS k22kS

2kS
D . ~B10!

Of course, in the limitM→` the remainderYM(r) is unbounded and the series from E
~B3! diverges. In the sense implied by Eq.~B3!,

W~r;`,q2 ,qS!;2e2q2rqS(
m50

`

Vm~r!. ~B11!

This asymptotic expansion can be attained somewhat heuristically from the exact series~3.40!
combined with the asymptotic expansion forH1

(1)(kSr). Notice that

dm

dzm @z21/2F0~z!#5
eip/4

&
~21!mS 1

2D
m

z21/22m2
dm

dzm @z21/2eizF~z!#. ~B12!

2. Wave through region 1

From Eq.~B1!, consider the integral

W~r;`,q1 ,qS!5q1E
1

`

dh
h

Ah22q̄
e2q1rh, q̄5qS

2/q1
2 , uq̄u,1. ~B13!

When uq1ru@1, the principal contribution to integration comes from the vicinity ofh51.
Accordingly, expand the radical as

h

Ah22q̄
215 (

n50

N21
~21!n

n!
An~ q̄!~h21!n1O@~h21!N#, N>1, ~B14!

where
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A0~ q̄!5
q̄

A12q̄~11A12q̄!
, ~B15!

and, forn51, 2, . . . ,28

An~ q̄!5~21!n
dn

dhn

h

Ah22q̄
U

h51

5q̄
2n

Ap
GS n13

2 DGS 11
n

2D 2F1S n13

2
,
n

2
11;2;q̄D

52[(n21)/2]$~2@n/2#11!!! %
d[(n21)/2]

dq̄[(n21)/2] $q̄
[(n21)/2]11~12q̄!2(2[n/2]13)/2%. ~B16!

@x# denotes the integral part ofx. Note that the second line of Eq.~B16! holds even forn50.
It follows that

W~r;`,q1 ,qS!5
e2q1r

r H 11 (
n50

N21 An~ q̄!

~2q1r!n 1O@~q1r!2N#J , N>1. ~B17!

The first term inside the braces is theU0(r) from Eq. ~3.19!. This expansion can be verifie
directly from Eq.~3.18! by invoking the formula28

ezEi~2z!5 (
n50

N21

~21!n11n! z212n1O~ uzu2N21! as z→`, HN51,2,. . . ,
uArg zu,3p/2, ~B18!

which holds uniformly in Arg z, interchanging the order of summation and subsequently allow
M→`.

3. Asymptotic formula for E2f

The resulting asymptotic expansion forE2f reads as

E2f;2
ivm0

2p

k2
2

k1
42k2

4 H 2 ieik1rk1Fk1
21k2

2~22kS/k2!

k2
2r2 1 i

k1
212k2

2

k1k2
2r3 G

1 ieik2r
2k1

21k2
2

k2r2 S 11
i

k2r D2
k1kS

2

k2r Feik1r

ikSr
(
n50

` An~kS
2/k1

2!

~ ik1r!n 2eik2r (
m50

`

Vm~r!G J sinf.

~B19!

Similar expressions can be written down by inspection for the other components of Secs.
IV.

APPENDIX C: ASYMPTOTIC FORMULAS FOR k 2r™1 AND k 2rš1

In this appendix, simple approximations are applied directly to the integrals~2.1!–~2.6! and
~2.10!–~2.12! whenk2

2!uk1
2u under the conditionsk1r5O(1) andk2r@1.

1. Case k 2
2™zk 1

2z, k 1rÄO„1…

In terms of theqj ( j 51, 2) of Eqs.~3.1!, uq2ru!1 while q1r is kept fixed anduq2
2u!uq1

2u.
Then the principal contribution to integration arises from a range wherel5O(1/r)@uq2u. Ac-
cordingly, the following approximation becomes effective:

Ak2
22l2; il
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A. Horizontal electric dipole

With these approximations,B2z becomes

B2z;
m0

2p E
0

`

dl l2
J1~lr!

Al21q1
21l

sinf5
m0

2pq1
2 H 1

r4 Im~q1r!2E
0

`

dl l3J1~lr!J sinf,

~C2!

where

E
0

`

dl l3J1~lr!52
3

r4 , ~C3!

while the integralIm is given by Eq.~3.4!. Hence,

B2z;
m0k1

2

2p Feik1rS 3

k1
4r4 2

3i

k1
3r3 2

1

k1
2r2D 2

3

k1
4r4Gsinf. ~C4!

In the same vein, by virtue of Eq.~3.8! for Ie ,

E2r;
ivm0

2pq1
2 H S 1

r
1

d

dr D F 1

r2 Ie~q1r!G2
1

r E0

`

dl lJ1~lr!J cosf

5
ivm0k1

2p H eik1rS 1

k1
3r3 2

i

k1
2r2D 1

1

k1
3r3J cosf, ~C5!

E2f;2
ivm0

2pq1
2 H S 1

r
1

d

dr D F 1

r2 Ie~q1r!G2
d

dr E0

`

dl lJ1~lr!J sinf

5
ivm0k1

2p H eik1rS 2
1

k1
3r3 1

i

k1
2r2D 1

2

k1
3r3J sinf. ~C6!

The computation of the limiting forms ofE2z , B2r andB2f is more involved:

E2z;
ivm0

2pq1
2 lim

e→01

]

]r E0

`

dl Al21q1
2e2eAl21q1

2
J0~lr!cosf

5
ivm0

2pq1
2 lim

e→01

]

]r

]2

]e2 H I 0Fq1

2
~Ae21r22e!GK0Fq1

2
~Ae21r21e!G J cosf

5
vm0

4r
J1~k1r/2!H1

(1)~k1r/2!cosf, ~C7!

B2r;2
im0

4

d

dr F1

r
J1~k1r/2!H1

(1)~k1r/2!Gsinf, ~C8!

where use is made of Ref. 36, and

B2f;2
im0

4r2

k1

k2
J1~k1r/2!H1

(1)~k1r/2!cosf. ~C9!
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Compare with the exposition in Ref. 13. In principle, the behavior of thez-component of the
electric field depends on the limit path. For instance, if the observation point is forced to app
the source along a straight line from region 1 (z,0), this component behaves as;1/r3. @The
divergence can ensue from takinge5r in the second line of Eq.~C7!.#

B. Vertical electric dipole

From the Fourier–Bessel integral~2.10!,

B2f;
m0

2pq1
2 Fq1

2E
0

`

dl lJ1~lr!2
q2

2

r2 Ie~q1r!G
52

m0

2pr2 Feik1r
k2

2

k1
2 2S 11

k2

k1
ik2r D G;2

m0

2pr2 S eik1r
k2

2

k1
2 21D . ~C10!

Likewise, starting with Eq.~2.11! gives

E2z;
ivm0

2pr Feik1rS 1

k1
2r2 2

i

k1r D 2
1

k2
2r2G . ~C11!

The formula forE2r is more involved, in analogy with Eqs.~C7!–~C9!. It is

E2r;
ivm0

2pr F ip

2
J1~k1r/2!H1

(1)~k1r/2!2
k2

2

k1
2G . ~C12!

2. Case k 2
2™zk 1

2z, k 2rš1

When ukjru@1 ( j 51, 2), the oscillations of the Bessel functions in Eqs.~2.1!–~2.6! and
~2.10!–~2.12! force the major contributions to integration to arise from the vicinities of the bra
points atl5kj with widths O(1/r). The conditionk2

2!uk1
2u permits considerable simplificatio

because, heuristically speaking, the two contributing regions separate.
Following Sommerfeld,29 one may replace eachJn (n50, 1, 2) by (1/2)@Hn

(1)1Hn
(2)#. The

contourG can be chosen symmetric under inversion through the origin, as shown in Fig. 2. U
made of the analytic continuation formula

Hn
(2)~ze2 ip!5~21!n11Hn

(1)~z!, n: integer. ~C13!

For notational convenience, letF2k, j (F5E, B; k5r, f, z; j 51,2) denote the part of the
field component that corresponds to the contour integral alongG j . EachF2k, j follows upon the
replacements

F2k→F2k, j under E
0

`

dl~¯ !Jn~lr!→ 1

2 EG j

dl~¯ !Hn
(1)~lr!. ~C14!

EachF2k, j amounts to a wave traveling with the phase velocity of mediumj .
With

H0
(1)~lr!1H2

(1)~lr!5
2

lr
H1

(1)~lr!, ~C15!

the Hankel functions in eachF2k, j are approximated according to

Hn
(1)~kjr~11 i t !!;eik jr2 inp/22 ip/4A 2

pkjr
e2kjrt, ukjru@1, t→01. ~C16!
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Due to the rapid exponential decrease here, the major contribution to integration on each
the branch cut~positive t-axis! originates from the corresponding branch point (t50).37

Upon the change of variablel5kj (11 i t ), it is recognized that forl;kj ,

A12~l/kj !
256e2 ip/4A2tA11 i t /2;6e2 ip/4A2t, t→01, At>0, ~C17!

where the upper sign holds along the left-hand side and the lower sign along the right-hand
each branch cut. For instance,D(l) of Eq. ~2.8! becomes

D~l!;6e2 ip/4A2t1k2 /k1 , l;k2 , ~C18!

D~l!; ik1 /k26~k2 /k1!e2 ip/4A2t; ik1 /k2 , l;k1 . ~C19!

In eachF2k, j , the contribution from the circleCd, j of radiusd vanishes in the limitd→01.

A. Horizontal electric dipole

The integrals for thez-component of the magnetic field are

B2z,2;eik2r
m0

2p

k2
4

k1
2A 2

pk2rE0

`

dtA2te2k2rt sinf5eik2r
m0

2p

k2
2

k1
2r2 sinf, ~C20!

B2z,1;2eik1r
m0

2p

1

r2 sinf. ~C21!

The integrals pertaining to ther-component of the electric field become

E2r,2;
vm0k2

3

2pk1
2

eik2r

Apk2r
F E

0

`

dt
At

i t 1~1/2!k2
2/k1

2 e2k2rt1
2i

k2r E0

`

dtAte2k2rtGcosf

;eik2r
vm0k2

4

2pk1
3 A p

k2r
@F~` !2 i ~2p` !21/2#cosf, ~C22!

E2r,1;eik1r
vm0

2pk1r2 cosf. ~C23!

` andF(z) are defined by Eqs.~3.50! and ~B6!, respectively.
By a comparison of Eqs.~2.2! and ~2.3!, no further calculations need to be done forE2f, j .

E2f,2;2
vm0k2

3

2pk1
2

eik2r

Apk2r
H 1

ik2r S pk2

k1
@F~` !2 i ~2p` !21/2# D1 ik2rS i

k2
2r2A p

k2r D J sinf

5eik2r
ivm0k2

3

2pk1
3r
A p

k2r
@F~` !22i ~2p` !21/2#sinf, ~C24!

E2f,1;2eik1r
vm0

2pk1r2 sinf. ~C25!

The rest of the components are calculated under similar approximations as follows:
 19 Jan 2005 to 18.87.1.204. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



Eqs.

744 J. Math. Phys., Vol. 42, No. 2, February 2001 D. Margetis and T. T. Wu

Downloaded
E2z,2;eik2r
vm0k2

2

2pk1

1

Apk2r
E

0

`

dt
At

i t 1~1/2!k2
2/k1

2 e2k2rt cosf

5eik2r
vm0k2

3

2pk1
2 A p

k2r
@F~` !2 i ~2p` !21/2#cosf, ~C26!

E2z,1;eik1r
ivm0

2pk1r2 cosf, ~C27!

B2r,2;eik2r
im0k2

3

2pk1
2r
A p

k2r
@F~` !22i ~2p` !21/2#sinf, ~C28!

B2r,1;eik1r
im0

2pr2 sinf, ~C29!

and, in analogy with formulas~C24! and ~C25!,

B2f,2;2eik2r
m0k2

4

2pk1
2A p

k2r
@F~` !2 i ~2p` !21/2#cosf, ~C30!

B2f,1;2eik1r
m0k2

2pk1r2 S i
k2

k1
2

1

k2r D cosf. ~C31!

Compare with Ref. 17.

B. Vertical electric dipole

In the same vein, the field of a vertical electric dipole can be calculated with recourse to
~2.10!–~2.12!. See also Ref. 32. Without further ado,

B2f,2;eik2r
m0k2

3

2pk1
A p

k2r
@F~` !2 i ~2p` !21/2#, ~C32!

B2f,1;2eik1r
m0

2p

k2
2

k1
2r2 , ~C33!

E2z,2;2eik2r
vm0k2

2

2pk1
A p

k2r
@F~` !2 i ~2p` !21/2#, ~C34!

E2z,1;eik1r
vm0

2pk1r2 , ~C35!

E2r,2;2eik2r
vm0k2

3

2pk1
2 A p

k2r
@F~` !2 i ~2p` !21/2#, ~C36!

E2r,1;2eik1r
ivm0

2pk1r2 . ~C37!
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21E. F. Kuester and D. C. Chang, Sci. Rept. No. 43, Electromagnetics Laboratory, University of Colorado, Boulde
1979.

22There is a vast and growing literature on the numerical computation of Sommerfeld integrals. In addition to the
cited in Ref. 17, see for instance S. L. Dvorak and M. M. Mechaik, Radio Sci.28, 309~1993!, and the references therein
In this paper, the authors integrate out the slowly varying part of the Fourier–Bessel transform in terms of inco
Lipschitz–Hankel integrals. Relevant is the paper by M. M. Mechaik and S. L. Dvorak, Radio Sci.30, 1393~1995!.

23G. H. Hardy,Divergent Series~Chelsea, New York, 1991!, Chap. I.
24G. N. Watson,A Treatise on the Theory of Bessel Functions~Cambridge University Press, New York, 1995!, pp. 434,

435.
25Bateman Manuscript Project,Higher Transcendental Functions, edited by A. Erde´lyi ~McGraw-Hill, New York, 1953!,

Vol. II, pp. 10, 82, 85.
26J. A. Kong,Electromagnetic Wave Theory~Wiley, New York, 1990!, pp. 352–355, 111–115, 121, 122.
27M. M. Agrest and M. S. Maksimov,Theory of Incomplete Cylindrical Functions~Springer-Verlag, Berlin, 1971!, pp.

200–205; see also the references therein.
28Reference 25, Vol. I, pp. 56, 59, 267, 101, 102, 278.
29A. Sommerfeld,Partial Differential Equations in Physics~Academic, New York, 1949!, pp. 256, 251.
30R. D. Miller, Science286, 421 ~1999!.
31D. Margetis, Chap. 3 of Ph.D. thesis, Harvard University, 1999.
32V. A. Houdzoumis, Part II of Ph.D. thesis, Harvard University, 1994.
33V. A. Houdzoumis, Radio Sci.35, 19 ~2000!; J. Appl. Phys.86, 3939~1999!.
34D. Margetis, paper in preparation.
35H. Poincare´, Acta Math.8, 295 ~1886!.
36Bateman Manuscript Project,Tables of Integral Transforms, edited by A. Erde´lyi ~McGraw-Hill, New York, 1954!, Vol.

II, p. 31.
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