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Exactly calculable field components of electric dipoles
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The Sommerfeld integrals for the electromagnetic fields in the planar boundary
between air and a homogeneous, isotropic medium, due to a horizontal and a
vertical electric dipole each lying along the interface, are examined in detail. In the
case of the horizontal dipole, the tangential electric field is given in terms of series
that involve confluent hypergeometric functions, namely, the Fresnel and exponen-
tial integrals. A similar exposition is presented for the magnetic and vertical electric
fields of the vertical dipole. When the index of refraction of the adjacent space is of
a sufficiently large magnitude, the derived series converge rapidly and uniformly
with the distance from the source. Specifically, their rates of convergence are
shown to be independent of distance. It is pointed out that the corresponding for-
mulas of Kinget al. are valid down to any distance close to the source, where they
smoothly connect to known “quasi-static” approximations. 2001 American
Institute of Physics.[DOI: 10.1063/1.1330731

[. INTRODUCTION

Almost a century ago, Sommerféldirst formulated the problem of the radiating vertical
electric dipole located in the planar boundary between two homogeneous and isotropic half spaces
by invoking the Hertz vectoFl rather than the electromagnetic fieHsandB. With the use of the
Fourier—Bessel representations in cylindrical coordinates, Sommerfeld proposed approximate for-
mulas forII for distances of many wavelengths in air away from the source. Soon after, his
student Hoschelmaf applied the same method to the case of the horizontal electric dipole in air.
Other authors revisited these problems aiming at alternative representatidisttiat could be
amenable to asymptotic evaluations for sufficiently large distances. A historical account and
extensive list of references can be found in the monograph Bp$an

Serious efforts to derive accurate expressions forlihef electric or magnetic dipoles were
often made under the simplifying yet practically significant assumption that both the source and
the observation point lie at the interfate® Some of the components &l then involve the
Fourier—Bessel integrafs,

U(p)= f:dm ; (\p), 1.

Jo
N2 —ki+ N2 = K3

(1.2

v :J—de Jo(\p),
®)=, K2UN2— K2+ KN 2— K2 o(he)

wherek; (j=1,2) is the complex wave number in mediymp is the polar distance from the
source, and, is the Bessel function of order 0. Van der Pshowed that)(p) is given in terms

of elementary functions, whil¥(p) can be converted to a finite, one-dimensional integral of an
elementary function that readily yields Sommerfeld’s approximate result. On the basis of Van der
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Pol's formula forV(p), Rice®® derived exact series expansions that, although credited as being
“uniform” in the distance p,'* become impractical wheh<jp|>1. He also proposed disparate
asymptotic expansions for these distances when the refraction kadkx is close to 1k, being

the wave number in air. Along the same lines is the exposition by Wieteworthy is Fock's
expansion fol(p) in terms of products of Bessel functions with half-integer indices, where the
expansion parameteki—k3)/(k+k3) is assumed to be of magnitude less than 1~ d@ne-
derived the Sommerfeld—Van der Pol formula by applying a version of the steepest descent
method, where a simple pole is extracted from the vicinity of a saddle point, and neglecting high
orders ink,/k;. However, the issue of connecting this formula, which is valid in the range
k3p/|k2|=0(1), to therespective approximation fdk,p|<1 was not essentially addressed.

In a series of work$? Wait gave asymptotic formulas for the Sommerfeld integrals in differ-
ent ranges of polar distances and source heights. Consider, for example, thekegrigés k,p
=0(1), andk,p>1 when the dipole and the observation point both lie in the bountfayen in
this simplest nontrivial case, Wait's approximations seem to be based on intuitive arguments. In
particular, in the “quasi-static approacht®the fields in air are regarded as solutions of Laplace’s
or Poisson’s equation with no practical restriction loyp, but there is no clear indication, for
instance, about the convergence or the magnitude of the remainder of the underlying expansion
whenk;=0(k,) with k,<|ky|. In the spirit of the quasi-static approach, the computation of the
Hertz vector is carried out in Refs. 14—16 for low frequencies via a convenient resummation of the
\-Maclaurin expansion for the radical under the integral sign. The ensuing simple expressions are
interpreted as superpositions of primary and reflected fields, where the earth is replaced by a
perfectly conducting medium with the boundary being shifted by the distakge'dNotably, the
electric and magnetic fields are obtained through direct differentiations of the approximate formu-
las forII.

Recently, integrated formulas were derived by Ketgl !’ for the electromagnetic field in air
over an imperfectly conducting or dielectric earth when the source is a horizontal or vertical
electric dipole. Their major simplifying conditions d{é«lk'ﬂ andk,r>0(1), r being the radial
distance from the source. Some of the novelties of their approach can be outlined as follows. First,
these authors deal directly and systematically with the field itself and not the Hertz vector; their set
of formulas satisfy Maxwell's equations and the required boundary conditions consistently to the
desired order ink3/k?. Second, in their sequence of approximation steps, the direct and the
ideal-image fields are singled out, some of the remaining integrals are computed exactly by
analytical means, and large-argument approximations for the Bessel functions are only applied to
the remainders that involve the Sommerfeld pole. The results advance the workSasf Bad
others both quantitatively, with the retainment of a larger number of terms, and qualitatively, with
the notions of the surface and lateral waves being dissociated in the mathematical treatment from
that of a saddle-point in the vicinity of a pole.

In a recent papef King and Wu make use of the approximate formulas of Ref. 17 for the
horizontal dipole to calculate the electromagnetic field in air of infinitely long transmission lines
above the earth. However, as pointed out in Ref. 18, the violation of the condlitiop>1 at
extremely low frequencies introduces an inaccuracy for the axial component of the electric field.
A formula for this component that is uniform in distance was later derived in a more elaborate
analysis by Margeti&? The inaccuracy mentioned above signifies one of the instances where
approximate formulas that are known to hold sufficiently far from the source are forced to be
extended to distances too close to the source. An interesting question is whether it is possible, and
if so in what sense, to connect the lateral-wave formulas of Kihgll’ to known near-field
expressions, such as those given by Wait Kgp<12 so that the final formulas adequately
describe the field for all reasonable distances wkia|kZ|.2° Various interesting references and
formulas for the evaluation of Sommerfeld-type integrals are provided in Ref. 21. Noteworthy
among these formulas are the representations in terms of incomplete cylindrical functions.

The purpose of this paper is twofold. The first is to evaluate exactly, in terms of series that are
uniform in p, those Sommerfeld integrals that are given by integrals of elementary functions, by
relaxing the conditiorks<<|k3|. This task is carried out in Secs. Ill and IV for the electromagnetic
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Region 2 (air, k2)
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FIG. 1. The geometry and Cartesian coordinate system for a unit horizontal dipole in the earth. The featwed to
approach zerod—0%).

field of electric dipoles lying in the planar interface; the use of the Hertz vector is entirely avoided,
in the spirit of Ref. 17. The expansion parameter is the inverse of the refraction kg,
which is assumed to be of magnitude less than 1, and the coefficients are known transcendental
functions, namely, the exponential and Fresnel integrals. These series are believed to be new. In
particular, the rates of convergence of the derived series are shown to depend only on the ratio
kglkf.ll Emphasis is also placed on obtaining bounds and estimates for the remainders when a
finite number of terms are summed. As a consequence, stringent conditions for the validity of
simplifications undek3<|k?| can follow. All derivations are subject to routine mathematical
rigor, and comparisons with numerical computations are beyond the scope of thispaper.
discussion on the merits of the present analysis for numerical evaluations is provided in Sec. VI.
The second purpose is to demonstrate that the corresponding lateral-wave formulas in Ref. 17
may indeed be extended to distances from the source that are short compared to the wavelength in
air. In Sec. V we deal precisely with this task via the step-by-step approximations of the exact
series. Finally, in Appendix A we calculate analytically a class of integrals involving Bessel
functions through a generalized Schwinger—Feynman representation; Van der Pol's fesula
sentially follows as a special case. The nature of the field asymptotic expansiokgp ol is
analyzed in Appendix B on the basis of the derived series, while in Appendix C we revisit the
simplifications of the original integrals in the limiting cade® <1 andk,p>1. The time depen-
dencee '“! is suppressed throughout the analysis.

II. FORMAL REPRESENTATIONS

A. Horizontal electric dipole

The geometry and Cartesian coordinate system are shown in Fig. 1. As the source and the
observation point approach the boundary from beldw:0") and from aboveZ—0%), respec-
tively, the Fourier—Bessel representation for the electromagnetic field in the cylindrical coordi-
nates p,¢,z) with x=p cos¢ andy=psin¢ (0<p<2m7) is*’

2 2 2_ L2 2
Iwof N S
E da \p) cos 2.1
22— k2 Eq,= Ak2 ki\/k%—)\ +k§\/k§— 1( p) ®, 2.1
E,,=E = “Of ann] VAT VIG M [Jo(Ap) +ds(Ap)]
S e N e N R
[Jo(Ap)—=Jao(Np)]|sing, (2.2

+
VKE—A2+ VK5 —\2
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A-plane

FIG. 2. Branch-cut configuration and integration paths pertaining to the Sommerfeld int@gtgi$2.6) for the horizontal
electric dipole and2.10-(2.12 for the vertical electric dipole. The original integration path is shown with arrows in the
positive real axis. The contoufsandl’; (j=1,2) serve the asymptotic evaluations kgp>1 carried out in Appendix C.

_Mfm M| mm

E, =E, = Jo(Ap)—Jo(N
2p 1p A 0 ki\/kg_)\2+k§\/ki—)\2[ 0( P) 2( p)]
+ Jo(Ap)+JIr(N COoSo, 2.3
T e ) 3] coso (2.3
B,,=B =iﬂrdm2 ! J.(\p)sine 2.4
2z 1z 20 0 \/ki—)\z-i-\/k%—)\z 1LAp ’ .

[Jo(Ap)+Ia(Np)]

B,,=B,=— —
20" 8w o JEZ—\2+K2—\2

= k3—N2—ki—\?
Moj d)\)\[\/ 2 VK

k3Vki—N2—k3\k3—\?
k3Vk3— A2+ k3 k53— 22

[Jo(kp)—Jz(Ap)]]cow, (2.9

[Jo(Ap)—Ja(Np)]

sz: Blp: -

8 Jo VKE— N2+ k2= \2

= ks—A2—ki—\?
Mof )\)\{\/ 2 N

K3\k2—N2—k2\k3—\?
K3k — N2+ k2 \k3—\?

[Jo()\p)+32(7\p)]]sm¢. (2.6

the first subscript in each component referring to the redlofor z<0 and 2 forz>0).

These integrals are divergent in the conventional sense. The procedure implied by allowing
d—0" andz—0" in Fig. 1 dictates that they be interpreted in the sense of Ab&he first
Riemann sheet is such thgt<1, 2)

Im ki =\?=0, A>0, 2.7

with the branch-cut configuration of Fig. 2 whekgis taken to be real ankl,<k;. Note that each
\/ka—)\z is even in\ and the denominator,
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unit vertical

/ dipole at (0,0,d)
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> X
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FIG. 3. The geometry and Cartesian coordinate system for a unit vertical dipole in air. Thechigtifiowed to approach
zero @—0%).

D(N)=k2\k5— N2+ k3\ki—\?, (2.9
has four simple zeros in the Riemann surface. These are located at

kika

VK +k5'

and are not present in the first Riemann sheet.

B. Vertical electric dipole

The z-directed unit dipole is immersed in diregion 2,z>0), as depicted in Fig. 3. In the
limit d—0" andz—0" the field ig’

2

k3 (= 1
Boy=Biy=i ot lj DN — ————310\p), (2.10
2w Jo K32 — N2+ k2 \k3—\?
k2 wugks (= 1 iold
E,,=—E =——f daA® Jo(Ap)=5 ——pBsy,
2725 208 Lo M igia e naia e oM T Ig  ap PP
(2.11)
. " 2 W2 ~N2_ 12 L2 2
E, =E, :_"MI Kevki— AP ki Ji(Np). (2.12
P Ankd Jo kaVkZ— N2+ k2 k53— N2

The first Riemann sheet along with the branch-cut configuration, and the integration path are
chosen as described in Sec. Il A and shown in Fig. 2. Throughout the following analysis, it is
assumed that

0<k,<|ki|, O=<Arg k,</4. (2.13

lll. EXACT B,,, Es,4, AND E,, OF HORIZONTAL ELECTRIC DIPOLE

For mathematical convenience, consider the replacements

ki=ig;, VK-N=i\\2+q7 (j=1,2). (3.2
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The Sommerfeld pole correspondsdg= —ikg. For the purpose of carrying out the requisite
integrations,q, and g, are thought of as positive witlj,<q;, unless it is stated or implied
otherwise. The final formulas are continued analytically to complex—ik; (j=1, 2) in view of
restrictions(2.13.

A. The z-component of the magnetic field

It is verified thatB,, is expressed in terms of elementary functibhhe requisite integral

equals
Mo 1 ;
2= o T ?[Im((hp)—fm(qy?)]sm b, (3.2
where
” 5/2
Im(a)=f dx X2 \x%+ a2l (x)= Kgol @), (3.3
BT
2

via the analytic continuation tp.= —3/2 of the right-hand side of the equatitth,

fwd x23(x) attH <
o KOFF AT T () )

K,(a) is the modified Bessel function of the third kiftiHence,

3 3
In(@)=—a?| 1+ —+ —|e (3.9
o o
It follows that
Y B O P —2—) [ —23—) sing. (3.5
‘ 2m (ki— kz)P2 ! kip klpz 2 kzop k2P2

This result is also derived by Wait through differentiation of the Hertz vectBiscussions on a
similar integral appearing in the problem of the radiating vertical magnetic dipole can be found in
the books by Baos® and Kong?®

B. The ¢-component of the electric field

With the definitionqs= —ikg, consider the decomposition

/ 2 2 3.3
>\2+q1v>\z—+q2 _ 1 (2 VN2t 02— g2 N2t 2]+ 4192
VN B+ AR VNGl A1 Lo 2Tl

1 |gp VN2+07 gy VA?+03

X = -—= :
95+0931 01 A*+g3  d2 A\2+q3

(3.6

Accordingly, Eq.(2.2) reads as
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iopo 1 [ d[Ze(dip)—Ze(d2p) 1 1[0iZe(d1p) — 05Ze(d2p)
E2¢:_ 2 22l do 2 2.2 2

T (1—q(dp p q:tqz p P

3,3

0102 1 .
————s — WV sing, 3.
(q§+q§)2p (P)] ) 3.7

where

To(a)= fooodx\/x2+a2\]1(x)=a+e"’, (3.9

with recourse to Ref. 24, and

B G G ) 3.9
T A e '

W(p)ILOCd)\

The task is to expresg/(p) in terms of known transcendental functions.
Following Van der Pof, a first step is to convert the representati@td) into an integral of
elementary functions. The radical in the integrand reads as follows:

/

o N2+03 9 N2+gd AZ+ad (-1

X=0,/qg

[ dr0e-1)- ! (3.10
= x2— —_— :
d2/ds \/)\2'1”(:12)(2

The interchange of the order of integration yields

W( )—fql/qsd ! ) " gn 1) (3.1
P golas |\ Vx°—1/ Jo \/)\2+q§x2' .

where, from Ref. 24 or EqA6) of Appendix A,

fwd)\ Ji(hp) (1—e 9. (3.12

o NZ+q32  dspX
Therefore, through integration by parts,

1

01—z Qe 92°—qge” W
Qsp

W(p) =
(P) Qs ds

+pW(p)|, (3.13

where

Uz_gzeivpv &<E,<é. (319
3

&
W(p)=W(p;d1,dz2,ds), W(p;&1,€2,83)= L dv
2
The procedure described hitherto is not different from the one in Ref. 27 for the Hertz vector of a
vertical dipole. An alternative derivation of the last equation, that is amenable to generalizations,
is provided in Appendix A. It is noted thatV(p) can be expressed in terms of incomplete
cylindrical functions as further discussed in Sec. VI. Despite this fact, it is more advantageous to
rewrite W(p) as
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W(p)=WI(p;»,qs,ds) —W(p;*,d1,ds) —W(p;02.0s,ds)- (3.19
The first term is calculated explicit&?
W(p;=,0s,ds) =0s fo dy coshye™ 9 <3 =qeK (qsp). (3.18

1. Integral W (p; % ,q41,q5s)
By invoking the identity

s O B ' . v
(1—u) 2= ZO 4" 1)|“Mf di(1-tM-a-uy M2 (3.17)
m= . ) 0

with u=q§v‘2 and a positive intege¥l, the second term in Eq3.15 reads as

—gp[ M1
W(p;,q1,0s) = 2, Un(p)+Rau(p) |, (3.18
where
D
Um(P)=W(QSP) 92m(d1p), (3.19
gn(Z)=J drr e 77 (3.20
V4
(%)M Os M o oM
= " |2 - —qgqp(n—1)
Rim(p) Q1P(M_1)!(ql L dyny “Me N
1
xf di(1-t)M~Y(1—qiq, 2n %) M2 (3.213
0
(2u gs| M (= —2M 11. 20 —2 =2\ a—qrp(n—1)
=0P T a0 1d7777 Fi(M+31M+1;950, "7 “)e ™ . (3.21b

In the above,F; is the hypergeometric functiéhand (a), is Pochhammer’s symb@.
By bearing in mind that +t<|1—wt| for 0<t<1 and|w|<1, it is inferred that for admis-
sible complexq; andq, (Req;=0),

M

{2 . M=12,. .., (3.223

2
- q
IRim(p)|<|apl(1—|qdl/|q2]) 3/W as

q7

which can be used to prove the convergence of the corresponding seNks>as This relation
must be supplemented with the formula

Rym( )~(%ﬂ FiM+i1;M+1;0% Z)q;p as) ™ laip|>1,  (3.22b
wm(p)~ 2k 2L as/d1 2M+aep\q.) Qo> L, .

in order to show thatR;y(p)| remains bounded ds|;p|— . It is noted in passing that fan
=0,1,2,...,
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Fy(m 31m 2= (~1m L (1 g-1ed [ 7D
m+3,1,m+2;z2)=(— —-2z) Ve | ——|.
2 ’ (Dm+1 dz" 1+Vl-z
Use of the asymptotic formula=1),
1
Jdt(l—t)M*l(l—qéq;zrfzt)*“”*l’z
0
! M>1 3.2
M—1-(M+1/2)q5q;, % 2’ ’ (323
in Eq. (3.213 leads to
(%)M qé M _ q.p
Rum(p)~ 1 P (1-a¥a)) lm, M>1. (3.29

By inspection of Eq(3.14), the rate of convergence of the series from BglL8 is essentially
independent op. In particular,U,(p) is approximated by

d.1p (%)m

_aw G5
2m+q.p m!

Un(p)~ q%

) , m>1. (3.25

This formula also holds whem=0(1) and|q;p|>1 with Req;=0, and becomes exact when
m=0 for anyq,p. Hence,

Unia(p) m+1/2 2m+q;p 03

Un(p)  mM+1 2m+2+0p g2’ |2m+aup|>1. (326
In the sense of Cauchy for convergence,
e v (%)m om
W(p;e,q1,9s) = (dsp)“"d2m(d1p)- (3.27

p m=o mM!

The coefficientg,(q.p) are partial derivatives in of the generating function,

2, 9n(2)X" =~ Ei(x-2), (3.28

where Ei(-z) is the exponential integraf. Finally,

1, n=0,

N — -1 n dn*l . 3.2
9n(2) ﬁw[éa(—zﬂ, n=12,.... (3.29

An asymptotic expansion foN(p;%,q;,qs) when|qg,p|>1 is derived in Appendix B.

2. Integral W (p;q,.,95,qs)

With the change of variablé=uv —qs in the original integral from Eqg3.14 and use of the
identity
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M-1 1
(3)m m+1/2 (Dm-1
—-1/2_ m+1_"" m _ M-1 M
(1+2u)(1+w = 2 ()™M E s U (1) T
1
xf dt(1—t)M "1 (M + 1/2+ut)(1+ut) M2 (3.30
0
where nowu=(2qs) "¢, it is straightforward to get
W( W L PRI ¢ )1/2 ¢ (3.313
P:92,9s,0s ds e *f, .
V2asto g 20s
M—-1
=—qgse % mEj() Vin(p) +Ram(p) |- (3.31h
In the above,
(2) m+1/2
Vin(p)= =€l ML o (20sp) "™ i (0o~ ds)p), (332
z .
fm(2)= f drm- e im0, (3.33
0
()m-1 <Q2_QS>MH/2 1
R 1M f d M~ Y2a(d2—a9)p(1-7)
am(p)=(— )(M 1| 20e , 477
1 _ 1 d,—0s 0>—0s )_M_llz
X | dt(1-tH)M Y M+ =+ 1+ t . 3.3
jo ( ) 2 29s 2qs 7 (3:39
Because
— ko —k
Req2 qs:Re 2 S>O, (3.3

20s 2kg
one may employ the inequalitf +wt|=1 for t=0 and Rev>0, to show that for compleg; and
- with Re (qz—qs)$0,

2)M M+1

qS|M+1/2
|R2M(p)|< M M2 1/4

qz—
2qs |

, M=12,.... (3.36a

The convergence of the right-hand side of E331h asM —« follows. Furthermore,

)
Row(p)~ (= 1M

SFi(M+31,M+1;—w)

- — 11 -
+M_l/22F1(M 5L,M+1; W)}

w=(q,—0g)/(2dg)
1 L AM+12

% (Q2 QS)

M—1/2—(d,—dg)p | 20s

. [(@2—as)p[>1. (3.36h
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M is any positive integer. In the above, the hypergeometric functions reduce to elementary func-
tions. For instance, by setting =1 in the second line,

oF1(3,1;2;2)= 1

2
+1-z

On the other hand, by virtue of formu(&.23,

RZM(P)"’(_ 1)M (%lz/l'\/:l(qZ_ qs) M+1/2J'1d7]M+—1/2e(M1/2)|n 7+ (do— a9 p(l—17)
- Us 0 1+q2;qs7]
20s
29 M(%)M M+1/2 1 (qz_qS)MH/z et
d2+0s MIM-1/2M-1/2-(g,—qsg)p | 20s ' '
(3.37

When|q,p|> 1, the corresponding sum needs to be combined with the asymptotic expansion
for the modified Hankel function of E¢3.16), as discussed in Appendix B. In some analogy with
expressiong3.25 and(3.26),

v (-1 ($)m m+1/2
(P T2 (qy—qo)p M m—1/2

: (3.39

qo—0s m+1/2
20s )

which in turn leads to

Viea(p) M=z m+3m—3—(d2—ds)p dr—0s
Vim(p) m+ 3 M+l m+ 2 —(g,—q9)p 20s

. |m=(a,—ag)p[>1, (3.39

provided thatm is a positive integer.

The aforementioned considerations indicate some rather attractive convergence properties of
the series expansions whéup|<|q3|. Their termwise differentiation with respect tois legiti-
mate and preserves the uniformgreonvergence. The series from E§.31b is

o

. qge 2P ] (3)m m+1/2 B )
W(p;qz,qs,qs)=e'”’4jf > e 175 (200) Mni(Go—as)p). (3.40
- = .

The generating function fof,,,(z) is

o

20 f”n‘flz) (ix)™=27e Z(1+x) " Y2Fo((1+x)2), (3.4)
where
2 gl _
Fo(z)= 0dt\/2_7TJ[=C(z)+|S(z), (3.42

andC(z) andS(z) are the Fresnel integrafS,

c _J’Zd COSX s _sz sinx (3.43
(2)= 0 X\/wa' (2= 0 X\/wa' '
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Hence,
fn(2)= ﬂ(—i)me-iZz“Z*mf—zm[z-l’zFo(z)]. (3.44

3. Exact formula for E 5

The combination of Eqs3.15), (3.16), (3.27), and (3.40, with Egs.(3.19 and (3.32, fur-
nishes the desired expression ¥ p), viz.,

%) )

e d1r
W(p)=0asK1(dsp) +qse™ % > Vpn(p)— > Un(p). (3.49
m=0 P m=0
From Eq.(3.13,
kl_k2 kleik2p—kzeik1” a . ” eiklp ”
— +i + — (1) _ alkop R
Wlp)= =iz =+ 5 Hi(kep) —€"22 3 Vin(p) =5 — 3 Un(p),
(3.46
where
1, m=0,
Um(p)= (Dm gzm-t , _ (3.47)
miam— ke gt Bl =2 ]ee ity M2
(3)mm+1/2[ky—kg\ ™ Y[ gm
— im —iz_—  5—1/2
Vlp) = 2w | e " amlz Vo2 (349
z=(ky—kg)p
The substitution of Eq9.3.8) and(3.46) into (3.7) gives
i k3 . k2+k3(2—kg/k k2+2k3
Eag=— wMO'_4 : 4|_ielklpkl : 2(2 z > 2)+i .
2m Ki—k; kap kikp
2K+ K3 i kK2 iar I
+ielkar 1 2( +—)—i—s — H{P(kep) —iekzr > Vv
k2p2 kzp |(2p 2 1 ( Sp) m§=:O m(p)
eiklp * )
g 2, Unia(p) | sing. (3.49
Note that wherk3<|k3|, the argument of each Fresnel integral becomes
€| i
(kz_ks)szz[l_ 1"'? P52 =9 (3.50
1 1

where|(k,—kg)p| is the Sommerfeld “numerical distance?®

Fork,p>1, the Hankel function in Eq3.49 is approximated by an expansion with the phase
factor e’k This expansion exactly cancels terms produced by the Fresnel integrals, so that the
final expression describes only waves traveling with the phase velocity of medium tem
«<e'ki?, j=1,2), as shown in Appendix B.
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C. The p-component of the electric field

The integral fork,, is evaluated via the interchange opldnd the operatord/dp) in Eq.
(3.7). The series that result through the term-by-term differentiation of expans®f¥ and
(3.40 also exhibit rapid convergence faf<|k2|, with a rate which is essentially independent of
the distancep. Without further ado,

_iwpg K3 ko ki—kg_i k2—k3 k_i
2p 2 k4_k4 k§p3 1 k§p2

ik p(k KKk kz) k kW' ( )] (3.513
+e'f2 - |— ! cos .
kgps k2p2 P S p @,

_iwpg K3 e ki—kg_i k2—k3 k_i
27 KI-Kd k3p® Lk3p? p

K2—k2  k2—k3 |<2 wk
ik,p 1 2 . 2 l (1)’
+en2 ( kgp3 | k2p2 2 k Hl (ksP)
k d |ekwe =
- = K S | Tk o 2 um<p>+e'k292 Vin(p) ]00845. (3.51b

whereW(p) is defined by Eq(3.14) and the prime here denotes differentiation with respect to the
argument.
It is desirable to further manipulate this formula. Decomposit®i5 entails

W'(p>=iké§ M (kep) +W(p;o0, —iky, —ike) +W(p; —ik,, —iks, —iks), (3.523

where

2

W(p; 51,52153)—f dvﬁe*w, £3<E,<¢;. (3.52b
3

1 Integral W(P;w,ql,QS)
With the steps of Sec. IlIB and favl=1,2,. . .,

~ —d1p M-1 _ ~
W(p;>,d;,0s) = (1+q;p)—qse” * mzo Umn(p)+Rim(p) | (3.53
where
U O 1 ~0,1,2 35
m(P) (rn_F—l)l(qu) 92m+1(q1P) m=0U,1,2,..., ( . 4)

with g,(z) defined by Eq(3.20, and

Ryw( ):_(%)&(q_s ZMfmd —2M-1g—dgsp(7—1)
wm{p M1 q N nn
1
><jodt(l—t)M(l—qéql’zn’zt)"\"’m. (3.55
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It is easily verified that

k2 M
~ L2 32 (Dm+1 S _
[Ram(p)|< (2= Tksll ki %y @ M=L2. (3.563
R ~—m FiM+21M+2;k¥k)) 5o k—% " lkip|>1
lM(p) (M+1)|2 l( 214 RglRq 2M+1_|k1p ki ’ 1P ’
(3.56H
- (Dm+1 1 k% M
(1122 -1 =S s
Rim(p)~ — (1—kZ/K3) M+ DT 2M+ 1Tk 2] M>1, (3.560
while, for [2m+1—ik,p|>1,
~ (%)m-%—l 1 kg m
UmP) ™~ = (D)1 2me 1= ikyp K (3.573
U] m+3/2 2m+1—ik,p k3
:n+l(p)~ . 1P _Z; (3-57b
Un(p) m+2 2m+3—ikyp k3
2. Integral W (p; q2.,45.qs)
Likewise,
M-1
W(p;dsz,0s,0s) = q2e %2 m; V() +Ram(p) |, (3.58
where, form=0,1,2.. ..,
(Hm m2+ 3/4

|7T/4| m+1

with f,(z) defined by Eq(3.44), and

~ (%)M*l 1 q,—0s M+1/2 ~q
=(—1)M M —1/25(d2~4dg)p(1-7)

1 3 02—(s J2—(s
X | dt(1-t)M Y M2+ —+|2M+3+3 t t
fo ( ) 4 20s 7 20s 7
d—qs | M2

x| 1+ t 3.6

205 7 (3.60
It is of interest to note the relations

R (Im _ M*+M+3 k_k‘MH/z M=1,2 3.61

| 2M p)|< M! |M 3/2|(M2 1/4) 2kS ’ — 4,4, ( . 3
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_ 3
Row(p) = (~ 1M

(M=31;M+1;—w)

2
11 [ R,
SFi(M+35,1,M+1; W)+M_1/22F

(M—=1/2(M-3/2) w=(ky—kg)/(2kg)

1 k,—Ks M+1/2
XM—1/2+i(k2—kS)p( 2Ks o |(ka=kg)p[>1, (3.61b
= 2ks u (Du M2+ 3/4 1
Rom(p)~ (=1 — — — -
kot ks M! (M—1/2)(M—3/2) M—1/2+i(k,—ks)p
kz—ks M+1/2
2ks) » M>1. (3.610

Again, the hypergeometric functions here are calculable in terms of elementary functions. For
m=1 and|m+i(k,—kg)p|>1,

v . (D m?+ 3/4 1 k,—kg| ™12 362
m(P) = (= ) =12 (m=3/2) m=1/2+1(K,—kg)p | 2Kg , (3.623
Visa(p) m+1/2m—3/2 (m+1)%+3/4 m—1/2+i(k,— ks)p k,—ks (3.625

V..(p) m+1 m+1/2 m?+3/4 m+1/2+i(k,—kgp 2ks

3. Exact formula for E ,,

It follows that in the limitM — oo all series converge uniformly ip. W’ (p) from Eq.(3.52

reads as
(kg i - = -
W (p)=e1r| — — — |+ kg o H{ (kep) —€"2 X V(p)+e*r X Up(p)|.
p p 2 m=0 m=0
(3.63
Finally, substitutingW’(p) in Eq. (3.513 yields
iouo k5 [ G JKiZK L KimKa(1-kslky) | Ki(1-kslk)
2w K-k kep? ! k3p? P
2 L2 2 L2 2
+eikzp(—2—kl |;2 —i —2—k1 2 - E)
kap kap P
Ky ofim . G - A~
—i kY S HEY (kep) —e*2r 3 V(p)+e*r Y Un(p)|1cosp, (3.6
k2 2 m=0 m=0

whereU,(p) andV,,(p) are given by Eqs(3.54 and (3.59. An asymptotic formula fok,p
>1 can be derived along the lines of Appendix B.
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IV. EXACT B,, AND E,, OF VERTICAL ELECTRIC DIPOLE

A. Magnetic field

In consideration of Eq(3.1) with gs= —ikg and the decomposition,

1 _ G 4 Va5 gy VAPai @
PN+ 2+ 2 N2+ g2 G105 A*+gs O AP+gs ] '
Eqg. (2.10 becomes
Boy=— o2 q1q2 f g 2N G A2+qu(x) 4.2
207 27 qf- Q1 N2+02  Gp AH+qE NP '
From Eq.(3.10, one gets
3
o d102 qu’qS Ji(\p)
Boy=—— 13 d[(x®—1)" Y f AIN>—is 4.3
207 2w qi—d3 Jayras [ ] W2+ gde’
where
J1(\p) 2 1 -
d)\)\z _ —(ge)¥%K X)= — (1+qspx)e 9, 4.4
R RVEAUE P U R TCRE R @4
via the analytic continuation te=1 of the right-hand side of the formdifa
% V+1J (ax) a71/2kv+1/2
- K, 15(ka).
\/m 2_1/2\/; +l/2( )
Alternatively,
3
Mo 102 [% 2 ]
B, =— — —F— W , 4.5
2¢ o qzlt_qg[ as Ze(91p) = —Ze(d2p) | —AsM(p) (4.5

whereZ,(a) is given by Eq.(3.8) and W(p) is defined by Eq(3.9. B,, can be expressed in
terms of incomplete cylindrical functiorfé.
With the W(p) introduced in Eq(3.13, the exactB,, from Eq.(4.3) reads as

Mo Q1QZ ( _
Bay= e ql”—(1+q p)—e qZ”—(1+q p) | +dsW(p )]
2¢ 27Tq Qz -2 1 2 S
_ Mo Kk, ko kz{ kl(l—kS/k2)+ 1 elkpk1<_&+ 1)
2 k‘ll—kg kq p P2l k, p ;2
Iklp *
—ik {—H“)(ksp)—le'kz'ﬂz Vin(p) = 2 Ume1(p) ] (4.6

U, andV, (m=0,1, 2,...) aregiven by Eqs.(3.47 and (3.48. For obtaining an asymptotic
formula for B, , whenk,p>1, one may follow the steps of Appendix B.

B. The z-component of the electric field

By use of Egs(4.1) and(3.10, Eq.(2.11) becomes
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B wped; 1 qulqsd[(xz_ 1) 12

27 270, q1—d3 Jay/gs
* = No(Ap)
x| | AN gBCIo(Ap)— 22 | AN — | 4.
fo ds 0( P) gg 0 \/msxz—z ( 7)
After some straightforward algebfa,
iouekd 1 . ky(1—k¥K3) i 1
2z=_£ﬁ{elklpk2[ S 2)‘F_z_ 3
2wk, K=K p pe kip
_ ko(1—K&/K3) i 1 } . ]
_elkzﬂk[ + —— —ik3W(p) ¢, 4.8
1 P pz k2p3 S (p) (4.8
where
. . . ) ) . & du Y
W(p):W(pv_lkla_”(Z,_lkS); W(p;§1:§21§3): 52\/112—f§:23e P, §3<§2<§l‘
(4.9
Similar to Eq.(3.15),
W(p;d1,92,0s) = W(p;=,qs,ds) — W(p;,d1,0s) —W(p;d2,0s,ds), (4.10
the first term of which is calculated As
W(p;oo,qs,qs)=f dte” 9 M=K (qgp). (4.1)
0
1. Integral W (p; ®,q1,qs)
On the basis of a term-by-term integration of Eg.17),
M-1
W(p;,q;,0g) =€ 17 m§=lo Un(p)+Rim(p) |, M=12,..., (4.12
where
. On C I L
Un(p)= mi (asp) m92m+1(qlp):_m(—ksp )deZm[ezE|(_Z)]z:—ik1px
(4.13
. (%)M (qS)zMJ‘”
R =" | = dnrn M- lg=dr(n—1)
m(p) M=11 | L dn7

1
xj dt(1-tM "} (1—qdq, *y 2 M2
0

(%)M (s M o Conn o _ _
=W o L dpy M LF (M+31;M+1;93q; 27 2)e 9?1 (4,14

Appealing properties of the series expansion ensue from the relations
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kS

ki

M

(Dm
A . M=12,..., (4.153

. 1
[Ru(p)| <5 (1= [k [KE) ~¥2

1

(Dm o 1 2\
RlM(P)N 2F1(M+2,1M+1 kg 1)m ) lkip|>1, (4.15b

(Dm 1 (k2

M
« 1 S

and, with|2m+1—ik.p|>1,

. (2m 1 kg™

Unmlp)~ T 2m+1—ik.p | K2) (4.163
U m+1/2 2m+1—ik.p k2

m+1(p) _ 1P Ks (4.16b

Un(p) mM+1 2m+3—ikyp k'

As M —ox, the remaindeﬁle(p) approaches zero while being bounded uniformly in distance.
The rate of convergence of the exact series is independgnt of

2. Integral W (p;q,,95,qs)
By use of Eq.(3.17),

M—1
W(p;d,,9s,qs) =€ 2° mE:o Vin(p)+Ram(p) |, (4.17
where
|7-r/4 m+1_°""" ( l) m—1/2
Vin(p) = i (2as0) fm(i(d2—ds)p)
(l) k,—k m+1/2 gm
=\2mim nqum( 22k S) (e”@[zl’zFo(z)]} , (4.18
: S 2=(k,~kg)p

Rom(p)=(—1M Bu_ (923 MH/Zfld M —1/25(d2—0ag)p(1—17)
2mUpP (M 1)| o nn

2qs
! _ q.—qs | MY
X | dt(1-t)M " 1+ =—= t)
fo ( ) 20s 7
(Y M+1/2
= (- (qzz qs)
Qs

M+ 1M+ 1;— 22 8 )emzqs)”(l”)- (4.19

X ocd M*l/ZF
L nn 2F1 20s

Fo(2) is defined by Eq(3.42.
In analogy with expressiong.15 and(4.16),
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(l)M 1 k ‘M+1/2
[Rom(p)|< Ml M+172| 2Kg | , M=12,..., (4.209
. (z)M ko—ks
Ram(p)~ (=)™ JFilM+3LM+1;—
M! 2kg
1 kZ_kS M+1/2
. 2ks M(%)M 1 k,—Ks M+1/2
Rom(P)~ 1Y M M 1251k —k9p | 2ke » M>1, (4209
while for |m+i(k,—kg)p/>1 andm=1,2,...,
. (Z)m 1 kz_ks m+1/2
m,

Vimei(p)  m+12m—1/2+i(k,—kg)p ko—kg

. : : (4.21h
3. Exact formula for E ,,
By virtue of Egs.(4.8)—(4.10),
|w,u0k 1 " 1(1-KFK3) i 1
= 1P - = = RN —
Ea, 27k, K- k4[e kz[ P + 22 kip®
A ko(1—K&/K2) i 1 }
R L R
! p p?  kop®
—ik3 —H“)(ksp 'kZPE Vin(p) = e'klf’E Un(p) ] (4.22

U,(p) andV(p) are defined by Eqg4.13 and (4.18.

V. SIMPLIFIED FORMULAS FOR k,<|k,|
The exact results of Secs. Il and IV are simplified considerably under the condition
ko<<|Kql, (5.1

which holds in many cases of practical interest. In this section, connection formulas for the
approximations of Appendix C are recovered to the leading ord&s ik .

A. Horizontal electric dipole

1. The z-component of the magnetic field

Equation(3.5) for B,, becomes

2 . 2 .
o e'kp(k 3ik, 3>_eik1p(k1 3|k1_34)

2’7Tk%

2t =33 =2t

BN
2 P> P p p* p

sing, (5.2
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which is identical to the result given in Ref. 17 and agrees with form@a, (C20), and(C21)
of Appendix C. Note that conditio5.1) is redundant for establishing a smooth connection to
formula (C4).

2. Tangential electric field

With

kgp?
Uilp)=———

e 1P Ei(ikp) — %} (5.3
1

. . ' a
Vo(p)=—e' e ka—k9p \/%Jr \/@F((kz_ks)P), (5.9

E,, of Eq. (3.49 becomes

iwug [ 2i k3 2 K2\ K& [
By~ — m—a{ € 2Pky| | 1+ =5 | — 5| 1+ =5 | — — \/ —F(k,—k
2¢ 2’7Tk§ € 2L2( Zki kop® Zki kp Ve ((ka—kg)p)
ki A [ 2 . [ k3
+ —I(k2—ks)p( —ikgppy (1) +eiml4 ) _ aikep 42
2k1pe e Hl (ksP) e 7Tksp e kl ;z 1 Ef
1 2k3 ik;‘< e Ei ik 1 ) _ :
———| 1+ —|+=5le - : :
k1p3 ki 2k% € I(I 1p) |k1P S|n¢ ( 5)

A close inspection of the terms inside the parentheses containing the exponential integral Ei
shows that these contribute to higher orderk3tk3. On the other hand, the Hankel function and
its accompanying term are negligible fegp<0O(1) under condition(5.1), while they are can-
celled by theV,’'s whenk,p>1, as outlined in Appendix B. A moment’s reflection leads to the

uniform formula
o [2ik, 2 ki, [
e'kzp[ ————\/—F(k,—k
77 kp Vigh(emksn)

valid for all distances that are consistent with the planar-earth model. This formula yields approxi-
mation (C6) as well as(C24) and (C25 of Appendix C wherk,p<1 andk,p>1, respectively.
Similar steps can be taken f&,, of Eq. (3.64), to obtain

foug
Eag~— 27Tk§

- e“‘l”(t—zl - %) } sine,
(5.6)

. 2 27,2 271,2 1,3
|U)/.L0 k2 ik 1_k2/k1 . 1_k2/k1 1 IkS o
~— 2P| — s — _ —
E2p 2 E e kgps +1 k2p2 + P + klkz kSpF((kZ ks)p)

Wkg : . , ) 2
_ —i(ko—kg)p —ikgp (1) _ il
Pkikg e '\2 (e Hi” (kgp)—e V_wksp

1-K3i/Kk: ik, ik
K2p®  K3p?  2kqik,

— eiklp

e 'kar Ei(ik )—k—g—l
P13k

} COSa. (5.7

In consideration of the asymptotic expansi@18) of Appendix B, it is inferred that
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SR T ks S /- ((ko—ke)p)
P 2mkg L p* kop® k1k2 kep 2 S
—elkark, 13_|—2) COSo. (5.9
kip® p

This formula is useful for all reasonable purposes yet it assumes that

kop<|K3/K3), (5.9

which poses no practical restriction. The formula agrees with approximat@®s (C22), and
(C23 of Appendix C.

B. Vertical electric dipole

1. Magnetic field
Equation(4.6) for B, furnishes

o ik, 1 kok§ /
BZ¢ - E[ ikop 7— ;z k_l F((kz ks)P)
w3k, _ _ [ 2 k3
—i(ko—kg)p| a—ikgppy(1) iml4 ikip
+—2k1 e 't (e Hi”(kgp) +e _7Tk3p +e 1—%
ik3 3K\ 1 ikikdp
_ < _ _ —Iklp _

Under the sensible condition

kop<|K3/K3],

(5.1))

the exponential integral and its accompanying term can be neglected. Consequently,

2

" ks 1
+e lpk_[? , (5.12
1

Boo™~ o

2 ___2__l F((kz Ks)p)

which connects smoothly to expressidi@l0), and(C32) and(C33) of Appendix C.

2. The z-component of the electric field

The retainment of the first term in each series of Eq22 for E,, yields

. 2 . 13
L T ky(1— k/k) I__ 1 'k_s ks B
E,, 2’7Tk2[ e P pz k2p3+ K Y, kspF((k2 Ks)p)

e i(ka—kgp| gikgp (1) _aimA [
ok ( Ho"(ksp) =€y wksp”

kg k4 i 1 iké( K Eiikp) k3 1 ” (513
———=—|e i(ikyp)— =5 || 1- :
P KTk Kk P71 Tkap

+ e”‘lpﬁ
ky

With condition(5.11), the preceding expression becomes
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2N_i(u,uo[_eikzp Q_'_i__i_;_@w/lF((k —kg)p)
z 2wk, p 7 kp® Ky Vkep 2 TSP
+elkin=2 —'2——13 ] (5.14
kilp kip

in agreement with approximatiof€11), and(C34) and(C35) of Appendix C.
Approximations(5.6), (5.8), (5.12), and(5.14) are in full agreement with the formulas of King
et al,!’ provided that the replacement df,(—kg)p by ¢ is made according t63.50).

VI. CONCLUSIONS AND DISCUSSION

We start this paper with the Fourier—Bessel integral representations for the fields in the planar
boundary between air and a homogeneous half space of infinitesimal electric dipoles lying in the
interface. The focus is on the componefsandE,, of the horizontal dipole anB , andE, of the
vertical dipole in the cylindrical coordinates of Figs. 1 and 3. These components can be given by
one-dimensional integrals of elementary functions, as is known from previous works on the Hertz
vector®~10 The present analysis is believed to go a step further by relaxing the condﬁion
<|k§| and replacing the integrals by simple, exact integrated series which are usable for any
distance from the source. It is verified that iecomponent of a horizontal dipole is described by
simple elementary functions.

The exposition bears two appealing features. The first feature is that the ratio of any succes-
sive terms in each series is shown to be proportiondﬁ%tkz, i.e., the inverse of the diffraction
index squared, while it remains bounded uniformlyirThe relative errors due to the retainment
of a finite number of terms in the series, 9dy are essentially of the order dti/kf)'\" regardless
of kop andkyp. In most cases of practical interest whekeg|=3k,, at most three or four terms
of each expansion suffice for reasonable accuracy.

The second feature is that the summands are expressed in simple closed form as the well-
known exponential and Fresnel integrals. These functions explicitly reveal the dependence on the
physical parameters such as thg and the Sommerfeld numerical distance. They also provide a
natural connection to the recently obtained, approximate formulas of &imd) that distinguish
between the direct and ideal-image fields and the lateral-wave or surface-wave contributions when
k§<|k"{|.17 The present treatment not only verifies the results of these authors by different, exact
means, but also extends their validity to distances close to the source.

The two features mentioned above illustrate the advantages of the proposed formulas over
representations of the incomplete Hankel function used for the same péfpkise price that one
seems to pay for this simplicity, however, is the limitation in the choice of possible configurations
or field components that can be treated exactly in a similar fashi@mtaining integrated series
of analogous properties for the remaining components of @gH—(2.6) and(2.10—(2.12 is an
open problem for future work.

Higher-order terms of the derived series may become of importance for radiowave propaga-
tion over a very dry earth; another example of applications could perhaps be related to the
so-called “lowk” dielectric insulators®® As in Ref. 19, the present model is restricted in its
applicability due to the assumption of a planar boundary. Lowest-order correction formulas to take
into account the effect of a finite yet sufficiently large radius of curvature are given elsetn#re.
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APPENDIX A: GENERALIZED FORMULA FOR INTEGRAL Wi(p)

In this appendix, a generalized integration procedure is described which leads(81B8pas
a special case. More precisely, with the decomposition
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q q
w<p>=q—juqlp,qsp;—l/z)—q—iuqu,qsp;—l/z), (A1)

attention is focused on the integral

©  (XP+a?) ¢
|(a’,ﬂ;§):fo dXT’BZJl(X), a=B>0. (A2)

Of course,l is understood as Abel summablexn-o. Without loss of generalityq and 8 are

assumed to be positive. The inequality 8 is imposed for definiteness.

1. Case a=p8

With o=,
|(a,a;§)=f:dx(x2+a2)-4-131(x). (A3)

The starting point is the known formdfa

de e, —ZigaHK 1<Rev<2Re(+3/2 A4
0 XX (X2+a2)1+{_r(1+§) V—{(a)i <Rev< e§+ ' ( )

where K,_, is the modified Bessel function of the third kind. Note that one may not set
v=—1 on both sides of this equation simultaneously. Caution needs to be exercised because
allowing v——1" in

X", (x)=0(x?""1) as x—0",

results in a nonintegrable singularity a0 with a vanishing numerical coefficient.
A remedy is to employ the integral

f dxx"*1J,(x)=0, Rev>—1, (A5)
0
and rewritel (a, ;) as
l(a,a;)=—lim U dx X T (%4 a?) "1 i a2 077 (%)
y——1" 0

+a’2(”§)f dx Jy(x)
0

2L o= (140

:_WK1+§(Q)+C¥72(1+O. (AB)

Because&,, 1/o( @) is elementary ih is any integer, the conclusion is reached ti{at, «; {) is an
elementary function i =n—1/2. Explicitly, one get®
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Vs
—B/(A-B) Q__é__//H

FIG. 4. Contour of integratiol® for the integral of Eq(A11).

( 1 n+1 -«
—-2n-1 —
o +(2n 1)”(& a') n=1,2,...,
l(a,a;n—1/2)={ a *(1—-e™%), n=0, (A7)
\n|—1e—a
72n 1

, —nh=12,...,
o

1 2 lI d
H@nl-nn| ——
where, in the usual notation, 2—1)!'=1-3---(2m—1) for positive integem.

2. Case a>pf

Let
A=x>+a? B=x?+p? (A8)

and consider the integral representations

1 )
—{— —14+{4—A¢
At jo de& e At Rer>0,

B—lzf dye B7. (A9)
0

The radical in Eq(A2) is recast in the form
-{r-1 1 o —1+{n—(AE+B7)
A™‘B =T Jo Odfdn§ e 7 [é=uv,p=(1-u)v]

1
:gf duu *Au+B(1-u)] ¢ Re>0. (A10)
0
Analytic continuation to compleX with Re{<0 is brought about via the integral
P { _ 4
A ‘B 1=mfcdu u T YAu+B(1—u)] ¢, (A11)

whereC is a closed contour in the-plane.C originates fromu=1 in the first Riemann sheet and
encircles the origin in the clockwise sense, as shown in Fig. 4. The first Riemann sheet is defined
so that

ult{>0 and [Au+B(1—-u)] ' ¢>0, O<u<i, (A12)
with the associated branch cuts lying along the positive and negative real axis. Note that in

addition to the branch point at=0 another branch point exists in the negative axisiat
—B/(A—B).
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‘ t-plane

Eed -6 0

FIG. 5. Map ofC of Fig. 4 in thet-plane viat?= o?u+ B?(1—u).

With Eq. (A6), it follows that

l(a,B;0)= rim Ldu u‘1+§f0xdx{x2+[a2u+ﬂz(l—u)]}‘l‘g\]l(x)

é«e*iﬂ{
=— m ch u‘1+5[a2u+,82(1—u)]‘(1+§)

—{
X : 1- ﬁ[azuwz(l— ]I, (VaPu+ B (1-u)) ;. (A13)

Hence,l(a,B;{) is an integral of an elementary functiondf=n—1/2, n: integer.

Let
t=t(u)=ea’u+B%(1—u), t(l)=ea, t(0)=4. (A14)
This transformation map& ontoC’ (Fig. 5):
L) — ge—iﬂ'r{ 1 —1-2¢/42 2\ —1+
I(alﬂig)__isinﬂ_g(aZ_ﬁZ)gJ’C,dtt ! g(t _B) 1+
—¢
xX{1- F(l+§)t1+4K1+§(t)]. (A15)
By virtue of the identity
C f 2 ) =2 A (- )1 (A16)

dt

application of integration by parts to EGA15) furnishes

Caia2 2—{al+{
I(a,B;)=a P 1—mK1+g(a)

e imt  o¢ 1
T 2isinal T(1+0) B(a?—B

d
25t fc,dtt‘%(tz—ﬁ%ﬁﬁ[t“émﬂ(t)].
(A17)

It is of some interest to write down recursive formulas that are particularly useful=far
—1/2, wheren is any integer. Clearly, from EqA2),

119
l(a,B;§+1)=—ZZ£I(a,B;§), (A18)

while
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l(a,8;{—1)=(a®~ B*)(a,B;) +(a,a;{— 1)
2-&+1,-¢
=(a?= B (a,B;0)+a *- WK“V(&)' (A19)
Therefore, it suffices to evaluatéa, 8;¢) for {=—1/2. Equation(A18) can be employed fof
=-1/2,1/2,3/2, .., and Eq(A19) is adequate fot=—1/2,—3/2,—5/2,. ..
The substitutiony=—1/2 in Eq.(A17) gives

@ \/7
a2(l-e %)—

(@ f;=12)=

(A20)

]

Since the integrand has now an integrable singularity=a8, the path can be indented back to the
positive real axis:

[ '82

a
S2(1-e )—

I(a,ﬁ;—l/2)=ﬂ2

(A21)

o=

This result agrees with Eg&3.13 and(3.14). Evidently, applying Eq(A18) does not produce any
new integrals of elementary functions.

APPENDIX B: AN ASYMPTOTIC EXPANSION FOR E,,

In this appendix, an asymptotic formula is derived for Bg, of Sec. Ill whenk,p>1 and
k,<|k4| on the basis of its exact series expansion. ConsideWfy® of Eqg. (3.14. The combi-
nation of the first and third terms in E¢3.15 yields

W(p)=W(p;», —iky, —iks) =W(p;», —iky, —iks), (B1)
where the second term here is given by E227) and

oo

dz2— qs)/qs\/—

W(P§°°,QZ,QS):e_qSPQSj (1+ 7 (2+ n) Y 9, (B2
(

1. Wave through region 2

When|qgsp|>1, the major contribution to integréB2) arises from the vicinity of the lower
endpoint of widthO[ (qgp) ~1]. If in addition |(q,—qs) p|<0O(1), »=0 falls inside the critical
region and the radical can be replaced by a Maclaurin expansion. Accordingly,

M-1

W(p;*,0,,0s) = —€ %2°qg mZZO Vi(p)—el®27997Y (p)=Rom(p) |, M=1, (B3

where

(z)m m-+1/2

Vn(p)=—emmti_—— oy R 1/2(2%9) M= 120 (i (d2—ds)p), (B4)

en(2)=\2m(=i)"e” 1’2+mdd [z %%F(2)], (B5)

(B6)

N
e §(1+|)—F0(z).

) . ei><
F(z :e*'zf dX—=
2 z 27X
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Fo(2) is introduced in Eqs(3.41) and(3.42, Ry (p) is given by Eq.(3.34, andY y(p) is the
remainder in the sense of Poinc&ref an asymptotic expansion fef's’K ;(qsp) whenM terms
are summed®i.e., Yy (p)=O[ (ksp) M 1?] as|kgp| = for M=0(1), uniformly in Arg(kgp).
Compare with Eqs(3.31).

For 1I=M=0(1) and|(k,—kg)/(2kg)|<1,

k2_ s M +1/2
Ram(p)=0 . |(ka—kg)p[<0O(1), (B7)
2kg
leading to
e kY (p) +R 1
m(p) 2M(P)= (_) (B8)
Vm-1(p) kap
When |(k,—Kkg)p|>1, the remaindeR,y(p) dominates over thé'\(p) in Eq. (B3). It
follows that
k2_kS M+1/2
R =0 , ko—kg)p|>1, M=0(1), B9
ZM(p) |:( 2kS ) (kz_ks)p} |( 2 S)p| ( ) ( )
by inspection of Eq(3.36b, and
e '(kemkgry +R k,—k
m(p)+Rou(p) _ ( 2 s). (810
—Vm-1(p) 2ks

Of course, in the limitM —« the remaindefY ,(p) is unbounded and the series from Eq.
(B3) diverges. In the sense implied by E&3),

W<p;oo,q2,qs>~—e*‘42pq5m220 Vnlp)- (B11)

This asymptotic expansion can be attained somewhat heuristically from the exact3dides
combined with the asymptotic expansion fdﬁl)(ksp). Notice that

dm ei wl4
d?[z_l/ZFo(Z)F

1 —1/2-m d” - iz
% (—-1) (E)mz vz L VzeizE(2)]. (B12)

2. Wave through region 1

From Eq.(B1), consider the integral

[ 7] _ o
W(p;,01,0s) = d e 97, q=q¥q?, |qi<1l. B13
(p ,01 QS) qlfl 7]\/772—_a q qS ql |a[ ( )

When|q;p|>1, the principal contribution to integration comes from the vicinity spf 1.
Accordingly, expand the radical as

N-1
7 4 (——” —1)" — 1N >
e & w A@e- Dol NS (B14)

where
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B q
A= =1 i)

(B15)

and, forn=1,2,...28

n

7

A@=(-1)"——
_ 2" 1ﬂ(n+3
TN T

[(n—1)/2]

_ 2[(n—1)/2]{(2[n/2] +1)N } d__ﬂﬁm{a[(n—l)mhl(l_a)—(2[n/2]+3)/2}. (B16)
q

n=1

n+3 n
2 "2

n
2

ryi1+

2F1

+1;2ﬁ)

[x] denotes the integral part &f Note that the second line of E¢B16) holds even fon=0.
It follows that

AT
o (—0p)"

The first term inside the braces is thi(p) from Eq. (3.19. This expansion can be verified
directly from Eq.(3.18 by invoking the formul&®

—d1p
W(p;°,d1,0s) = ° [1 E +O[(q1p)_N]], N=1. (B17)

N—-1

N=12,...,
eEi(—2)= >, (—1)" Il z71 "+ 0(|z]N1) as z—, [
n=0

|Arg z|<3m/2, (B18)

which holds uniformly in Arg z, interchanging the order of summation and subsequently allowing
M — o,

3. Asymptotic formula for  E,
The resulting asymptotic expansion fés, reads as

K2+k3(2—kglky)  ki+2Kk3

iopg ks ikyp
~—— +
Sy k‘l‘—kg[ e k2p? ' kkZo?
2Kk2+ k3 i kiki[ekw & A (kFKD &
+ieker——= +—)— : . —elker >y sing.
kap kop  kop |iksp =0 (ikyp)" mE:O nlp) ¢
(B19)

Similar expressions can be written down by inspection for the other components of Secs. Il and
V.
APPENDIX C: ASYMPTOTIC FORMULAS FOR k,p<<1 AND k,p>1

In this appendix, simple approximations are applied directly to the inte(Rals-(2.6) and
(2.10—(2.12 whenk3<|k3| under the condition&;p=0(1) andk,p> 1.

1. Case k3<|k3|, kyp=0(1)

In terms of theq; (j=1,2) of Egs.(3.1), |gyp|<1 while q,p is kept fixed andq3|<|qf.
Then the principal contribution to integration arises from a range wher®(1/p)>|q,|. Ac-
cordingly, the following approximation becomes effective:

VK5 —N\2~i\
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A. Horizontal electric dipole

With these approximation®,, becomes

,LLO 2 S1\AP) IU’O 1 J 3
B sing= — [ dANZJ{(Ap)|sin
277 \/— N ¢ 4 Zn(91p) 1(Ap) b,
(C2
where
°° 3
f dA N33 (Np)=——, (ox)
0 p
while the integralZ,, is given by Eq.(3.4). Hence,
2 .
oK Kep 3 3i 1 3 | .
~— - — - : 4
T T e e e 4
In the same vein, by virtue of E¢3.8) for Z,,
i 1, d\[1 1 (=
20~ 2wl » dp 2 Ze(91p) _;f d\ NJ;(Ap) [ cOSO
i(,()/.Lokl iklp 1 | 1
= - +
2n |1 ko) i) 0 ©9
i(l)MO 1 d 1 d e )
2¢~_27Tq§ P dp 2 Ze(Q1p) | — pf dA NJ1(Ap) sing
in0k1 ik 1 i 2 3
=———{e"1r| — + + .
2 [e T M7l (o
The computation of the limiting forms d,,, B,, andB,, is more involved:
iw
E,,~ “2 lim — J dn YA +q7e e\\? +ql\]0()\p)COS¢
quleﬁ(ﬁap
loig || Rt I T2 o) [k 2 (VT 2+ o) | L cose
"~ 2nq? ap 92| 2 Ve TP T RoriNeTmpTe
w
= 4%()Jl(klp/2>H&”(klp/z)cow, (o)
ilu“O d|1l (1) .
B2, T%[;Jl(klp/Z)Hl (kypl2) |sin, (Cy)
where use is made of Ref. 36, and
MO k (1)
Bog~— 1(k1P/2) Hi"(kip/2)cose. (C9
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Compare with the exposition in Ref. 13. In principle, the behavior ofzttemponent of the
electric field depends on the limit path. For instance, if the observation point is forced to approach
the source along a straight line from region 2<(), this component behaves asl/p®. [The
divergence can ensue from takiag- p in the second line of EqC7).]

B. Vertical electric dipole

From the Fourier—Bessel integrd.10),

2
Mo | o f ” a2
Boy~=—— d\ NI (Ap)— =T,
24 qui ) o 1(Ap) 2 «(g1p)
2 2
__ Mo iklpﬁ_ ﬁ _— Mo iklpﬁ_
Likewise, starting with Eq(2.11) gives
lopol| - 1 i 1

E e'klp(—z———)——z—} C11)
22 2mp Kip? kip| k5p? (€11

The formula forE,, is more involved, in analogy with Eq$C7)—(C9). It is

foumo
20 2mp

i o k3
7\]1(k1P/2)H1 (klplz)_k_f : (C12

2. Case k3<|ki|, k,p>1

When [kip|>1 (j=1,2), the oscillations of the Bessel functions in E¢&.1)—(2.6) and
(2.10—(2.12 force the major contributions to integration to arise from the vicinities of the branch
points at\ =k; with widths O(1/p). The conditionk§<|k§| permits considerable simplification
because, heuristically speaking, the two contributing regions separate.

Following Sommerfeld® one may replace each, (n=0,1,2) by (1/2)HM+H?]. The
contourl” can be chosen symmetric under inversion through the origin, as shown in Fig. 2. Use is
made of the analytic continuation formula

H®(ze ™) =(-1)""HM(z), n: integer. (C13

For notational convenience, I¢%,.; (F=E, B; k=p, ¢, z; j=1,2) denote the part of the
field component that corresponds to the contour integral algngeach 7, ; follows upon the
replacements

» 1
Fow— Fon underf d)\("')Jn()\p)—>§J dA (- HP(Np). (C14
0 T

EachF;,; amounts to a wave traveling with the phase velocity of medjum
With

2
HEY () +HP (A p) = EH@(xp), (€15

the Hankel functions in eacl,, ; are approximated according to

N 2
H{P(kjp(1-+it)) ~ el —inm2-imi\ [——e=hnt, |ip|>1, 10", (C16

7Kjp
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Due to the rapid exponential decrease here, the major contribution to integration on each side of
the branch cutpositive t-axis) originates from the corresponding branch poit 0).3’
Upon the change of variable=k;(1+it), it is recognized that fok ~k; ,

J1—(Nkj)2==e ™2t 1+it2~+e ™ 2t, t—0", =0, (C17)

where the upper sign holds along the left-hand side and the lower sign along the right-hand side of
each branch cut. For instand2(\) of Eqg. (2.8) becomes

D\ ~+e '™\ 2t+ky/ky, A~ko, (C18
D(N)~iky /Ko= (Ko /Ky )e ™42t ~iky /Ky, N~K;. (C19

In eachF,, ;, the contribution from the circl€;; of radius vanishes in the limitb—0*.

A. Horizontal electric dipole

The integrals for the-component of the magnetic field are

k4
B,, 2~e"‘2”50 2 Vrrk pf dty/2te %2t singp= e"‘zp k2 23|n¢ (C20
2

BZZ,1~—e"‘1”2i —sing. (C21)

The integrals pertaining to thecomponent of the electric field become

e t
f dt———ys it “kop t+—f dtyte ket

wugks elker

E ~—
202" 2mZ Jmkgp | Jo © it (12KEIKE S cos¢
_gtkan V0 T E(p)—i(2mp) Ycoss, (C22
271'k3 kop 2
E, ~ekw K0 cose (c23
2p.1 27k p? '

@ andF(z) are defined by Eqg3.50 and(B6), respectively.
By a comparison of Eqg2.2) and(2.3), no further calculations need to be done Ey ;.

i
+ikop| 73 \/i sin¢g
kap kop

3 ik
wpok; e'veP 1 (#wk . _
; { T [Fo)—i@mp) )

Esyo~— -
202 27Tk% Jkop [ 1K2p
- iopgky [ . o
— aikop _ 1
i v Vi, [F(@)—2i2mp) ?lsin, (C24)
E,, 1~ —elkir_ K0 sin¢. (C25
2¢,1 27k p?

The rest of the components are calculated under similar approximations as follows:
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2
o wpmoks \/E
E — aikop f —kopt
228y sz vk oos?
i wMokz T . -
=elr—— 7 Vi, [F(9)-i(2mp) cos, (C26
1
. ia),LLo
E2Z,1~ elklpW COS¢, (C27)
By, e 2::'2 2 \/ [F 9)—2i(2mp) Y2]sin g, (C28
- ino
sz,pe'klpzwpzsmqﬁ, (C29

and, in analogy with formulagC24) and (C25),

Bz¢2~—e'k2";0k§\/ [F(p)—i(2mp) “2cose, (C30
| K [k, 1
 _ aikgp MO®2 [ K2
Boy1~—€" 27Tk1p2(| K, Kop )cos¢ (C3)

Compare with Ref. 17.

B. Vertical electric dipole

In the same vein, the field of a vertical electric dipole can be calculated with recourse to Eqs.
(2.10—(2.12. See also Ref. 32. Without further ado,

3
o Mok [ . _
— alkop. _ _ 1/
BZ(;S,Z € 2’7Tk1 kzp[F(p) |(2’TF§7) 2]1 (C32)
2
Mo k2
B2y, 1~—e'k19277 2,7 (C33
E pop 21K [T 2y 2 c34
220~ —€ Py @[ (p)—1(2mp)~ 7], (C39
i WMo
Ezz1~ elklp—z Tkep?’ (C3H
Eyy - — cler 202 Vi, Flo)-i(2mo) 47, (36
b 27k]
. |(0/.L0
Ezpi~ =95 3 (C37)
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