CHAPTER 2

Definitions and Examples
2.1. Orbits, Arrangements and Rearrangements

Let (X, F, i) be a fixed nonatomic Lebesgue probability space. Let
(¢ be an infinite discrete amenable group. Let O C X x X be an ergodic,
measure preserving, hyperfinite equivalence relation. For our purposes,
this simply means that O = {(z,T,(z))},ec where T': G x X — G
(written of course T,(x)) is some ergodic and free, measure preserving
action of G on X.

DEFINITION 2.1.1. Let GG be an infinite countable discrete amenable
group. A G-arrangement « is any map from O to GG that salisfies:

(i) a is 1-1 and onto, in that for a.e. x € X, for all g € G, there is
a unique ¥’ € X with a(z,2") = g. We write 2’ = T, (x);

(ii) « is measurable and measure preserving, i.e. for all A € F, g €

G, both T3 (A) € F and u(T;(A)) = u(A); and

(i) « satisfies the cocycle equation oy, x3)a(x, 2) = a(xy, x3).

As G will not vary for our considerations we will abbreviate this as an
arrangement. Lel A denote the set of all such arrangements.

LEMMA 2.1.2. « is a G-arrangement if and only if there is a mea-
sure preserving ergodic free action of G, T', whose orbit relation s O

such that oz, T,(z)) = g for all (z,T,(x)) € O.

Thus the vocabulary of G-arrangements on O is precisely equiv-
alent to the vocabulary of G-actions whose orbits are O. For a G-
arrangement «, we write 7% for the corresponding action. For a G-
action T', we write ar for the corresponding G-arrangement.

DEFINITION 2.1.3. The full group of O is the group (under com-
position) I' of all measure preserving invertible maps ¢ : X — X such

that for p-a.e. v € X, (z,¢(z)) € O.
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Note that it would be sufficient in this definition to assume that ¢
is measurable and 1-1, since the fact that O is a measure preserving
orbit relation forces ¢ to be measure preserving. Also note that the
orbits of ¢ are a subrelation of O and need not be all of O.

DEFINITION 2.1.4. A G-rearrangement of O is a pair (o, ¢),
where o is a G-arrangement of O and ¢ € I'. As G s fized for our
purposes we will abbreviate this as a rearrangement. Let Q denote
the set of all such rearrangements.

Intuitively, a rearrangement is simply a change (i.e. rearrangement)
of an orbit from the arrangement « to the arrangement a¢, where
agd(z,z') = a(p(x),d(z')). One can formalize such a rearrangement in
three different ways. Set B to be the set of bijections of G and B the
subgroup of G fixing the identity. Both are topologized via the product
topology on GGY. Notice there is a homomorphism H:B—=g¢ given by
[:](q)(g) = q(id)~'q(g).Observe information is lost in mapping via H.
The kernel of H consist of the left translation maps.

To a rearrangment we can associate a family of functions ¢2¢ € B
where

¢;"(9) = a(z, §(T;(2))).

Now suppose a and 3 are two arrangements of the orbits O. Regard
the first as an initial arrangement and the second as a terminal ar-
rangement. We can associate to this pair and any point z a bijection
from G fixing the identity that describes how the arrangement of the
orbit has changed:

hy?(g) = Blx, Ty (x)).

Notice here that ]ﬁf(q;”b) = hoed,

Write AP+ X — G.

The third way to view a rearrangement pair has a symbolic dynamic
flavor. For each orbit O(z) = {z';(z,2') € O}, a rearrangement (o, ¢)
also gives rise to a natural map GG — G (not a bijection though), given

by
Jog) = Ty (x), ¢(T7 ()

Visually, regarding O(z) laid out by « as a copy of (G, ¢ translates the
point at position g to position f>?(g)g. Notice in particular that the
definition of f*? is stationary in that

F7%(9) = f7i(id).
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Thus if we map a point x to the infinite word
w(z) = {f2%(g9)}gec € G°
then
w(Ty(z)) = oy(w(z))

where o, is the shift action on G,

ay(h)(k) = h(kg).

There is a natural link between the three functions A*%?, ¢*% and
f*? as follows. For any map f: G — G we define

Q(f)(g) = f(g)g and
H(f)(g) = f(g)gf(id)™".

It is an easy calculation that
H(f*?) = h**® and Q(f*? = ¢™°.

Let {F;} be a fixed Folner sequence for G. We will describe a number
of concepts in terms of the F;, but will note at appropriate points where
they are, in fact, independent of the Fglner sequence.

LEMMA 2.1.5. Let {F;} be a Folner sequence in G, and let (o, ¢),
be a rearrangement. Define

bi(z) =#{g € Fi; [2%(9)g ¢ Fi} = #{g & Fi; [2%(9)g € Fi}. Then
lim —bz(aj)

PROOF. For ¢ > 0, choose a finite set K C G so that Fx =
{z; f;‘"b(id) ¢ K} satisfies u(Fr) < /4. Let hi(x) = #{g € F;; T (x) €

' g

Frx}. By the L*-ergodic theorem, there exists I, such that for i > I,
hi(z)
#Fi
By the Fglner property, we may further select I such that for ¢ > I,

(kF;AF;

# Uke]x( ) < 6/2

#Fi

Now for i > I, select g € F; such that f*?(g)g & F;. For such g, either
L [2%(9) = Fran(id) & K; or

2. [29(9)9 = J7an)(id)g € Uper (kFAF).

0.

2

< e/2.
2
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Thus bi(z) < hi(2) +# Upex (FF:AF;), so that lim sup aCal|

1—00 #F 2
which completes the proof. O

We now consider three pseudometrics on the set of rearrangements.
These all arise from natural topologies on functions G — G, that is
to say on G°. As (G is countable the only reasonable topology is the
discrete one, using the discrete 0,1 valued metric. This topologizes G¢
as a metrizable space with the product topology. This is the weakest
topology for which the evaluations g : f — f(g) are continuous func-
tions. Notice that H is a continuous map from G to itself and the
map h — h~! on G is continuous.

Define a metric d on G as follows. List the elements of G as {g1 =
id, g2, ...} and let dy be the 0,1 valued metric on G. Set

h1, h2 Z[do h2 gl)) ! dO(hfl(gi), hz_l(gi)))]Z_(Hl).

Notice that if hy, hq, h7', and k3! agree on gi,...,g; then d(hy,hy) <
27, On the other hand if d(hi,hy) < 27" then Ay, hy and their inversese
agree on this list of 7 terms.

LEMMA 2.1.6. The metric d on G gives the restricted product topol-
ogy and makes G a complete metric space.

PROOF. The only piece not evident from the above remarks is that
d makes G complete. Suppose h; are a d-Cauchy sequence. It follows
that for all ¢ € G, for all 7 sufficiently large, both h;(g) and h;'(g)
remain constant. Hence h; — h € G% and h7' — k € GY. But for any
¢ sufficiently large

hi(k(g)) = g
and then clearly ho k =id and h € G. O

A simple corollary of this is that G is a G5 subset of G as we have
just seen it to be topologically complete in the product topology.
We can use this to define an L' metric on arrangements:

e, Blh = /d(ha’ﬁ,id) dy.

As d(hy,hy) = d(hy"hy,id) and (h2P)~! = K% we see that this is a

metric.

LEMMA 2.1.7. The metric space (A, ||-,-||1) is complete.
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PROOF. Suppose «; form a Cauchy sequence of arrangements in
||, -|[1. There will exist then a subsequence i(j) converging pointwise,
i.e. so that for p-a.e. z € X, ha'? are Cauchy in the metric d. As
(G, d) is complete, we conclude that for y-a.e. € X,

o,y
hf (9) —?hz-

J

Setting
Bla, Tj(2)) = ha(g)

it is straightforward that 3 is an arrangement. As ||aji, B]1 — 0 we
are done. O

We can also define a metric similar to d on G¢ itself making it a
complete metric space by just taking half of the terms in d:

di(fi, f2) = Zdo(fl(gi),fQ(gi))z—f.

This also leads to an L' metric on G%-valued functions on a measure
space:

| f1; 2l = /d1(f1,f2) dp.

These two L' distances now give us two families of L' distances on
the full-group, one a metric the other a pseudometric, associated with
an arrangement a:

61, ol = / AR o) dy
= [ e,y = o, sl

= [t e da

and
fr.al = [ (s 57 dy
=7, gl
The weak L' distance, |-,-]|2, is only a pseudometric but the
strong L' distance, ||-,-||2, is a metric. Notice that T-invariance of

w tells us
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1, dalle < 2 / do( 2 (id), f2% (id)) di

=2u({z : d1(z) # () }) < 2|01, P2]l7.

Thus, in fact, the topology generated by the strong L' distance on
the full-group is independent of the arrangement .

Before moving on to the weak™ pseudometric we point out that it
would perhaps be more correct to call the above weak and strong “dis-
tribution” metrics as they measure how closely the two rearrangements
distribute the mass of X on the space of functions G%. We of course
call them L' pseudometrics as they arise from integrals of “distances”.

To describe the weak*-distance between two arrangements we need
let G* = (G U {x} be the one point compactification of G. Now (G*)“
is a compact metric space and hence the Borel probability measures
on (G*)%, which we write as M (G*), are a compact and convex space
in the weak™ topology (that is to say the topology induced on Borel
measures as the dual of the continuous functions).

We can put an explicit metric on this space as follows. For any
finite subset /' C G and f € G let fr be the restriction of f to F.
As fr can be one of at most a countable collection of values, f — fr
partitions G into a countable collection of clopen sets. If two measures
on (G*)“ agree on these sets, that is to say on all cylinder sets that do
not have a % in their name, then they agree. Moreover the characteristic
functions of these sets are continuous. Hence if p;(fr) — p(fr) the
w; — p weak™ To turn this into a metric, let F; be an increasing
sequence of finite sets that exhaust (G, for example a Fglner sequence.
For each F; let P(F;) be the partition of G¢ according to the values
fr.. These partitions refine and for any fixed F', once F' C F;, fr will
be P(F;)-measurable. Set

Dnspn) = (3 ) =] 2+,
i “peP(F)

Notice that

Y lmlp) —me(p)l/2 <1

peP(F})

and so the ith term in this sum is bounded by 27°. Moreover as the
partitions P(F;) refine, the values

> lmlp) —p(p)l/2 <1

peP(F})
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increase. It follows that for all ¢

Z [1(p) — p2(p)| +27" = D(pa, pa).
peP(F;)

Before continuing we make a two remarks. First it is clear from
the discussion that this metric gives the weak* topology on (G*)%. Tt
is not too difficult to argue that those measures which put no support
on x are a (5 subset of the measures in (G*)G. We will take a broader
approach to this particular issue later in Section 7, showing that not
only are the measures supported on G“ a G5 but the weak™ topology
here is independent of the way we choose to compactify G as long
as the compactification is metric. At this point these issues are not
important.

We now define the distribution pseudometric between two rear-
rangements by

(e, ), (B, )l = DI(F**) (), (F74)" ().

We can combine the two L'-metrics on arrangements and the full-
group to define a product metric on rearrangements in the form

(e, 1), (@2, @2)|li = |lew, azlli + p({z = d1(x) # d2(2)}).

We end this Section by relating this complete L'-metric on rearrange-
ments to the distribution pseudometric.

LEMMA 2.1.8. The map (a,¢) — (f*?)*(u) is uniformly contin-
uous as a map from (Q, |-, -||1) to (Q,||-,|[«). That is to say, given
any € > 0 there exists § > 0 such that if (a1, ¢1) and (ag, P2) are two
Gi-rearrangements that satisfy ||(a1, ¢1), (a2, ¢2)||1 < & then

| (a1, d2), (2, d2)][« < e.

PrROOF. Let F' C {¢1,92,...,9Kx} be any finite set. Suppose § > 0
and |lay, aq|| < d/(K2K). Then

p({x: h3v%(g;) # ¢ for somei < K} <.
Thus,
ua: 257 # L5 D)
< #F p({a: o(x) # ¢ (2)})
+ p({x : h21*2(gi) # g for some @ < K'})
< (#F + K25)|[(a1, é1), (az,62)]ls
< S(F#F + K2%).



18 2. DEFINITIONS AND EXAMPLES
Thus for all 7,
(a1, 1), (az, é2)|l < (FF; + Ki2%)4,
where F; C {q1,...,9x, }- '
Let £ > 0. Select ¢ so that 27% < €/2. Select
§=¢/(2(#F: + 2N K))).
The result follows. O

2.2. Definition of a size and m-equivalence

In this section we define the notion of a size m on rearrangements
(o, ¢) as a family of pseudometrics m, on the full-group satisfying
some simple relations to the metrics and pseudometrics we defined
in the previous section. We then define the m equivalence class of an
arrangement « to be those arrangements (3 for which the corresponding
m, and mg-completions of the full-group are isometric in a canonical
fashion.

As earlier we let  denote the full group of . ecall that denotes
the set of arrangments and  denotes the set of rearrangements.

A si e is a function

such that, if we write
ma(¢17¢2) = m(a¢17¢;1¢2)7

then m satisfies the following three a ioms.

In particular this means that if m,(¢1,¢2) = 0 then the two ar-
rangements a¢; and ag, are identical.

e>0 d=14(¢,a,9)
(e, d), (B, )ll« < m(B, ) <m(a,¢)+e

















































































