CHAPTER 7

The Equivalence Theorem

7.1. Perturbing an m-equivalence

In proving the equivalence theorem, starting from one free and er-
godic G-action, with two m-equivalent arrangements we will need to
construct a second one which will be, in a sense we now make precise, a
perturbation of the first. The aim of this will be to show that a certain
open set of m-joinings is in fact dense under appropriate hypotheses.
This density will be shown by demonstrating how to “perturb” any
given m-joining into the given open set. In this section we will develop
the technical facts we will need about such perturbations.

Recall that when we omit the subscript z on an expression [
or h2? we are regarding them as maps from X to R or G. Suppose
(X, F,p, T%) is a free and ergodic G-action, {¢;} is a sequence of ele-
ments in the full group of T for which

(fa7¢1 ®fa,¢2 ®---)*/~L cM™.

The following discussion will be relative to this fixed action and se-
quence of full group elements.

Under these conditions we know that a¢; — 3 where a ~ 3. We
describe now what we mean by an Iy, .J, §-perturbation of this G-action.
It is perhaps more correct to call it an m-perturbation, but as we will
assume m is a fixed size from here on, we omit this.

Throughout the rest of this chapter, it will be convenient to have a
metric for the weak*-topologies on various spaces of measures. Let D
represent such a metric in all cases.

DEFINITION 7.1.1. Fiz values Iy and J and consider the measure
/& — (f017¢1 ® fa7¢2 R ® f017¢10 ® f047¢J)*M c Me(RIO+1).

Suppose we have a second free and ergodic G-action (X1, Fy, pr, T7)
and lo+1 elements in its full group ¢y, ¢4, ..., ¢} 11, and a further se-
quence of full group elements {1;} salisfying:

D) D@, (fr# @@ [y ) < 6 and
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134 7. THE EQUIVALENCE THEOREM

11) (fa1¢}0+17¢1 ® fa1¢}0+17¢2 ® . )*Iul E J)\/tm Gnd

i) m((f2 %V @ a2 g ) ) < 6.

We refer to such an action and collection of full-group elements as an
Ip,J, d-perturbation of the original G-action and sequence in the full

group.
Notice that in such an /g, .J, d-perturbation the sequence of rear-
rangements oy ¢y, +11; will converge in i to an arrangement we will call

(1, and «q and (3; will be m-equivalent. What interests us is the precise
sequence of full group elements

qblla leg, tee 795/10-}-17 ¢/IO+177Z}17 gbllo-}—ld}?v N

taking oy to ;. We will write this sequence as {¢}.

Notice that if we drop to a subsequence of the ¢, in an Iy, .J, d-
perturbation, we will still have an Iy, J, §-perturbation. What we will
show in the rest of this section is that given a G-action (X, F,u,T%)
and sequence of full group elements {¢;} with

(f*" @ [ 0. ) ue M™,

then for any [y, if J is large enough and ¢ small enough, any [y, .J, d-
perturbation will still put

(fozh(b'l' ® fozh(bé' R ... )*,ul e M™.

To begin to see why, notice the following calculation:

For all « < Iy + 1,

oty = [P0 Cish
S e S ien) G > lot ]
< Mg, (D%, &) . j<Ih+1
= men (@5 W) 0y (i) 0 > T+
< mal(¢;7¢;) ; J<1ly+1
T may (B, P )+, for all y > Iy + 1 sufficiently large.

LEMMA 7.1.2. For any free and ergodic G-action (X, F,p, T*) and
full-group elements ¢; with

(for @™o ) meM”
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and value Iy, there exists § > 0 such that for all J sufficiently large, any
lo, J, §-perturbation (dropping to a subsequence of the {1;} if necessary)
will satisfy:

lim sup m., (¢!, 95;'/) <1/i

J—00
and

lim sup mﬁl(gé"»_l, qﬁ"j_l) < 1/1.

J—o0 !
PROOF. As (f**1 @ ...)*u € M™ we have, for all i,
lim sup my(¢i, ¢;) < 1/t and

j—o0
lim sup mg(qb;l,qu_l) < 1/1.
j—00
Hence, for all 7, both of these limsup’s are in fact limits converging

to mu(ds, (6;)e) and mp(ep;! (gb;l)ﬁ) both of which must be < 1/i.

]
Hence there is an ¢; > 0 so that for all 7 < Iy we have

Ma(Pi, (B)a) < 1/t —e1.
Thus for all J sufficiently large, and 1 = 1,..., [
mao (P, pg) < 1/1 — 1.
By Axiom 3, there exists § > 0 such that if
D(/l, (fcvwb'l Q- ® falv¢'10+1)*lul) <4
then all of the finite list of inequalities

ma1(¢;7¢}0+1)<1/i—€1, 1=1,...,lh+1
will still hold.

As long as § < e1/2, the calculation made preceding this lemma
implies

ma1(¢;7¢/10+1¢j) < mal(qb;??blloﬁ—l) + ma1¢}0+1(idv¢j) < 1/i - 51/2
and forz =1,..., 1

lim sup mq, (¢";,¢",) < 1/i.
j—00
For = Iy + 1,

lim sup 1ma, ($7,41: 95) = Mayey , (id, -1 -1) <.
J—ro0
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Making sure that & < 1/([y+ 1) we obtain this term. For i > I +1, as

lim supmo, (¢, ¢f) =limsupma,gp | ($it-1,;)
J—r0o0 J—r0o0

=My gy, (Cimto=15 (Y5)an ),
by dropping to a subsequence of the t; we can ensure that this value
is < 1/1.
As we assume that the sequence ¢ achieves an m-equivalence be-

tween a; and (31, the other set of strict inequalities now follows auto-
matically from Lemma 6.4.5. U

We now want to obtain the same fact for pointwise convergence,
that a small enough perturbation will not leave M... The first step is
to notice that from Axiom 2 we get the following:

LEMMA 7.1.3. Forall § > 0 there exists §; > 0 and if (X1, Fi, pa, T1)
is a free and ergodic G-action, with ¢, ., and {3p;} in ils full group with

(Vi)a, € Em(al) and
Moy, ((Yi)ay,1d) < 1,

then for a subsequence of the ¥; we have both

[ suptatne oss et ) dy < 6

k3

and

/sqp(d(hﬁl’ﬁlwi_l,id)) <.

k3

PROOF. Axiom 2 tells us that if §; is sufficiently small than for all
¢ sufficiently large,

/ d(h*1P0+1*1%00 1% 5d) dpy < § /4.

We can drop to a subsequence of the 1; with

¢ La1dh L 1.8
d(hy ot T o T p Mty g
2

for pi-a.e. x. Hence by the Lebesgue dominated convergence theorem,
/d(h“1¢'fo+1’ﬁl,id) < §/4.

Thus by omitting sufficiently many initial terms t; we can obtain
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041¢']0+17041¢/]0+1¢i

sup(d(h

k3

8y 418

hz ) <é/4

?

for a subset of X of measure > 1 — §/4.
As d <1, restricting to this tail of the v, sequence we obtain

/Sup(d(ha1¢/10+1va1¢ljo+1¢i’id) d,Lh S 35/4 < 5

k3

As the sequence {t;} realizes the m-equivalence between a;¢j |,
and (31, we also have

m51(<'¢i—1>517id) < 51

and the second inequality of the lemma follows symmetrically. O

LEMMA 7.1.4. Suppose (X, F,u, T*) is a free and ergodic G-action,
such that {¢;} is in its full group with

(frr@fe...)ueMm

Given any ¢ > 0 and Iy, there exists 6 > 0 and J > Iy so that if
(X1, Fropn, I7Y), @,y @pqq and {abi} form an Iy, J, d-perturbation
of the first system, then we can conclude

a) foralli <Ip+1

/ Ri,[0+1(hal7al¢:7 s 7h0417041¢/10+1) d/ul
S / Ri,[o+1(ha7a¢i7 T h%aélo 3 haﬁ) dILL + g,

b) fsupi d(hal,a1¢']0+1¢i7ha1,a1¢']0+1)dlul <e,

c) forallt <Iy+1,

1—1 1—1 1—1
/Ri710+1(h/317/31¢ ; ’hﬁlﬁlé L hﬁl7ﬁ1¢ Io+1) d/ﬂ

— — —1
g/R“OH(hﬁﬁéi17hﬁﬁ¢i+117_”7h/37/3¢10 B2V dp e
and

1—1 —1 -1
d) fsupi d(hﬁhﬁl(b 10+17h51751¢i ¢ ]0+1) d/ll < .
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PROOF. To begin, for any é; > 0 and Iy, there is a § > 0 such that
for all J sufficiently large, perhaps dropping to a subsequence of the
Y;, we will have:

D) D((f**1@ @ f*Pnah™?)pu, , ,
(fawb'l R ® fa1’¢fo ® hal’a1¢10+1)*/l1) < by,

ii) fSupi(d(ham/]o“’am/]‘)“m,id))d,LL1 < 41 and

i) [ sup,(d(hPP 1)) dpy < 6.

To obtain i) just notice that h2*¢ — ho? and the map H taking

R to G is continuous. The second two statements follow directly from
the Lemma 7.1.3. The proofs of a)-d) will follow, except for one small
step, from 1)-iii) with §; small enough and .J large enough.

One can calculate that for any two G-arrangments « and 3 and full
group element ¢ that

S0 () = P (R (B (g) 20 (1d)))g ™
Represent a point in R x G as (f7, f}, ... , f1,:0'), and define
PO 6)(9) = CCH) T (@) (1d))g ™

and notice that the maps

(fi, foroo s S, 0) = H(EF(f], 1)), t=1,...,1

are all continuous.
It follows that

H(F(fal’(b,l hoz1,oz1¢'10+1)) _ h01¢}0+1,a1¢}0+1¢/i—1
r1 *

) 10T T

Partition R% x G into a countable collection of clopen sets accord-
ing to the values

H(F(fi,0))(g:), H(f{)(g;), €' (g;) and
H(F(f{,00) " (g3), H(D ™ (9,0 (g7), G =1,...,[In(8/e)] + 1.

Label the partition elements C4,C5,.... Notice that for any two
points (f{,..., f;,, ') and (f{,..., f{,,£") which belong to the same C}

we will have
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(', 0"y < /8
A(H(F(f1,0)), H(F(f!,£"))) < ¢/8 and
d(H(f), H(f!) <e/8, i=1,...,1.

Choose a finite list C1,...,Ck with

p(UE (% @@ [2% @ hP)"H(Cy)) > 1 —¢/8.

As the C}, are clopen, we can choose d; so small that (i) implies

(fau(b'l Q- ® falv¢90 ® hal’a1¢}0+1)*/,bl(U§:10k) >1—¢e/4.
Select an index N > [In(8/¢)] + 1 so large that for all g;, j =

L...,[In(8/e)] + 1 and (fi,..., f,,¢) € UrCy all of the values

H(f{)(g;), H(f) g5), HE(f{,0))(g;),
H(F(f1,0))7 (g;):(g;), and £'7'(g;)

are indexed as some ¢,, n < N. (Remember, all of these values are
constant on each set Cj.)

Set e = 1/N and be sure

€ee

5 < ———
" 8(Ih + 3)

and (ii) now implies

/ AR 7+™ i) dpy < 6.

Define a set A by
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A={x :d(hal%ﬁlm%ﬁlwi,id) < eand

T

a1¢l]0+17a1¢,]0+1¢i .
d( 8 (1) ,id) <e

for y =1,..., Iy and all 7z, hence

041¢'10+17/31

d(hz, ,id) < e and

aq ¢l]0+1 B

d(hqb; (z1)

for y =1,..., Iy, and we further require

Jid) <e

o] ¢l]0+1 B
—1
¢/IO+1(I1)

d(hf7% id) < e for all 7}

d(h ,id) < e and

As there are Iy + 3 inequalities to satisfy to lie in A, each of which
holds on a set of measure at least d;/e (remember that y; is preserved
by all the ¢!) we conclude

u(A) >1—¢/8.

Let

A= AN (fr9 @@ [0 @ o) (UE O),

and p(A") > 1 —3¢/8.

The four inequalities come in two pairs (a),(b) and (c),(d). The
latter two are more difficult so we focus on their proofs. We begin with
¢). Forall zy € A/, i =1,...,[pand 7 = 1,...,[In(8/e)] + 1 we will

have

a,¢! , Br.prg'
H(F(f2"", h30) (gi) = b ™™ (g5)
a1l BTG T ardh L andh L T Brend)
:hrl Ip+1 hxl Ipt+1 Ipt+1 hrl IOH(Q;’)
O‘l¢’] +17[31 al(b/] +17a1¢/] +1¢/i_1 ﬁ17a1¢} 41
bi(e) o ’ hay 7 (g5)

O‘l¢’] +17a1¢/] +1¢/,‘_1
_h 0 0 (g])

=Nz,

=h

as both the pre- and post- functions in this composition act on g; and
its image as the identity. Taking the inverses of all the bijections in
this calculation, we find the same identity holds there. That is to say:
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1—1 ! =1 1
BET 0 (gg) = b o g,

T

Examining the (Ip + 1)’st term and j = 1,...,[In(8/¢)] + 1,

—1 —1
ﬁ17ﬁ1¢/10+1 a17ﬁ1¢’]0+1 O‘l(bljo_},lval ﬁ17a1¢}0+1

bz (gj) =ha, hz, b, (gj)
a1y 11,81, ardl o0 Brard)
—h 1%1g+1 1h 191541 1h1‘1 1 IO+1(gj)

R R
al¢%+1@l
:hl‘l (gj)7
and again the same identity holds at these g; for the inverse maps.

Hence for z; € A’ and all : = 1,..., [ + 1,

/ / 1—1
a1¢]0+170‘1¢]0+1¢ i

(2T R, ) < e/8,
Calculating c),

1—1 1—1
/ Rivfo-}-l(hﬁlﬁl(b ‘ >t hﬁl’ﬁl(b ]0+1) d:ul

< / Ri,lo-}-l(ha1¢}0+1’a1¢30+1¢/i—17 cey ha1¢§0+17a1) dpy + %S
< / Ri,lo-H(hal%oﬂ’al%o"'lqsli_l7 . ,hal%o"'l’al) duy + 58_6

The map
(f{vfév"'vf}o-}—l) —
Ri,lo(H(F(filaH(f}O-q-l))v---aH(F(f}()HaH(f}O-q-l)))

is continuous from R™*! — [0,1] and so if § is small enough we will
obtain from i) of the Definition 7.1.1 of an [y, .J, é-perturbation that
this calculation is

1 3
< [ Rt e d 5

As hP2?5 — id for all z, if J now is sufficiently large, this is
< / Ri,lo (hﬁﬁéé—lv s 7hﬁﬁ¢]_01+1 ) hﬁ’ﬂ) dILL + e

which is ¢).
To obtain a) we can omit the first part of the argument for ¢) and
just notice that for : = 1,..., Iy + 1,the maps

(ﬂ? - '7f}0+1) - Ri,fo%‘l(H(fi/)? SRR H(f}O-H))
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