REPULSION FROM RESONANCES.

DMITRY DOLGOPYAT

1. RESuLT.

In this paper we consider the simplest three scale system.

[=oay(1,6,0) +eas(I,¢,0,¢)
(1) ¢:p([)+ﬁl([>¢79)+5ﬁ2(17¢7975)
0= éw([,qﬁ) +n(1,¢,0,¢)

where o and [3; satisfy

1 1
I.¢.0)do = I, ¢.0)dd =0.
2) /0a1< 6.0) /Om 6,0)d0 =0

The averaging principle guarantees that away from resonant surfaces
{w = 0} the effective dynamics of slow variables is given by the aver-
aged equation

=0

¢ =p(I)

In particular [ is an adiabatic invariant of (1). We are interested in
evolution of this invariant on a longer time scale. The case where w # 0

is quite well understood (see e.g. [1], [2]). In this case we can introduce
an improved invariant

(3)

(4) J=1-°4,
w

where Z = a;. Then J = O(e). So if we are interested in the dynamics

of A on a time scale shorter than é then all changes happen in a small
neighborhood of resonances w = 0. Let us study the dynamics of the
resonances more closely. If the resonance is non-degenerate in the sense
that g—; # 0 then it is convenient to make the following change of
variables.
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Then (1) has takes the following form.

0" =r++/en(l,er0,e)
(5) ' =a(l)p(I) +g(I,0) + /eB(I,\/er,0,¢)
I' = /ea(l,\/er,0,¢)

Here we let (I, ¢(I)) be the parameterization of the resonance curve,

(6) a(l) = ——(I, (1))

and

¢

1
/ g(1,6)do = 0.
0

This equation has a limit at ¢ = 0 where I does not move and the
dynamics of the other variables is given by

(7) 0 =r
r'=L(I) +g(1,0)
where L(I) = a(I)p(I). (7) is Hamiltonian with

7“2

(8) Hi(0,r) = - — L(I)0 — G1(0) + K(I)

Here

Ow 0
olt) [ ntr.o0, 905 + 2200 [ antr.600, 9

and K (I) is an arbitrary function to be specified later.
It is convenient to introduce a variable

H](e, ’f’)

which allows us to consider the dynamics of (7) on the cylinder by
identifying the point whose E values differ by integer.

Observe that in (5) a(l,r,0) = ar(L,¢(I),0) + O(y/e). Hence (5)
and (7) suggest that the main contribution to the change of I due to
resonance crossing equals y/eo(F, I) where E is the value of the energy
when the orbit crosses the resonance, and

(10) o(B,1) = / a1, (1), 0(s))ds

— 00

where (7(s),0(s)) is the solution of (7) with energy F.
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For computations it is more convenient to restate this formula using

0 as integration variable. Thus if L > 0 then

L [T ad,e(1),0)
(11) o(E,1) _2/9*@) V2LE + 200 + G

and if L < 0 then

B oy (1,9(1),6
(12) o(B 1) = 2/ \/2L1§3+;L)6H3G
where G;(0*(E)) = 2L(E + 0*(E)).

To see to that extent (10) can be justified we need to look more

closely at the dynamics of (7). We distinguish two cases.

order to fix our notation we assume that L > 0.)

«

FiGURE 1. Motion near a weak resonance

(Below in

(I) Weak resonance. If ming g(/,6) > —L then the phase portrait
of (7) is topologically the same as the phase portrait of the averaged

system (3) (which is obtained from (7) by dropping g).

In this case

r is a monotone function of s and the time an orbit spends near the
resonance is uniformly bounded from above. Hence for € # 0 the phase
portrait is also similar to the phase portrait of the averaged system and

our formal asymptotics for the change of I can be easily justified.

(II) Strong resonance. The phase portrait of (7) in this case is
shown on fig. 2. In this case points can spend arbitrary long time near
the saddle. As a consequence, for € # 0 the dynamics is qualitatively
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different. Namely given a saddle § = 0;;,(I) let €, denote the set
of points inside the separatrix loop of this saddle and let I';; be the
boundary of this loop. Choose K(I) = Kjx(I) so that H equals 0 on
I'. Let

X

F1GURE 2. The limiting system for strong resonance

0
_ dH
Mj (I) = —é [7’254— (/(; 84561(], (250(]), s)ds) T+(L+61)T_]+ﬁ@]dt
Jjk
(To see that this integral converges let (0,60(7)) be the minimum of Hj.

Then

OH OHdf

—— + = =0.

ol 00 dl
Since 92.(0,6(1)) = 0t follows that 2£(1,0,6(1)) = 0.) Now if M;,(I) >
0 then for small € the phase portrait is depicted on fig. 3.

In particular the initial conditions starting on the thick segment get
captured into resonance and so I experience a jump. A captured point
moves along the resonance. At some point it can enter a region where
M, (I) < 0. In this case the phase portrait looks like a mirror image of
fig. 3 and the orbit can escape from the resonance so its motion again
can be described by the averaged system (3). According to [4] (see also
Appendix E.3) during each passage a set of points of measure about
VEeM;,(I)4 gets captured so we expect that after O(1/4/c) passages
a set of measure O(1) gets captured. Therefore 1/4/¢ is the natural
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time scale for this problem. At this scale there are two mechanisms
responsible for the change of .

(I) Capture into resonance. This phenomenon has been described
above. It is only relevant if M;;, > 0 for one of the saddles of (7). The
second mechanism is important regardless of the sign of M.

[

FIGURE 3. Motion near a strong resonance

(II) Repulsion from resonances. To describe this phenomenon,
suppose for a moment that (1) preserves the Lebesgue measure dld¢df.
Then, for points captured into resonance, I changes with unit speed.
This creates a flux of measure of order y/e. Therefore in order to main-
tain the balance of measure most points which are not captured move
with speed /2 in the opposite direction. In general Lebesgue measure
is not preserved. However the divergence of the flow is given by

(13) DI,$,0) = ——+ ==+ =, + O(¢)
Now (2) and the periodicity of n imply
1
| pt.om = o)
0

So on average the measure is preserved on time scale o(1/¢) and the
the previous argument applies.
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To describe this phenomenon quantitatively let

Vj(l) = — (//Q (I, ¢0(I),9)drd9> /L;(1).

Let

;1) =) Wu(l), ¥(I)= Z W, (1).

We are now ready to formulate our main result. It requires certain
non-degeneracy conditions for the system (1). Namely we consider an
interval [[y, I5] such that for I € [I;, 5] the following conditions are
satisfied.

(A) p(I) # 0. This means that I is the only invariant of the averaged
system (3).

(B) Resonances are non-degenerate. Namely if (1, ¢1(1)), (I, p2(1)) . ..

are resonances counted counterclockwise then

%@z%@%M#O

C) (Twist condition) 2% # 0 where
o1

¢i+1(I) W(L ¢)
; = do.
will) /qw) p(I) i

(Here j + 1 is understood mod q.)

(D) For each I, H;(0,r) is a Morse function. Namely, there is at
most one critical point on each energy level and the critical points are
non-degenerate.

We also impose a non-degeneracy condition in the I-direction, namely

(E) If (0,0;,(1)) is a saddle then a4 (I, ¢;(1),0;,(1)) # 0.

(F) For each I the critical points of the function F — o(I, F) are
non-degenerate.

Suppose that I = I, and that (¢(0),0(0)) are chosen uniformly
with respect to the Lebesgue measure. Let Z.(t) = I(t/\/c). Since
(¢(0),60(0)) are random Z.(t) is a random process. Stop it then it
leaves [I7, I5] or get captured.

Theorem 1. Under conditions (A)—(F) the process I.(t) converges
weakly as € — 0 to the solution of

T

(14) = WDp(I), T(0) = Iy

(L, 6q(1))
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killed with intensity
M, (T) 1 p(T :
\D) = {2 M YT E b

00 otherwise

In other words let Z (I, s) denote the solution of (14). Then the
probability that the orbit is not stopped until t equals

(15) p(t) = exp {—/0 )\(I([O,s))ds] :
In case of survival Z(t) = Z(/y, t).

2. IDEA OF THE PROOF.

In this section we present main ideas of the proof of Theorem 1. We
shall use freely formal manipulations and heuristic arguments. Rigor-
ous justifications (of somewhat weaker results which are still sufficient
for the proof of Theorem 1) will be given later.

We need some notation. Given a resonance ¢ = ¢;(I) define two
surfaces S and S as follows. Let ¢ be a small number. (The precise
conditions on ¢ will be given later but they are not important in the
discussion to follow.) If a;(1) > 0 let

_J¥Y _ 1 G1(9)
(16) S = {5 = —ce + ey

s_ )W _ -1/ _ G1(0)
(17) S—{g =ce ey e

If a;j(I) < 0 then we define S by (17) and biby (16). Thus S is a sec-

tion immediately before the resonance and S is a section immediately
after resonance. One motivation for this choice of the sections is that
(16) and (17) have quite simple expressions in terms of the improved
adiabatic invariants, see Appendix B. Another motivation is that in

(r,0) coordinates
~ _ G
S=<r=FR+ =
{roshe )

where R = ¢/e~'/*. Hence

oFE
18 — ~ £1.
(18) 50
Let x,, be consecutive visits to Ss corresponding to different reso-
nances. (3) suggests that it takes time about ﬁ to make a complete

circle. Since there are ¢ resonances per period we expect that the time
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of the nth visit is ¢, ~ 7. Let A(z,) denote the change of I between

t, and t,,1. To establish Theorem 1 we need to show that if N < %
and m < Const//e then for orbits which has not been captured up to
time m

(I) The probability of capture on the segment [m,m + N] is about
ANE

pq

(IT) For non-captured points

The first statement is nothing but the Poisson Limit Theorem for our
system and the second is the Law of Large Numbers. Both results are
well understood for independent or weakly dependent random variables
so we need to show that z, are weakly dependent. To understand
where this independence comes from consider first few iterations of the
Poincare map. Suppose that xy has a smooth density on

S, =S {1 =1}

We want to describe the distribution of z;. The passage to the next
resonant surface S consists of two parts. .

(1) Passage of the resonant zone (from S to S).

(2) Motion far from resonance (from S to S).

The considerations of Section 1 suggest that during the first part I
changes as follows

~ ol 0o

(19) I~ 1+ +/eo(E,I), so aEN\/EﬁE.

On the other hand (1) and (3) suggest that

T ]' &W(LQS)
w(l) = — do.
@) /¢ 6

0—0 =~

™| =

Formal differentiation gives

o _1ow

00 e 0l

Combining this with (18) we obtain
OF 1 Owdo

OE = \Je 0 OE

(20) (I).
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Now (F) implies that for most points g—g # 0. In this case (C) tells us

that a preimage of a unit interval has length O(y/2) so 22 is approx-
imately constant at this preimage. That is, on such intervals £ — E

can be approximated by a linear map. For linear maps of slope % the

images of the segments of length > /e are uniformly distributed. In
other words we can prescribe the phase of xy with a good precision
and still the phase of x; is uniformly distributed. In this sense we can
regard the phases of 1 and x( as weakly dependent. To summarize the
image of Sy, consists of O(1/1/€) almost linear segments and finitely
many 'parabolic’ segments coming from neighborhoods of the critical
points of 0. Assumption (F) makes it plausible that if Ey is a critical
point of ¢ then for F near Ej

_ _ E — E,)?
B- gy~ (BB

so the total measure in parabolic pieces is O(s'/*) (by definition a
parabolic piece consists of points which are within a unit distance from
Ey).

Now let us see what happens for large n. The image of §j, consists
of

(a) almost linear segments;

(b) parabolic pieces;

(¢) curves of more complicated geometry appearing when a parabolic
piece comes near the critical points of o.

To apply the argument used for xy we need to prove that most of the
measure is concentrated in the linear segments. To this end we have
to show that once an orbit finds itself in a parabolic piece it is much
more likely to escape (that is to get farther than a unit distance from
the tip) rather than stay close to the tip or even enter into a curve of
type (c). The reason is the following. Since 3—; ~ 1 for most points we
can expect that

do -

21 —(Fy) ~ 1
(21) & (o)
in which case for the second iteration we would get
= = E — E,)?
5 p o (E-EP
€

so the measure of the points staying close to the tip for two itera-
tions in a row would have measure O(y/¢) (there are also secondary
parabolas appearing at the intersection of the the primary one with
the critical curves but if (21) holds then their measures are O(/€) as
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FIGURE 4. Large time image of Sy, .

FIGURE 5. Parabolic pieces are close to the image of C
(thick line). Since this image is transversal to C (dashed
line) most of the returns are isolated.
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well). Continuing this reasoning it is not difficult to convince oneself
that the set of points staying in (b) or (c) segments three times in a
row have measure o(/¢). Thus if n < Const/\/z then the set of non-
linear pieces is small as required. The problem with this argument is
that it is unreasonable to expect (21) for all initial values of Ij. Let
C = {g—g = 0}. Then (20) implies that the image of C also consist of
almost linear segments and so we can not keep the image of C from
intersecting itself. For this reason we can not guarantee for the first
and the second iteration of the Poincare map a set of measure 1—o0(1/2)
escapes from the tips after finitely many iterations. Fortunately this
problem is confined to the first two iterates only. Indeed even for the
first iteration the required bound can be obtained if we assume that
Iy has isolated returns that is, the images of C(\S), are far from C.
Starting from the third iteration we can actually prove that most of
the returns are isolated. Indeed (20) tells us that the points of self-
intersection form a lattice of step O(g). On the other hand most of the
second image of Sy, is in linear segments. There are O(1/¢) such seg-
ments. By (19) the variation of their I values is O(e) so the distance
between consecutive segments is O(£%2). Thus most of the segments
are far from the critical lattice. Hence most of the returns are isolated

(see fig. 5). So the total measure of the non-linear segments can be
bounded by

o(nvVe) + O(e'/h)
where the second term estimates thee measure of bad points formed

during the first two iterations. Thus most of the measure is in linear
segments giving the required independence.

3. PLAN OF THE PROOF.

Here we present the main steps of the proof of Theorem 1.

3.1. One passage. Our analysis in Section 2 was based on heuristic
formulas for the derivatives of the Poincare map. Here we present
the precise results. Let us emphasize that the parts of the statements
not dealing with derivative estimates are well known. Still we provide
sketches of proofs in Appendix A in order to make our exposition self
contained.

Let S; denote the preresonance surface of the resonance (I, ¢;([)).

Denote S = J; §;. We want to study the Poincare map P: S — S. Let
S and S be the surfaces corresponding to two consecutive resonances

(I,¢(I)) and (I, ¢(I)). Below we present some information about P :
S — S. Observe that if we are interested in the derivatives bounds
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then it is not convenient to work with I and 6 since they are rapidly
oscillating and a slight change of the surface produces big changes of
the derivatives. For this reason we shall work with the variables J and
E defined by (4) and (9) respectively. Denote P(J, E) = (J, E).

In the statements below of...) means the limit then both ¢ and ¢
tend to 0 but ¢ goes to 0 much slower than €. That is there exists a
function ¢y = ¢o(e) such that the asymptotics below are uniform for
¢, e small, ¢ > ¢o(e).

In Appendix B we prove the following.

Proposition 1. If (I,¢(I)) is a weak resonance then

(a) The passage time t(J, E) ~ %.

) )
I—-I=J-J=o0(e)=+eo(J,E)+o(\Ve).

OF 1 OE 10w

(22) (o) 5= \/EA(J, E)+o(l), S5 =277 o),
where
ow do
A(J, ) = ﬁa—E’ and
PE 1 OAN(J, E) 1|0

aJ aJ ”J 54 |OE [
(d) 0 O(1), 9E O(Ve), 9E2 O (Ve)+0 (5 9E| |
PE (1 i |OF 2y Ua|OE
9E5) ~ ¢ (E)w (5 9 ) © ppay OO (5 oE ) :

0’E 1 0*J _
aﬁ20<;m)’5ﬁ20@3@-

For strong resonance the formulations are more complicated because
as we explained above the heuristic formulas of Proposition 1 are not
valid for all orbits but on the other hand we do not want to exclude
too large a set.

Fix arbitrary 6 > 0. Let d be the distance of the orbit from separatrix
of (5) and 7 be the time the orbit spends in a ¢ neighborhood of C.

In Appendix E we prove the following.
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Proposition 2. If (I,¢(1)) is a strong resonance then the following
statements hold.

(a) If d > 6§ then the estimates of Proposition 1 are valid.

(b) If €V/?*9 < d < § the the statements of Proposition 1 should be
modified as follows. Part (a) remains valid, part (b) has to be replaced
by

J—=J~ \/ETal([,Cb(I)a@o(l))
where (0,00) is the saddle of (7) the orbit is passing near. Part (c) has
to be replaced by

OEF _ Const

—_— >

OF — dye’

OF _ Const

oJ —  de

Also for part (d) in the estimates for the first derivative the RHS has
to be multiplied by 1/d and in the estimates for the second derivative
the RHS has to be multiplied by T/d>.

Let y be the graph of J = g(E), with |¢'| < e'/?%9,

(c) Let & > /2% Then measure of points with d < & is less than
Consté.

(d) Let [E(_jk), ngk)] be the segment of points captured while passing
near the resonance (I, ¢;(I),0;x(1)). Then

B9 pov = M) | o
L;(I)

Comparing the statements above with the heuristic estimates of Sec-
tion 2 we see the following. The first derivative bounds can be obtained
by the formal differentiation of the formulas suggested by the averaged
equation (after replacing I by J). This is not true however for the
second derivatives. The reason is that our analysis suggested that the
map E — E was close to linear. Now if we perturb a linear map such
as K — % by a small nonlinearity, say

E E
E—-FE— —+406h|—
TETET (\f)
then the effect of the nonlinear term is 0h”(E/+/2)/e which can be
larger than 1/4/¢ even if ¢ is small. However the second derivative
bounds are still sufficient to derive the conclusions we want. Namely,
for most points

0 1 PE .. |0E
a—EN% whereas @:O(E M < 9

(24)

2
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which is enough to conclude that the image looks like a linear map (cf.
Lemma 36). On the other hand if g—g < \% then the formal arguments

of Section 2 remain valid (since we have quadratic decrease in the terms
coming from the nonlinearity!) and we still are able to prove quadratic
bounds near the “parabolic” pieces.

We conclude this section by computing the average for our Law of
Large Numbers.

Lemma 3. The average value of the jump at resonance (I, ¢;(1)) is

/1 o(I, B)AE = W,(I).

3.2. Standard pairs. Now we state more precisely what do we mean
by “almost linear” segments. The most obvious requirement is that we
want to control the curvature. However we need two more conditions.
First we want not only the geometry of the image to be close to lin-
ear but also the image of the initial measure to be uniform since the
uniformity of the phase plays a key role in our argument. Secondly,
to control the geometry of high iterates inductively the way we ana-
lyzed the first iteration we want to assert that the images are close to
Sy curves, namely that they go roughly in E-direction. The precise
definition is the following.

Let c1, co, C1, Cs, C3, ¢ be constants whose precise value will be spec-
ified later.

Definition. A standard pair is a pair ¢ = (v, p) where 7 is a curve
i some S and p is a probability density on v such that

(a) c1 <length(y) < ¢

(b) v is a graph of a map J = g(E) with

(b1) |g'(E)| < Cie,

(02) |g"(E)| < Cye'/?+°,

(c) lggInp| < Cs

If 7 is a standard pair and A is a function we write

E(A) = [ Alw)pla)de.
g

We want to show that most of the image of Sy, consists of standard
curves. The problem is that an orbit can pass close to either region
where g—g = 0 where expansion coefficient of (22) is small or it can pass
close to the separatrix of (8) in which case it spends a long time near
resonance and the perturbation terms can become too large invalidat-

ing (8). Let v be a standard curve. If either of the above problems
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happen we say that the orbit has a close return. We call passages near
the separatrix close returns of the first kind and passages near critical
region close returns of the second kind. We postpone the precise defi-
nition of these notions till the later sections since it is quite technical.
For close returns of the first kind, the time spent near the separatrix is
logarithmic function of the minimal distance which implies that such
returns have small probability so they can be neglected. However close
returns of the second kind should be treated more carefully. Namely in
this case we consider few consecutive iterations of the Poincare map. If
they also give close returns when we say that the orbit got stuck in the
critical region. Likewise for the returns of the first kind we say that the
orbit got stuck near the separatrix. Also observe that whatever return
is close or not depends not only on the point itself but on the curve
under consideration because we want to have expansion in the tangent
direction of this curve. However we will not emphasize this dependence
in order to simplify the notation. In this section we shall only use the
properties of the close returns described in the next two propositions.
Let ¢ = (v, p) be a standard pair. Denote by P(z) the first free return
to some resonant surface and let n(x) be the number of the first free
return. We shall arrange that 1 <n < 3.

We claim that most of the image of a standard curve consists of
standard curves. The precise statements are given below. As it was
explained in Section 2 we get more precise bounds for higher iterates
since we are able to avoid non-isolated returns.

Proposition 4. (Invariance) (a) P(y) = U; v; where n is continuous
on P~Yy; and (;, (poP™1)/c;) is a standard pair where c; = Py(P~1y;);
(b) Py(n(z) > 1) < Conste'/4,
(c) The time before the first free return is
n(r)—1 i1 .
Z P(Px) — ¢(Px)
p(I)

+o(1)
=0

(of course, the angle difference is measured counterclockwise).

P is not defined on a set Z1J Zs where Zy consists of the points
which got stuck and Zy consists of captured points.

(d) ]P)g(Zl) S 87/16

(e) Py(Zy) < Consty/e

(f) (Hyperbolicity) ||dP~!|| < Conste®.

Observe that a priori bounds (d) and (e) look unsatisfactory since
they do not preclude that all points get eliminated during the first
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1/4/% iterations. However already P2y is sufficiently well distributed
to improve these bounds.

Proposition 5. (Equidistribution) )
(a) Let A be a C* function and £ = (7, p) be a standard pair. Let (J, E)
be some point on . Then

1
E,(Ao P) :/ A(J, EYAE + O(<%)
0
(b) Pu(P%x gets captured before the next free return to S) = /e M (J)(1+0(e%)).

(¢) Py(P?x gets stuck before the next free return to S) < Conste'/?+0.

Proposition 4 is proved in Section 6 and Proposition 5 is proved in
Section 7.

3.3. Short time evolution. As we explained in Section 2 Proposition
5 allows us to obtain the Poisson Limit Theorem and the Law of Large
Numbers (statements (I) and (II) of Section 2) if the number of iter-
ations is much smaller than 1/4/e. Let us formulate the precise result
used in the proof of Theorem 1.

We define inductively a sequence of curves {~;;} such that J, i Vi
lie on the part of the orbit of v not captured in the resonance. Put
Yo1 = 7. If {;} is already defined up to some k, decompose

P’ykj’}/kj = U Viji U Z1kj U Lokj
I

as in Proposition 4 and let {y(41);} be some reindexing of {vx;}. Let
['y, C 7 be the set of points having representatives Uj Yrj. For v € T’y
let z, = (Ji, E)) denote the representative of 7y. Let I', denote the
set of points captured before & and I'} denote the set of points which
got stuck at m-th free return for some m < k. Fix a small number d;.

Let N = [d,/v/2].

Proposition 6. There exist a function d2(d1) such that lims, o9y =0
and a subset I'Y; C 7y such that

(a) Pu(IN) = old1),
(b) |In — Iy — 1V (1y)| < 0102
forallx e T'y — T,
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(c) Let t©)(z) be the time between xy and xx then

1)
O () — ——| < 5,6
\/_ ( ) p(fo) > 0102
forallz € 'y — T,
) 1A (1)
— <
(d) PZ(FN) p(I()) = 5152a

(6) ]P)g(l—‘/](f) S 5152.

Theorem 1 is derived from Proposition 6 in Section 4. In Section 5 we
explain how Proposition 6 follows from Propositions 4, 5 and Lemma
3.

4. CONVERGENCE.

Proof of Theorem 1. Let us first prove this result in the case then
(I, $,0)(0) are distributed according to some standard pair £. Let ") =

Iy — I Let {7](.1)} be the union of I'y; not falling into I'}. Repeat
the procedure described above with each %(-1) instead of v and let I'?)

be union of the resulting sets. Continue inductively to obtain a nested
sequence

CI‘(") Cl"(n_l) C .- Cr(l) C 7.
Let {7](-")} denote the set of the resulting curves. For x € I'™ let
2™ = (I EM) be the point from the orbit of  on fy](-") and let ¢("~V)
denote the time between the returns of z»~V and 2. Set 7,(x) =
S t™) (2). By Proposition 6

m

n n n 51
}[( ) [( ) — 51\11(]( ))‘ < 5152, \/E[Tn-i-l _TH] - W < 010,

Let (J,7) be the solution of

J=w(]), 7=1/p
Then
(I([t/éﬂ)’T([t/%D) = (J,7)(t) +0(1), 61,95 — 0.

This describes the dynamics of the points from I'I7/91) Next define
™’ TM" and T™M"™ similarly to Iy, I and I"Z. It remains to show
that I and I'" have small probability and to compute the asymptotics
of I (captured trajectories). First, by induction

P — 11"y < §,6,m,  P,(D™

n )/l/

— F(n_l ) S 515271
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which implies that F " and T™" have small measure for n < T/é.
Denote p, = P,(I'™ ) Then the foregoing discussion and Proposition

6(d) imply
(25) Dot = P = 01(1 = pu)A(J(n61)) (1 + 05, —0(1))
Letting 6, — 0 we obtain (15). This completes the proof of Theorem 1
for (I, ¢, 0) being chosen according to P,. Next, let v, be the first visit
of

Ja:{[:[07¢:a}
to S and let p, denote the measures on 7, which is the image of the
uniform measure on o,. Write £, = (Va, pa). Applying the foregoing

discussion to .
on = / ]P)gadOé
0

we obtain the original statement of Theorem 1. U

5. SHORT TIME DYNAMICS.

Proof of Proposition 6. Given ~ let
I(Px)—1
oy - L)~ 1)
NG

Z b( Plx Ik) = B'ij(ac) (k)

We extend b(zy) = Uy, (here k is understood mod g) if the trajectory of
x gets stuck or captured for some m < k. Likewise we define n(zy) =
Ty (@) and extend it to 1 if xy is not defined. Define

Mie(1)+
L, (D)
where the sum is over all saddles of (7) on S;. Write U(z) = V,,
Az) =\ ifz € ;.

We Clalm that if / = (3, p) is a standard pair with ¥ C P*y and j is
a normalized induced densfcy then

(26) E; (b(zy) — ¥(zy)) = 0-—0(1)
Indeed by proposition 2 |b] < Const|In¢| so by Proposition 4(b)
E; (b(xy,) — b(zx)) = O(e7*| Inel)
and by Propositions 5(a), 1(a) and Lemma 3
E; (b(zk) — W(zx)) = 0-—0(1)

N(I) =
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(Proposition 5(a) is not directly applicable since b is not continuous
but Propositions 5(b),(c) and 1(b) show that we can approximate b by
Holder functions uniformly in L'(¢) for all ¢).

A similar argument shows that

E;(|b(zx)]) < Const.

Next, let £;; denote the pair (vg;, py(%0)/ckj) where ci; = Py(zr € Yij)-
Then

(27) Eo(|b(zs)]) < Z ki, (|b(x)]) < Const chj < Const.
Therefore
(28) Ey(|I, — Io]) < Consthky/c

Now given r < N — ¢ + 1 we have

< Z_ Eeb(l’k)) V() = ZEZ (B(xk) (Z (21 ) U(ly) = I+1.

k

Similarly to (27) we utilize (26) to conclude that I = o(1), ¢ — 0. On
the other hand by (28)

I =O(kve+ e ne|)

(the second term represents the contribution from the orbits having
close returns (including stucking and capture) between r and r + ¢).
Summating over r we see that if §; is small then

< n (Io)
() -

A similar argument shows that

E, <Z_: n(xk)) = N + O(N¢g%).

k=0

< Const (n*/£ +6;°n) .

Since Y"r ' n(wx) > N we obtain

jf<
d

N-1

Z n(xg) — N

k=0
) + O(82) we get

P
- 52N> < Conste .

Since t; = n(xy)

02

G
£

)



20 DMITRY DOLGOPYAT

Including yx; where the above sum is larger that 0,V in I'j we obtain
(c). Next lemma estimates the second moment

Lemma 7.

E, (Z [b(zy) — \If(xk)]> < ConstN25i’/2.

k

Proof. The proof proceeds in two steps.
(1) First we establish a weaker bound

(29) E, (i [b(xy) — \If(xk)]> < Constr?d; .

k=1

We have

E, (Z [b(xx) - \w)})z

k

—E < ST (Blaw,) — WD) bla,) - \If<f>1)> +O(N).

—k1>2
Let ks = [24%2]. Then similarly to(26) we see that for each j

By,,, (b(zr,) — U(21)) = O(01).
Next by Proposition 4(f) the map zx, — z, expands distances by at
least e7°. We claim that this implies that for each standard pair ¢,
there is a number (j,; such that

(30> b(xkl) - \I](IO) = Cksj
uniformly on each ;. Indeed the only place where (30) is not obvious
is set where xy, passes near N.. To analyze this case we assume that
n(xy, ) = 1 (other possibilities are similar). Then by Proposition 2
db(zy,) < Const

dE, |~ d

whereas
dEyq S Const

dE, | = dvE
so the preimage of Yj41,j(z) has Ej-length O(dy/c) and the oscillations

of b on such interval are O(y/g) < 1 verifying (30).
This shows that if ks — k; > 2 then

Ee (([B(a,) — W(D)][b(21,) — ¥(D)])) = O(61)

Summation over ki, ky gives (29).
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(2) Now we use (29) to improve upon the previous computation. We
use the identity

E, (f: [b(a) — mm)z

k=1

= O(N) + 2E, (Z [b(,) — ()] (2 [b(xy,) — \11(%)]»

ko k1=1

=O(N)+> &,

Arguing as on step (1) we get the following estimate for the second

term

By step (1) the last expression is O(kyV/d;). Now summation over ks
completes the proof. O

ko—1

Z [B(xkl) - \Il(xkl)}

k1=1

|gk2| S 05_)0(1)]{32 + 510 <E@

Lemma 7 implies that

P, ( > [blar) — T (L))

k

Add to I'}j the set of points where the last inequality holds. Then (a)
and (b) hold due to Proposition 1.
Next, by induction, for m > 3

P, (I —T” ) < Conste'/**°.

> N51/10> < 5%3

This proves (e).
Let now Qi = Py(I'},). Then

Qeer — Qi = cg-niPe, (Th — Thy)
J
Using Proposition 5 we get

Qr+1 — Qr = (Z C(k—2)j> VEE(A(zx)) (14 O(61)).

By (e)
3 ey =1~ Quoa + ()

J
SO

Qi1 — Qr = (1 = Qr-1)VEE(A () (1 + O(61)).



22 DMITRY DOLGOPYAT

This gives a priori bound

Qi1 — Qe =0(e) and Qi = O(d1).

Combining the two last inequalities we get

Qi1 — Qu = VX ap) (1 + O(5y)).

As before fixing r we obtain

r+q—1

D Quir — Qr = VEAI)(1 + O(61)).
This proves (e). O

6. FREE RETURNS.

6.1. Definitions. Here we prove Proposition 4. First we need to give
precise definitions of close returns and also to explain when we consider
an orbit stuck. Let (J, E) — (J, E) denote the Poincare map. Given a
standard curve we write

dFE d*E d - dE d*E d

]{j:— = — :—1 ]{j:—, g — —— _:—,1
a7 1T ar "Ta™’ g 1T ar " np

For € = 0 the union of the saddles of (7)
N=Jlo=9;(1), 6="0uD)}
ik

is a normally hyperbolic invariant set of the flow (5). Hence for small e
there is a normally hyperbolic invariant set .. Close returns of the first
kind are defined by the condition that the orbit of (J, E) is £*/2*-close
to N.. Close returns of the second kind are more complicate to define.
Indeed we need to satisfy several conditions (conditions (a)—(c) of the
definition of the standard pair). We begin with expansion. Observe
that ~ ~ ~ ~

dE  OF oF OF

aE = o8 "*a7 g TOW
by Proposition 1 and part (bl) of the definition of the standard pair.
Hence expansion may fail only near zeroes of g—g. By Proposition 1 if ¢
is sufficiently small then these zeroes are close to the critical points of

OF -3/8

0. Proposition 1 and Assumption (F) now imply that if

then }% < Const/4/e. Also
d*E  O’FE O*E D) OE  O°FE
_ 9 2 _ ~1/4y
e~ opr " Fomar T ap Tlm ~ om0 )



REPULSION FROM RESONANCES. 23

d’E

> Const
dE?

near possible zeroes of 9€. We now define close
NG dE

Hence

returns of the second kind by the condition ’%‘ < ¢4 If a point has

a close return of the first kind we declare it stuck and remove it from
consideration. For the close returns of the second kind we truck the
orbit for two more iterations to see if its recovers the lost hyperbolicity.
Namely if

JE

iE <e€

we declare the point stuck. Otherwise let (J,E) and (j : EE?) be the
images of (J, E). If B
dE 116

dE<€

we declare the orbit stuck if

e < o= (1/4+8) o1 d_JE:? < e (1/4+6)
dE
or if (J, E) or (J, E) experience close returns of the first kind. Other-

wise we declare the orbit free. If
dFE
31 -1/16 < = < -1/8
(31) © L SuE©°
we declare the orbit stuck if

or d—€ < g~ (1/449)

orif (I, E) or (I, E) experience close returns of the first kind. Otherwise
we declare the orbit free. Finally if

dE —
we proceed as above except that we set an orbit free if
dE
= >4

dE
6.2. Free orbits form standard pairs. We now show that these
rules allow us to preserve standard pairs. First we consider the case
when all the resonances traversed are weak and then describe the mod-
ifications needed to treat strong resonances. We begin with point with-
out close returns. We have
aJ aJ
oz + k57

96 . L.0E
or T koy

e
Il

(32)
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Now from the identity

oJ OE  0JOE
aE07 ~ajo8 TOW
(valid by (13)) we get
oJ oF
Thus
aJ aJ
gl ]{;_
B aJ __

dE

so k = O(e) and (b1) follows. Next

) Ay (% +’f§—§> (g—E + 2kifgn + K

)

g= 9E2 dJOE aJ2 _
aB\? aB\?
(%) (%)
aJ dJ OF
(35) g | 2Ly — BT — (1) + (I) + (II).
dE dE
(=) (%)
Now )
O O 5/4
1] = fm@ + (EE )o@ = 06),
155 | |55

Next by (34)

9°E 9’E 9E
55 + 3598 T o7
(ﬂ) =0 oF 0JOFE oJ

€ X )
dE
dE

The second factor here is

O % O(s1/4
g;? + 20 L oy = o)
|55 |55

so I = O(e). Finally

() = q %

Thus
(36) q=0(e).
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Condition (a) is automatic since we delete points which come close
to critical set and the distance between those points is of order 1. Next,

pE) = (%_?) G

where ¢ is the normalization constant. Hence

d’E
~__rr _ _ae _ _T 1/4
(37) T = (@) (dE)2 (@) +0(E’")+0
dE aE dE
The first term is O(e'/*) and the last is
1/ve

o (g) =ow
so (c) follows if (s is large enough. We now come to the close returns
of the second kind. Consider the case Z—g > ¢~ 1/® first. In this case (32)
gives k = O(¢g). Next (35) and (34) give § = O(¢¥*) and (37) implies
O(F) = e~ Y/, Thus if the orbit brakes free on the second step then we
have

-

;

[sHi-N
(ST

(

!
Il
@)
—
[O)
N—
]|
Il
@)
—
[O)
N—
=
Il
®)
S
—_
S~—

Next if 42 > ¢=1/16 then we get

verifying (a)—(c).
a5 =

k=0(), §=0("%), 7F=0(@E"%?%
If the orbit survives the next steps we have
(38) k=0(), §=0(", =0
=0(e), ¢=0(), F=0(1)
In case €0 < % < e 1/16 these estimates take the following form
(39) F=O(2), g=0("2%), F=0(1/2)

k=0(), §=0(E"%), F=0(0/49),
E=0(), §=0(), 7=0(1).

This proves part (a) of Proposition 4. Also, part (f) follows because

el

at each step we have ‘% > ¢% and on the last step the expansion is

at least e~'/%. Part (c) follows from Proposition 1(a). This concludes
the proof of parts (a)—(c) of Proposition 5 in case all three resonances
~ has to traverse are weak. If some of the resonances is strong requires
minimal modifications. First we have to remove the points coming too
close to .. Since the distance between the saddles of (7) and the zeroes



26 DMITRY DOLGOPYAT

of of g—g is of order 1 by (22) and assumption E we still have uniform
lower bounds on the image lengths For the estimates of k, ¢ and r
we claim that if at some point |2£] > £~!/4 then the worst case is still

when | aE | ~ e71/4 Indeed (34) holds near N, by Proposition 2. Thus
comparing what happens near N. with pomts near parabolic pieces
we see that for terms having Zg, (Zg) and ( )3 in the denominator
the denominator is multiplied by da+/4’ o - 73 and e 13/4 respectively
whereas the numerator increases by “I;C”, ndl and “nd' respectively so
the situation is much better. It remains to prove parts (d) and (e) of

Proposition 4.

6.3. Measure estimates. Here we complete the proof of Proposition
4. Again we first analyze the case when all resonances are weak and
describe the modifications needed for strong resonances at the end of
this section. In this section we shall make a frequent use of two es-

timates. The first is a standard distortion bound (see Lemma 36 of
Appendix F). The second is ( 3) below.

Let Ey be a point Where = 0. Then near E,
C1 d2E Co
40 — — < =
Hence in the region where
dE
41 — | <78
(41) 75| S %€
we get
dE c

(42) \[‘E Ep| < \/%‘E Ep|.
For these values of E we have

// //
(43) L(E — Ey)’ < |E— Ey| < £(E - Ey)*.

Ve v

It follows that the close returns of the second kind have measure O(c'/4).
We now estimate the measure of Z;. It consists of several parts. Points
coming too close on the first step have measure

(44) Py(Z;) < Conste'/?,
by (42) (since p is uniformly bounded above and below by parts (a) and
(c) of the deﬁnition of the standard pair). Next there are points which

satisfy £ < 92 < ¢71/16_In the worst case scenario all those points will
be removed at the second step so can not do better than the estimate
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the measure of points removed from this part by their total measure,
that is

(45) Py(Zy) < Conste™/16
(see (42)). Next, consider points satisfying (31). They satisfy |E —

FEy| < Const and if these points are removed on the second step then
(42) and (43) show that E should be close to the zeroes of OE/OE.
Hence on the second step we remove finitely many intervals of E-length
O(£%/®). Next (42) and (43) show that the induced density (which we

denote p to distinguish it from the conditional density p) satisfies

_ p(E) g3/
p(E): dE ~ = =1
156l VIE — Eo
1

Since T is increasing towards FEy the worst case is when one of
— L0

whose intervals contains FEjy. In this case the probability A of getting
stuck can be estimated with the help of (43). We get

2
—— = Conste

NG

3/8

that is
(46) Py(Zy) < Conste™/1°

On the third step we have to remove finitely many critical intervals
(where points have E-distance 1 from points having second kind return)
and several non-critical intervals.

Let us first estimate how much we remove from the critical intervals.
Reasoning as above we see that on each interval we have to remove a set
of E-length O(¥/479) hence its E-length is O(¢3/57%/2) and E-length is
O(g7/16=9/4)  Thus

(47) Po(Z) < ConsteT6 1.

Now consider non-critical intervals. Among those we distinguish com-
plete and incomplete ones. Complete intervals are those where (31)
holds on the whole interval. Let {Z,} be complete intervals and Y, =
P~1Z,. By the estimates of Section 6.2, P has bounded distortion on Y,
(since Z, are non-critical). We remove a set of E-measure O(g/47?)
from each Z,. This set has E-measure O('/*7?|Y,]) so its total E-
measure is O(e'/*7°)|E} — Ey| where 22(E;) = e7'/%. Thus the total
E-measure of the deleted set is O(3/8Y/47%) = O(5/579). Since P ex-
pands by at least £71/6 on the set where (31) holds the total measure
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deleted from the complete intervals is
(48) Py(Zy) < Conste!/16-9,

There are also finitely many incomplete intervals. Since the minimal
extension on the second step is Conste ~'/# for non-critical intervals we
conclude that E-length of the removed set is O(¢'/27%) and since the
expansion of £ — E is at most ¢~ /16 we get

(49) Py(Zy;) < Conste?/1679,

Finally we consider points with % > ¢ 1/8 The second step is ana-
lyzed as before. Namely we remove intervals of E-length O(£%®) and
since we have expansion of at least e~/® the bound we obtain is

(50) ]P)g(ZV]]) S COIISt\/E.

On the third step we only have to deal with points having close return
on the second step. Those points are automatically critical so they can
be analyzed as in case IV. Namely we remove finitely many intervals of
E-length O('/47%). Their E-length is O(¢*/79/2) and since the minimal
expansion now is O(~'/%) we get

(51) ]P)g(ZV[H) S COl’lSté’:‘l/z_g

This completes the proof of Proposition 4(d) for weak resonances. In
the presence of strong resonances there are additional complications.

(a) There are points which are removed on the first step due to
returns of the first kind.

(b) Returns of the first kind could appear after the returns of the
second kind.

(¢) There are points which come close to A, on the second step
without getting stuck and we need to check that this does not destroy
our estimates.

Case (a) contributes a set of measure O(¢'/?*9) by Proposition 2(d).

To handle (b) observe that the probability to have a close return of
the first kind on the second step is O(c'/?¥9/2) since we have to re-
move an interval of E-length O(e'/2+°) and E-length of the preimage
of any such interval is O(£¥/?¥%/2). On the third step we have to dis-
tinguish critical and non-critical cases. In the critical case we have a
bound O(e'/?*9/4) by the argument used for the second step. In the
non-critical case we see using the bounded distortion property that we
remove a set of F-measure

O(El/2+6|E_|l . E0|) — 0(83/4+6)

so the contribution of non-critical intervals is O(g?/8+9/2).
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Finally (c) is of no concern since it can only be relevant in case IV
and we only used the bounded distortion to get our estimate.

It remains to prove Proposition 4(e). Again capture can occur either
on the first step or after a return of the second kind. For immediate
capture we use a bound O(y/¢) of Proposition 2(c). Captures on the
second and the third steps are analyzed similarly to close returns of the
first kind. The difference is that now we use Proposition 2(d) instead
of 2(c) so we do not have powers of § in the corresponding estimates.
So instead of O('/279/%) bound we get O(¢/?) bound.

We also observe that this bound comes from possible captures in
critical intervals. Namely for captures from non-critical intervals we
have O(%/®) bound corresponding to O(%5t9/2) bound for the first
kind returns.

Proposition 4 follows.

7. EQUIDISTRIBUTION.

7.1. Equidistribution on a unit scale. Here we prove Proposition
5. To prove (a) observe that if |E — Ey| > /479 then 7 < Ce®. Divide
the part of v where |E — Fy| > £/~ into segments {Z,} so that the
image of each segment has E-length 1. Then by Lemma 36 on each Z,
the map F — F is €% close to linear. Since linear maps have required
equidistribution properties the result follows.

The estimate used in part (a) and proposition 2(c) imply that

(52) P,(P*z gets captured|z € Z,) ~ /eM(I)

Next, divide |E — Ep| < e¥/47? into segments {Z,} so that the image
of each segment has length 1 except for one segment Z; consisting of
points with close returns. Then

(53) P,(P%x gets captured|z € Z,) < Consty/2
by Proposition 4. Combining (52) and (53) we get (b).
Let us prove (c). To this end we say that a standard curve v has an
isolated return if for all Ey such that 52 (E,) = 0 we have
dE , -

OB s o174+

7.2. Getting stuck at isolated returns.

Lemma 8. If v has an isolated return then

Py(Z,) < e¥/?+9.
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Proof. Let us first derive some consequences of the isolation. Let X
be a component consisting of points having close return of the second
kind. X consists of three segments

15 < o)

dE
dE
< 5—1/8}7 Xy = {6—1/8 < d_E‘ < 6—1/4}.

Let E; be the endpoint of X in X;. Then by (42) | E;—FEy| < Conste!/?+°,
So its J-coordinate satisfies |.J; —Jo| < Conste® 2. It follows from (43)
that |E), — Ey| < Conste!/?*2 and Proposition 1(e) gives |J; — Jo| <
g1+, It follows from Proposition 1(d) that

OFE

OFE

X:XIUXQUX?, where X, = {55 <

Xy = {8_1/16 < e

(E1> > lg_[1/4+45],

(54) >3

Next let E5 be the closest point to F; in X such that |%(E2)\ =g~/49,
Then (39) implies that the arguments of Section 6.3 are available giving
}Eg — El} ~ 051/4_46.

Now (43) implies that |Ey — E;| ~ Conste®/$=20 and (42) gives
dE

@(Ez)

We shall now show how to improve (45), (46), (47), (50) and (51) for
isolated returns.

We begin with X;. An argument similar to the proof of (54) shows
that on PX]

(55) > Conste /82

E > ig—(1/4+45)
dE

(56) — 10

so nothing is removed on the second step. Also (56) means that P has
bounded distortion on PX;. Consider two cases.

(1) |[P2X;| > 1. By the bounded distortion E-measure of the removed
set is at most O(eV/*7°|PXy|) = O(c”/57°) and since |9£] > &% on X,
the E-measure of the removed set is O(e%/37%).

(2) |P2X,| < 1. By (56) E-measure of the removed set is at most
O(eY/?+%) and its E-measure is at most

P(Z][) — 0(81/2+25).

(Here the tilde is used to emphasize that this inequality is valid only
for isolated returns).
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Case II is analyzed similarly to case II giving
P(Zy) = 0.
In case IV we have the following changes comparing with case 1.
o174
- = |P(X,)| < Ce't

and (56) still holds so only case (1) can happen. Now E-length of the
removed set is O(e"/47°|PX,|) = O(¢'/?7%). But the expansion on the
first step is at least e=1/16 5o

P(Zw) = O(21679).

Cases VII and VIII are analyzed as before except that due to (55) for
points having close return on the second step the minimal expansion

on the first step is now O(¢~/8~2) giving much needed improvement
of 20. Thus

P(ZVH) _ 0(81/2+5), P(ZVIH) — 0(81/2+35/2).
This completes the proof of Lemma 8. U

7.3. Proof of Proposition 5(c). In the next section we show that
non-isolated returns are rare. More precisely we establish the following
result.

Lemma 9. P(component containing P?x has a non-isolated return )=
O(e'/5%| Ing|).

This Lemma implies part (c¢) of Proposition 5 since the contribution
of isolated returns is O(£/2%%) by Lemma 8 and the contribution of the
non-isolated returns is

0(81/8_46| 1I1€| % 67/16—6) _ 0(59/16—56| 1I1€|)

where the first factor is the probability of a non-isolated returns and
the second factor is the probability of getting stuck in a non-isolated
return.

7.4. Isolated returns are rare. Here we prove Lemma 9. Let

OE OB OBy
C: {8E 0}, U. {‘8]5 < d¢ }, H. {‘aE‘_éa

We want to follow the outline of Section 2 but we need to address two
issues.

(i) The isolated returns are defined in terms of %,

OF
not E"
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OE 1 (Owdo +o(1)
OE /e \ 0l OF
but we need to check that o(1) term does not invalidate our arguments.

To address (i) let Ey be a point such that 42(E,) = 0. Then % =
O(1) whereas

(ii) We know that

d OE| 82E+O(1) S Const
dEOE| |OE> — e

Therefore either there exists E, such that |E| — Ey| < Consty/e and

(Eg, 1)) € C. or Ej is near a boundary of its standard curve.

In the first case we have |Ej, — Ey| < Consty/g so if the return is
non-isolated then

OF
< 9p—(1/4+46)
67) BB <2

Therefore we have the following statement.

Corollary 10. If a subcurve ¥ C P%y has a non-isolated return then
either there exists v € 7 such that v € C. and d(Pxz,C.) < Conste!/4~4
or d(07, C.) < Consty/e.

Now in our inductive construction we have a freedom of how to break
P~ into pieces. If we avoid putting the endpoints in U, then the second
possibility would means that 7 experienced a close return and this has
probability £'/4. Thus we can ensure isolation by excluding (57). This
takes care of (i).

To handle (ii) we show that C. has properties similar to C. Namely
on C. 2 (aE) # 0, so C. is a graph of a function £ = F(J) with

€ BE
oF 2L 1

Let (E,J) be the image of C.. Then

_ ‘8_E N> Const
£

by twist condition. If R. C C. is the subset of points having non-
isolated returns then each component of R, has length O(£%/4~*°) and
since it takes at least the length of Conste to wind around the cylin-
der and J jumps by at most /elne there are at most O(“nj) such

components intersecting P?7. Their total measure is O (%4~ 4‘5| Inel).
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We want to estimate how many curves intersect R.. The next lemma
shows what we can disregard points with small expansion.

Lemma 11. P(z visits U. before the second free return) = O(e'/®).

Proof. Since close returns have probability O('/4) < /® we can con-
sider only points avoiding close returns. In this case we have bounded
distortion property so the probabilities are the same for image and
preimage giving the result. U

Now consider P~y () H.. It has many components.
Lemma 12. J-distance between consecutive components is of order e.

Proof. If we lift the picture to a strip in (FE,J)-plane then the FE-
distance between the components is O(1) so the result follows by (33).
U

Now consider P~'C.. We have
0J 1 0N OF 10w

%9) 0]~ VEOE ) ~=zor
oJ OF
(60) L =0(/), o= =0,

Lemma 13. Let P~Y(E,, Jy) = (E\, J1) belong to one of the compo-
nents of Py(\He. Then 3(EY, J) such that

Conste
(87/0J) ()]

and P~Y(E}, J¥) belongs to either the consecutive component of P~y (| H.
or to U..

(61)

J¥— 4|~

Proof. Suppose to fix our notation that 92(.J;) = w > 0. Let
J = fi(F) and J = f3(F) be equations of consecutive components of
Pr. Take E, > E; such that for the lift to the plane we have |E, — | >
K where (Ey, Jy) = P(E,, fi(E,)). We claim that if K is large enough
then P~'C. can not be squeezed between the graphs of f; and f, in
the strip 1 < E < FE,. Indeed by the distortion bound there exists
C = C(K) such that

OE OE
(‘9_E(E’ fi(E)) > a—E(El, J1)/C.

Combining this with Proposition 1(d) we get that that if f1(F) < J <
fo(E) then B B

oF 10F

—(F ——(F E).
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Also

[f2(E) = A(EY)] < [f2(Er) = A(E)] + [f2(E) = fo( By = T+ 1.
I < Conste by Lemma 12 and I < Const|E, — E)|e by property (bl) of
the standard pair. It follows that for each K there exists £ such that
for e <eo |f2(E) — f1(Ey)| < 2Ce with C' independent of K. Next, by
(58), (59) and (60) on P~'C. [ H. we have
e R FE )
Hence assuming that fi(E) < J < fo(E) we get

J<E2>2/Ejffcgg< B = K

If K is sufficiently large then CTK > 2C, a contradiction. Since P~'C.
can not cross the same component twice by the analysis of Section 6.2
it must cross the second component. Now we have by the Intermediate
Value Theorem

* T T* dJ n T
‘Jl - J1‘ = ‘Jl - Jl d_j(E<>=J<>)-

Next

dJ 0J OF OF

75 = 771+ 0(1) = 55(Eo, Jo)(1+ 0(1)) = S (Br, J)(1 + 0(1))
as claimed. [

Let now F3 < E; < E4 be such that the interval [Ej3, Fy] inside
the first curve is the preimage of the standard component containing
(Eq, J1). Let AE = Ey — E3, AJ = |J; — Jf|. By bounded distortion
and Lemma 13

Const Const —
|AFE| < aE |AJ|.
a5 (B, Jl) €
Next let (E,, J,)be the pomtsifthe intersection R. (| P2y () PH. and
consider corresponding AE,, AJ,. It follows that

Z|AEOC| < Cognst Z|A—Ja| < COEHSt|R€m/C€|

e} e}

where K. is the interval of feasible values of J after two passages. Since

IR m K.| < Conste¥/4*|In¢|

we get
Z |AE,| < Conste™/4=%|Ine|.
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We need to estimate the measure of preimages of these intervals. Since
P expands by at least Conste=%/® by the definition of H, this measure
is at most £/%7%|In¢| as claimed.

7.5. Probability of capture. Divide v into subintervals {Z,} such
that |P?Z,| ~ 1. Again for most segments the map Z, — P%Z, has
distortion O(e%) and so Proposition 2(d) gives

Py(P?xz gets captured before the next return |z € Z,) = Ve jw)+2(2).

We need to get this estimate with next return replaced by next free
return. So we need to improve O(y/¢) bound for the capture after
a second kind return. Since the potential problem is with parabolic
tips being captured we can argue as in the last section extending the
definition of isolation to require d(Ep, N.) > ¢'/%. The details are left
to the reader.

APPENDIX A. ASYMPTOTICS OF THE POINCARE MAP.

A.1. Size of the jump. Here we prove Proposition 4(b). First we
check the convergence of (10). To this end we observe that by (11) we
have to establish the convergence of

/ al(Ia ¢([)79)d9 _ dAl(]>¢(I)?9) —
V2LE +2L0 + G V2LE +2L0 + G
Ai(1,9(1),0) 1 Ai(L +g)

V2LE+2L0+G 2) V2LE+2L0+G

an/d the last integral converges at oo since the denominator behaves as
63/2.

We estimate the change of J in three different regions.

(1) {lw] > Ke'/*}

(2) {RVE < |w| < Ke'/*}

(3) {lw] < Ry/e}

where K and R are parameters. Let A; denote the jump of J in the
region (i). Then |J| < Const=; so [Ay| < Consty/e/K?. To bound A,
we have to estimate [ = dt where the integral is over region (2). Using
6 as the integrand we get from (5)

/idt < Const/ﬁde < Const£|z2 < Corlstibg'fl/4 < Consté.
w? Ir|? L r R

Vo

To estimate Ag we observe that by (4) Ag = Ag + O(%) where Aj is
the change of I in region (3). To estimate Aj change variables in (5):
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% . where I is the value of I at the time our trajectory crosses

I/\ pu—
{lw| = v/eR}. Then
I'=a(I + el \er,0,¢)

and we also replace I by I+ +/2l in the RHS of (5). Now as ¢ — 0 the
equation (5) converges to

O =r, r=L+g, I =0a.(1,0,0)

It follows that Ag ~ \/e0z(I, E) where where E is the value of E at the
time our trajectory crosses {|w| = \/eR} and or denotes the integral
(10) taken between the limits r = FR.

Next we claim that

(62) E=E+o(1), ¢—0

Observe that the evolution of E is given by the following equation

i T2L/ mM ~(m m+1 m~(m
(63) E:\/Eﬁoq—i—g \/ET+1’}/£)+§ \/g 7”)/5)
(m)
where 3™ have zero mean in 6. Thus 7™ = drdle . Make a change of

variables
/

L m
\/gr_Al _l_zgmrmrg )] .

E-—F-
212

Then % = O(y/€). Since 6 changes on the interval of order ¢?/+/¢ (62)
follows. Combining our bounds for A;, Ay and Az we get the following

asymptotics for the total jump

ANWﬂOG%+§§+wﬂLm}

Since K and R are arbitrary we can let them go to co getting A ~

Jeo(l, B).

A.2. Passage time. To obtain Proposition 1(a) we observe that by
argument of Section A.1 implies that

(1,9)(t) = (1,0)(t) + O(VE)

where (I, ¢)(t) is the solution of (3) with the same initial condition.
Now the result is obvious.
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FIGURE 6. Proof of Lemma 3. The fluxes through the
clear and filled domains have opposite signs.

A.3. Proof of Lemma 3.

Proof. Observe that (7) preserves Lioville measure drdf = L(I)dEdt.
Let t, be the first moment when the solution of (7) has r(t) = z. Then
uniformly in 6, [

ty

a(0,1) = lim [ (1, ¢0(1),0(1, E, 5))ds.

Z— 00 t
—lz

Since the union of orbits starting on {7’ = — <R + BIT@> } covers whole

cylinder [0, 1] x R except for the loops €2; we get

/[/_tt (I o), (fEs))ds} dE

drdf
-/ / o o o000, B ) T
% // (L, 6n(1). 001, B, 5) 75 = (1)

(the second 1dent1ty follows from the fact that

//MX[_ZZ} (I, ¢0(I),0(1,E,s))drdd =0
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by (2).) U

APPENDIX B. DERIVATIVES OF THE POINCARE MAP. OUTLINE OF
THE PROOF

Here we describe the asymptotics of Poincare maps between sections
corresponding to different resonances. We assume first that the orbit
avoids &y neighborhood of the separatrix and then show how to remove
this restriction. Let R = ce~"/4. Given a resonance we let r = w/\/z,

e N _ G

To estimate the derivatives we decompose the Poincare map into several
pieces by cutting the orbit between the sections into several parts.
Below we use the following terminology. Given a surface S and a

point x let 7(x) be the first time the orbit of x visits S. We call time
7(z) map of our differential equation the hit map of S. If instead of
fixing time we project orbit near x to S along the flow line we shall call
the result landing (to S) map.

(1) (J,E) = (I, E)

(2) Landing to {6 = 6y}. For the next three steps we use 6 as the

time variable

(3) Hit of {r = —R}
(4) Passage of resonance (from {r = —R} to {r = R})
(5) Hit of S,
(6) Landing to S,
(7) (I, E) — (J, E)
(8) (J, E) — (J,0)
(9) Hlt of Sg
(10) Landing to Sy

(11) (J,0) — (J, E)

In the computations below we always assume that ¢ — 0, ¢ — 0,
R — o0 so that ¢ < ¢,e < 1/R. That is first, we choose ¢ as small
and R as large as needed and then let € < &(c, R).

We shall use subscripts j for the variables appearing at step j. Thus
the total Poincare map takes (Jo, Eo) — (Ji1, Er1).

Steps (1)—(7) constitute the passage through the resonance. We call
the map (Jo, Eo) — (J7, E7) the inner map. It is analyzed in Appendix
C. The estimates of Appendix C can be summarized as follows.

Proposition 14.

0J7 do
(64) 8—EO ~ gﬁ—E’
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O | DB 9 _ Const
0Jy 0E,
82J7 820'

8—E§ = \/5@ + o(\/e),

P 2T 1
OE.Jy o), oI © (%) ’

’F ’E 1 ’E 1
8_2720(1)’ L:O — ), 8_2720 -
Steps (8)-(11) describe the motion far from resonance. We call the

map (J7, B7) — (J11, F11) the outer map. It is analyzed in Appendix D.
The upshot is the following.

Proposition 15.

o a@% - %g—?
%%71 =0(1), %171 = 0(e), % ~ 1.
Th_o@). g0, Gt -0,
0;;;1 =0 (), % =0 (1), a;;? —0().

Proof of Proposition 1. We need to show that
0Ju -0 0J11 N \/—8_0 0FEy —0 (1) 7 0Ey —0 (L) .

OE
0Ey

oJy (1), OE, €8E0’ T, - B =
=0 () FE o™

The first derivative estimates follow immediately from the identity

(e ) (e ") =(cnie omvre)

and Propositions 14 and 15.
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Also the estimates of (8%0)2 follow directly from the above proposi-
tions. For other derivatives we obtain using Propositions 14 and 15
O’Ey 0By % 9Tz |*
0E? — 0J; P2E? 0Ey| |’

(67) +0(1)+0 <5—7/4

82J11 - —3/4 8J7

oA o2
02E11 —7/4 0J7 82J11 . —3/4 8J7
8E08J0 =0 <E)+O < a—EIO ) ’ aEﬁOaJO =0 (1>+O <6 a—Eb

Next, using Propositions 14 and 15 once more we get )
0Eyn  0En 0J;  0En0E; 10w 0J;
dE,  0J: OE, OE; 0E, 0l OE,
Thus Assumption (C) gives
0Jz 0F1
OF, 0Ey
Plugging this into last four inequalities we obtain the second derivative

bounds.

The asymptotic formula for % follows from (64) and (68). The

asymptotics for 86551 follows from (65), (66) and (67). O

(68)

+0(1).

= 0(e)

+ O(e).

APPENDIX C. DERIVATIVES OF THE INNER MAP.

We say that a family of maps (a,b) — (A, B) depending on a pa-
rameter ¢ is in class 7 if D = det(%(é’f))) is uniformly bounded from

(above and) below,

0A Const 0B
< < - <
) % Const, H H Const+/e, H NG H % H Const,
0*A 9*A 0’A Const
< <
‘ 507 Const/e, '0&86” < Const ' 502 Uz
9’B < Const 9’B Const 9’B Const
62 || = " | Baon N B

We further say that this family is in 7 if addition
||Al|c2 < Const, || B||cz < Const
(that is powers of (y/€)~! are replaced by constants).

Lemma 16. Classes T and T, are closed with respect to compositions
and inverses.
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Proof. Let (ag,by) — (a1,b1) and (ay,by) — (ag, by) belong to 7. Then

da, _ Oaz 0y | Da Oty
8()0 N 8@1 8[)0 8b1 8[)0

and both terms are O(y/€). Also

Oay _ 0%y (0uy)' ) Pz 00 Oby Py (00 Dy Oy, Bus Oy
8[?(2) N 8@% 8[)0 8&18()1 8[)0 8[)0 8&% 8b0 8@1 8b3 8b1 8b3
and each term here is O(/€). Now each time we replace as by by or by by

ap the estimates worsen by a factor (1/€)~!. This proves the estimates

for other derivatives, so 7 is closed with respect to compositions.

Next let (a,b) — (A, B) be in 7. We have

da %—?
o8~ p OV
and the rest of the first derivatives can be estimated similarly. Next
d%a o % o0|% 0 | %
= [ 2 = [ 2 0) + - |2 .
op 9B |D| @ |D|%W e | DOV
Furthermore,

24 924 9A OD
9| :—WD_%W:[jL][
ob | D D?

where I = O(y/¢) and

11:0(@8 [&483 8A86}

b | da db b da
PAOB  OAFE_PAD _0A )
dadb Ob ~ Oda Ob? 0b% da  Ob Dadb

~0wA) | | -owa.

Similarly
0 |5
— | = | =01
%] -on
SO % = O(y/e). The rest of the derivatives can be estimated using

the same reasoning as for compositions. This completes the proof for
7. Since 7, is the intersection of 7 with C? bounded maps the result
follows. 0
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The maps we consider also depend on two other parameters ¢ and
R. We use 7; to indicate maps in 7 which for ¢ sufficiently small, R
suﬂiciently large and e € ¢, e < 1/R satisfy

8b
82A 0?A 82A
w —O(\/E), ‘ 8@8()” _0(1)7 ‘ 8@2 =0 (%)7
28 (2B ( 1) 2B, (]
a2 ||~ aaan|| T O\ |aa2| T O\E)

Lemma 17. 7, is closed with respect to compositions and inverses.

Proof. The statement about the compositions is clear since in all terms
we get o(1) improvement compared with 7. For inverses observe that
for maps in 7y D ~ 1 so the first derivative bounds are straightforward.
For the second derivatives all terms in the numerator contain second

derivative of either A or B so again we get o(1) improvement against
7. O

Lemma 18. The map of step (7) belongs to 7.
Proof. We have

A
69)  0J = <1—5% (g))a 6—5%< )5%_@596

Next, let S =w + %G. Then on S

ow ¢ Ow \f
0=4dS = (8] RG> 3l + —¢5¢6 + 9696

It follows that

G — =G Veg

(70) O = 75]6 + Tow —=00.
99 dé
Also F = “’—L . — % SO

[ ( 6) - (gjé + % (%))] 66— (1—F)db; =

w 0G WL 0 (G w
— — —(1- 1——=) |00
L/EL ol +25L2+8l< )]Mﬁ ( ( 5R)) 6
where the last identity uses (69). Thus

w_ 0G 9 (G
(SEG |:fL oI + 5 25L2 + oI (f)i|
1-2(1— %) -0 - 75

aliS

(71) 605 = — 016
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Plugging (71) into (70) we get

0 (A 0 (A\ 55— % e
09

o (A o (A\ % -5 ey [ w 0G WL
&”—(1‘%ﬁ(a)+%ﬁ<a)—i@—‘+:7fzi57+§zﬁ+

09
EOél(SEG

i (1-20-2)

This proves the first derivative estimates since 1 — f— =0onS;. To
estimate the second derivatives we must differentiate these expressions
once more. Observe that by (71)
d 90 0 d 0 000
dE ~ 0E09’ dl ol  olo0
SO dE does not change e-powers and 7 decreases the terms containing
0 by ¢*/y/z (due to the factor < in (71)). The result follows. O

Corollary 19. The map of step (1) is in Ty.

Proof. Similarly to Lemma 18 we obtain that the inverse of this map
is in 7 so the result follows from Lemma 16. O

Lemma 20. The map of step (2) is in Ty.

Proof. Observe that the evolution of I and F is given by the following
equations

(72) =" Ve a4+ 3 e rmagn

(73) E = \/_2L2a1+z\/g L +Z\[ me1 ()

where al ) and 71 ) have zero mean in 6. Below & denotes the differ-
ential for fixed 7 and ¢ is the full differential taking into account the
change of 7. We have

74 51y = 61, + 67 Vet pmam N7 g pmg (m)
1 2

0

oI

(5)])



44 DMITRY DOLGOPYAT
(75)

- r2[! m_ 1~ (m) m+1 o~ (m)
0E, = 0Ey + 07 \@ﬁal+zﬁ pmtig +Z‘/E s

Since 7 = 0 we have 01, = 81, §Ey = 6F;. Also
0 = 06y = 065 + (r + en)oT,

SO

00, 80

(76) or = — =— :
r+en r+en

Next, similarly to (71)

w G | WL |, 0 (G
SE, N [ﬁLWﬂLszrm(f)}
1—%(1+ﬁ) 1—%(14—\/“5’1?)
This gives the statement about the first derivatives. Next from E =
% — 60— % we obtain

r r?L 0 [(C g
s 2Lp rL’+27’8 G\ 57 2(1+%)d9
n=B- ()T
Combining this with (77) we get

SO

(78) S = O (%) 5By + O(r)s1,.

Now we come to the second derivatives. First,

(57“1 + \/g(snl)(;T I 591 (57“2 + \/ECST]Z)

=TT e (r+ VEn)?
_ o (0n + VEIm)
REETCE o
| T g+ VEB) + VEG (VEa + % as) + GH(L + g + VER) + G (r + Ven) (66,)?
GV .

Now the expressions for the second derivatives contain 627 as well as
the expressions obtained by differentiating the terms in (74), (75) not
containing d7 and using (74), the identity

oy = 611 — [(L + g) + VEB] o

r+ e
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(77), (78). From these formulas we see that applying BiEl does not
worsen the estimates for the corresponding ﬁrst derivatives while taking

aih we can loose a factor of e~/ (we loose f in (77) but gain £'/* due
to the factor L in (76)). The result follows. O

Corollary 21. The map of step (6) is in Ty.

Proof. This follows from Lemmas 16 and 20. U
Lemma 22. The map of step (3) is in T, () 7p.

Proof. From (72) (73) we get

(79> Z[m+1 m— 1 +z\/fm+2 m— 1 )
dE TL/ m m_ (m m m— m
(80) @:\/E@QHFZ\/ET 7§)+Z\/E Ty 175)

where al ) and " ) have zero mean in 6. Observe that

r’L’ 0 (G
ot (2220 ()

that is
rl/ 2L 0 (G
1 or = —5E ol
(81) < L T r oI ( )) ’
Hence the variational equation takes form

d
@5E (A1 + A3)0E + (By + By)dl,
d
@51 = (C1 + C3)0E + (D1 + Ds)d1,

where the expressions with subscript 1 have zero mean in #, and the
expressions with subscript 2 are O(e). Also

—0(rV3), A =0(/5), Di=0(5) 01:o<e+§).

Next we introduce
=0F — B, Y =0I—-C"F

where 28° — = B1, 5 80* = (1. The last equation takes form

S(5)-(2)(3)
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where all entries are at least O(4/¢). Since 7 changes on the interval
of order (1/&)~! it follows that (X,Y) = O(1) and so (6F,6I) = O(1).

Also observe that C' = O (5 + %) . Let @ be the fundamental solution
of

(52 T-(4p)e

Then Q = O(1), Q! = O(1). Substituting ( ) = (QZ we obtain

X
ol
dz 0 B NG
an =@ (caE)—(?(”ﬁ)-
Since

(83) /<a+%§)wzwx¢a{yﬁ/§%]:oh@)

it follows that (X,Y) = (X,Y) + O(y/€) where (X,Y) is a solution of
(82). But those solutions are of the form

O(1)X(0) + O(1)81(0)
&) ()

This proves the first derivative estimates required for 7. For 7 esti-
mates observe that 7 now changes on the interval of size o(1/+/¢) so (83)

becomes o(4/2) instead of O(/€) and (84) becomes ( L +00(1) 1 _?_((1)21) ) :

To estimate the second derivatives we begin with ()% We have

® (v )=(e5) (%)

(2 D))o (2 B (5)e

Let M be the solution of
aM A B
r ( C D ) M
then

(86) M =0(1)

Now introducing X = §?°E — 22-42] and arguing as before using (86)
we get (02E,0%I) = O(1). The same argument applies to -%-% and
)2

- dI dE
(+£)2. However for (% we want stronger bounds O(4/¢) for 7, and
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o(y/€) for 7y. To this end observe that by the first derivative bounds
M and M~! have entries

( o(1) O(1) )

O(ve) 0(1)

Now we claim that if we multiply the RHS of (85) by M~! then the
second row is

(87) O(e) + O(Ve/r?).

Consider (79), (80). When we differentiate them with respect to [
we gain O(+/¢) factor since 61 = O(e) and when we differentiate with
respect to F we gain at least =2 due to (81). So the only term which
does not fit (87) is obtained from differentiating B but it stays in the
first row so we gain extra /¢ while transferring it to the second row.
(87) is established. Now the bounds of %I follows easily (for 7y we
have to use 7 = o(1/4/¢) again). O

Corollary 23. The map of step (5) is in T, () 7.

Lemma 24. The map of step (4) satisfies the following.
(a) For fized R we have (14, E;) = (Es, I3) + O(y/€) where 'O’ bound
holds in C? topology.

(b) As R — oo
01y , 0?1, ”
—8E3 ~ \EO (Eg), —8E§ ~ \/EO' (Eg)

Proof. Part (a) follows from the theorem on differentiability of solutions
of ODEs with respect to parameters. To establish part (b) we prove
three statements

(i) For fixed R we have

ol , 821,
24 E it
9Fs VeTR(Es). OE2

where op stands for integral (10) taken between the limits s_ and s,
where r(sz) = FR.
(ii)) As R — o0

~ Veop(Es).

Oor Oo  O%op o

) OF’  OF? OFE?’
that is we can interchange differentiation and R — oo limit.
(iii) If Ry and R, are sufficiently large then

1 0l 1 0l 1 0%, 1 0%,
%a—Eg(Rl) ~ %8—&(}22)’ %a—Eg(Rl) ~ ﬁa—Eg(Rﬁ-
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To establish (i) change variables in (5): I = % Then

I' = a(Iy+ Vel ver,0,¢)
and we also replace I by Iy + v/l in the RHS of (5). Now as e — 0
the equation (5) converges to
O =r, r=L+g, I =0o(40,0)

so the result follows by differentiable dependence of solutions on pa-
rameters.

To get (ii) rewrite the expression for o using 0 as the time variable
(see (11)). Since r = +v2LE + 2G + 2L we need to estimate the
E-derivatives of

0(Rz2)
U([,E):/ 051([7070>

V2LE +2G + 2L6
where §(R) = E + & — £ Now the first (second) derivative of the
integrand decays as 9 3/2 (6’ 5/2) so0
0 Const Const

9B\ ~7®)| < g ~r)

0 Const Const

om\7 | = g )
Thus (ii) follows. The proof of (iii) is similar to the proof of Lemma
22. (b) is proven. O

Proof of Proposition 14. Combining Lemma 16-Lemma 24 we get that
the map (Jo, Ey) — (J7, E7) is in 7. This gives the inequalities claimed
in Proposition 14. To get the asymptotic formulas observe that each

of g:g, ggg, % is a sum of monomials in matrix elements computed
at steps (1)—(7). Since the composition is in 7 we know that each
monomial of 8‘]7 and 8E7 is O(1) and monomial of 8‘]7 is O(y/e). To

avoid an extra 0( ) factor coming from 7, the factors should stay on
the diagonal except for step (4) since all off-diagonal terms in steps
(1)—(3) and (5)—(7) have the extra o(1) factors. Thus

&]7 0, 01, 015 01, 0I5 01 0J7

dJy &]0 ol 8[2 dl3 81, 015 Ol

OE; 119
0B, {170,

0Jy 8E1 OFE, OF3 01, 015 015 0J;

8E0 0Jy OEy OE, OFE3 014015 01
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Together with (62) this proves the results about the first derivatives.
A similar reasoning gives

0*J;  0J7 015015 0* 1, (OE; 0E; O, 2
OE2 9l 0I, 01, OE2 \OE, 0E, 0, )

APPENDIX D. DERIVATIVES OF THE OUTER MAP.

In order to analyze the map of step (9) we first consider a more
general setting of equations

(88) T =ay(x,0) + as(x) + caz(z, 0, ¢)
(89) 0= @ +n(z,0,¢)

where a; has zero mean in 6. Introduce the improved variables y =
r — £A; where % = a;. We want to study time ¢t maps in a region

where |w| > c£'/%. Let (y,0) denote the original variables and (7, )
denote the final variables.

Lemma 25. (a) We have

0y _ 0y _ 9 _ 9 _
Py ~3/4 O’y 1/4 0y 5/4
ayg - 0(8 )7 ayae - 0(8 )7 092 - 0(8 )

0%6? _ 9%0? _ 0%6?

8y2 = (6 7/4)7 8y89 = O(E 3/4)7 892 - 0(81/4)

(b) If x is a pair (I,¢) from the equation (1) then
o0 10w 90 1 oJ 0
g~ zar ag=o(s) gr e gpeie)

aJ
Proof. (a) We have

o) e 2 (4]

Denote ¢ = a3 — a% ( %) . Then the variational equation takes form

Sy = 225y 4 c {@dw <%ﬂ - @w@ﬂ) 59} .

€

- Ox ozr or w 00 0r w

o |10w On an  wa
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Introducing Z = 66 we get

oy = %dy—l— <%ﬂ + aq) 7 +e laqd + @ﬂz}

ox 0 00 0 ox
&u 87) ow ay an
Introduce
voy_=%& %é Z, 7= 1_577 a_wé 7
w | 0r w w or w

We obtain an equation

mo o E()()

where R = O(1 + &) where w* appears in the denominator due to
the differentiation with respect to x. Hence to establish the statement
about the first derivatives it is enough to show that

/ |R|dt = O(1).
But indeed

(91) /—dt /f}—id@

—O(\[/HW) =0 ((ves"?) ) =0 ((var’) ™) = ().

Since the solution to the Varlational equation are obtained from the

0 ) the result follows.
0 ¢

Let us now estimate (). Differentiating the variational equation
once more and calling X = €620 we get

solutions of (90) by conjugation by ( 1

82
52y = M1 0%y + Mo X + —— 2 (53/)

0?q ) ajay 0 [ajay 0?q 1 0ay Oay  O%q
“%ﬂw“LwE+m( )”aw%”+Pﬁﬁﬁ whm

Pgay 0 [0qa €2 0q Oay
2| 0°qa | O [Jdqay €70q0ay oo
e {8x2 w * Oz (8:6 w )] o0 + w Ox 00 (96)".

O*w
X M215y + MQQX + = 2 (5y)

0n 9 0°w aq 0%n 0 (0n Owaq 0 (0n Owa 9
+%ﬁ@*”bﬂz+mm+%(w+i_ﬂ5”*@(m*%:yw
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0?n a, 0 (On Owar\ aq
+e? = =0yl + e —— | == + —— | —(66)>.
B2 w Y Or \ 00 Or w w( )
Keeping in mind that dy = O(e) by the first derivative estimate we

see that all terms here are O(f)—i) except for & [%%i;% + 2—23] (60)% in

the first equation and 2 (% 92411 (56)? in the second equation.
Introducing
. day  9q (60)* dn  Oway\ (60)?
Vo g2y —e2 |29 Y Yoy 2(9, dwa

Y glwﬁx 0] w '’ N\ oww)
we get

dy g2 dX g2

%—O(m) %_O(E)'
By (91) Y = O(¢%), Y = O(£%/%). Observe that Y — 6%y = O(£%/4)
due to 12 term and X — X = O(c*?) due to & term. This proves the

estimate for (%)2. Now if we replace % by a% the estimates are similar

except that each replacement increases the RHS by a factor of e~ due
to the first derivative estimates. This completes the proof of (a).
Next, (90) reads in the setting of (b) as follows (we put Y = (Y},Y,))

Y;=...
Ip
Y¢ WYJ +
Ow Ow
4 =—=Y;+=—=Y
art’ T agt T
where ... denote lower order terms. Hence Y;(t) ~ Y;(0),

Z(t)~Z(0)+[ A t@@sds] YJ(0)+{/0ta—wds] ¥,(0).

o OI o 01 0¢ 0¢
In terms of our original variables this says §J(t) ~ §.J(0),
(92) d6(t) — 96(0)

1 ¢ Pw YOp Pw " Ow

We need to apply this formula with ¢ being the time it takes to pass
from one resonance to the next. Observe that the integrals in (92)
can be approximated by the corresponding integrals for the averaged

system (3). But in this case ds = %. Hence
Yow, -, - 1 P Qw - - -
—(I(s),0(s))ds = — — (I, ¢)dp =0
S, dtenis = o [ S8 dyad
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since

(93) w(6-) = w(py) = 0.

Similarly integrating by parts and using (93) we get
Op o 1 0w o N
W(I) ; 88_¢(I(8)’ ¢(s))ds = ), w(l, p)de.

Finally the first term in (92) can be rewritten as

1 o+ o
_/ W(I,¢)d¢
P Je_
so we get
1 [ % —wZ 1 0w
d6(t) — 060(0) ~ — 9L__Z0Lgg | § =—-—0
(1)~ 66(0) (/¢ = qs) 70 = 2 250)
as claimed . d
Lemma 26. The map of step (10) satisfies
8J10 . 8J10 - 3/2 8910 o —3/4 8910 o 1/4
e (1), 099—0(5 ), 0y9_0(€ ), a99—1+O(5 ).
gz O ppan, ~OE) GE —0E).
82910 _ 82910 _ 82910
-0 3/2 -0 1/2 -0 1/4 )
o O om0 g =0T

Proof. We have

(94) 5J10 = 6J9 +€5t |:042 — % (%) — % (%)} .

(95) 59u)=:5994-55t{%?+-n}

Let S=w — %G. Recalling definitions of g and L we obtain

dS  Ow ow gw
— = a1+ = (p+ 1) NG
s

dt ol 0¢
ds as
ot _e Ot _ oy
ds ds
00 e dy e
To estimate these derivatives observe that

_ OwAy  OwBi | s
w(1,¢)_w(J,w)+aaI - +58¢ - + O(e”?).

+0(1) = L(I) + o(1).

Now
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Now Ay = Aj+ >, w™am,, By =Bj + >, w™by. So

0 0
W, ) = w(J, ) + 5 [8—?14’{ + %BT} +0(e).
It follows that
1 1

Differentiating this with respect to y and 6 and observing that on S,
1 1  VeR—-w G

- - _ - _ 1/4
w eR VeRw R2w OE")
we get
oS 08

This gives the first derivative estimates. To obtain the second derivative
estimates we differentiate (94) and (95) once more. We have

0 _8910 0 _l_aylo 0

97 — =
( ) 099 899 0910 099 a’ylo
0 001y O 0 0
(98) v _ %% i Y10
Yo Oyg 0610~ Jyg Y10
Therefore 8%9 does not worsen the first derivative estimates while taking
6iyg we loose £73/* due to the first term in (98). O

Lemma 27. We have
5J10 ~ (SJg + 0(1)5¢8 + 0(5)598,

1 1
5910 ~ —a—w5]8 +o0 (-) 6¢8 + 0(1)5‘98

e 0l €
02J10 . —3/4 02J10 . 1/4 82J10 . 5/4
02 =0 (71, 70%098—0(6 ), 0 =0 (") .
62910 _7/4 62910 _3/4 62910 1/4
o8 O e~ O g =0T
Proof. Direct computation. O

Lemma 28. The composition (Js,0s) — (Jio,010) satisfies

dJlo . dJl(] o delo o 1 d910 o
dJ8—O(1), 05 =0 (e), dJ8—O(e ), d98—0(1).
=0 (), dJedls (=), a0 =0 ().

2
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201, 201, 201,
42 dJsd0s 62

Proof. The difference with lemma 27 is that now g is a function of Jg
and 6y so

=0 (7Y, =0 (79, =0(1).

d_0 o9 d _ 0 00
dfs 065 00 Oy’ dJs  OJs  OJg Oug

Using (96) we see that g—ﬁ: =0(1) P O(1). Next

PP T
g eG (% - ﬁﬁ) +O(e)
90 O = 0(¢)
8 ke
and 745 = O(VZ) due to £5%-(1/w) term, Gt = O(e). This imme-

diately imply the estimates for the first derivatives. Next,

d2910 82910 (Ws 82910 (Ws 2 02910 32%0 a910
d2J 02 nbs O%J s \2 2y 01y O
;0 _ 210 + 2 w8 10 + w8 ;0 _'_ ¢210 10 _ O(E)
62 96?2 D05 D059s a0 ) o2 962 O

the leading term in both cases being the last one. Other derivatives

2 ] :
g*}‘;j 881;8 does not spoil the main term. O

are easier since now

Lemma 29. The map of step (11) satisfies
6<]11 - 6J10> 62J11 = Oa

0E11 aE111

—1 1/4 _ —3/4
89%0 =0("), m =0O(e ), W%o =0().
Proof. We have
w? G

Direct differentiation implies all first derivative estimates except for
%—]g. To obtain this last estimate we rewrite

WA (I,0) = w(J, ) + 26G 4+ O(*/).

Thus 2(1.9)
_ vy /4

2L 0+ 0",

Now the rest of the proof proceeds as in Lemma 26. O
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Lemma 30.
8E11 8E11 1 8’(1] 8J11 8J11
— 1 — [ = ~ ]_
a5, ~ O G =0 (5 81) e % S
02E11 7/4 82E11 3/4 82E11
= - _— = - = 1
9.2 OE") ggan =0 gz~ 0W:
82J11 —3/4 82J11 1/4 82J11
8J82 —0(5 ), m—O(E ), a—eg 0(5)
Proof. Direct calculation. O
Lemma 31. The map of step (8) satisfies
8Jg =6J7, 6%Js =0,
00g 00g 3
2 —0(1 -7 — /4)
op, ~ O 5 =0
% - (61/4) 0?05 _ (L % _ (6—5/4)
OE? " 0E;J; Vel 0J? ’
Proof. Similarly to Lemma 29 we obtain
ok, 1 oEr _
—L=1+0@EY, =L=0@E3
0*E; ) 0*E, 0*E,
_ /4 o br —1/4 o -1
aeg O(E )? 898a<]8 0(5 )? an 0(5 )
Now )
d0s  (OE7\
oz = () =ow.
I
9 _ —gf =073/,
8J7 8987
Therefore )
2E7
8298 _ 89% _ 0(51/4)
OE? <8E7>3 '
‘005
PR i SN
OE:0J; <@)2 NG
903
oo, Hron () (),
0J72 B <8E7)2 ?9]937 B .
D0s 8
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By (99)
OB,
0Js

PE 0 00
= — 0(e).
© ( 072 26507, 8J7) )

whereas

U

Proof of Proposition 15. The result follows from Lemmas 30 and 31 by
direct computation. O

APPENDIX E. DYNAMICS NEAR THE SEPARATRIX.

E.1. Normal form computations. In this section we describe the
dynamics near the separatrix of the inner map. By an ¢ dependent
change of coordinates we can bring the system to the form

T=a

y=1>
(100) I =/ec
where
(101) a(0,y,I) =b(x,0,1) =0
and

da  0Ob

(102) 3 tay "

Consider the Poincare map between the sections {y = ¢} and {x = 0}
for small §. In order to study its derivatives we decompose this map
into two parts

(1) Hit of {z = d};

(2) Landing to {x = d}.
The following fact is helpful in our analysis

Lemma 32. Let t; < ty be an intervals such that x(t) < d,y(t) < ¢ for
all t; <t <ty. Then

(a) [i? 2(t)dt < Constz(ty);

(b) [ y(t)dt < Consty(t,);

(c¢) Let z(t) = x(t)y(t). Then fort < ==

\[
z(t)
2N 1< ]
Z(O) ‘ Constd
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Proof. There is a constant A such that a(z) > Az. It follows that for
t <ty x(t) < x(ts) exp(A(t — t3)). This implies (a). (b) is similar.

=aqy+ay=axy X Ox+y+e)
due to (101) and (102). In other words |Z| < Const(z+y+ +/)z. Thus
|In 2| < Const(z + y + V).

Thus (c) follows from (a) and (b). O
Lemma 33. Time T map of (100) satisfies
0 0
az; < Constzg, < Const, ayj’; < Constr.
a:L'l 0:)31 ) 8:171
< Const, — |~ — < t
8yo ons ar, 0 GIA T Constr.
I I t
ﬁ < Consty/z, oh < Cons \/E’ 0L < Const.
0y0 8:1:0 Zo 8[0
9%xy Constr 0%y, Constr 01, Consty/z72
oxd w3 7| 0 ro |0 z ’
2 2 2 2 3
0“1y < Constr | 0“1 < Constr?. 0°1; < Consty/eT ‘
8:):00]0 ZTo 8:):00]0 8:1700[0 Zo
0? 0? 0*1,
8;6021 < Const73, ) 8Iy021 < ConstT?’xo, E < Const\/_ T

Proof. Consider the variational equation

ob ob ob

oy = 8y5y+_8 5:)3+—a[5]

. da da da

5 = — —_— R
ayé +8 5:6—1-8[5[

0f = \/e—0 —4 —01
\/an y+\/58x m+\/58]
Observe that by (101)

'@‘ < Consty, < Consty,
ox

%
ol

‘ Oa ‘ ‘ Oa
—| < Constx, |—
dy

8]‘ < Constxr and

' ob < Consta?.

b— —y' < Consty?
dy

_Oa
a axllf
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Therefore introducing X and Y such that dz = z(t) X, dy = y(t)Y we

obtain '
Y Y
X |=R| X
ol ol

|R11| < Consty, |Ryz| < Constz, |Ry3] < Const,
|Ro1| < Consty, |Rge| < Constz, |Ry3| < Const,
|R3;| < Consty/ey, |Ris| < Consty/ex, |Ri3] < Consty/e.

Let Q(t) be the fundamental solution of Q = RQ where }?ij =0ifi > j
and R;; = R;; otherwise. Then using the fact that

where

/t x(s)ds < Constx(t)

we get
1 = t
(103) Q] <Const [ 0 1 ¢
0 01
Now it is straightforward to check that (103) remains valid with |Q)|

replaced by |Q™!| so looking for solutions in the form

Y
(104) ( X ) = Q¢
51

we obtain the following estimate
y(x +et) ay(x+ et) +Vext y(x +/et) + Jeat? )
N

€| < Const ( y(1++et) ay(l+et)+ ext y(1+ et) + /eat?
Vey Ve Vet(z +y)

Integrating we obtain

|[zi1(t) — &1(0)] < Constd (|€1(0)] + [£2(0)] + [€3(0)]),
|7i2(t) — &2(0)] < Constd (|€1(0) + [E2(0)] + €5(0)])
|zi3(t) — €3(0)| < Const/e6 (|£1(0)] + 1£2(0)] + [€3(0)])

Thus
(105) [Y(t) — Y(0)| < Constd (|Y(0)| + | X (0)| 4+ ¢|01(0)]),
(106) | X () — X(0)| < Constd (|Y(0)| 4+ | X (0)] +t|61(0)]),

(107)  [61(¢t) = 61(0)| < Constv/2d ([Y'(0)] + |X(0)] +¢[61(0)]),
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In terms of our original variables this reads

3v(0)] < Const | 2160 + 6 "2+ yrbro)]

dz(0)

dx(t) — 0

‘ < Cons {52| 3;( ) + 6|6yo| + 6*7|51(0 )|}
0

01(t) — 61(0)] < Consty/e [|5y( N+6 + 5\51’(0)@ .

Combining this with Lemma 32 we obtain the first derivative esti-
mate.

Let us bound (:£)? derivatives. Differentiating further the varia-
tional equation and introducing X,Y by 6%z = z(t)X, 6%y = y(t)Y,
we obtain

|5:B( )|

~ ~

X X
Yy ER| Vv | +9
51 51

where () stands for an expression quadratic in dz, dy and 61. Now by
(105)-(107) the fundamental solution of M = RM satisfies M = O(t),
M~ = O(t). Writing

X

Y | =M¢

ol
we get ¢ = MQ. Observe that by (101) the second derivatives of a

are bounded by Constz except for 2 and the second derivatives of b
are bounded by Consty except for b. Combining this with the first

derivative estimates we get Q < Constx(t Thus

[IM™1Q|| < Const (t2)t.
T

0

x(t)t

Ty

Integrating we get

|C(t)| < Const

Hence

2(t)t

16%2(t)] < Constx (2) ,
T
0

6%y (t)] < Consth(y)t < Consti
o ZTo

2
521(t)] < Const !
0
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Now plugging these bounds to the second variational equation we see
that

: x(t)t
|621] < Consty/e e
Integrating we get

9 x(t)t
|6°I] < Consty/e poa
The estimates of 22 and ()2 are similar. O

Lemma 34. The map of step (2) satisfies

y2 . 8y2 2 o
axl - O(y)7 8y1 - O( )? 8[1 - 07
oy e b oh_
0:)31 CL’ 8[1 o 8y1 -

82y2 82y2 82y2 82[2
pum— pum— ]_ pum—
aSL’% O(y)’ 8x18y1 O( ’ 81’18[1 O( )’ 81’18*1 O(\/g)

and the other second derivatives are zero.

Proof. We use the notation é from Lemma 20. We have

(108) Syp = dyo + bOT
(109) 81y = 01y + \/ecoT
and 0 = dxy = ng + ad7. Hence
0T = —@ = _on
a a

since 7 = 0 along our orbit. Substituting this and Syg = oy, 61, = 614
into (108) and (109) gives the first derivative estimate.
Next we have

52— _55@ n 5(3225@’
a a
< < 0 0 0
50y = 021y + <8—“5x1 n a—aéyl n 8—?51’1) 57,
da da da da da da
da = a—5x2+a 5y2+815[2 o (5:61+a57)8 (Sy1+bd7)+ 81(511+\fc57)
0%xy = 0 (since 6% ... is O(7)). Differentiating (108), (109) we get
82y, = 52y2 + @5:171 + @5311 + @511 8T + SbOT + bS>T
ox oy ol

%5311 + @511) 8T 4+ \/26¢OT + \/ech’T.

= Oc
2 _ 2
512_512+\/E<—ax5x1+ay 3]
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Observing that 6%y, = 621, = 0 and using the formulas for 7 and 627
]

established above we obtain the result.

Lemma 35. We have

ya B Oya .

axo - 0(1)7 311 - O(T)v
012 \/EC 812 o
8:170 N_(()a_azoa 8—11_0(1)7

8y2_ Dy B 72 82y2_ 2
8:1:0 0 <[L’0) ’ 8:1708[0 =0 ([L’o ’ 812 n O(T >’

O(ver?).

8:(:3 81’08[0 N Zo

4

Proof. The inequalities are obtained by direct computation. To get the

asymptotics of g—g observe that

812 o 012 8:171 812 8y1 012 0[1 . 812 0:)31

@:O(\/ET)’ 82]2 _O(\/ET?’)’ 82]2 .

drg  Oxy dxg Oy dxg O dxg Oy Oy
Now by Lemmas 33 and 34
812 8:171 c o

1z, Oz axy

Since a ~ & % the result follows.

2

012 8[1 o 012 8:)31+

8—118% © Oxq Oz

61

O

The above formulas describe the transition between (I, z) and (I,y)

coordinates. We now return to (I, E') coordinates. Near the separatrix

we have

(110) = ver(I)+q(Izy + HOT

It follows that on {y = §} we have
oFE OF
= q(I)y + HOT = 6¢(I) + HOT and 7~ 31

OF %4 s\ nor

It follows that the passage near the separatrix has the following deriva-

tives in (I, E') coordinates

( 10 ) O(1) —£Z(1+0o(1)
0(%) 0(9) o o)
an _ < (f(i;)) z {

) ( 0(8) (5

)

0
aq(s) -1

)

o

Zo

0(—

)



62 DMITRY DOLGOPYAT

Observe that the term in the upper corner equals —v/e 54— (1+0(1))
ox oI

by (110). Concerning the second derivatives Lemma 35, (111) and

Lemma 16 imply that those bounds can have at most 7 extra factor

comparing with maps in 7.

E.2. Derivative bounds of Proposition 2. Here we prove Propo-
sition 2(a) and (b). The proof is the same as for Proposition 1 except
that now for orbits passing near the separatrix we split step (4) into
three:

(a) Landing to y = 0;

(b) Landing to x = §

(c¢) Landing to r = R.

Now the jump of I inside the d-neighborhood of the saddle can be
computed using (100). Namely if ¢; are the beginning and the end of
the passage then

[N~ /t " e(I(s), 6(s), 0(s))ds.

Now near the saddle we have ¢(I(s), ¢(s),0(s)) = (I, ¢;(I),0;(I) +
o(1), so

Alsgqqe = VeI, d;(1), 0;,(I)(ty —t-)(1 + o(1)).

Now the jump outside the d-neighborhood is at most Const+/et where ¢
is the largest time spent on step (4) by an orbit avoiding § neighborhood
of the saddles. Now if ¢ is fixed and d — 0 we get ¢ < Const(d) whereas
t, —t_ — o0. Letting 6 — 0 sufficiently slowly we obtain Proposition
2(a).

To get the bounds for derivatives observe that the maps of steps
(4a) and (4c) are in 7. Therefore if the map of step (4b) were in 7 the
estimates of the Proposition 1 would remain valid. However because
of the step (4b) the estimates are actually worse. Namely for the first
derivative we loose a factor of O(%) and for the second derivative we

loose a factor of O(%) = O(“gf'). Now to obtain the first derivative
estimates we need to multiply the estimates of steps (1)—(11). Since
bounds for all factors stay as before except for extra (1) factor at
step (4) we loose at most (). Similarly then computing the second
derivative step (4) contributes either the second derivative or the first

. . Ind .
derivative squared. In the first case we loose ‘;12 | and in the second

case we loose d% so the total loss is at most ngd‘. Finally to get (24)
we argue as in the proof of Proposition 14 examining each monomial of

g—g). Again there is only one monomial which is better than o(y/g/d).
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Thus
oJ; oJ; % 0I5 01y, Oly, OF4, OE3 0Jy OF,
8E0 816 015 8146 81417 8E4a 0E3 8E2 8E1 0E0

Ve g (1+0(1)).

9a 9
8x81d

Combining this with
OEy, 0By 0J; 10w 0Jq
8E0 8J7 PE(] e 0l PEO

we obtain (24).

E.3. Measure bounds of Proposition 2. Here we prove Proposition
2(c) and (d).

To get (c) observe that the maps of steps (1)-(3) are in 7; so their
compositions are in 7y. Thus using the notation of the previous section
we have

OBi, 0B, 0B;  0FE4, 0l
OE, 0OFEs; OE, 0I3 OF,

Next, since the composition of the maps of steps (1)-(4a) is in 7 we
have that the image of v satisfies

=1+0(1)+O0(Ve)o(1/y/e) = 1+0(1).

(112)
Al _ 585+ ot 9 (B) _ O(v2) — 0(3)
dE4, %Lét)“ + E)a%‘lg’(Eo) 14+ 0(1) + O(%)O(gl/%é)

So this image is transversal to the line I = Const. Thus the set {d < £}
has measure comparable to the measure of the set {E,, < &}. This
proves (c).

To prove (d) let A and B be the images of EYY and Esrjk) respectively.
Then by part (c)

E(jk) _ E(jk)
-+ = 14 o(1)
E(B) - E(A)

so we need to estimate the denominator.

Let C'D be the component of the orbit of A outside the J neigh-
borhood of the saddle. Figure 7 projects everything into I = Const
plane ignoring the fact that the orbits of B and D hit N, the invariant
manifold at different points O and Op. In the computations below it
is convenient to denote H = E'L. Now using the smooth dependence of
stable and unstable manifolds on parameters we get

|H(B) — H(Op)| < Constdv/e, |I(B)—1(Op)| < Constd/,
|H(D) — H(Op)| < Constdv/z, |I(D)—I1(Op)| < Constd/e,
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FIGURE 7

Next

H(D)-H(C) = —& [+ [ (T, onn) )is) v L4000+ 5 a

where the integral is taken along the orbit from C' to D. Also since it
takes time O(|Ind|) to go from C to D we have

I(D) = I(C) = O(|Ind|VE).

dt

Thus

I(Op) = I(C) = O(] nd|ve).
Let O4 and O¢ be the points on N'e having the same I coordinate as A
and C respectively. Using that A, and its derivatives depend smoothly

on /¢ and remembering that H is zero on N by our choice of Kjx(I)
we get

|H(O¢) — H(Op)| < Const/e|I(Oc — I(Op)| < Conste|In .
Now assume for a moment that M;; (/) # 0. Then Lemma 32

H(C) — H(Oc)
H(A) = H(O4)

— 1| < Constd

and

I(A) = I1(C) = O(]In 3| V).
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Combining our estimates for [ we get

1(04) = 1{0p) = O(| m3|E),
This gives

H(O4) —H(Op) = O(| Indle).
Combining our estimates for H we get
(113) H(B)—~H(A) ~[H(Os) — H(OA)] = VEMu(I)L;(1) +O(3VE),
On the other hand we have
[1(04) — I(Op)| = [I(A) = I(Op)| < [{(A) — I(B)| + [I(B) — 1(Op)|

< Const [v/2|H(A) — H(B)| + dv/]
where the last inequality uses (112). Thus
H(O4) — H(Op) < Const [e|H(A) — H(B)| + d¢] .
Combining this with (113) we get
H(B) — cH(A) = VEMu(I)L;(I) + O(6/5).

Letting 6 — 0 we obtain the statement required.
If M;,(I) =0 then |H(C) — H(O¢)| < Constdy/c. Then

|H(A) — H(O4)| < Constdy/e
since otherwise H(C') — H(O¢) would be large by Lemma 32. Hence
H(B) — H(A) — [H(O5) — H(O4)] = O(5VE).
Arguing as before we obtain
H(B) — H(A) = O(6\/¢).
Since M (I) = O the RHS of this equation is /e M (I)L;(I)+O(d+/¢)
as needed.
APPENDIX F. DISTORTION BOUND.

Lemma 36. Suppose that 7 is a subcurve with coordinates [E, E]
such that |Ey — Eq| < A. If

2 7\ 2 i
P e (Y a2

dE? dE dE

Then we have the following distortion bound: for all Es, Ey € [Ey, Es]
we have

E,— E.
_|Ey— B o 2KA
|Ey — Es||Ez — En|

(114) e KA <
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d (dE dE
- )| < -
a5 " (dE)‘ _K‘dE

Integrating we get that %(E’) %(E” ) is bounded from above and
below uniformly in (E’, E”). We need to bound

|Es — Es|| By — B
|Ey — Es||E> — B

Proof. We have

By the Intermediate Value Theorem the last expression equals \% (E") % (E")]
for some E' € [Ey, Es], E" € [E3, Ey). But

/ i dE dE / i
—K|E'—E"| < |ZZ(ENY/ ZZ(EN| < K|E'-E |_
< |2 ()7 (B)] S e

The lemma follows. O

e
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