
REPULSION FROM RESONANCES.

DMITRY DOLGOPYAT

1. Result.

In this paper we consider the simplest three scale system.

(1)
İ = α1(I, φ, θ) + εα2(I, φ, θ, ε)

φ̇ = p(I) + β1(I, φ, θ) + εβ2(I, φ, θ, ε)

θ̇ = 1
ε
ω(I, φ) + η(I, φ, θ, ε)

where α1 and β1 satisfy

(2)

∫ 1

0

α1(I, φ, θ)dθ =

∫ 1

0

β1(I, φ, θ)dθ = 0.

The averaging principle guarantees that away from resonant surfaces
{ω = 0} the effective dynamics of slow variables is given by the aver-
aged equation

(3)
˙̄I = 0
˙̄φ = p(Ī)

In particular I is an adiabatic invariant of (1). We are interested in
evolution of this invariant on a longer time scale. The case where ω 6= 0
is quite well understood (see e.g. [1], [2]). In this case we can introduce
an improved invariant

(4) J = I − ε

ω
A1

where ∂A1

∂ω
= α1. Then J̇ = O(ε). So if we are interested in the dynamics

of A on a time scale shorter than 1
ε

then all changes happen in a small
neighborhood of resonances ω = 0. Let us study the dynamics of the
resonances more closely. If the resonance is non-degenerate in the sense
that ∂ω

∂φ
6= 0 then it is convenient to make the following change of

variables.

τ =
t√
ε
, r =

ω√
ε
.

1
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Then (1) has takes the following form.

(5)
θ′ = r +

√
εη̄(I,

√
εr, θ, ε)

r′ = a(I)p(I) + g(I, θ) +
√
εβ̄(I,

√
εr, θ, ε)

I ′ =
√
εᾱ(I,

√
εr, θ, ε)

Here we let (I, φ(I)) be the parameterization of the resonance curve,

(6) a(I) :=
∂ω

∂φ
(I, φ(I))

and
∫ 1

0

g(I, θ)dθ = 0.

This equation has a limit at ε = 0 where I does not move and the
dynamics of the other variables is given by

θ′ = r(7)

r′ = L(I) + g(I, θ)

where L(I) = a(I)ρ(I). (7) is Hamiltonian with

(8) HI(θ, r) =
r2

2
− L(I)θ −GI(θ) +K(I)

Here

GI(θ) =

∫ θ

0

g(I, s)ds =

a(I)

∫ θ

0

β1(I, φ(I), s)ds+
∂ω

∂I
(I, φ(I))

∫ θ

0

α1(I, φ(I), s)ds

and K(I) is an arbitrary function to be specified later.
It is convenient to introduce a variable

(9) E =
HI(θ, r)

L(I)

which allows us to consider the dynamics of (7) on the cylinder by
identifying the point whose E values differ by integer.

Observe that in (5) ᾱ(I, r, θ) = α1(I, φ(I), θ) + O(
√
ε). Hence (5)

and (7) suggest that the main contribution to the change of I due to
resonance crossing equals

√
εσ(E, I) where E is the value of the energy

when the orbit crosses the resonance, and

(10) σ(E, I) =

∫ ∞

−∞
α1(I, φ(I), θ(s))ds

where (r(s), θ(s)) is the solution of (7) with energy E.
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For computations it is more convenient to restate this formula using
θ as integration variable. Thus if L > 0 then

(11) σ(E, I) = 2

∫ ∞

θ∗(E)

α1(I, φ(I), θ)√
2LE + 2Lθ +G

dθ

and if L < 0 then

(12) σ(E, I) = 2

∫ θ∗(E)

−∞

α1(I, φ(I), θ)√
2LE + 2Lθ +G

dθ

where GI(θ
∗(E)) = 2L(E + θ∗(E)).

To see to that extent (10) can be justified we need to look more
closely at the dynamics of (7). We distinguish two cases. (Below in
order to fix our notation we assume that L > 0.)

Figure 1. Motion near a weak resonance

(I) Weak resonance. If minθ g(I, θ) > −L then the phase portrait
of (7) is topologically the same as the phase portrait of the averaged
system (3) (which is obtained from (7) by dropping g). In this case
r is a monotone function of s and the time an orbit spends near the
resonance is uniformly bounded from above. Hence for ε 6= 0 the phase
portrait is also similar to the phase portrait of the averaged system and
our formal asymptotics for the change of I can be easily justified.

(II) Strong resonance. The phase portrait of (7) in this case is
shown on fig. 2. In this case points can spend arbitrary long time near
the saddle. As a consequence, for ε 6= 0 the dynamics is qualitatively
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different. Namely given a saddle θ = θjk(I) let Ωjk denote the set
of points inside the separatrix loop of this saddle and let Γjk be the
boundary of this loop. Choose K(I) = Kjk(I) so that H equals 0 on
Γ. Let

Figure 2. The limiting system for strong resonance

Mjk(I) = −
∮

Γjk

[r2β̄+

(
∫ θ

0

∂φβ1(I, φ0(I), s)ds

)

r+(L+β1)η̄+
dH

dI
ᾱ]dt.

(To see that this integral converges let (0, θ(I)) be the minimum of HI .
Then

∂H

∂I
+
∂H

∂θ

dθ

dI
= 0.

Since ∂H
∂θ

(0, θ(I)) = 0 it follows that ∂H
∂I

(I, 0, θ(I)) = 0.) Now ifMjk(I) >
0 then for small ε the phase portrait is depicted on fig. 3.

In particular the initial conditions starting on the thick segment get
captured into resonance and so I experience a jump. A captured point
moves along the resonance. At some point it can enter a region where
Mjk(I) < 0. In this case the phase portrait looks like a mirror image of
fig. 3 and the orbit can escape from the resonance so its motion again
can be described by the averaged system (3). According to [4] (see also
Appendix E.3) during each passage a set of points of measure about√
εMjk(I)+ gets captured so we expect that after O(1/

√
ε) passages

a set of measure O(1) gets captured. Therefore 1/
√
ε is the natural
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time scale for this problem. At this scale there are two mechanisms
responsible for the change of I.

(I) Capture into resonance. This phenomenon has been described
above. It is only relevant if Mjk > 0 for one of the saddles of (7). The
second mechanism is important regardless of the sign of M.

Figure 3. Motion near a strong resonance

(II) Repulsion from resonances. To describe this phenomenon,
suppose for a moment that (1) preserves the Lebesgue measure dIdφdθ.
Then, for points captured into resonance, I changes with unit speed.
This creates a flux of measure of order

√
ε. Therefore in order to main-

tain the balance of measure most points which are not captured move
with speed

√
ε in the opposite direction. In general Lebesgue measure

is not preserved. However the divergence of the flow is given by

(13) D(I, φ, θ) =
∂α1

∂I
+
∂β1

∂φ
+
∂η

∂θ
+O(ε)

Now (2) and the periodicity of η imply

∫ 1

0

D(I, φ, η) = O(ε).

So on average the measure is preserved on time scale o(1/ε) and the
the previous argument applies.
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To describe this phenomenon quantitatively let

Ψjk(I) = −
(

∫∫

Ωjk

α1(I, φ0(I), θ)drdθ

)

/Lj(I).

Let

Ψj(I) =
∑

k

Ψjk(I), Ψ(I) =
∑

j

Ψj(I).

We are now ready to formulate our main result. It requires certain
non-degeneracy conditions for the system (1). Namely we consider an
interval [I1, I2] such that for I ∈ [I1, I2] the following conditions are
satisfied.

(A) p(I) 6= 0. This means that I is the only invariant of the averaged
system (3).

(B) Resonances are non-degenerate. Namely if (I, φ1(I)), (I, φ2(I)) . . . (I, φq(I))
are resonances counted counterclockwise then

aj(I) =
∂ω

∂φ
(I, φi(I)) 6= 0.

(C) (Twist condition)
∂wj

∂I
6= 0 where

wj(I) =

∫ φj+1(I)

φj(I)

ω(I, φ)

p(I)
dφ.

(Here j + 1 is understood mod q.)
(D) For each I, HI(θ, r) is a Morse function. Namely, there is at

most one critical point on each energy level and the critical points are
non-degenerate.

We also impose a non-degeneracy condition in the I-direction, namely
(E) If (0, θjk(I)) is a saddle then α1(I, φj(I), θjk(I)) 6= 0.
(F) For each I the critical points of the function E → σ(I, E) are

non-degenerate.
Suppose that I = I0 and that (φ(0), θ(0)) are chosen uniformly

with respect to the Lebesgue measure. Let Iε(t) = I(t/
√
ε). Since

(φ(0), θ(0)) are random Iε(t) is a random process. Stop it then it
leaves [I1, I2] or get captured.

Theorem 1. Under conditions (A)–(F) the process Iε(t) converges
weakly as ε → 0 to the solution of

(14)
dI
dt

= Ψ(I)p(I), I(0) = I0
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killed with intensity

λ(I) =

{

∑

jk
Mjk(I)+p(I)

|Lj(I)| if I ∈ (I1, I2)

∞ otherwise

In other words let I(I0, s) denote the solution of (14). Then the
probability that the orbit is not stopped until t equals

(15) p(t) = exp

[

−
∫

t

0

λ(I(I0, s))ds

]

.

In case of survival I(t) = I(I0, t).

2. Idea of the proof.

In this section we present main ideas of the proof of Theorem 1. We
shall use freely formal manipulations and heuristic arguments. Rigor-
ous justifications (of somewhat weaker results which are still sufficient
for the proof of Theorem 1) will be given later.

We need some notation. Given a resonance φ = φj(I) define two

surfaces S and S̃ as follows. Let c be a small number. (The precise
conditions on c will be given later but they are not important in the
discussion to follow.) If aj(I) > 0 let

(16) S =

{

ω

ε
= −cε−1/4 +

GI(θ)

cε−1/4

}

,

(17) S̃ =

{

ω

ε
= cε−1/4 − GI(θ)

cε−1/4

}

.

If aj(I) < 0 then we define S by (17) and S̃ by (16). Thus S is a sec-

tion immediately before the resonance and S̃ is a section immediately
after resonance. One motivation for this choice of the sections is that
(16) and (17) have quite simple expressions in terms of the improved
adiabatic invariants, see Appendix B. Another motivation is that in
(r, θ) coordinates

S̃ =

{

r = ∓R̄ ± G

R̄

}

where R̄ = c/ε−1/4. Hence

(18)
∂E

∂θ
∼ ±1.

Let xn be consecutive visits to Ss corresponding to different reso-
nances. (3) suggests that it takes time about 1

p(I)
to make a complete

circle. Since there are q resonances per period we expect that the time
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of the nth visit is tn ∼ n
p(I)q

. Let A(xn) denote the change of I between

tn and tn+1. To establish Theorem 1 we need to show that if N ≪ 1√
ε

and m ≤ Const/
√
ε then for orbits which has not been captured up to

time m
(I) The probability of capture on the segment [m,m + N ] is about

λN
√
ε

pq

(II) For non-captured points

1

N

m+N
∑

n=m

A(xn) ∼
Ψ(I)N

pq
.

The first statement is nothing but the Poisson Limit Theorem for our
system and the second is the Law of Large Numbers. Both results are
well understood for independent or weakly dependent random variables
so we need to show that xn are weakly dependent. To understand
where this independence comes from consider first few iterations of the
Poincare map. Suppose that x0 has a smooth density on

SI0 := S
⋂

{I = I0} .

We want to describe the distribution of x1. The passage to the next
resonant surface S̄ consists of two parts.

(1) Passage of the resonant zone (from S to S̃).
(2) Motion far from resonance (from S̃ to S̄).
The considerations of Section 1 suggest that during the first part I

changes as follows

(19) Ĩ ≈ I +
√
εσ(E, I), so

∂Ĩ

∂E
≈ √

ε
∂σ

∂E
.

On the other hand (1) and (3) suggest that

θ̄ − θ̃ ≈ 1

ε
w(Ĩ) =

1

ε

∫ φ̄

φ

ω(Ĩ, φ)

p(Ĩ)
dφ.

Formal differentiation gives

(20)
∂θ̄

∂θ̃
≈ 1

ε

∂w

∂I
(I).

Combining this with (18) we obtain

∂Ē

∂E
≈ 1√

ε

∂w

∂I

∂σ

∂E
.
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Now (F) implies that for most points ∂σ
∂E

6= 0. In this case (C) tells us

that a preimage of a unit interval has length O(
√
ε) so ∂σ

∂E
is approx-

imately constant at this preimage. That is, on such intervals E → Ē
can be approximated by a linear map. For linear maps of slope 1√

ε
the

images of the segments of length ≫ √
ε are uniformly distributed. In

other words we can prescribe the phase of x0 with a good precision
and still the phase of x1 is uniformly distributed. In this sense we can
regard the phases of x1 and x0 as weakly dependent. To summarize the
image of SI0 consists of O(1/

√
ε) almost linear segments and finitely

many ’parabolic’ segments coming from neighborhoods of the critical
points of σ. Assumption (F) makes it plausible that if E0 is a critical
point of σ then for E near E0

Ē − Ē0 ∼
(E − E0)

2

√
ε

so the total measure in parabolic pieces is O(ε1/4) (by definition a
parabolic piece consists of points which are within a unit distance from
Ē0).

Now let us see what happens for large n. The image of SI0 consists
of

(a) almost linear segments;
(b) parabolic pieces;
(c) curves of more complicated geometry appearing when a parabolic

piece comes near the critical points of σ.
To apply the argument used for x0 we need to prove that most of the

measure is concentrated in the linear segments. To this end we have
to show that once an orbit finds itself in a parabolic piece it is much
more likely to escape (that is to get farther than a unit distance from
the tip) rather than stay close to the tip or even enter into a curve of
type (c). The reason is the following. Since ∂σ

∂E
∼ 1 for most points we

can expect that

(21)
∂σ

∂E
(Ē0) ∼ 1

in which case for the second iteration we would get

¯̄E − ¯̄E0 ∼
(E −E0)

2

ε

so the measure of the points staying close to the tip for two itera-
tions in a row would have measure O(

√
ε) (there are also secondary

parabolas appearing at the intersection of the the primary one with
the critical curves but if (21) holds then their measures are O(

√
ε) as
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Figure 4. Large time image of SI0.

Figure 5. Parabolic pieces are close to the image of C
(thick line). Since this image is transversal to C (dashed
line) most of the returns are isolated.
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well). Continuing this reasoning it is not difficult to convince oneself
that the set of points staying in (b) or (c) segments three times in a
row have measure o(

√
ε). Thus if n < Const/

√
ε then the set of non-

linear pieces is small as required. The problem with this argument is
that it is unreasonable to expect (21) for all initial values of I0. Let
C = { ∂σ

∂E
= 0}. Then (20) implies that the image of C also consist of

almost linear segments and so we can not keep the image of C from
intersecting itself. For this reason we can not guarantee for the first
and the second iteration of the Poincare map a set of measure 1−o(√ε)
escapes from the tips after finitely many iterations. Fortunately this
problem is confined to the first two iterates only. Indeed even for the
first iteration the required bound can be obtained if we assume that
I0 has isolated returns that is, the images of C⋂SI0 are far from C.
Starting from the third iteration we can actually prove that most of
the returns are isolated. Indeed (20) tells us that the points of self-
intersection form a lattice of step O(ε). On the other hand most of the
second image of SI0 is in linear segments. There are O(1/ε) such seg-
ments. By (19) the variation of their I values is O(ε) so the distance
between consecutive segments is O(ε3/2). Thus most of the segments
are far from the critical lattice. Hence most of the returns are isolated
(see fig. 5). So the total measure of the non-linear segments can be
bounded by

o(n
√
ε) +O(ε1/4)

where the second term estimates thee measure of bad points formed
during the first two iterations. Thus most of the measure is in linear
segments giving the required independence.

3. Plan of the proof.

Here we present the main steps of the proof of Theorem 1.

3.1. One passage. Our analysis in Section 2 was based on heuristic
formulas for the derivatives of the Poincare map. Here we present
the precise results. Let us emphasize that the parts of the statements
not dealing with derivative estimates are well known. Still we provide
sketches of proofs in Appendix A in order to make our exposition self
contained.

Let Sj denote the preresonance surface of the resonance (I, φj(I)).
Denote S =

⋃

j Sj . We want to study the Poincare map P : S → S. Let

S and S̄ be the surfaces corresponding to two consecutive resonances
(I, φ(I)) and (I, φ̄(I)). Below we present some information about P :
S → S̄. Observe that if we are interested in the derivatives bounds
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then it is not convenient to work with I and θ since they are rapidly
oscillating and a slight change of the surface produces big changes of
the derivatives. For this reason we shall work with the variables J and
E defined by (4) and (9) respectively. Denote P (J,E) = (J̄ , Ē).

In the statements below o(. . . ) means the limit then both c and ε
tend to 0 but c goes to 0 much slower than ε. That is there exists a
function c0 = c0(ε) such that the asymptotics below are uniform for
c, ε small, c ≥ c0(ε).

In Appendix B we prove the following.

Proposition 1. If (I, φ(I)) is a weak resonance then

(a) The passage time t(J,E) ∼ φ̄−φ
p(I)

.

(b)

Ī − I = J̄ − J = o(
√
ε) =

√
εσ(J,E) + o(

√
ε).

(22) (c)
∂Ē

∂E
=

1√
ε
Λ(J,E) + o(1),

∂Ē

∂J
=

1

ε

∂w

∂I
+ o(1),

where

Λ(J,E) =
∂w

∂I

∂σ

∂E
, and

(23)
∂2Ē

∂E2
=

1√
ε

∂Λ(J,E)

∂E
+O

(

ε1/4

∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

2
)

.

(d)
∂J̄

∂J
= O(1),

∂J̄

∂E
= O(

√
ε),

∂2J̄

∂E2
= O

(√
ε
)

+O

(

ε5/4

∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

2
)

,

∂2Ē

∂E∂J
= O

(

1

ε

)

+O

(

ε−3/4

∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

)

,
∂2J̄

∂E∂J
= O (1)+O

(

ε1/4

∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

)

,

∂2Ē

∂J2
= O

(

1

ε−7/4

)

,
∂2J̄

∂J2
= O

(

ε−3/4
)

.

For strong resonance the formulations are more complicated because
as we explained above the heuristic formulas of Proposition 1 are not
valid for all orbits but on the other hand we do not want to exclude
too large a set.

Fix arbitrary δ > 0. Let d be the distance of the orbit from separatrix
of (5) and τ be the time the orbit spends in a δ neighborhood of C.

In Appendix E we prove the following.
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Proposition 2. If (I, φ(I)) is a strong resonance then the following
statements hold.

(a) If d > δ then the estimates of Proposition 1 are valid.
(b) If ε1/2+δ < d ≤ δ the the statements of Proposition 1 should be

modified as follows. Part (a) remains valid, part (b) has to be replaced
by

J̄ − J ∼ √
ετα1(I, φ(I), θ0(I))

where (0, θ0) is the saddle of (7) the orbit is passing near. Part (c) has
to be replaced by

(24)
∂Ē

∂E
≥ Const

d
√
ε
,

∂Ē

∂J
≤ Const

dε
.

Also for part (d) in the estimates for the first derivative the RHS has
to be multiplied by 1/d and in the estimates for the second derivative
the RHS has to be multiplied by τ/d2.

Let γ be the graph of J = g(E), with |g′| < ε1/2+δ,
(c) Let ξ > ε1/2+δ. Then measure of points with d ≤ ξ is less than

Constξ.

(d) Let [E
(jk)
− , E

(jk)
+ ] be the segment of points captured while passing

near the resonance (I, φj(I), θjk(I)). Then

E
(jk)
+ − E

(jk)
− =

√
ε
Mjk(I)

Lj(I)
+ o(

√
ε).

Comparing the statements above with the heuristic estimates of Sec-
tion 2 we see the following. The first derivative bounds can be obtained
by the formal differentiation of the formulas suggested by the averaged
equation (after replacing I by J). This is not true however for the
second derivatives. The reason is that our analysis suggested that the
map E → Ē was close to linear. Now if we perturb a linear map such
as E → E√

ε
by a small nonlinearity, say

E → E → E√
ε

+ δh

(

E√
ε

)

then the effect of the nonlinear term is δh′′(E/
√
ε)/ε which can be

larger than 1/
√
ε even if δ is small. However the second derivative

bounds are still sufficient to derive the conclusions we want. Namely,
for most points

∂Ē

∂E
∼ 1√

ε
whereas

∂2Ē

∂E2
= O(ε−3/4) ≪

∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

2
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which is enough to conclude that the image looks like a linear map (cf.

Lemma 36). On the other hand if ∂Ē
∂E

≪ 1√
ε

then the formal arguments

of Section 2 remain valid (since we have quadratic decrease in the terms
coming from the nonlinearity!) and we still are able to prove quadratic
bounds near the “parabolic” pieces.

We conclude this section by computing the average for our Law of
Large Numbers.

Lemma 3. The average value of the jump at resonance (I, φj(I)) is
∫ 1

0

σ(I, E)dE = Ψj(I).

3.2. Standard pairs. Now we state more precisely what do we mean
by “almost linear” segments. The most obvious requirement is that we
want to control the curvature. However we need two more conditions.
First we want not only the geometry of the image to be close to lin-
ear but also the image of the initial measure to be uniform since the
uniformity of the phase plays a key role in our argument. Secondly,
to control the geometry of high iterates inductively the way we ana-
lyzed the first iteration we want to assert that the images are close to
SI curves, namely that they go roughly in E-direction. The precise
definition is the following.

Let c1, c2, C1, C2, C3, ζ be constants whose precise value will be spec-
ified later.

Definition. A standard pair is a pair ℓ = (γ, ρ) where γ is a curve
in some S and ρ is a probability density on γ such that

(a) c1 ≤ length(γ) ≤ c2
(b) γ is a graph of a map J = g(E) with
(b1) |g′(E)| ≤ C1ε,
(b2) |g′′(E)| ≤ C2ε

1/2+δ,
(c) | d

dE
ln ρ| ≤ C3

If ℓ is a standard pair and A is a function we write

Eℓ(A) =

∫

γ

A(x)ρ(x)dx.

We want to show that most of the image of SI0 consists of standard
curves. The problem is that an orbit can pass close to either region
where ∂σ

∂E
= 0 where expansion coefficient of (22) is small or it can pass

close to the separatrix of (8) in which case it spends a long time near
resonance and the perturbation terms can become too large invalidat-
ing (8). Let γ be a standard curve. If either of the above problems
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happen we say that the orbit has a close return. We call passages near
the separatrix close returns of the first kind and passages near critical
region close returns of the second kind. We postpone the precise defi-
nition of these notions till the later sections since it is quite technical.
For close returns of the first kind, the time spent near the separatrix is
logarithmic function of the minimal distance which implies that such
returns have small probability so they can be neglected. However close
returns of the second kind should be treated more carefully. Namely in
this case we consider few consecutive iterations of the Poincare map. If
they also give close returns when we say that the orbit got stuck in the
critical region. Likewise for the returns of the first kind we say that the
orbit got stuck near the separatrix. Also observe that whatever return
is close or not depends not only on the point itself but on the curve
under consideration because we want to have expansion in the tangent
direction of this curve. However we will not emphasize this dependence
in order to simplify the notation. In this section we shall only use the
properties of the close returns described in the next two propositions.
Let ℓ = (γ, ρ) be a standard pair. Denote by P̄ (x) the first free return
to some resonant surface and let n(x) be the number of the first free
return. We shall arrange that 1 ≤ n ≤ 3.

We claim that most of the image of a standard curve consists of
standard curves. The precise statements are given below. As it was
explained in Section 2 we get more precise bounds for higher iterates
since we are able to avoid non-isolated returns.

Proposition 4. (Invariance) (a) P̄ (γ) =
⋃

j γj where n is continuous

on P̄−1γj and (γj, (ρ◦P̄−1)/cj) is a standard pair where cj = Pℓ(P̄
−1γj);

(b) Pℓ(n(x) > 1) ≤ Constε1/4.
(c) The time before the first free return is

n(x)−1
∑

j=0

φ(P j+1x) − φ(P jx)

p(I)
+ o(1)

(of course, the angle difference is measured counterclockwise).
P̄ is not defined on a set Z1

⋃

Z2 where Z1 consists of the points
which got stuck and Z2 consists of captured points.

(d) Pℓ(Z1) ≤ ε7/16

(e) Pℓ(Z2) ≤ Const
√
ε

(f) (Hyperbolicity) ||dP̄−1|| ≤ Constεδ.

Observe that a priori bounds (d) and (e) look unsatisfactory since
they do not preclude that all points get eliminated during the first
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1/
√
ε iterations. However already P̄ 2γ is sufficiently well distributed

to improve these bounds.

Proposition 5. (Equidistribution)
(a) Let A be a C1 function and ℓ = (γ, ρ) be a standard pair. Let (J̃ , E)
be some point on γ. Then

Eℓ(A ◦ P̄ ) =

∫ 1

0

A(J̃ , E)dE +O(εδ)

(b) Pℓ(P̄
2x gets captured before the next free return to S) =

√
εM(J̃)(1+o(εδ)).

(c) Pℓ(P̄
2x gets stuck before the next free return to S) ≤ Constε1/2+δ.

Proposition 4 is proved in Section 6 and Proposition 5 is proved in
Section 7.

3.3. Short time evolution. As we explained in Section 2 Proposition
5 allows us to obtain the Poisson Limit Theorem and the Law of Large
Numbers (statements (I) and (II) of Section 2) if the number of iter-
ations is much smaller than 1/

√
ε. Let us formulate the precise result

used in the proof of Theorem 1.
We define inductively a sequence of curves {γkj} such that

⋃

kj γkj
lie on the part of the orbit of γ not captured in the resonance. Put
γ01 = γ. If {γkj} is already defined up to some k, decompose

P̄γkj
γkj =

⋃

l

γkjl
⋃

Z1kj

⋃

Z2kj

as in Proposition 4 and let {γ(k+1)j} be some reindexing of {γkjl}. Let
Γk ⊂ γ be the set of points having representatives

⋃

j γkj. For x ∈ Γk
let xk = (Jk, Ek) denote the representative of γkj(x). Let Γ′

k denote the
set of points captured before k and Γ′′

k denote the set of points which
got stuck at m-th free return for some m ≤ k. Fix a small number δ1.
Let N = [δ1q/

√
ε].

Proposition 6. There exist a function δ2(δ1) such that limδ1→0 δ2 = 0
and a subset Γ′′′

N ⊂ γ such that

(a) Pℓ(Γ
′′′
N ) = o(δ1),

(b) |IN − I0 − δ1Ψ(I0)| ≤ δ1δ2

for all x ∈ ΓN − Γ′′′
N ,
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(c) Let t(0)(x) be the time between x0 and xN then
∣

∣

∣

∣

√
εt(0)(x) − δ1

p(I0)

∣

∣

∣

∣

≤ δ1δ2

for all x ∈ ΓN − Γ′′′
N ,

(d)

∣

∣

∣

∣

Pℓ(Γ
′
N) − δ1λ(I0)

p(I0)

∣

∣

∣

∣

≤ δ1δ2,

(e) Pℓ(Γ
′′
N) ≤ δ1δ2.

Theorem 1 is derived from Proposition 6 in Section 4. In Section 5 we
explain how Proposition 6 follows from Propositions 4, 5 and Lemma
3.

4. Convergence.

Proof of Theorem 1. Let us first prove this result in the case then
(I, φ, θ)(0) are distributed according to some standard pair ℓ. Let Γ(1) =

ΓN − Γ′′′
N . Let {γ(1)

j } be the union of ΓNj not falling into Γ′′′
N . Repeat

the procedure described above with each γ
(1)
j instead of γ and let Γ(2)

be union of the resulting sets. Continue inductively to obtain a nested
sequence

· · · ⊂ Γ(n) ⊂ Γ(n−1) ⊂ · · · ⊂ Γ(1) ⊂ γ.

Let {γ(n)
j } denote the set of the resulting curves. For x ∈ Γ(n) let

x(n) = (I(n), E(n)) be the point from the orbit of x on γ
(n)
j and let t(n−1)

denote the time between the returns of x(n−1) and x(n). Set τn(x) =
∑n−1

m=0 t
(m)(x). By Proposition 6

∣

∣I(n+1) − I(n) − δ1Ψ(I(n))
∣

∣ ≤ δ1δ2,

∣

∣

∣

∣

√
ε [τn+1 − τn] −

δ1
p(I(n))

∣

∣

∣

∣

≤ δ1δ2.

Let (J̃ , τ̃ ) be the solution of

J̃ ′ = Ψ(J̃), τ ′ = 1/p.

Then
(

I([t/δ1]), τ ([t/δ1])
)

= (J̃ , τ̃)(t) + o(1), δ1, δ2 → 0.

This describes the dynamics of the points from Γ([T/δ1]). Next define

Γ(n)′,Γ(n)′′ and Γ(n)′′′ similarly to Γ′
N ,Γ

′′
N and Γ′′′

N . It remains to show
that Γ′′ and Γ′′′ have small probability and to compute the asymptotics
of Γ′ (captured trajectories). First, by induction

Pℓ(Γ
(n)′′ − Γ(n−1)′′) ≤ δ1δ2n, Pℓ(Γ

(n)′′′ − Γ(n−1)′′′) ≤ δ1δ2n
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which implies that Γ(n)′′ and Γ(n)′′′ have small measure for n ≤ T/δ1.

Denote pn = Pℓ(Γ
(n)′). Then the foregoing discussion and Proposition

6(d) imply

(25) pn+1 − pn = δ1(1 − pn)λ(J̃(nδ1)) (1 + oδ1→0(1)) .

Letting δ1 → 0 we obtain (15). This completes the proof of Theorem 1
for (I, φ, θ) being chosen according to Pℓ. Next, let γα be the first visit
of

σα = {I = I0, φ = α}
to S and let ρα denote the measures on γα which is the image of the
uniform measure on σα. Write ℓα = (γα, ρα). Applying the foregoing
discussion to

µ =

∫ 1

0

Pℓαdα

we obtain the original statement of Theorem 1. �

5. Short time dynamics.

Proof of Proposition 6. Given γ let

b(x) =
I(Px) − I(x)√

ε
,

b̄γ(x) =

n(x)−1
∑

J=0

b(P jx), b̄(xk) = b̄γkj(x)
(xk).

We extend b̄(xk) = Ψk (here k is understood mod q) if the trajectory of
x gets stuck or captured for some m ≤ k. Likewise we define n(xk) =
nγkj(x)

(xk) and extend it to 1 if xk is not defined. Define

λ̃j(I) =
∑

k

Mjk(I)+

|Lj(I)|
where the sum is over all saddles of (7) on Sj . Write Ψ(x) = Ψj,

λ̃(x) = λ̃j if x ∈ Sj.

We claim that if ℓ̃ = (γ̃, ρ̃) is a standard pair with γ̃ ⊂ P̄ kγ and ρ̃ is
a normalized induced density then

(26) Eℓ̃

(

b̄(xk) − Ψ(xk)
)

= oε→0(1)

Indeed by proposition 2 |b̄| ≤ Const| ln ε| so by Proposition 4(b)

Eℓ̃

(

b̄(xk) − b(xk)
)

= O(ε7/16| ln ε|)
and by Propositions 5(a), 1(a) and Lemma 3

Eℓ̃ (b(xk) − Ψ(xk)) = oε→0(1)
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(Proposition 5(a) is not directly applicable since b is not continuous
but Propositions 5(b),(c) and 1(b) show that we can approximate b by
Holder functions uniformly in L1(ℓ) for all ℓ).

A similar argument shows that

Eℓ̃(|b(xk)|) ≤ Const.

Next, let ℓkj denote the pair (γkj, ργ(x0)/ckj) where ckj = Pℓ(xk ∈ γkj).
Then

(27) Eℓ(|b(xk)|) ≤
∑

j

ckjEℓkj
(|b(x)|) ≤ Const

∑

j

ckj ≤ Const.

Therefore

(28) Eℓ(|Ik − I0|) ≤ Constk
√
ε

Now given r ≤ N − q + 1 we have
(

r+q−1
∑

k=r

Eℓb̄(xk)

)

−Ψ(I0) =
∑

k

Eℓ

(

b̄(xk) − Ψ(xk)
)

+

(

∑

k

Ψ(xk)

)

−Ψ(I0) = I+II.

Similarly to (27) we utilize (26) to conclude that I = o(1), ε → 0. On
the other hand by (28)

II = O(k
√
ε+ ε7/16| ln ε|)

(the second term represents the contribution from the orbits having
close returns (including stucking and capture) between r and r + q).
Summating over r we see that if δ1 is small then

∣

∣

∣

∣

∣

El

(

n−1
∑

k=0

b̄(xk)

)

− nΨ(I0)

q

∣

∣

∣

∣

∣

≤ Const
(

n2
√
ε+ δ10

1 n
)

.

A similar argument shows that

Eℓ

(

N−1
∑

k=0

n(xk)

)

= N +O(Nεδ).

Since
∑N−1

k=0 n(xk) ≥ N we obtain

Pℓ

(∣

∣

∣

∣

∣

N−1
∑

k=0

n(xk) −N

∣

∣

∣

∣

∣

>
δ2N

2

)

≤ 2εδ

δ2
.

Since tk = n(xk)/p(Ik) +O(δ2) we get

Pℓ

(∣

∣

∣

∣

∣

N−1
∑

k=0

tk(x) −
N

p(I0)

∣

∣

∣

∣

∣

> δ2N

)

≤ Constεδ

δ2
.
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Including γNj where the above sum is larger that δ2N in Γ′′′
N we obtain

(c). Next lemma estimates the second moment

Lemma 7.

Eℓ





(

∑

k

[

b̄(xk) − Ψ(xk)
]

)2


 ≤ ConstN2δ
3/2
1 .

Proof. The proof proceeds in two steps.
(1) First we establish a weaker bound

(29) Eℓ





(

r
∑

k=1

[

b̄(xk) − Ψ(xk)
]

)2


 ≤ Constr2δ1.

We have

Eℓ





(

∑

k

[

b̄(xk) − Ψ(I)
]

)2




= Eℓ

(

∑

k2−k1>2

(

[̄b(xk1) − Ψ(I)][̄b(xk2) − Ψ(I)]
)

)

+O(N).

Let k3 = [k1+k2
2

]. Then similarly to(26) we see that for each j

Eℓk2j
(b̄(xk2) − Ψ(xk)) = O(δ1).

Next by Proposition 4(f) the map xk1 → xk3 expands distances by at
least ε−δ. We claim that this implies that for each standard pair ℓk3j
there is a number ζk3j such that

(30) b̄(xk1) − Ψ(I0) = ζk3j

uniformly on each γk3j. Indeed the only place where (30) is not obvious
is set where xk1 passes near Nε. To analyze this case we assume that
n(xk1) = 1 (other possibilities are similar). Then by Proposition 2

∣

∣

∣

∣

db(xk)

dEk

∣

∣

∣

∣

≤ Const

d

whereas
∣

∣

∣

∣

dEk+1

dEk

∣

∣

∣

∣

≥ Const

d
√
ε

so the preimage of γk+1,j(x) has Ek-length O(d
√
ε) and the oscillations

of b on such interval are O(
√
ε) ≪ 1 verifying (30).

This shows that if k2 − k1 > 2 then

Eℓ

((

[̄b(xk1) − Ψ(I)][̄b(xk2) − Ψ(I)]
))

= O(δ1)

Summation over k1, k2 gives (29).
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(2) Now we use (29) to improve upon the previous computation. We
use the identity

Eℓ





(

N
∑

k=1

[

b̄(xk) − Ψ(xk)
]

)2




= O(N) + 2Eℓ

(

∑

k2

[

b̄(xk2) − Ψ(xk2)
]

(

k2−2
∑

k1=1

[

b̄(xk1) − Ψ(xk1)
]

))

= O(N) +
∑

k2

Ek2.

Arguing as on step (1) we get the following estimate for the second
term

|Ek2| ≤ oε→0(1)k2 + δ1O

(

Eℓ

∣

∣

∣

∣

∣

k2−1
∑

k1=1

[

b̄(xk1) − Ψ(xk1)
]

∣

∣

∣

∣

∣

)

.

By step (1) the last expression is O(k2

√
δ1). Now summation over k2

completes the proof. �

Lemma 7 implies that

Pℓ

(∣

∣

∣

∣

∣

∑

k

[

b̄(xk) − Ψ(I0)
]

∣

∣

∣

∣

∣

≥ Nδ1/10

)

≤ δ1.3
1

Add to Γ′′′
N the set of points where the last inequality holds. Then (a)

and (b) hold due to Proposition 1.
Next, by induction, for m ≥ 3

Pℓ(Γ
′′
m − Γ′′

m−1) ≤ Constε1/2+δ.

This proves (e).
Let now Qk = Pℓ(Γ

′
k). Then

Qk+1 −Qk =
∑

j

c(k−1)jPℓj

(

Γ′
k − Γ′

k−1

)

Using Proposition 5 we get

Qk+1 −Qk =

(

∑

j

c(k−2)j

)

√
εEℓ(λ̃(xk))(1 +O(δ1)).

By (e)
∑

j

c(k−2)j = 1 −Qk−2 +O(ε7/16)

so
Qk+1 −Qk = (1 −Qk−1)

√
εEℓ(λ̃(xk))(1 +O(δ1)).
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This gives a priori bound

Qk+1 −Qk = O(
√
ε) and Qk = O(δ1).

Combining the two last inequalities we get

Qk+1 −Qk =
√
ελ̃(xk)(1 +O(δ1)).

As before fixing r we obtain

r+q−1
∑

k=r

Qk+1 −Qk =
√
ελ(I0)(1 +O(δ1)).

This proves (e). �

6. Free returns.

6.1. Definitions. Here we prove Proposition 4. First we need to give
precise definitions of close returns and also to explain when we consider
an orbit stuck. Let (J,E) → (J̄ , Ē) denote the Poincare map. Given a
standard curve we write

k =
dE

dJ
q =

d2E

dJ2
r =

d

dE
ln ρ k̄ =

dĒ

dJ̄
q̄ =

d2Ē

dJ̄
r̄ =

d

dĒ
ln ρ̄

For ε = 0 the union of the saddles of (7)

N =
⋃

jk

{φ = φj(I), θ = θjk(I)}

is a normally hyperbolic invariant set of the flow (5). Hence for small ε
there is a normally hyperbolic invariant set Nε. Close returns of the first
kind are defined by the condition that the orbit of (J,E) is ε1/2+δ-close
to Nε. Close returns of the second kind are more complicate to define.
Indeed we need to satisfy several conditions (conditions (a)–(c) of the
definition of the standard pair). We begin with expansion. Observe
that

dĒ

dE
=
∂Ē

∂E
+ k

∂Ē

∂J
=
∂Ē

∂E
+O(1)

by Proposition 1 and part (b1) of the definition of the standard pair.

Hence expansion may fail only near zeroes of ∂Ē
∂E
. By Proposition 1 if c

is sufficiently small then these zeroes are close to the critical points of

σ. Proposition 1 and Assumption (F) now imply that if
∣

∣

∣

∂Ē
∂E

∣

∣

∣
≤ δε−3/8

then
∣

∣

∣

∂2Ē
∂E2

∣

∣

∣
≤ Const/

√
ε. Also

d2Ē

dE2
=
∂2Ē

∂E2
+ 2k

∂2Ē

∂E∂J
+ k2∂

2Ē

∂J2
+ q

∂Ē

∂E2
=
∂2Ē

∂E2
+O(ε−1/4).
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Hence
∣

∣

∣

d2Ē
dE2

∣

∣

∣
≥ Const√

ε
near possible zeroes of dĒ

dE
. We now define close

returns of the second kind by the condition
∣

∣

∣

dĒ
dE

∣

∣

∣
< ε−1/4. If a point has

a close return of the first kind we declare it stuck and remove it from
consideration. For the close returns of the second kind we truck the
orbit for two more iterations to see if its recovers the lost hyperbolicity.
Namely if

dĒ

dE
< εδ

we declare the point stuck. Otherwise let ( ¯̄J, ¯̄E) and (
¯̄̄
J,

¯̄̄
E) be the

images of (J̄ , Ē). If
dĒ

dE
< ε−1/16

we declare the orbit stuck if

d ¯̄E

dĒ
< ε−(1/4+δ) or

d
¯̄̄
E

d ¯̄E
< ε−(1/4+δ)

or if ( ¯̄J, ¯̄E) or (
¯̄̄
J,

¯̄̄
E) experience close returns of the first kind. Other-

wise we declare the orbit free. If

(31) ε−1/16 ≤ dĒ

dE
< ε−1/8

we declare the orbit stuck if

d ¯̄E

dĒ
< ε−1/8 or

d
¯̄̄
E

d ¯̄E
< ε−(1/4+δ)

or if ( ¯̄I, ¯̄E) or (
¯̄̄
I,

¯̄̄
E) experience close returns of the first kind. Otherwise

we declare the orbit free. Finally if

dĒ

dE
≥ ε−1/8

we proceed as above except that we set an orbit free if

d ¯̄E

dĒ
> ε−1/4.

6.2. Free orbits form standard pairs. We now show that these
rules allow us to preserve standard pairs. First we consider the case
when all the resonances traversed are weak and then describe the mod-
ifications needed to treat strong resonances. We begin with point with-
out close returns. We have

(32) k̄ =
∂J̄
∂E

+ k ∂J̄
∂J

∂Ē
∂E

+ k ∂Ē
∂J
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Now from the identity

∂J̄

∂E

∂Ē

∂J
=
∂J̄

∂J

∂Ē

∂E
+O(1)

(valid by (13)) we get

(33)
∂J̄

∂E
= ε

∂Ē

∂E
+O(ε).

Thus

(34)
∂J̄
∂E

+ k ∂J̄
∂J

dĒ
dE

= O(ε).

so k̄ = O(ε) and (b1) follows. Next

q̄ =
∂2J̄
∂E2 + 2k ∂2J̄

∂J∂E
+ k2 ∂2J̄

∂J2

(

dĒ
dE

)2 −

(

∂J̄
∂E

+ k ∂J̄
∂J

)(

∂2Ē
∂E2 + 2k ∂2Ē

∂J∂E
+ k2 ∂2Ē

∂J2

)

(

dĒ
dE

)3

(35) +q







∂J̄
∂J

(

dĒ
dE

)2 −
dJ̄
dE

∂Ē
∂J

(

dĒ
dE

)3






= (I) + (II) + (III).

Now

|I| =
O(

√
ε)

|∂Ē
∂E

|2
+
O(ε5/4)

|∂Ē
∂E

|
+O(ε5/4) = O(ε).

Next by (34)

(II) = O






ε×

∂2Ē
∂E2 + ∂2Ē

∂J∂E
+ ∂2Ē

∂J2

(

dĒ
dE

)2






.

The second factor here is

O
(

1√
ε

)

|∂Ē
∂E

|2
+
O(ε1/4)

|∂Ē
∂E

|
+O(ε1/4) = O(1)

so II = O(ε). Finally

(III) = q ×
[

O

(

1

|∂Ē
∂E

|2

)

+O

(

∂Ē
∂J

|∂Ē
∂E

|2
ε

)]

= O(ε1+δ).

Thus

(36) q̄ = O(ε).
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Condition (a) is automatic since we delete points which come close
to critical set and the distance between those points is of order 1. Next,

ρ̄(Ē) =

(

ρ(E)
dĒ
dE

)

/c̄

where c̄ is the normalization constant. Hence

(37) r̄ =
r

(

dĒ
dE

) −
d2Ē
dE2

(

dĒ
dE

)2 =
r

(

dĒ
dE

) +O(ε1/4) +O







1√
ε

(

dĒ
dE

)2






.

The first term is O(ε1/4) and the last is

O

(

1/
√
ε

(ε−1/4)2

)

= O(1)

so (c) follows if C3 is large enough. We now come to the close returns

of the second kind. Consider the case dĒ
dE

≥ ε−1/8 first. In this case (32)

gives k̄ = O(ε). Next (35) and (34) give q̄ = O(ε3/4) and (37) implies
O(r̄) = ε−1/4. Thus if the orbit brakes free on the second step then we
have

¯̄k = O(ε), ¯̄q = O(ε), ¯̄r = O(1)

verifying (a)–(c).

Next if dĒ
dE

≥ ε−1/16 then we get

k̄ = O(ε), q̄ = O(ε5/8), r̄ = O(ε−3/8)

If the orbit survives the next steps we have

(38) ¯̄k = O(ε), ¯̄q = O(ε3/4), ¯̄r = O(ε−1/4)

¯̄̄
k = O(ε), ¯̄̄q = O(ε), ¯̄̄r = O(1)

In case εδ < dĒ
dE

< ε−1/16 these estimates take the following form

(39) k̄ = O(ε1−2δ), q̄ = O(ε1/2−4δ), ¯̄r = O(ε−(1/2+2δ))

¯̄k = O(ε), ¯̄q = O(ε1−2δ), ¯̄r = O(ε−(1/4+δ)),
¯̄̄
k = O(ε), ¯̄̄q = O(ε), ¯̄̄r = O(1).

This proves part (a) of Proposition 4. Also, part (f) follows because

at each step we have
∣

∣

∣

dĒ
dE

∣

∣

∣
> εδ and on the last step the expansion is

at least ε−1/4. Part (c) follows from Proposition 1(a). This concludes
the proof of parts (a)–(c) of Proposition 5 in case all three resonances
γ has to traverse are weak. If some of the resonances is strong requires
minimal modifications. First we have to remove the points coming too
close to Nε. Since the distance between the saddles of (7) and the zeroes
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of of ∂Ē
∂E

is of order 1 by (22) and assumption E we still have uniform
lower bounds on the image lengths. For the estimates of k, q and r
we claim that if at some point |∂Ē

∂E
| > ε−1/4 then the worst case is still

when |∂Ē
∂E

| ∼ ε−1/4. Indeed (34) holds near Nε by Proposition 2. Thus
comparing what happens near Nε with points near parabolic pieces
we see that for terms having dĒ

dE
, (dĒ

dE
)2 and (dĒ

dE
)3 in the denominator

the denominator is multiplied by 1
dε1/4 ,

1
d2ε1/2 and 1

d3ε3/4 respectively

whereas the numerator increases by | ln d|
d
, | ln d|

d2
and | ln d|

d3
respectively so

the situation is much better. It remains to prove parts (d) and (e) of
Proposition 4.

6.3. Measure estimates. Here we complete the proof of Proposition
4. Again we first analyze the case when all resonances are weak and
describe the modifications needed for strong resonances at the end of
this section. In this section we shall make a frequent use of two es-
timates. The first is a standard distortion bound (see Lemma 36 of
Appendix F). The second is (43) below.

Let E0 be a point where dĒ
dE

= 0. Then near E0

(40)
c1√
ε
≤
∣

∣

∣

∣

d2Ē

dE2

∣

∣

∣

∣

≤ c2√
ε
.

Hence in the region where

(41)

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

≤ δε−3/8

we get

(42)
c′1√
ε
|E − E0| ≤

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

≤ c′2√
ε
|E − E0|.

For these values of E we have

(43)
c′′1√
ε
(E − E0)

2 ≤
∣

∣Ē − Ē0

∣

∣ ≤ c′′2√
ε
(E − E0)

2.

It follows that the close returns of the second kind have measure O(ε1/4).
We now estimate the measure of Z1. It consists of several parts. Points
coming too close on the first step have measure

(44) Pℓ(ZI) ≤ Constε1/2+δ.

by (42) (since ρ is uniformly bounded above and below by parts (a) and
(c) of the definition of the standard pair). Next there are points which

satisfy εδ < dĒ
dE

< ε−1/16. In the worst case scenario all those points will
be removed at the second step so can not do better than the estimate
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the measure of points removed from this part by their total measure,
that is

(45) Pℓ(ZII) ≤ Constε7/16

(see (42)). Next, consider points satisfying (31). They satisfy |Ē −
Ē0| ≤ Const and if these points are removed on the second step then
(42) and (43) show that Ē should be close to the zeroes of ∂Ē/∂E.
Hence on the second step we remove finitely many intervals of Ē-length
O(ε3/8). Next (42) and (43) show that the induced density (which we
denote ρ̃ to distinguish it from the conditional density ρ̄) satisfies

ρ̃(E) =
ρ(E)

|dĒ
dE

|
∼ ε3/4

√

|Ē − Ē0|
.

Since 1√
|Ē−Ē0|

is increasing towards Ē0 the worst case is when one of

whose intervals contains E0. In this case the probability ∆ of getting
stuck can be estimated with the help of (43). We get

∆2

√
ε

= Constε3/8

that is

(46) Pℓ(ZIII) ≤ Constε7/16

On the third step we have to remove finitely many critical intervals
(where points have ¯̄E-distance 1 from points having second kind return)
and several non-critical intervals.

Let us first estimate how much we remove from the critical intervals.
Reasoning as above we see that on each interval we have to remove a set
of ¯̄E-length O(ε1/4−δ) hence its Ē-length is O(ε3/8−δ/2) and E-length is
O(ε7/16−δ/4). Thus

(47) Pℓ(ZIV ) ≤ Constε
7
16

− δ
4 .

Now consider non-critical intervals. Among those we distinguish com-
plete and incomplete ones. Complete intervals are those where (31)
holds on the whole interval. Let {Zα} be complete intervals and Yα =
P−1Zα. By the estimates of Section 6.2, P has bounded distortion on Yα
(since Zα are non-critical). We remove a set of ¯̄E-measure O(ε1/4−δ)
from each Zα. This set has Ē-measure O(ε1/4−δ|Yα|) so its total E-

measure is O(ε1/4−δ)|Ē1 − Ē0| where ∂Ē
∂E

(E1) = ε−1/8. Thus the total

Ē-measure of the deleted set is O(ε3/8ε1/4−δ) = O(ε5/8−δ). Since P ex-
pands by at least ε−1/16 on the set where (31) holds the total measure
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deleted from the complete intervals is

(48) Pℓ(ZV ) ≤ Constε11/16−δ.

There are also finitely many incomplete intervals. Since the minimal
extension on the second step is Constε−1/4 for non-critical intervals we
conclude that Ē-length of the removed set is O(ε1/2−δ) and since the
expansion of E → Ē is at most ε−1/16 we get

(49) Pℓ(ZVI) ≤ Constε9/16−δ.

Finally we consider points with dĒ
dE

> ε−1/8. The second step is ana-

lyzed as before. Namely we remove intervals of Ē-length O(ε3/8) and
since we have expansion of at least ε−1/8 the bound we obtain is

(50) Pℓ(ZVII) ≤ Const
√
ε.

On the third step we only have to deal with points having close return
on the second step. Those points are automatically critical so they can
be analyzed as in case IV. Namely we remove finitely many intervals of
¯̄E-lengthO(ε1/4−δ). Their Ē-length is O(ε3/8−δ/2) and since the minimal
expansion now is O(ε−1/8) we get

(51) Pℓ(ZVIII) ≤ Constε1/2− δ
2

This completes the proof of Proposition 4(d) for weak resonances. In
the presence of strong resonances there are additional complications.

(a) There are points which are removed on the first step due to
returns of the first kind.

(b) Returns of the first kind could appear after the returns of the
second kind.

(c) There are points which come close to Nε on the second step
without getting stuck and we need to check that this does not destroy
our estimates.

Case (a) contributes a set of measure O(ε1/2+δ) by Proposition 2(d).
To handle (b) observe that the probability to have a close return of

the first kind on the second step is O(ε1/2+δ/2) since we have to re-
move an interval of Ē-length O(ε1/2+δ) and E-length of the preimage
of any such interval is O(ε1/2+δ/2). On the third step we have to dis-
tinguish critical and non-critical cases. In the critical case we have a
bound O(ε1/2+δ/4) by the argument used for the second step. In the
non-critical case we see using the bounded distortion property that we
remove a set of Ē-measure

O(ε1/2+δ|Ē1 − Ē0|) = O(ε3/4+δ)

so the contribution of non-critical intervals is O(ε5/8+δ/2).
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Finally (c) is of no concern since it can only be relevant in case IV
and we only used the bounded distortion to get our estimate.

It remains to prove Proposition 4(e). Again capture can occur either
on the first step or after a return of the second kind. For immediate
capture we use a bound O(

√
ε) of Proposition 2(c). Captures on the

second and the third steps are analyzed similarly to close returns of the
first kind. The difference is that now we use Proposition 2(d) instead
of 2(c) so we do not have powers of δ in the corresponding estimates.
So instead of O(ε1/2+δ/4) bound we get O(ε1/2) bound.

We also observe that this bound comes from possible captures in
critical intervals. Namely for captures from non-critical intervals we
have O(ε5/8) bound corresponding to O(ε5/8+δ/2) bound for the first
kind returns.

Proposition 4 follows.

7. Equidistribution.

7.1. Equidistribution on a unit scale. Here we prove Proposition
5. To prove (a) observe that if |E−E0| > ε1/4−δ then r̄ < Cε2δ. Divide
the part of γ where |E − E0| > ε1/4−δ into segments {Zα} so that the
image of each segment has Ē-length 1. Then by Lemma 36 on each Zα
the map E → Ē is ε2δ close to linear. Since linear maps have required
equidistribution properties the result follows.

The estimate used in part (a) and proposition 2(c) imply that

(52) Pℓ(P
2x gets captured|x ∈ Zα) ∼

√
εM(I)

Next, divide |E − E0| ≤ ε1/4−δ into segments {Zα} so that the image
of each segment has length 1 except for one segment Z0 consisting of
points with close returns. Then

(53) Pℓ(P
2x gets captured|x ∈ Zα) ≤ Const

√
ε

by Proposition 4. Combining (52) and (53) we get (b).
Let us prove (c). To this end we say that a standard curve γ has an

isolated return if for all E0 such that ∂Ē
∂E

(E0) = 0 we have
∣

∣

∣

∣

∣

d ¯̄E

dĒ
(Ē0)

∣

∣

∣

∣

∣

> ε−[(1/4)+4δ].

7.2. Getting stuck at isolated returns.

Lemma 8. If γ has an isolated return then

Pℓ(Z1) < ε1/2+δ.
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Proof. Let us first derive some consequences of the isolation. Let X
be a component consisting of points having close return of the second
kind. X consists of three segments

X = X1

⋃

X2

⋃

X3 where X1 =

{

εδ <

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

≤ ε−1/16

}

,

X2 =

{

ε−1/16 <

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

≤ ε−1/8

}

, X3 =

{

ε−1/8 <

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

≤ ε−1/4

}

.

Let E1 be the endpoint of X in X1.Then by (42) |E1−E0| ≤ Constε1/2+δ.
So its J-coordinate satisfies |J1−J0| ≤ Constε3/2+δ. It follows from (43)
that |Ē1 − Ē0| ≤ Constε1/2+2δ and Proposition 1(e) gives |J̄1 − J̄0| ≤
ε1+δ. It follows from Proposition 1(d) that

(54)

∣

∣

∣

∣

∣

∂ ¯̄E

∂Ē

∣

∣

∣

∣

∣

(E1) ≥
1

2
ε−[1/4+4δ].

Next let E2 be the closest point toE1 in X such that |d ¯̄E
dĒ

(Ē2)| = ε−1/4−δ.
Then (39) implies that the arguments of Section 6.3 are available giving

∣

∣Ē2 − Ē1

∣

∣ ∼ Cε1/4−4δ.

Now (43) implies that |E2 −E1| ∼ Constε3/8−2δ and (42) gives

(55)

∣

∣

∣

∣

dĒ

dE
(E2)

∣

∣

∣

∣

≥ Constε−1/8−2δ

We shall now show how to improve (45), (46), (47), (50) and (51) for
isolated returns.

We begin with X1. An argument similar to the proof of (54) shows
that on PX1

(56)

∣

∣

∣

∣

∣

d ¯̄E

dĒ

∣

∣

∣

∣

∣

≥ 1

10
ε−(1/4+4δ)

so nothing is removed on the second step. Also (56) means that P has
bounded distortion on PX1. Consider two cases.

(1) |P 2X1| > 1. By the bounded distortion Ē-measure of the removed

set is at most O(ε1/4−δ|PX1|) = O(ε5/8−δ) and since |dĒ
dE

| > εδ on X1

the E-measure of the removed set is O(ε5/8−2δ).
(2) |P 2X1| ≤ 1. By (56) Ē-measure of the removed set is at most

O(ε1/2+3δ) and its E-measure is at most

P(Z̃II) = O(ε1/2+2δ).

(Here the tilde is used to emphasize that this inequality is valid only
for isolated returns).
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Case III is analyzed similarly to case II giving

P(Z̃III) = 0.

In case IV we have the following changes comparing with case II.

ε1/4

C
≤ |P (X2)| ≤ Cε1/4

and (56) still holds so only case (1) can happen. Now Ē-length of the
removed set is O(ε1/4−δ|PX2|) = O(ε1/2−δ). But the expansion on the
first step is at least ε−1/16 so

P (Z̃IV ) = O(ε9/16−δ).

Cases VII and VIII are analyzed as before except that due to (55) for
points having close return on the second step the minimal expansion
on the first step is now O(ε−1/8−2δ) giving much needed improvement
of 2δ. Thus

P(Z̃VII) = O(ε1/2+δ), P(Z̃VIII) = O(ε1/2+3δ/2).

This completes the proof of Lemma 8. �

7.3. Proof of Proposition 5(c). In the next section we show that
non-isolated returns are rare. More precisely we establish the following
result.

Lemma 9. P(component containing P̄ 2x has a non-isolated return)=
O(ε1/8−4δ| ln ε|).

This Lemma implies part (c) of Proposition 5 since the contribution
of isolated returns is O(ε1/2+δ) by Lemma 8 and the contribution of the
non-isolated returns is

O(ε1/8−4δ| ln ε| × ε7/16−δ) = O(ε9/16−5δ| ln ε|)
where the first factor is the probability of a non-isolated returns and
the second factor is the probability of getting stuck in a non-isolated
return.

7.4. Isolated returns are rare. Here we prove Lemma 9. Let

Cε =

{

∂Ē

∂E
= 0

}

, Uε =

{∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

< δε−3/8

}

, Hε =

{∣

∣

∣

∣

∂Ē

∂E

∣

∣

∣

∣

≥ δε−3/8

}

.

We want to follow the outline of Section 2 but we need to address two
issues.

(i) The isolated returns are defined in terms of dĒ
dE
, not ∂Ē

∂E
.
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(ii) We know that

∂Ē

∂E
∼ 1√

ε

(

∂w

∂I

∂σ

∂E
+ o(1)

)

but we need to check that o(1) term does not invalidate our arguments.

To address (i) let E0 be a point such that dĒ
dE

(E0) = 0. Then ∂Ē
∂E

=
O(1) whereas

∣

∣

∣

∣

d

dE

∂Ē

∂E

∣

∣

∣

∣

=

∣

∣

∣

∣

∂2Ē

∂E2
+O(1)

∣

∣

∣

∣

≥ Const√
ε
.

Therefore either there exists E ′
0 such that |E ′

0 − E0| ≤ Const
√
ε and

(E ′
0, I

′
0) ∈ Cε or E0 is near a boundary of its standard curve.

In the first case we have |Ē ′
0 − Ē0| ≤ Const

√
ε so if the return is

non-isolated then

(57)

∣

∣

∣

∣

∣

∂ ¯̄E

∂Ē
(Ē ′

0)

∣

∣

∣

∣

∣

≤ 2ε−(1/4+4δ).

Therefore we have the following statement.

Corollary 10. If a subcurve γ̃ ⊂ P̄ 2γ has a non-isolated return then
either there exists x ∈ γ̃ such that x ∈ Cε and d(Px,Cε) ≤ Constε1/4−4δ

or d(∂γ̃, Cε) ≤ Const
√
ε.

Now in our inductive construction we have a freedom of how to break
Pγ into pieces. If we avoid putting the endpoints in Uε then the second
possibility would means that γ̃ experienced a close return and this has
probability ε1/4. Thus we can ensure isolation by excluding (57). This
takes care of (i).

To handle (ii) we show that Cε has properties similar to C. Namely

on Cε
∂
∂E

(∂Ē
∂E

) 6= 0, so Cε is a graph of a function E = F (J) with

(58)
∂F

∂J
= −

∂2Ē
∂E∂J
∂2Ē
∂E2

= O

(

1√
ε

)

.

Let (Ê, Ĵ) be the image of Cε. Then
∣

∣

∣

∣

∣

dÊ

dJ

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∂Ē

∂J

∣

∣

∣

∣

(F (J), J) ≥ Const

ε

by twist condition. If Rε ⊂ Cε is the subset of points having non-
isolated returns then each component of Rε has length O(ε5/4−4δ) and
since it takes at least the length of Constε to wind around the cylin-

der and J jumps by at most
√
ε ln ε there are at most O( | ln ε|√

ε
) such

components intersecting P̄ 2γ̃. Their total measure is O(ε3/4−4δ| ln ε|).
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We want to estimate how many curves intersect Rε. The next lemma
shows what we can disregard points with small expansion.

Lemma 11. P(x visits Uε before the second free return) = O(ε1/8).

Proof. Since close returns have probability O(ε1/4) ≪ ε1/8 we can con-
sider only points avoiding close returns. In this case we have bounded
distortion property so the probabilities are the same for image and
preimage giving the result. �

Now consider Pγ
⋂Hε. It has many components.

Lemma 12. J-distance between consecutive components is of order ε.

Proof. If we lift the picture to a strip in (E, J)-plane then the E-
distance between the components is O(1) so the result follows by (33).

�

Now consider P−1Cε. We have

(59)
∂J

∂J̄
∼ 1√

ε

∂Λ

∂E
,

∂E

∂J̄
∼ 1

ε

∂w

∂I
,

(60)
∂J

∂Ē
= O(

√
ε),

∂E

∂Ē
= O(1).

Lemma 13. Let P−1(Ē1, J̄1) = (E1, J1) belong to one of the compo-
nents of Pγ

⋂Hε. Then ∃(Ē∗
1 , J̄

∗
1 ) such that

(61)
∣

∣J̄∗
1 − J̄1

∣

∣ ∼ Constε

|(∂J/∂J̄)(J̄1)|
and P−1(Ē∗

1 , J̄
∗
1 ) belongs to either the consecutive component of Pγ

⋂Hε

or to Uε.

Proof. Suppose to fix our notation that ∂J
∂J̄

(J̄1) = (∂Ē/∂E)(E1,J1)
D

> 0. Let
J = f1(E) and J = f2(E) be equations of consecutive components of
Pγ. Take E2 > E1 such that for the lift to the plane we have |Ē2−Ē1| >
K where (Ē2, J̄2) = P (E2, f1(E2)). We claim that if K is large enough
then P−1Cε can not be squeezed between the graphs of f1 and f2 in
the strip E1 < E < E2. Indeed by the distortion bound there exists
C = C(K) such that

∂Ē

∂E
(E, f1(E)) >

∂Ē

∂E
(E1, J1)/C.

Combining this with Proposition 1(d) we get that that if f1(E) < J <
f2(E) then

∂Ē

∂E
(E, J) >

1

2

∂Ē

∂E
(E, f1(E).
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Also

|f2(E) − f1(E1)| ≤ |f2(E1) − f1(E1)| + |f2(E) − f2(E1)| = I + II.

I ≤ Constε by Lemma 12 and II ≤ Const|E2−E1|ε by property (b1) of
the standard pair. It follows that for each K there exists ε0 such that
for ε ≤ ε0 |f2(E) − f1(E1)| ≤ 2C̄ε with C̄ independent of K. Next, by
(58), (59) and (60) on P−1Cε

⋂Hε we have

∂J

∂E
≥ Cε

∂Ē

∂E
(E, J) ≥ εC

2

∂Ē

∂E
(E, f1(E)).

Hence assuming that f1(E) < J < f2(E) we get

J(E2) ≥
∫ E2

E1

εC

2

∂Ē

∂E
(E, f1(E)) =

εC

2
K.

If K is sufficiently large then CK
2

≥ 2C̄, a contradiction. Since P−1Cε
can not cross the same component twice by the analysis of Section 6.2
it must cross the second component. Now we have by the Intermediate
Value Theorem

|J1 − J∗
1 | =

∣

∣J̄1 − J̄∗
1

∣

∣

dJ

dJ̄
(Ē♦, J̄♦).

Next

dJ

dJ̄
=
∂J

∂J̄
(1 + o(1)) =

∂Ē

∂E
(Ē♦, J̄♦)(1 + o(1)) =

∂Ē

∂E
(E1, J1)(1 + o(1))

as claimed. �

Let now E3 < E1 < E4 be such that the interval [E3, E4] inside
the first curve is the preimage of the standard component containing
(Ē1, J̄1). Let ∆E = E4 − E3, ∆J = |J̄1 − J̄∗

1 |. By bounded distortion
and Lemma 13

|∆E| ≤ Const
∂Ē
∂E

(E1, J1)
≤ Const

ε
|∆J |.

Next let (Ēα, J̄α)be the points of the intersection Rε

⋂

P 2γ
⋂

PHε and
consider corresponding ∆Eα,∆Jα. It follows that

∑

α

|∆Eα| ≤
Const

ε

∑

α

|∆Jα| ≤
Const

ε
|Rε

⋂

Kε|

where Kε is the interval of feasible values of J after two passages. Since

|Rε

⋂

Kε| ≤ Constε3/4−4δ| ln ε|
we get

∑

α

|∆Eα| ≤ Constε−1/4−4δ| ln ε|.
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We need to estimate the measure of preimages of these intervals. Since
P expands by at least Constε−3/8 by the definition of Hε this measure
is at most ε1/8−4δ| ln ε| as claimed.

7.5. Probability of capture. Divide γ into subintervals {Zα} such
that |P̄ 2Zα| ∼ 1. Again for most segments the map Zα → P̄ 2Zα has
distortion O(εδ) and so Proposition 2(d) gives

Pℓ(P̄
2x gets captured before the next return |x ∈ Zα) =

√
ελj(x)+2(x).

We need to get this estimate with next return replaced by next free
return. So we need to improve O(

√
ε) bound for the capture after

a second kind return. Since the potential problem is with parabolic
tips being captured we can argue as in the last section extending the
definition of isolation to require d(Ē0,Nε) ≥ ε1/4. The details are left
to the reader.

Appendix A. Asymptotics of the Poincare map.

A.1. Size of the jump. Here we prove Proposition 4(b). First we
check the convergence of (10). To this end we observe that by (11) we
have to establish the convergence of

∫

α1(I, φ(I), θ)dθ√
2LE + 2Lθ +G

=

∫

dA1(I, φ(I), θ)√
2LE + 2Lθ +G

=

A1(I, φ(I), θ)√
2LE + 2Lθ +G

+
1

2

∫

A1(L+ g)√
2LE + 2Lθ +G

dθ

and the last integral converges at ∞ since the denominator behaves as
θ3/2.

We estimate the change of J in three different regions.
(1) {|ω| ≥ Kε1/4}
(2) {R√ε ≤ |ω| ≤ Kε1/4}
(3) {|ω| ≤ R

√
ε}

where K and R are parameters. Let ∆i denote the jump of J in the
region (i). Then |J̇ | ≤ Const ε

ω2 so |∆1| ≤ Const
√
ε/K2. To bound ∆2

we have to estimate
∫

ε
ω2dt where the integral is over region (2). Using

θ as the integrand we get from (5)
∣

∣

∣

∣

∫

ε

ω2
dt

∣

∣

∣

∣

≤ Const

∫ √
ε

|r|3dθ ≤ Const

√
ε√
θ
|θ2θ1 ≤ Const

ε

r
|Kε−1/4

R ≤ Const

√
ε

R
.

To estimate ∆3 we observe that by (4) ∆3 = ∆̃3 + O(
√
ε
R

) where ∆̃3 is

the change of I in region (3). To estimate ∆̃3 change variables in (5):
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Î = I−Ĩ√
ε
. where Ĩ is the value of I at the time our trajectory crosses

{|ω| =
√
εR}. Then

Î ′ = ᾱ(Ĩ +
√
εÎ,

√
εr, θ, ε)

and we also replace I by Ĩ +
√
εÎ in the RHS of (5). Now as ε→ 0 the

equation (5) converges to

θ′ = r, r′ = L+ g, Î ′ = α1(Ĩ , 0, θ)

It follows that ∆̃3 ∼
√
εσR(Ĩ, Ẽ) where where Ẽ is the value of E at the

time our trajectory crosses {|ω| =
√
εR} and σR denotes the integral

(10) taken between the limits r = ∓R.
Next we claim that

(62) Ẽ = E + o(1), c→ 0

Observe that the evolution of E is given by the following equation

(63) Ė =
√
ε
r2L′

2L2
α1 +

∑

m

√
ε
m
rm+1γ̃

(m)
1 +

∑

m

√
ε
m+1

rmγ̃
(m)
2

where γ̃
(m)
1 have zero mean in θ. Thus γ̃

(m)
1 =

dΓ
(m)
1

dθ
. Make a change of

variables

Ē = E −
[

√
ε
rL′

2L2
A1 +

∑

m

εmrmΓ
(m)
1

]

.

Then dĒ
dθ

= O(
√
ε). Since θ changes on the interval of order c2/

√
ε (62)

follows. Combining our bounds for ∆1, ∆2 and ∆3 we get the following
asymptotics for the total jump

∆ ∼ √
ε

[

O

(

1

K2
+

1√
r

)

+ σR(I, E)

]

.

Since K and R are arbitrary we can let them go to ∞ getting ∆ ∼√
εσ(I, E).

A.2. Passage time. To obtain Proposition 1(a) we observe that by
argument of Section A.1 implies that

(I, φ)(t) = (Ī, φ̄)(t) +O(
√
ε)

where (Ī , φ̄)(t) is the solution of (3) with the same initial condition.
Now the result is obvious.



REPULSION FROM RESONANCES. 37

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

Figure 6. Proof of Lemma 3. The fluxes through the
clear and filled domains have opposite signs.

A.3. Proof of Lemma 3.

Proof. Observe that (7) preserves Lioville measure drdθ = L(I)dEdt.
Let tz be the first moment when the solution of (7) has r(t) = z. Then
uniformly in θ, I

a(θ, I) = lim
z→∞

∫ tz

−tz
α1(I, φ0(I), θ(I, E, s))ds.

Since the union of orbits starting on
{

r = −
(

R+ BI (θ)
R

)}

covers whole

cylinder [0, 1] × R except for the loops Ωj we get
∫
[
∫ tz

−tz
α1(I, φ0(I), θ(I, E, s))ds

]

dE

=

∫∫

[0,1]×[−z,z]−
S

J Ωj

α1(I, φ0(I), θ(I, E, s))
drdθ

L(I)

= −
∑

j

∫∫

Ωj

α1(I, φ0(I), θ(I, E, s))
drdθ

L(I)
= Ψj(I)

(the second identity follows from the fact that
∫∫

[0,1]×[−z,z]
α1(I, φ0(I), θ(I, E, s))drdθ = 0
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by (2).) �

Appendix B. Derivatives of the Poincare map. Outline of

the proof

Here we describe the asymptotics of Poincare maps between sections
corresponding to different resonances. We assume first that the orbit
avoids δ0 neighborhood of the separatrix and then show how to remove
this restriction. Let R̄ = cε−1/4. Given a resonance we let r = ω/

√
ε,

S =

{

r = −R̄ +
G

R̄

}

, S̃ =

{

r = R̄− G

R̄

}

.

To estimate the derivatives we decompose the Poincare map into several
pieces by cutting the orbit between the sections into several parts.

Below we use the following terminology. Given a surface S and a
point x let τ(x) be the first time the orbit of x visits S. We call time
τ(x) map of our differential equation the hit map of S. If instead of
fixing time we project orbit near x to S along the flow line we shall call
the result landing (to S) map.

(1) (J,E) → (I, E)
(2) Landing to {θ = θ0}. For the next three steps we use θ as the

time variable
(3) Hit of {r = −R}
(4) Passage of resonance (from {r = −R} to {r = R})
(5) Hit of S̃1

(6) Landing to S̃1

(7) (I, E) → (J,E)
(8) (J,E) → (J, θ)
(9) Hit of S2

(10) Landing to S2

(11) (J, θ) → (J,E)

In the computations below we always assume that ε → 0, c → 0,
R → ∞ so that ε ≪ c, ε ≪ 1/R. That is first, we choose c as small
and R as large as needed and then let ε ≤ ε̄(c, R).

We shall use subscripts j for the variables appearing at step j. Thus
the total Poincare map takes (J0, E0) → (J11, E11).

Steps (1)–(7) constitute the passage through the resonance. We call
the map (J0, E0) → (J7, E7) the inner map. It is analyzed in Appendix
C. The estimates of Appendix C can be summarized as follows.

Proposition 14.

(64)
∂J7

∂E0

∼ √
ε
∂σ

∂E
,
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∂J7

∂J0
∼ 1,

∂E7

∂E0
∼ 1,

∂J7

∂J0
≤ Const√

ε
,

(65)
∂2J7

∂E2
0

=
√
ε
∂2σ

∂E2
+ o(

√
ε),

∂2J7

∂E0∂J0
= O(1),

∂2J7

∂J2
0

= O

(

1√
ε

)

,

∂2E7

∂E2
0

= O(1),
∂2E7

∂E0∂J0
= O

(

1√
ε

)

,
∂2E7

∂J2
7

= O

(

1

ε

)

.

Steps (8)-(11) describe the motion far from resonance. We call the
map (J7, E7) → (J11, E11) the outer map. It is analyzed in Appendix D.
The upshot is the following.

Proposition 15.

(66)
∂E11

∂J7
∼ 1

ε

∂w

∂I
,

∂E11

∂E7
= O(1),

∂J11

∂θ7
= O(ε),

∂J11

∂J7
∼ 1.

∂2E11

∂J2
7

= O
(

ε−7/4
)

,
∂2E11

∂J7∂E7
= O

(

ε−3/4
)

,
∂2E11

∂E2
7

= O (1) ,

∂2J11

∂J2
7

= O
(

ε−3/4
)

,
∂2J11

∂J7∂E7

= O
(

ε1/4
)

,
∂2J11

∂E2
7

= O (ε) .

Proof of Proposition 1. We need to show that

∂J11

∂J0
= O(1),

∂J11

∂E0
∼ √

ε
∂σ

∂E0
,

∂E11

∂J0
= O

(

1

ε

)

,
∂E11

∂E0
= O

(

1√
ε

)

.

∂2E11

∂E2
0

=
1√
ε

∂2σ

∂E2
+O

(

ε1/4

∣

∣

∣

∣

∂E11

∂E0

∣

∣

∣

∣

2
)

,
∂2J11

∂E2
0

= O
(√

ε
)

+O

(

ε5/4

∣

∣

∣

∣

∂E11

∂E0

∣

∣

∣

∣

2
)

,

∂2E11

∂E0∂J0
= O

(

1

ε

)

+O

(

ε−3/4

∣

∣

∣

∣

∂E11

∂E0

∣

∣

∣

∣

)

,
∂2J11

∂E0∂J0
= O (1)+O

(

ε1/4

∣

∣

∣

∣

∂E11

∂E0

∣

∣

∣

∣

)

,

∂2E11

∂J2
0

= O

(

1

ε−7/4

)

,
∂2J11

∂J2
0

= O
(

ε−3/4
)

.

The first derivative estimates follow immediately from the identity
(

A Bε
C/ε D

)(

a b
√
ε

c/
√
ε d

)

=

(

Aa Abε
Ca/ε Cb/

√
ε

)

and Propositions 14 and 15.
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Also the estimates of ( ∂
∂J0

)2 follow directly from the above proposi-
tions. For other derivatives we obtain using Propositions 14 and 15

(67)
∂2E11

∂E2
0

=
∂E11

∂J7

∂2J7

P 2E2
0

+O(1) +O

(

ε−7/4

∣

∣

∣

∣

∂J7

∂E0

∣

∣

∣

∣

2
)

,

∂2J11

∂E2
0

= O
(√

ε
)

+O

(

ε−3/4

∣

∣

∣

∣

∂J7

∂E0

∣

∣

∣

∣

2
)

,

∂2E11

∂E0∂J0

= O

(

1

ε

)

+O

(

ε−7/4

∣

∣

∣

∣

∂J7

∂E0

∣

∣

∣

∣

)

,
∂2J11

∂E0∂J0

= O (1)+O

(

ε−3/4

∣

∣

∣

∣

∂J7

∂E0

∣

∣

∣

∣

)

.

Next, using Propositions 14 and 15 once more we get

(68)
∂E11

∂E0

=
∂E11

∂J7

∂J7

∂E0

+
∂E11

∂E7

∂E7

∂E0

∼ 1

ε

∂w

∂I

∂J7

∂E0

+O(1).

Thus Assumption (C) gives

∂J7

∂E0
= O(ε)

∂E11

∂E0
+O(ε).

Plugging this into last four inequalities we obtain the second derivative
bounds.

The asymptotic formula for ∂J11

∂E0
follows from (64) and (68). The

asymptotics for ∂2E11

∂E2
0

follows from (65), (66) and (67). �

Appendix C. Derivatives of the inner map.

We say that a family of maps (a, b) → (A,B) depending on a pa-

rameter ε is in class T if D = det(∂(A,B)
∂(a,b)

) is uniformly bounded from

(above and) below,
∥

∥

∥

∥

∂A

∂a

∥

∥

∥

∥

≤ Const,

∥

∥

∥

∥

∂A

∂b

∥

∥

∥

∥

≤ Const
√
ε,

∥

∥

∥

∥

∂B

∂a

∥

∥

∥

∥

≤ Const√
ε
,

∥

∥

∥

∥

∂B

∂b

∥

∥

∥

∥

≤ Const,

∥

∥

∥

∥

∂2A

∂b2

∥

∥

∥

∥

≤ Const
√
ε,

∥

∥

∥

∥

∂2A

∂a∂b

∥

∥

∥

∥

≤ Const

∥

∥

∥

∥

∂2A

∂a2

∥

∥

∥

∥

≤ Const√
ε,

∥

∥

∥

∥

∂2B

∂b2

∥

∥

∥

∥

≤ Const

∥

∥

∥

∥

∂2B

∂a∂b

∥

∥

∥

∥

≤ Const√
ε

∥

∥

∥

∥

∂2B

∂a2

∥

∥

∥

∥

≤ Const

ε
.

We further say that this family is in T+ if addition

||A||C2 ≤ Const, ||B||C2 ≤ Const

(that is powers of (
√
ε)−1 are replaced by constants).

Lemma 16. Classes T and T+ are closed with respect to compositions
and inverses.
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Proof. Let (a0, b0) → (a1, b1) and (a1, b1) → (a2, b2) belong to T . Then

∂a2

∂b0
=
∂a2

∂a1

∂a1

∂b0
+
∂a2

∂b1

∂b1
∂b0

and both terms are O(
√
ε). Also

∂2a2

∂b20
=
∂2a2

∂a2
1

(

∂a1

∂b0

)2

+2
∂2a2

∂a1∂b1

∂a1

∂b0

∂b1
∂b0

+
∂2a2

∂a2
1

(

∂b1
∂b0

)2

+
∂a2

∂a1

∂2a1

∂b20
+
∂a2

∂b1

∂2b1
∂b20

and each term here is O(
√
ε). Now each time we replace a2 by b2 or b0 by

a0 the estimates worsen by a factor (
√
ε)−1. This proves the estimates

for other derivatives, so T is closed with respect to compositions.
Next let (a, b) → (A,B) be in T . We have

∂a

∂B
= −

∂A
∂b

D
= O(

√
ε)

and the rest of the first derivatives can be estimated similarly. Next

∂2a

∂B2
= − ∂

∂B

[

∂A
∂b

D

]

=
∂

∂b

[

∂A
∂b

D

]

O(1) +
∂

∂a

[

∂A
∂b

D

]

O(
√
ε).

Furthermore,

∂

∂b

[

∂A
∂b

D

]

=
∂2A
∂b2

D − ∂A
∂b

∂D
∂b

D2
= I + II

where I = O(
√
ε) and

II = O(
√
ε)
∂

∂b

[

∂A

∂a

∂B

∂b
− ∂A

∂b

∂b

∂a

]

= O(
√
ε)

[

∂2A

∂a∂b

∂B

∂b
+
∂A

∂a

∂2B

∂b2
− ∂2A

∂b2
∂b

∂a
− ∂A

∂b

∂2b

∂a∂b

]

= O(
√
ε).

Similarly

∂

∂a

[

∂A
∂b

D

]

= O(1),

so ∂2a
∂B2 = O(

√
ε). The rest of the derivatives can be estimated using

the same reasoning as for compositions. This completes the proof for
T . Since T+ is the intersection of T with C2 bounded maps the result
follows. �
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The maps we consider also depend on two other parameters c and
R. We use T0 to indicate maps in T which for c sufficiently small, R
sufficiently large and ε≪ c, ε ≪ 1/R satisfy
∥

∥

∥

∥

∂A

∂a

∥

∥

∥

∥

∼ 1,

∥

∥

∥

∥

∂A

∂b

∥

∥

∥

∥

= o(
√
ε),

∥

∥

∥

∥

∂B

∂a

∥

∥

∥

∥

= o

(

1√
ε

)

,

∥

∥

∥

∥

∂B

∂b

∥

∥

∥

∥

∼ 1,

∥

∥

∥

∥

∂2A

∂b2

∥

∥

∥

∥

= o(
√
ε),

∥

∥

∥

∥

∂2A

∂a∂b

∥

∥

∥

∥

= o(1),

∥

∥

∥

∥

∂2A

∂a2

∥

∥

∥

∥

= o

(

1√
ε

)

,

∥

∥

∥

∥

∂2B

∂b2

∥

∥

∥

∥

= o(1),

∥

∥

∥

∥

∂2B

∂a∂b

∥

∥

∥

∥

= o

(

1√
ε

)

,

∥

∥

∥

∥

∂2B

∂a2

∥

∥

∥

∥

= o

(

1

ε

)

.

Lemma 17. T0 is closed with respect to compositions and inverses.

Proof. The statement about the compositions is clear since in all terms
we get o(1) improvement compared with T . For inverses observe that
for maps in T0 D ∼ 1 so the first derivative bounds are straightforward.
For the second derivatives all terms in the numerator contain second
derivative of either A or B so again we get o(1) improvement against
T . �

Lemma 18. The map of step (7) belongs to T0.

Proof. We have

(69) δJ7 =

(

1 − ε
∂

∂I

(

A

ω

))

δI6 − ε
∂

∂φ

(

A

ω

)

δφ6 −
εα1

ω
δθ6.

Next, let S = ω +
√
ε
R̄
G. Then on S̃1

0 = dS =

(

∂ω

∂I
− ε

R̄
G

)

δI6 +
∂ω

∂φ
δφ6 +

√
ε

R̄
gδθ6.

It follows that

(70) δφ6 = −
∂ω
∂I

− ε
R̄
G

∂ω
∂φ

δI6 +

√
εg

R̄∂ω
∂φ

δθ6.

Also E = ω2

2εL
− θ − G

L
so

δE6 =

[

ω

εL

(

∂ω

∂I
δI6 +

∂ω

∂φ
δφ6

)

−
(

ω2L′

2εL2
+

∂

∂I

(

G

L

))]

δI6−(1− g

L
)dθ6 =

−
[

ω√
εL

∂G

∂I
+
ω2L′

2εL2
+

∂

∂I

(

G

L

)]

δI6 −
(

1 − g

L

(

1 − ω√
εR̄

))

δθ6

where the last identity uses (69). Thus

(71) δθ6 = − δE6

1 − g
L
(1 − ω√

εR̄
)

+

[

ω√
εL

∂G
∂I

+ ω2L′

2εL2 + ∂
∂I

(

G
L

)

]

1 − g
L
(1 − ω√

εR̄
)

δI6
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Plugging (71) into (70) we get

δJ7 =

(

1 − ε
∂

∂I

(

A

ω

)

+ ε
∂

∂φ

(

A

ω

) ∂ω
∂I

− ε
R̄
G

∂ω
∂φ

)

δI6 −
εα1

ω
δθ6.

Using (71) we get

δJ7 =

(

1 − ε
∂

∂I

(

A

ω

)

+ ε
∂

∂φ

(

A

ω

) ∂ω
∂I

− ε
R̄
G

∂ω
∂φ

+
εα1

ω

[

ω√
εL

∂G

∂I
+
ω2L′

2εL2
+

∂

∂I

(

G

L

)]

)

δI6

+
εα1δE6

ω
(

1 − g
L
(1 − ω√

εR̄
)
) .

This proves the first derivative estimates since 1 − ω√
εR̄

= 0 on S̃1. To

estimate the second derivatives we must differentiate these expressions
once more. Observe that by (71)

d

dE
=

∂θ

∂E

∂

∂θ
,

d

dI
=

∂

∂I
+
∂θ

∂I

∂

∂θ
,

so d
dE

does not change ε-powers and d
dI

decreases the terms containing

θ by c2/
√
ε (due to the factor ω2

ε
in (71)). The result follows. �

Corollary 19. The map of step (1) is in T0.

Proof. Similarly to Lemma 18 we obtain that the inverse of this map
is in T so the result follows from Lemma 16. �

Lemma 20. The map of step (2) is in T0.

Proof. Observe that the evolution of I and E is given by the following
equations

(72) İ =
∑

m

√
ε
m+1

rmα̃
(m)
1 +

∑

m

√
ε
m+2

rmα̃
(m)
2

(73) Ė =
√
ε
r2L′

2L2
α1 +

∑

m

√
ε
m
rm+1γ̃

(m)
1 +

∑

m

√
ε
m+1

rmγ̃
(m)
2

where α̃
(m)
1 and γ̃

(m)
1 have zero mean in θ. Below δ̃ denotes the differ-

ential for fixed τ and δ is the full differential taking into account the
change of τ. We have

(74) δI2 = δ̃I2 + δτ

[

∑

m

√
ε
m+1

rmα̃
(m)
1 +

∑

m

√
ε
m+2

rmα̃
(m)
2

]
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(75)

δE2 = δ̃E2 + δτ

[

√
ε
r2L′

2L2
α1 +

∑

m

√
ε
m
rm+1γ̃

(m)
1 +

∑

m

√
ε
m+1

rmγ̃
(m)
2

]

Since τ = 0 we have δ̃I2 = δI1, δ̃E2 = δE1. Also

0 = δθ2 = δ̃θ2 + (r + εη)δτ,

so

(76) δτ = − δ̃θ2
r + εη

= − δθ1
r + εη

,

Next, similarly to (71)

(77) δθ1 = − δE1

1 − g
L
(1 + ω√

εR̄
)

+

[

ω√
εL

∂G
∂I

+ ω2L′

2εL2 + ∂
∂I

(

G
L

)

]

1 − g
L
(1 + ω√

εR̄
)

δI1

This gives the statement about the first derivatives. Next from E =
r2

2L
− θ − G

L
we obtain

δE1 =
r

2L
δr1 −

(

r2L′

2L2
− ∂

∂I

(

G

L

))

δI1 −
(

1 +
g

L

)

δθ1,

so

δr1 =
2L

r
δE1 −

(

rL′

L
+

2r

L

∂

∂I

(

G

L

))

δI1 −
2
(

1 + g
L

)

r
dθ1.

Combining this with (77) we get

(78) δr1 = O

(

1

r

)

δE1 +O(r)δI1.

Now we come to the second derivatives. First,

δ2τ = −(δr1 +
√
εδη1)δτ

r +
√
εη

+
δθ1(δr2 +

√
εδη2)

(r +
√
εη)2

= 2
(δr1 +

√
εδη1)

(r +
√
εη)2

δθ1

−
[

(L+ g +
√
εβ̄) +

√
ε∂η
∂I

(
√
εα1 + ε3/2α2) + ∂η

∂r
(L+ g +

√
εβ̄) + ∂η

∂θ
(r +

√
εη)

(r +
√
εη)3

]

(δθ1)
2.

Now the expressions for the second derivatives contain δ2τ as well as
the expressions obtained by differentiating the terms in (74), (75) not
containing δτ and using (74), the identity

δr2 = δr1 −
[

(L+ g) +
√
εβ
] δθ1
r +

√
εη
,
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(77), (78). From these formulas we see that applying ∂
∂E1

does not
worsen the estimates for the corresponding first derivatives while taking
∂
∂I1

we can loose a factor of ε−1/4 (we loose 1√
ε

in (77) but gain ε1/4 due

to the factor 1
r

in (76)). The result follows. �

Corollary 21. The map of step (6) is in T0.

Proof. This follows from Lemmas 16 and 20. �

Lemma 22. The map of step (3) is in T+

⋂T0.

Proof. From (72), (73) we get

(79)
dI

dθ
=
∑

m

√
ε
m+1

rm−1α
(m)
1 +

∑

m

√
ε
m+2

rm−1α̃
(m)
2

(80)
dE

dθ
=

√
ε
rL′

2L2
α1 +

∑

m

√
ε
m
rmγ

(m)
1 +

∑

m

√
ε
m+1

rm−1γ
(m)
2

where α
(m)
1 and γ

(m)
1 have zero mean in θ. Observe that

δE =
r

2L
δr −

(

r2L′

2L2
+

∂

∂I

(

G

L

))

δI,

that is

(81) δr =
2L

r
δE +

(

rL′

L
+

2L

r

∂

∂I

(

G

L

))

δI,

Hence the variational equation takes form

d

dθ
δE = (A1 + A2)δE + (B1 +B2)δI,

d

dθ
δI = (C1 + C2)δE + (D1 +D2)δI,

where the expressions with subscript 1 have zero mean in θ, and the
expressions with subscript 2 are O(ε). Also

B1 = O(r
√
ε), A1 = O(

√
ε), D1 = O(

√
ε), C1 = O

(

ε+

√
ε

r2

)

.

Next we introduce

X = δE −B∗δI, Y = δI − C∗δE

where ∂B∗

∂θ
= B1,

∂C∗

∂θ
= C1. The last equation takes form

d

dθ

(

X
Y

)

=

(

Ā B̄
C̄ D̄

)(

X
δI

)
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where all entries are at least O(
√
ε). Since τ changes on the interval

of order (
√
ε)−1 it follows that (X, Y ) = O(1) and so (δE, δI) = O(1).

Also observe that C̄ = O
(

ε+
√
ε

r3

)

. Let Q be the fundamental solution

of

(82)
dQ

dθ
=

(

Ā B̄
0 D̄

)

Q.

Then Q = O(1), Q−1 = O(1). Substituting

(

X
δI

)

= QZ we obtain

dZ

dθ
= Q−1

(

0
C̄δE

)

= O

(

ε+

√
ε

r3

)

.

Since

(83)

∫
(

ε+

√
ε

r3

)

dθ = O(
√
ε)

[

1 +

∫

dθ

θ3/2

]

= O(
√
ε)

it follows that (X, Y ) = (X̂, Ŷ ) +O(
√
ε) where (X̂, Ŷ ) is a solution of

(82). But those solutions are of the form

(84)

(

O(1)X̂(0) +O(1)δÎ(0)

O(1)δÎ(0)

)

.

This proves the first derivative estimates required for T+. For T0 esti-
mates observe that τ now changes on the interval of size o(1/

√
ε) so (83)

becomes o(
√
ε) instead ofO(

√
ε) and (84) becomes

(

1 + o(1) o(1)
0 1 + o(1)

)

.

To estimate the second derivatives we begin with ( ∂
∂I

)2. We have

(85)
d

dθ

(

δ2E
δ2I

)

=

(

A B
C D

)(

δ2E
δ2I

)

+

[

∂

∂I

(

A B
C D

)](

δE
δI

)

δI +

[

∂

∂E

(

A B
C D

)](

δE
δI

)

δE.

Let M be the solution of

dM

dθ
=

(

A B
C D

)

M

then

(86) M = O(1)

Now introducing X̄ = δ2E − ∂B∗

∂I
δ2I and arguing as before using (86)

we get (δ2E, δ2I) = O(1). The same argument applies to d
dI

d
dE

and

( d
dE

)2. However for (d
2I
dE

)2 we want stronger bounds O(
√
ε) for T+ and
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o(
√
ε) for T0. To this end observe that by the first derivative bounds

M and M−1 have entries
(

O(1) O(1)
O(

√
ε) O(1)

)

Now we claim that if we multiply the RHS of (85) by M−1 then the
second row is

(87) O(ε) +O(
√
ε/r3).

Consider (79), (80). When we differentiate them with respect to I
we gain O(

√
ε) factor since δI = O(ε) and when we differentiate with

respect to E we gain at least r−2 due to (81). So the only term which
does not fit (87) is obtained from differentiating B but it stays in the
first row so we gain extra

√
ε while transferring it to the second row.

(87) is established. Now the bounds of δ2I follows easily (for T0 we
have to use τ = o(1/

√
ε) again). �

Corollary 23. The map of step (5) is in T+

⋂ T0.

Lemma 24. The map of step (4) satisfies the following.
(a) For fixed R we have (I4, E4) = (E3, I3)+O(

√
ε) where ’O’ bound

holds in C2 topology.
(b) As R → ∞

∂I4
∂E3

∼ √
εσ′(E3),

∂2I4
∂E2

3

∼ √
εσ′′(E3).

Proof. Part (a) follows from the theorem on differentiability of solutions
of ODEs with respect to parameters. To establish part (b) we prove
three statements
(i) For fixed R we have

∂I4
∂E3

∼ √
εσ′

R(E3),
∂2I4
∂E2

3

∼ √
εσ′′

R(E3).

where σR stands for integral (10) taken between the limits s− and s+

where r(s∓) = ∓R.
(ii) As R → ∞

∂σR
∂E

→ ∂σ

∂E
,

∂2σR
∂E2

→ ∂2σ

∂E2
,

that is we can interchange differentiation and R → ∞ limit.
(iii) If R1 and R2 are sufficiently large then

1√
ε

∂I4
∂E3

(R1) ∼
1√
ε

∂I4
∂E3

(R2),
1√
ε

∂2I4
∂E2

3

(R1) ∼
1√
ε

∂2I4
∂E2

3

(R2).
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To establish (i) change variables in (5): Î = I−I4√
ε
. Then

Î ′ = ᾱ(I4 +
√
εÎ,

√
εr, θ, ε)

and we also replace I by I4 +
√
εÎ in the RHS of (5). Now as ε → 0

the equation (5) converges to

θ′ = r, r′ = L+ g, Î ′ = α1(I4, 0, θ)

so the result follows by differentiable dependence of solutions on pa-
rameters.

To get (ii) rewrite the expression for σ using θ as the time variable
(see (11)). Since r = ±

√
2LE + 2G+ 2Lθ we need to estimate the

E-derivatives of

σ(I, E) =

∫ θ(R2)

θ(R1)

α1(I, 0, θ)√
2LE + 2G+ 2Lθ

dθ

where θ(R) = E + G
2L

− R2

2L
. Now the first (second) derivative of the

integrand decays as θ−3/2 (θ−5/2) so
∣

∣

∣

∣

∂

∂E
(σ − σR)

∣

∣

∣

∣

≤ Const

θ−1/2
(∼ Const

R
)

∣

∣

∣

∣

∂2

∂E2
(σ − σR)

∣

∣

∣

∣

≤ Const

θ−3/2
(∼ Const

R3
)

Thus (ii) follows. The proof of (iii) is similar to the proof of Lemma
22. (b) is proven. �

Proof of Proposition 14. Combining Lemma 16–Lemma 24 we get that
the map (J0, E0) → (J7, E7) is in T . This gives the inequalities claimed
in Proposition 14. To get the asymptotic formulas observe that each
of ∂J7

∂J0
, ∂E7

∂E0
, ∂J7

∂E0
is a sum of monomials in matrix elements computed

at steps (1)-(7). Since the composition is in T we know that each
monomial of ∂J7

∂J0
and ∂E7

∂E0
is O(1) and monomial of ∂J7

∂E0
is O(

√
ε). To

avoid an extra o(1) factor coming from T0 the factors should stay on
the diagonal except for step (4) since all off-diagonal terms in steps
(1)–(3) and (5)–(7) have the extra o(1) factors. Thus

∂J7

∂J0

∼ ∂I1
∂J0

∂I2
∂I1

∂I3
∂I2

∂I4
∂I3

∂I5
∂I4

∂I6
∂I5

∂J7

∂I6
,

∂E7

∂E0
∼

6
∏

j=0

∂Ej+1

∂Ej
,

∂J7

∂E0

∼ ∂E1

∂J0

∂E2

∂E1

∂E3

∂E2

∂I4
∂E3

∂I5
∂I4

∂I6
∂I5

∂J7

∂I6
.
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Together with (62) this proves the results about the first derivatives.
A similar reasoning gives

∂2J7

∂E2
0

∼ ∂J7

∂I6

∂I6
∂I5

∂I5
∂I4

∂2I4
∂E2

3

(

∂E3

∂E2

∂E2

∂E1

∂E1

∂J0

)2

.

�

Appendix D. Derivatives of the outer map.

In order to analyze the map of step (9) we first consider a more
general setting of equations

(88) ẋ = a1(x, θ) + a2(x) + εa3(x, θ, ε)

(89) θ̇ =
ω(x)

ε
+ η(x, θ, ε)

where a1 has zero mean in θ. Introduce the improved variables y =
x − ε

ω
A1 where ∂A1

∂θ
= a1. We want to study time t maps in a region

where |ω| > cε1/4. Let (y, θ) denote the original variables and (ȳ, θ̄)
denote the final variables.

Lemma 25. (a) We have

∂ȳ

∂y
= O(1),

∂ȳ

∂θ
= O(ε),

∂θ̄

∂y
= O(1/ε),

∂θ̄

∂θ
= O(1).

∂2ȳ2

∂y2
= O(ε−3/4),

∂2ȳ2

∂y∂θ
= O(ε1/4),

∂2ȳ2

∂θ2
= O(ε5/4).

∂2θ2

∂y2
= O(ε−7/4),

∂2θ̄2

∂y∂θ
= O(ε−3/4),

∂2θ̄2

∂θ2
= O(ε1/4).

(b) If x is a pair (I, φ) from the equation (1) then

∂θ̄

∂J
∼ 1

ε

∂w

∂I
,

∂θ̄

∂ψ
= o

(

1

ε

)

,
∂J̄

∂J
= 1 + o(1),

∂J̄

∂φ
= 1 + o(1).

Proof. (a) We have

ẏ = a2(x) + ε

[

a3 −
∂

∂x

(

A1

ω

)]

.

Denote q = a3 − ∂
∂x

(

A1

ω

)

. Then the variational equation takes form

δ̇y =
∂a2

∂x
δy + ε

[

∂q

∂x
dy +

(

∂a2

∂x

a1

ω
+
∂q

∂θ
+ ε

∂q

∂x

a1

ω

)

δθ

]

.

δ̇θ =

[

1

ε

∂ω

∂x
+
∂η

∂x

]

δy +

[

∂η

∂θ
+

ω

∂x

a1

ω

]

δθ.
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Introducing Z = εδθ we get

δ̇y =
∂a2

∂x
δy +

(

∂a2

∂x

a1

ω
+
∂q

∂θ

)

Z + ε

[

∂q

∂x
dy +

∂q

∂x

a1

ω
Z

]

.

Ż =
∂ω

∂x
δy +

[

∂η

∂θ
+
∂ω

∂x

a1

ω

]

Z + ε
∂η

∂x
δy.

Introduce

Ỹ = Y − ε

ω

[

∂a1

∂x

A1

ω
+ q

]

Z, Z̃ =

(

1 − ε

ω

[

η +
∂ω

∂x

A1

ω

])

Z

We obtain an equation

(90)
d

dt

(

Ỹ

Z̃

)

= R
(

Ỹ

Z̃

)

.

where R = O(1 + ε
ω4 ) where ω4 appears in the denominator due to

the differentiation with respect to x. Hence to establish the statement
about the first derivatives it is enough to show that

∫

|R|dt = O(1).

But indeed

(91)

∫

ε

ω4
dt =

∫

ε2

ω5
dθ

= O

(

1√
ε

∫

dθ

θ5/2

)

= O
(

(√
εθ3/2

)−1
)

= O
(

(√
εr3
)−1
)

= O(ε1/4).

Since the solution to the variational equation are obtained from the

solutions of (90) by conjugation by

(

1 0
0 ε

)

the result follows.

Let us now estimate ( ∂
∂θ

)2. Differentiating the variational equation
once more and calling X = εδ2θ we get

˙δ2y = M11δ
2y +M12X +

∂2a2

∂x2
(δy)2

+ε
∂2q

∂x2
(δy)2+ε

[

∂2a1

∂x2

a1

ω
+

∂

∂x

(a1a2

ω

)

+ 2
∂2q

∂x∂θ

]

δyδθ+ε

[

1

ω

∂a2

∂x

∂a1

∂θ
+
∂2q

∂θ2

]

(δθ)2

+ε2

[

∂2q

∂x2

a1

ω
+

∂

∂x

(

∂q

∂x

a1

ω

)]

δyδθ +
ε2

ω

∂q

∂x

∂a1

∂θ
(δθ)2.

Ẋ = M21δy +M22X +
∂2ω

∂x2
(δy)2

+ε
∂2η

∂x2
(δy)2+ε

[

∂2ω

∂x2

a1

ω
+

∂2η

∂x∂θ
+

∂

∂x

(

∂η

∂θ
+
∂ω

∂x

a1

ω

)]

δyδθ+ε
∂

∂θ

(

∂η

∂θ
+
∂ω

∂x

a1

ω

)

(δθ)2
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+ε2 ∂
2η

∂x2

a1

ω
δyδθ + ε2 ∂

∂x

(

∂η

∂θ
+
∂ω

∂x

a1

ω

)

a1

ω
(δθ)2.

Keeping in mind that δy = O(ε) by the first derivative estimate we

see that all terms here are O( ε
2

ω4 ) except for ε
[

1
ω
∂a2
∂x

∂a1
∂θ

+ ∂2q
∂θ2

]

(δθ)2 in

the first equation and ε ∂
∂θ

(

∂η
∂θ

+ ∂ω
∂x

a1
ω

)

(δθ)2 in the second equation.
Introducing

Ŷ = δ2y− ε2

[

a1

ω

∂a2

∂x
+
∂q

∂θ

]

(δθ)2

ω
, X̂ = X − ε2

(

∂η

∂θ
+
∂ω

∂x

a1

ω

)

(δθ)2

ω

we get

dŶ

dt
= O

(

ε2

ω4

)

,
dX̂

dt
= O

(

ε2

ω4

)

.

By (91) Ŷ = O(ε5/4), Ŷ = O(ε5/4). Observe that Ŷ − δ2y = O(ε5/4)

due to 1
ω
∂q
∂θ

term and X̂−X = O(ε3/2) due to 1
ω2 term. This proves the

estimate for ( ∂
∂θ

)2. Now if we replace ∂
∂θ

by ∂
∂y

the estimates are similar

except that each replacement increases the RHS by a factor of ε−1 due
to the first derivative estimates. This completes the proof of (a).

Next, (90) reads in the setting of (b) as follows (we put Y = (YJ , Yψ))

ẎJ = . . .

Ẏψ =
∂p

∂I
YJ + . . .

Ż =
∂ω

∂I
YJ +

∂ω

∂φ
Yψ + . . .

where . . . denote lower order terms. Hence YJ(t) ∼ YJ(0),

Z(t) ∼ Z(0) +

[
∫ t

0

Pω

∂I
ds+

∫ t

0

∂p

∂I

Pω

∂φ
sds

]

YJ(0) +

[
∫ t

0

∂ω

∂φ
ds

]

Yψ(0).

In terms of our original variables this says δJ(t) ∼ δJ(0),

(92) δθ(t) − δθ(0)

∼ 1

ε

([
∫ t

0

Pω

∂I
ds+

∫ t

0

∂p

∂I
s
Pω

∂φ
ds

]

δJ(0) +

[
∫ t

0

∂ω

∂φ
ds

]

δψ(0)

)

.

We need to apply this formula with t being the time it takes to pass
from one resonance to the next. Observe that the integrals in (92)
can be approximated by the corresponding integrals for the averaged

system (3). But in this case ds = dφ̄
p(Ī)

. Hence

∫ t

0

∂ω

∂φ
(Ī(s), φ̄(s))ds =

1

p(Ī)

∫ φ+

φ−

∂ω

∂φ
(Ī , φ̄)dφ̄ = 0
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since

(93) ω(φ−) = ω(φ+) = 0.

Similarly integrating by parts and using (93) we get

∂p

∂I
(Ī)

∫ t

0

s
∂ω

∂φ
(Ī(s), φ̄(s))ds = −

∂p
∂I

p2

∫ φ+

φ−

ω(Ī, φ̄)dφ̄.

Finally the first term in (92) can be rewritten as

1

p

∫ φ+

φ−

ω(Ī, φ̄)dφ

so we get

δθ(t) − δθ(0) ∼ 1

ε

(

∫ φ+

φ−

∂ω
∂I

− ω ∂p
∂I

p2
dφ

)

δJ(0) =
1

ε

∂w

∂I
δJ(0)

as claimed . �

Lemma 26. The map of step (10) satisfies

∂J10

∂y9
= O (1) ,

∂J10

∂θ9
= O

(

ε3/2
)

,
∂θ10
∂y9

= O
(

ε−3/4
)

,
∂θ10
∂θ9

= 1+O
(

ε1/4
)

.

∂2J10

∂y2
9

= O
(

ε−1/4
)

,
∂2J10

∂y9∂θ9
= O

(

ε3/4
)

,
∂2J10

∂θ2
9

= O
(

ε3/2
)

.

∂2θ10
∂y2

9

= O
(

ε−3/2
)

,
∂2θ10
∂y9∂θ9

= O
(

ε−1/2
)

,
∂2θ10
∂θ2

9

= O
(

ε1/4
)

.

Proof. We have

(94) δJ10 = δJ9 + εδt

[

α2 −
∂

∂I

(

A1

ω

)

− ∂

∂φ

(

A1

ω

)]

.

(95) δθ10 = δθ9 + εδt
[ω

ε
+ η
]

Let S = ω −
√
ε
R̄
G. Recalling definitions of g and L we obtain

dS

dt
=
∂ω

∂I
α1 +

∂ω

∂φ
(p+ β1) −

gω

R̄
√
ε

+ o(1) = L(I) + o(1).

Now
∂t

∂θ
=

∂S
∂θ
dS
dt

,
∂t

∂y
=

∂S
∂y

dS
dt

.

To estimate these derivatives observe that

ω(I, φ) = ω(J, ψ) + ε
∂ω

∂I

A1

ω
+ ε

∂ω

∂φ

B1

ω
+O(ε3/2).
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Now A1 = A∗
1 +

∑

m ω
mam, B1 = B∗

1 +
∑

m ω
mbm. So

ω(I, φ) = ω(J, ψ) +
ε

ω

[

∂ω

∂I
A∗

1 +
∂ω

∂φ
B∗

1

]

+O(ε).

It follows that

(96) S = ω(J, ψ) + εG

(

1

ω
− 1√

εR̄

)

+O(ε).

Differentiating this with respect to y and θ and observing that on S2

1

ω
− 1√

εR̄
=

√
εR̄− ω√
εR̄ω

=
G

R̄2ω
= O(ε1/4)

we get
∂S

∂y
= O(1),

∂S

∂θ
= O(ε).

This gives the first derivative estimates. To obtain the second derivative
estimates we differentiate (94) and (95) once more. We have

(97)
∂

∂θ9
=
∂θ10
∂θ9

∂

∂θ10
+
∂y10

∂θ9

∂

∂y10

(98)
∂

∂y9
=
∂θ10
∂y9

∂

∂θ10
+
∂y10

∂y9

∂

∂y10

Therefore ∂
∂θ9

does not worsen the first derivative estimates while taking
∂
∂y9

we loose ε−3/4 due to the first term in (98). �

Lemma 27. We have

δJ10 ∼ δJ8 + o(1)δφ8 +O(ε)δθ8,

δθ10 ∼
1

ε

∂w

∂I
δI8 + o

(

1

ε

)

δφ8 +O(1)δθ8.

∂2J10

∂y2
8

= O
(

ε−3/4
)

,
∂2J10

∂y8∂θ8
= O

(

ε1/4
)

,
∂2J10

∂θ2
8

= O
(

ε5/4
)

.

∂2θ10
∂y2

8

= O
(

ε−7/4
)

,
∂2θ10
∂y8∂θ8

= O
(

ε−3/4
)

,
∂2θ10
∂θ2

8

= O
(

ε1/4
)

.

Proof. Direct computation. �

Lemma 28. The composition (J8, θ8) → (J10, θ10) satisfies

dJ10

dJ8
= O (1) ,

dJ10

dθ8
= O (ε) ,

dθ10
dJ8

= O
(

ε−1
)

,
dθ10
dθ8

= O (1) .

d2J10

dJ2
8

= O
(

ε−3/4
)

,
d2J10

dJ8dθ8
= O

(

ε1/4
)

,
d2J10

dθ2
8

= O (ε) .
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d2θ10
dJ2

8

= O
(

ε−7/4
)

,
d2θ10
dJ8dθ8

= O
(

ε−3/4
)

,
d2θ10
dθ2

9

= O (1) .

Proof. The difference with lemma 27 is that now ψ8 is a function of J8

and θ8 so

d

dθ8
=

∂

∂θ8
+
∂ψ8

∂θ8

∂

∂ψ8
,

d

dJ8
=

∂

∂J8
+
∂ψ8

∂J8

∂

∂ψ8
.

Using (96) we see that ∂ψ8

∂J8
= O(1), ∂

2ψ8

∂J2
8

= O(1). Next

∂ψ8

∂θ8
= −

εG
(

1
ω
− 1√

εR̄

)

+O(ε)

∂ω
∂ψ

= O(ε)

and ∂2ψ8

∂θ8∂J8
= O(

√
ε) due to ε d

dJ8
(1/ω) term, ∂2ψ8

∂θ28
= O(ε). This imme-

diately imply the estimates for the first derivatives. Next,

d2θ10
dθ2

8

=
∂2θ10
∂θ2

8

+ 2
∂ψ8

∂θ8

∂2θ10
∂θ8∂ψ8

+

(

∂ψ8

∂θ8

)2
∂2θ10
∂ψ2

8

+
∂2ψ10

∂θ2
8

∂θ10
∂ψ8

= O(1),

d2J10

dθ2
8

=
∂2J10

∂θ2
8

+ 2
∂ψ8

∂θ8

∂2J10

∂θ8∂ψ8
+

(

∂ψ8

∂θ8

)2
∂2J10

∂ψ2
8

+
∂2ψ10

∂θ2
8

∂J10

∂ψ8
= O(ε)

the leading term in both cases being the last one. Other derivatives

are easier since now ∂2ψ8

∂∗∂∗
∂∗
∂ψ8

does not spoil the main term. �

Lemma 29. The map of step (11) satisfies

δJ11 = δJ10, δ
2J11 = 0,

∂E11

∂θ10
= 1 +O(ε1/4),

∂E11

∂J10
= O(ε−3/4),

∂2E11

∂θ2
10

= O(ε1/4),
∂2E11

∂θ10∂J10
= O(ε−1/4),

∂2E11

∂J2
10

= O(ε−1).

Proof. We have

E =
ω2

2εL
− θ − G

L
.

Direct differentiation implies all first derivative estimates except for
∂E
∂θ
. To obtain this last estimate we rewrite

ω2(I, φ) = ω2(J, ψ) + 2εG+O(ε5/4).

Thus

E =
ω2(I, ψ)

2εL
− θ +O(ε5/4).

Now the rest of the proof proceeds as in Lemma 26. �
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Lemma 30.

∂E11

∂θ8
= O(1),

∂E11

∂J8
= O

(

1

ε

∂w

∂I

)

,
∂J11

∂θ8
= O(ε),

∂J11

∂J8
∼ 1.

∂2E11

∂J2
8

= O
(

ε−7/4
)

,
∂2E11

∂θ8∂J8
= O

(

ε−3/4
)

,
∂2E11

∂θ2
8

= O (1) ,

∂2J11

∂J2
8

= O
(

ε−3/4
)

,
∂2J11

∂θ8∂J8
= O

(

ε1/4
)

,
∂2J11

∂θ2
8

= O (ε) .

Proof. Direct calculation. �

Lemma 31. The map of step (8) satisfies

δJ8 = δJ7, δ2J8 = 0,

∂θ8
∂E7

= O(1),
∂θ8
∂J7

= O
(

ε−3/4
)

.

∂2θ8
∂E2

7

=
(

ε1/4
)

,
∂2θ8
∂E7J7

=

(

1√
ε

)

,
∂2θ8
∂J2

7

=
(

ε−5/4
)

.

Proof. Similarly to Lemma 29 we obtain

∂E7

∂θ8
= 1 +O(ε1/4),

∂E7

∂J8

= O(ε−3/4),

∂2E7

∂θ2
8

= O(ε1/4),
∂2E7

∂θ8∂J8
= O(ε−1/4),

∂2E7

∂J2
8

= O(ε−1).

Now
∂θ8
∂E7

=

(

∂E7

∂θ8

)−1

= O(1),

∂θ8
∂J7

= −
∂E7

∂J8

∂E7

∂θ8

= O(ε−3/4).

Therefore

∂2θ8
∂E2

7

= −
∂2E7

∂θ28
(

∂E7

∂θ8

)3 = O(ε1/4).

(99)
∂2θ8

∂E7∂J7
= −

∂2E7

∂θ8∂J8
+ ∂2E7

∂θ28

∂θ8
∂J7

(

∂E7

∂θ8

)2 = O

(

1√
ε

)

.

∂2θ8
∂J2

7

=

∂E7

∂J8

∂
∂J7

(

∂E7

∂θ8

)

(

∂E7

∂θ8

)2 −
∂
J7

(

∂E7

∂J8

)

∂E7

∂θ8

= I + II.
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By (99)

I = O

(

1√
ε

∣

∣

∣

∣

∂E7

∂J8

∣

∣

∣

∣

)

= O
(

ε−5/4
)

whereas

II = O

(

∂2E7

∂J2
8

+
∂2E7

∂θ8∂J8

∂θ8
∂J7

)

= O(ε).

�

Proof of Proposition 15. The result follows from Lemmas 30 and 31 by
direct computation. �

Appendix E. Dynamics near the separatrix.

E.1. Normal form computations. In this section we describe the
dynamics near the separatrix of the inner map. By an ε dependent
change of coordinates we can bring the system to the form

ẋ = a

ẏ = b

İ =
√
εc(100)

where

(101) a(0, y, I) = b(x, 0, I) = 0

and

(102)
∂a

∂x
+
∂b

∂y
= 0

Consider the Poincare map between the sections {y = δ} and {x = δ}
for small δ. In order to study its derivatives we decompose this map
into two parts

(1) Hit of {x = δ};
(2) Landing to {x = δ}.

The following fact is helpful in our analysis

Lemma 32. Let t1 < t2 be an intervals such that x(t) < δ, y(t) < δ for
all t1 < t < t2. Then

(a)
∫ t2
t1
x(t)dt < Constx(t2);

(b)
∫ t2
t1
y(t)dt < Consty(t1);

(c) Let z(t) = x(t)y(t). Then for t≪ 1√
ε

∣

∣

∣

∣

z(t)

z(0)
− 1

∣

∣

∣

∣

≤ Constδ.



REPULSION FROM RESONANCES. 57

Proof. There is a constant A such that a(x) ≥ Ax. It follows that for
t < t2 x(t) < x(t2) exp(A(t− t2)). This implies (a). (b) is similar.

ż = ẋy + xẏ = xy × O(x+ y +
√
ε)

due to (101) and (102). In other words |ż| ≤ Const(x+y+
√
ε)z. Thus

˙| ln z| ≤ Const(x+ y +
√
ε).

Thus (c) follows from (a) and (b). �

Lemma 33. Time τ map of (100) satisfies
∣

∣

∣

∣

∂y1

∂y0

∣

∣

∣

∣

≤ Constx0,

∣

∣

∣

∣

∂y1

∂x0

∣

∣

∣

∣

≤ Const,

∣

∣

∣

∣

∂y1

∂I0

∣

∣

∣

∣

≤ Constτ.

∣

∣

∣

∣

∂x1

∂y0

∣

∣

∣

∣

≤ Const,

∣

∣

∣

∣

∂x1

∂x0

∣

∣

∣

∣

∼ δ

x0
,

∣

∣

∣

∣

∂x1

∂I0

∣

∣

∣

∣

≤ Constτ.

∣

∣

∣

∣

∂I1
∂y0

∣

∣

∣

∣

≤ Const
√
ε,

∣

∣

∣

∣

∂I1
∂x0

∣

∣

∣

∣

≤ Const
√
ε

x0
,

∣

∣

∣

∣

∂I1
∂I0

∣

∣

∣

∣

≤ Const.

∣

∣

∣

∣

∂2x1

∂x2
0

∣

∣

∣

∣

≤ Constτ

x2
0

,

∣

∣

∣

∣

∂2y1

∂x2
0

∣

∣

∣

∣

≤ Constτ

x0
,

∣

∣

∣

∣

∂2I1
∂x2

0

∣

∣

∣

∣

≤ Const
√
ετ 2

x2
0

.

∣

∣

∣

∣

∂2x1

∂x0∂I0

∣

∣

∣

∣

≤ Constτ 2

x0
,

∣

∣

∣

∣

∂2y1

∂x0∂I0

∣

∣

∣

∣

≤ Constτ 2,

∣

∣

∣

∣

∂2I1
∂x0∂I0

∣

∣

∣

∣

≤ Const
√
ετ 3

x0
.

∣

∣

∣

∣

∂2x1

∂I2
0

∣

∣

∣

∣

≤ Constτ 3,

∣

∣

∣

∣

∂2y1

∂I2
0

∣

∣

∣

∣

≤ Constτ 3x0,

∣

∣

∣

∣

∂2I1
∂I2

0

∣

∣

∣

∣

≤ Const
√
ετ 4.

Proof. Consider the variational equation

δ̇y =
∂b

∂y
δy +

∂b

∂x
δx+

∂b

∂I
δI

δ̇x =
∂a

∂y
δy +

∂a

∂x
δx+

∂a

∂I
δI

δ̇I =
√
ε
∂c

∂y
δy +

√
ε
∂c

∂x
δx+

√
ε
∂b

∂I
δI.

Observe that by (101)
∣

∣

∣

∣

∂b

∂x

∣

∣

∣

∣

≤ Consty,

∣

∣

∣

∣

∂b

∂I

∣

∣

∣

∣

≤ Consty,

∣

∣

∣

∣

∂a

∂y

∣

∣

∣

∣

≤ Constx,

∣

∣

∣

∣

∂a

∂I

∣

∣

∣

∣

≤ Constx and

∣

∣

∣

∣

b− ∂b

∂y
y

∣

∣

∣

∣

≤ Consty2

∣

∣

∣

∣

a− ∂a

∂x
x

∣

∣

∣

∣

≤ Constx2.



58 DMITRY DOLGOPYAT

Therefore introducing X and Y such that δx = x(t)X, δy = y(t)Y we
obtain

˙



Y
X
δI



 = R





Y
X
δI





where

|R11| ≤ Consty, |R12| ≤ Constx, |R13| ≤ Const,

|R21| ≤ Consty, |R22| ≤ Constx, |R13| ≤ Const,

|R31| ≤ Const
√
εy, |R12| ≤ Const

√
εx, |R13| ≤ Const

√
ε.

Let Q(t) be the fundamental solution of Q̇ = R̃Q where R̃ij = 0 if i > j

and R̃ij = Rij otherwise. Then using the fact that
∫ t

0

x(s)ds ≤ Constx(t)

we get

(103) |Q| ≤ Const





1 x t
0 1 t
0 0 1





Now it is straightforward to check that (103) remains valid with |Q|
replaced by |Q−1| so looking for solutions in the form

(104)





Y
X
δI



 = Qξ

we obtain the following estimate

|ξ̇| ≤ Const





y(x+
√
εt) xy(x+

√
εt) +

√
εxt y(x+

√
εt) +

√
εxt2

y(1 +
√
εt) xy(1 +

√
εt) +

√
εxt y(1 +

√
εt) +

√
εxt2√

εy
√
εx

√
εt(x+ y)



 |ξ|.

Integrating we obtain

|xi1(t) − ξ1(0)| ≤ Constδ (|ξ1(0)| + |ξ2(0)| + |ξ3(0)|) ,
|xi2(t) − ξ2(0)| ≤ Constδ (|ξ1(0)| + |ξ2(0)| + |ξ3(0)|) ,

|xi3(t) − ξ3(0)| ≤ Const
√
εδ (|ξ1(0)| + |ξ2(0)| + |ξ3(0)|) ,

Thus

(105) |Y (t) − Y (0)| ≤ Constδ (|Y (0)| + |X(0)| + t|δI(0)|) ,

(106) |X(t) −X(0)| ≤ Constδ (|Y (0)| + |X(0)| + t|δI(0)|) ,

(107) |δI(t) − δI(0)| ≤ Const
√
εδ (|Y (0)| + |X(0)| + t|δI(0)|) ,
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In terms of our original variables this reads

|δy(t)| ≤ Const

[

y1

δ
|δy(0)|+ δy1

|δx(0)|
x0

+ y1τ |δI(0)|
]

,

∣

∣

∣

∣

δx(t) − δ
δx(0)

x0

∣

∣

∣

∣

≤ Const

[

δ2 |δx(0)|
x0

+ δ|δy0| + δ2τ |δI(0)|
]

,

|δI(t) − δI(0)| ≤ Const
√
ε

[

|δy(0)|+ δ
|δx(0)|
x0

+ δ|δI(0)|
]

.

Combining this with Lemma 32 we obtain the first derivative esti-
mate.

Let us bound ( ∂
∂x

)2 derivatives. Differentiating further the varia-

tional equation and introducing X̂, Ŷ by δ2x = x(t)X̂, δ2y = y(t)Ŷ ,
we obtain

˙



X̂

Ŷ
δI



= R





X̂

Ŷ
δI



+ Q

where Q stands for an expression quadratic in δx, δy and δI. Now by
(105)–(107) the fundamental solution of Ṁ = RM satisfies M = O(t),
M−1 = O(t). Writing





X̂

Ŷ
δI



 = Mζ

we get ζ̇ = MQ. Observe that by (101) the second derivatives of a

are bounded by Constx except for ∂2a
∂x2 and the second derivatives of b

are bounded by Consty except for ∂2b
∂y2
. Combining this with the first

derivative estimates we get Q ≤ Constx(t)
x2
0
. Thus

||M−1Q|| ≤ Const
x(t)t

x2
0

.

Integrating we get

|ζ(t)| ≤ Const
x(t)t

x2
0

.

Hence

|δ2x(t)| ≤ Const
x2(t)t

x2
0

,

|δ2y(t)| ≤ Const
x(t)y(y)t

x2
0

≤ Const
t

x0
,

|δ2I(t)| ≤ Const
x2(t)t

x2
0
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Now plugging these bounds to the second variational equation we see
that

| ˙δ2I| ≤ Const
√
ε
x(t)t

x2
0

.

Integrating we get

|δ2I| ≤ Const
√
ε
x(t)t

x2
0

.

The estimates of ∂
∂x

∂
∂I

and ( ∂
∂I

)2 are similar. �

Lemma 34. The map of step (2) satisfies

∂y2

∂x1

= O(y),
∂y2

∂y1

= O(1),
∂y2

∂I1
= 0,

∂I2
∂x1

∼ −√
ε
c

a
,

∂I2
∂I1

= 1,
∂I2
∂y1

= 0,

∂2y2

∂x2
1

= O(y),
∂2y2

∂x1∂y1

= O(1),
∂2y2

∂x1∂I1
= O(y),

∂2I2
∂x1∂∗1

= O(
√
ε)

and the other second derivatives are zero.

Proof. We use the notation δ̃ from Lemma 20. We have

δy2 = δ̃y2 + bδτ(108)

δI2 = δ̃I2 +
√
εcδτ(109)

and 0 = δx2 = δ̃x2 + aδτ. Hence

δτ = − δ̃x2

a
= −δx1

a

since τ = 0 along our orbit. Substituting this and δ̃y2 = δy1, δ̃I2 = δI1
into (108) and (109) gives the first derivative estimate.

Next we have

δ2τ = −δδ̃x2

a
+
δ̃x2δa

a2
,

δδ̃x2 = δ̃2x2 +

(

∂a

∂x
δx1 +

∂a

∂y
δy1 +

∂a

∂I
δI1

)

δτ,

δa =
∂a

∂x
δx2+

∂a

∂y
δy2+

∂a

∂I
δI2 =

∂a

∂x
(δx1+aδτ)

∂a

∂y
(δy1+bδτ)+

∂a

∂I
(δI1+

√
εcδτ),

δ̃2x2 = 0 (since δ̃2 . . . is O(τ)). Differentiating (108), (109) we get

δ2y2 = δ̃2y2 +

(

∂b

∂x
δx1 +

∂b

∂y
δy1 +

∂b

∂I
δI1

)

δτ + δbδτ + bδ2τ

δ2I2 = δ̃2I2 +
√
ε

(

∂c

∂x
δx1 +

∂c

∂y
δy1 +

∂c

∂I
δI1

)

δτ +
√
εδcδτ +

√
εcδ2τ.
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Observing that δ2y1 = δ2I1 = 0 and using the formulas for δτ and δ2τ
established above we obtain the result. �

Lemma 35. We have

∂y2

∂x0

= O(1),
∂y2

∂I1
= O(τ),

∂I2
∂x0

∼ −
√
εc

∂a
∂x0
x0

,
∂I2
∂I1

= O(1),

∂2y2

∂x2
0

= O

(

τ

x0

)

,
∂2y2

∂x0∂I0
= O

(

τ 2

x0

)

,
∂2y2

∂I2
0

= O(τ 2),

∂2I2
∂x2

0

= O

(√
ετ

x2
0

)

,
∂2I2
∂x0∂I0

= O

(√
ετ 3

x0

)

,
∂2I2
∂x2

0

= O(
√
ετ 4).

Proof. The inequalities are obtained by direct computation. To get the
asymptotics of ∂I2

∂x0
observe that

∂I2
∂x0

=
∂I2
∂x1

∂x1

∂x0
+
∂I2
∂y1

∂y1

∂x0
+
∂I2
∂I1

∂I1
∂x0

=
∂I2
∂x1

∂x1

∂x0
+
∂I2
∂I1

∂I1
∂x0

=
∂I2
∂x1

∂x1

∂x0
+O

(

δ

x0

)

.

Now by Lemmas 33 and 34

∂I2
∂x1

∂x1

∂x0
∼ −√

ε
c

a

δ

x0
.

Since a ∼ δ ∂a
∂x

the result follows. �

The above formulas describe the transition between (I, x) and (I, y)
coordinates. We now return to (I, E) coordinates. Near the separatrix
we have

(110) E =
√
εκ(I) + q(I)xy +HOT

It follows that on {y = δ} we have

∂E

∂x
= q(I)y +HOT = δq(I) +HOT and

∂E

∂I
∼ ∂q

∂I
xδ +HOT.

It follows that the passage near the separatrix has the following deriva-
tives in (I, E) coordinates
(

1 0
O(δ2) O(δ)

)

(

O(1) − c
√
ε

∂a
∂x
x0

(1 + o(1))

O(τ) O(1)

)

(

1 0

O(δ)
(

∂q
∂I
δ
)−1

)

(111) =

(

O(τ) − c
√
ε

∂a
∂x

∂q
∂I

(x0δ)
(1 + o(1))

O(δτ) O(1)

)

.
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Observe that the term in the upper corner equals −√
ε cq

∂a
∂x

∂q
∂I
d
(1+o(1))

by (110). Concerning the second derivatives Lemma 35, (111) and
Lemma 16 imply that those bounds can have at most τ

d2
extra factor

comparing with maps in T .

E.2. Derivative bounds of Proposition 2. Here we prove Propo-
sition 2(a) and (b). The proof is the same as for Proposition 1 except
that now for orbits passing near the separatrix we split step (4) into
three:

(a) Landing to y = δ;
(b) Landing to x = δ
(c) Landing to r = R.
Now the jump of I inside the δ-neighborhood of the saddle can be

computed using (100). Namely if t∓ are the beginning and the end of
the passage then

∆Isaddle =
√
ε

∫ t+

t−

c(I(s), φ(s), θ(s))ds.

Now near the saddle we have c(I(s), φ(s), θ(s)) = c(I, φj(I), θjk(I) +
o(1), so

∆Isaddle =
√
εc(I, φj(I), θjk(I)(t+ − t−)(1 + o(1)).

Now the jump outside the δ-neighborhood is at most Const
√
εt̄ where t̄

is the largest time spent on step (4) by an orbit avoiding δ neighborhood
of the saddles. Now if δ is fixed and d→ 0 we get t̄ ≤ Const(δ) whereas
t+ − t− → ∞. Letting δ → 0 sufficiently slowly we obtain Proposition
2(a).

To get the bounds for derivatives observe that the maps of steps
(4a) and (4c) are in T . Therefore if the map of step (4b) were in T the
estimates of the Proposition 1 would remain valid. However because
of the step (4b) the estimates are actually worse. Namely for the first
derivative we loose a factor of O(1

d
) and for the second derivative we

loose a factor of O( τ
d2

) = O( | ln d|
d2

). Now to obtain the first derivative
estimates we need to multiply the estimates of steps (1)–(11). Since
bounds for all factors stay as before except for extra (1

d
) factor at

step (4) we loose at most (1
d
). Similarly then computing the second

derivative step (4) contributes either the second derivative or the first

derivative squared. In the first case we loose | ln d|
d2

and in the second

case we loose 1
d2

so the total loss is at most | ln d|
d2
. Finally to get (24)

we argue as in the proof of Proposition 14 examining each monomial of
∂J7

∂E0
. Again there is only one monomial which is better than o(

√
ε/d).
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Thus

∂J7

∂E0
∼ ∂J7

∂I6

∂I6
∂I5

∂I5
∂I4c

∂I4c
∂I4b

∂I4b
∂E4a

∂E4a

∂E3

∂E3

∂E2

∂J2

∂E1

∂E1

∂E0
∼ −√

ε
cq

∂a
∂x

∂q
∂I
d
(1+o(1)).

Combining this with

∂E11

∂E0

∼ ∂E11

∂J7

∂J7

PE0

∼ 1

ε

∂w

∂I

∂J7

PE0

we obtain (24).

E.3. Measure bounds of Proposition 2. Here we prove Proposition
2(c) and (d).

To get (c) observe that the maps of steps (1)-(3) are in T0 so their
compositions are in T0. Thus using the notation of the previous section
we have

∂E4a

∂E0

=
∂E4a

∂E3

∂E3

∂E0

+
∂E4a

∂I3

∂I3
∂E0

= 1 + o(1)+O(
√
ε)o(1/

√
ε) = 1 + o(1).

Next, since the composition of the maps of steps (1)-(4a) is in T we
have that the image of γ satisfies
(112)

dI4a
dE4a

=
∂I4a

∂E0
+ ∂I4a

∂I0
g′(E0)

∂E4a

∂E0
+ ∂E4a

∂I0
g′(E0)

=
O(

√
ε)

1 + o(1) +O( 1√
ε
)O(ε1/2+δ)

= O(
√
ε).

So this image is transversal to the line I = Const. Thus the set {d ≤ ξ}
has measure comparable to the measure of the set {E4a ≤ ξ}. This
proves (c).

To prove (d) let A andB be the images of E
(jk)
− and E

(jk)
+ respectively.

Then by part (c)

E
(jk)
+ − E

(jk)
−

E(B) − E(A)
= 1 + o(1)

so we need to estimate the denominator.
Let CD be the component of the orbit of A outside the δ neigh-

borhood of the saddle. Figure 7 projects everything into I = Const
plane ignoring the fact that the orbits of B and D hit Nε the invariant
manifold at different points OB and OD. In the computations below it
is convenient to denote H = EL. Now using the smooth dependence of
stable and unstable manifolds on parameters we get

|H(B) −H(OB)| ≤ Constδ
√
ε, |I(B) − I(OB)| ≤ Constδ

√
ε,

|H(D) −H(OD)| ≤ Constδ
√
ε, |I(D) − I(OD)| ≤ Constδ

√
ε,
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A

B
C

D

O

Figure 7

Next

H(D)−H(C) = −√
ε

∫

[r2β̄+

(
∫ θ

0

∂φβ1(I, φ0(I), s)ds

)

r+(L+β1)η̄+
dH

dI
ᾱ]dt

where the integral is taken along the orbit from C to D. Also since it
takes time O(| ln δ|) to go from C to D we have

I(D) − I(C) = O(| ln δ|√ε).
Thus

I(OD) − I(C) = O(| ln δ|√ε).
Let OA and OC be the points on N ε having the same I coordinate as A
and C respectively. Using that Nε and its derivatives depend smoothly
on

√
ε and remembering that H is zero on N by our choice of Kjk(I)

we get

|H(OC) −H(OD)| ≤ Const
√
ε|I(OC − I(OD)| ≤ Constε| ln δ|.

Now assume for a moment that Mjk(I) 6= 0. Then Lemma 32
∣

∣

∣

∣

H(C) −H(OC)

H(A) −H(OA)
− 1

∣

∣

∣

∣

≤ Constδ

and

I(A) − I(C) = O(| ln δ|√ε).
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Combining our estimates for I we get

I(OA) − I(OD) = O(| ln δ|√ε).
This gives

H(OA) −H(OD) = O(| ln δ|ε).
Combining our estimates for H we get

(113) H(B)−H(A)− [H(OB) −H(OA)] =
√
εMjk(I)Lj(I)+O(δ

√
ε).

On the other hand we have

|I(OA) − I(OB)| = |I(A) − I(OB)| ≤ |I(A) − I(B)| + |I(B) − I(OB)|
≤ Const

[√
ε|H(A) −H(B)| + δ

√
ε
]

where the last inequality uses (112). Thus

H(OA) −H(OB) ≤ Const [ε|H(A) −H(B)| + δε] .

Combining this with (113) we get

H(B) − cH(A) =
√
εMjk(I)Lj(I) +O(δ

√
ε).

Letting δ → 0 we obtain the statement required.
If Mjk(I) = 0 then |H(C) −H(OC)| ≤ Constδ

√
ε. Then

|H(A) −H(OA)| ≤ Constδ
√
ε

since otherwise H(C) −H(OC) would be large by Lemma 32. Hence

H(B) −H(A) − [H(OB) −H(OA)] = O(δ
√
ε).

Arguing as before we obtain

H(B) −H(A) = O(δ
√
ε).

SinceMjk(I) = O the RHS of this equation is
√
εMjk(I)LJ(I)+O(δ

√
ε)

as needed.

Appendix F. Distortion bound.

Lemma 36. Suppose that γ̃ is a subcurve with coordinates [E1, E2]
such that |Ē2 − Ē1| ≤ ∆. If

∣

∣

∣

∣

d2Ē

dE2

∣

∣

∣

∣

≤ K

(

dĒ

dE

)2

and

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

> 1

Then we have the following distortion bound: for all E3, E4 ∈ [E1, E2]
we have

(114) e−2K∆ <
|E4 −E3|

|Ē4 − Ē3||E2 − E1|
< e2K∆
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Proof. We have
∣

∣

∣

∣

d

dE
ln

(

dĒ

dE

)∣

∣

∣

∣

≤ K

∣

∣

∣

∣

dĒ

dE

∣

∣

∣

∣

Integrating we get that dĒ
dE

(E ′)/dĒ
dE

(E ′′) is bounded from above and
below uniformly in (E ′, E ′′). We need to bound

|E4 − E3||Ē2 − Ē1|
|Ē4 − Ē3||E2 − E1|

By the Intermediate Value Theorem the last expression equals |dĒ
dE

(E ′)/dĒ
dE

(E ′′)|
for some E ′ ∈ [E1, E2], E

′′ ∈ [E3, E4]. But

e−K|Ē′−Ē′′| ≤ |dĒ
dE

(E ′)/
dĒ

dE
(E ′′)| ≤ eK|Ē′−Ē′′|.

The lemma follows. �
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