
FORMULAS FOR MATH475 FINAL.

Enumeration.

(1) Permutations Pn,r = n!
(n−r)!

(2) Combinations C(n, r) =

(
n
r

)
= n!

r!(n−r)!

(3) Distributions of n objects into r groups with repetition: nr

(4) Distributions of n objects into r groups without repetition:
C(n + r − 1, r)

(5) Distributions of n objects into r groups with restricted repeti-
tion: P (n, r1, r2 . . . rm) = n!

r1!r2!...rm!
.

Common generating functions

(1) 1−xm

1−x
= 1 + x + . . . xm−1.

(2) 1
1−x

= 1 + x + . . . xn + . . . .

(3) (1± x)n =
∑n

r=0

(
n
r

)
xr(±1)r.

(4) 1
(1−x)n =

∑∞
r=0

(
n + r − 1

r

)
xr.

Operations with generating functions.
If an → f(x), bn → g(x) then

(1) an + bn → f(x) + g(x),
(2)

∑n
r=0 arbn−r → f(x)g(x).

(3)
∑n

r=0 an → f(x)
1−x

.

(4) an−k → f(x)−
Pk−1

r=0 arxr

xk .

Solving recurrence relations.

(1) an = c1an−1 + c2an−2 + . . . cran−r ⇒ an =
∑

λn
j Pj(n) where λj

are roots of

λr = c1λ
r−1 + c2λ

r−2 + · · ·+ cr

and Pj(n) are polynomial of degree mj − 1 where mj is the
multiplicity of λj.

(2) an = can−1 + f(n) ⇒ an = cn(a0 +
∑n

j=1 c−jf(j)).

(3) an = c1an−1 + c2an−2 + . . . cran−r + f(n) ⇒ an = a∗n + ãn where
a∗n is the general solution of the homogeneous recurrence (1)
and ãn is a particular solution.
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(4) f(n) = λnP (n) ⇒ ãn = λnQ(n) where

degree(Q) = degree(P ) + m

where m is the multiplicity of λ.

Inclusion-Exclusion formula. Sr :=
∑

i1,i2...ir
|Ai1∩Ai2∩· · ·∩Air |.

(1) |A1 ∪ A2 ∪ · · · ∪ An| =
∑n

r=1(−1)r−1Sr.

(2) Exactly m occurrences: Nm =
∑n

r=m(−1)r−m

(
r
m

)
Sr.

(3) At least m occurrences: N∗
m =

∑n
r=m(−1)r−m

(
r − 1
m− 1

)
Sr.


