MATH642 Homework problems.
1. Let Z be the space of continuous maps o : R — R such that a(x) —x
1s 1-periodic, that is
alz+1) =a(z) + 1.
Introduce the distance on Z by

d(ay, a) = sup a1 (x) — as(7)| = sup |ay(r) — a2(1’)|-
T€R z€[0,1]

Show that (Z,d) is a complete metric space.
2. Consider the map of T? given by f(z) = A(x) mod Z* where A is a

matrix with integer entries such that detA # 0. Show that f preserves
the Lebesque measure on T?.

3. Consider the map of T? given by
(21 9
f(:c)—(l 1)xm0dZ.

(a) Let es be the eigenvector with eigenvalue less than 1. Show that
if p is a periodic point then for each c the set of limit points of the
forward orbit of p+ ces consists of the orbit of p.

(b) Show that there exists a point whose forward orbit is not dense
and the set of its limit points is not a periodic orbit.

4. Let G(x) = {1/x} be the Gauss map. Suppose that x satisfies Ax*+
Bz + C =0. Then x, = G"(x) satisfies

A2 + Bur, +C, =0

where
An = Api—l + Bpnfl%lfl + qu—la
Bn = 2Apnpn—1 + B(pTLQn—l + ann—l) + ZCQnQn—la
C, = Ap? + Bpngn + C¢.
Show that

B2 —4A,C, = B> — 4AC.
5. Let X = RU oo with natural topology (that is opens set containing

oo contain {|x| > M} for some M). Let f(x) = %. Describe the
limat points of the orbits of f.

Hint. The answer depends on how many fixed points f has.

6. Let Z—: be the n-th partial convergent to x. That is if G"(x) = z,

then
T = Pn—1Tn + Pn
Gn—1Tn + Qn .
Suppose that q, = f,-the n-th Fibonacci number. Find x.
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7. Let f be the circle rotation on angle o and let S = [0, ). Show that
the induced map on S is conjugated to rotation on angle {1/a}.

8. Show that no isometry of infinite compact metric space is expansive.

9. Show that expanding maps of the circe and linear hyperbolic auto-
morphisms of T? are expansive.

10. Consider a linear automorphism of T? given by f(z) = A(z) mod 1.
Show that if the spectrum of A lies on the unit circle, then hy,(f) = 0.

11. Let v be the eigenvector of matriz A with eigenvalue A. Show that
the following are equivalent

(i) v is the only generalized eigenvector of A with eignvalue \ and
the rest of the Sp(A) is contained inside a disc of radius strictly smaller
than |\|;

and

(11) There is a neighbourhood U(v) such that for each u € U

Z(A"u,v) — 0.
12. Let A be the linear map of R? defined by the condition
Ale;) = €(i+1) mod d
where {e;} is the standard basis in RY. Show that
Sp(A) = {e*™ )5,
13. Show that Hilbert distance satisfies the triangle inequality.

14. Let w be a fixed point of a primitive substitution. Prove that for

each word W there is a limiting frequency pw such that if N(w, W, nq,ns)

be the number of appearances of W in w between places ny and ny then
N(w, W;ni,ny)

lim = pw
nz—ni—+00 No — N1

15. Prove that there are only countably many isomorphism classes of

sofic shifts.

16. (a) Show that finite unions of Lebesque spaces is a Lebesgue space.
(b) Show that finite products of Lebesque spaces is a Lebesgue space.

17. Show that a compact manifold equipped with a smooth measure is
a Lebesgue space.

18. Consider an equation © = X(x) where X is a smooth complete
divergence free vector field. Define

BT ={z: Orb*(x) is bounded}, B~ = {x:Orb (z) is bounded}
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ET ={z:Orb*(x) tends to infinity}, E~ = {x:Orb (z) tends to infinity}
O* =R — (B* U E%).
Show that B-NO*T, BTNO~, E-NO*, and ETNO™ have zero measure.

19. Let T be a measurable map preserving a probability measure p. Let
f be a measurable function such that u(x : f(x) # 0) > 0). Suppose
that for almost every x we have f(Tx) = Af(x) for some constant \.
Show that |\| = 1.



