
AMSC/CMCS 466 { Introdu
tion to Numeri
al Analysis ISpring Term 2006Instru
tor: Georg DolzmannHomework set #8Problem 1: (a) Suppose that A is a tridiagonal matrix, i.e.,0BBBBBBB� a1 
1 0 0 : : : 0b2 a2 
2 00 b3 a3 
3... . . . ...bn�1 an�1 
n�10 : : : 0 bn an
1CCCCCCCA :and that the LU de
omposition of A 
an be found without pivoting. Show that A
an then be de
omposed asA = LU = 0BBBBB� �1 0 : : : 0b2 �2 00 b3 �3... . . . ...0 : : : bn �n

1CCCCCA 0BBBBB� 1 
1 0 : : : 00 1 
2 0: : : . . . : : :1 
n�10 : : : 0 1
1CCCCCA ;that is, the lower diagonal in A is equal to the lower diagonal in L. Verify that the
oeÆ
ients �i and 
i are given the formulae�1 = a1; 
1 = 
1�1and �i = ai � bi
i�1 for i = 2; : : : ; n and 
i = 
i�i for i = 2; : : : ; n� 1:Hint: See the 
orresponding formulae in the text book!Write a MATLAB routine LUtridiag(A,b) that 
omputes the LU fa
torization ofa tridiagonal matrix and solves the equation Ax = f . You 
an test your solver withmatri
es of the formdim=10; % 
hoose your sizeA=diag(rand(dim,1)-.5,0)+diag(rand(dim-1,1)-.5,-1) ...+diag(rand(dim-1,1)-.5,1);A=A+2*diag(ones(dim,1),0);f=rand(dim,1);If you store L and U in the elements of A, then you 
an �nd the lower and theupper diagonal matri
es withL = tril(A,0);[n,n℄ = size(A);U = triu(A,1)+diag(ones(n,1));



2Problem 2: The goal of this problem is to solve the boundary value problem�u00 + u = f(x) in (0; 1); u(0) = 0; u(1) = 1with f(x) = �1 + �24 � sin(�x=2)� �1 + 4�2� sin(2�x)using a di�eren
e approximation. Note that the solution of this di�erential equationis given by u(x) = sin(�x=2)� sin(2�x):(a) In order to �nd a di�eren
e approximation, de�ne a uniform partition of theinterval (0; 1) into (n + 1) intervals (xi; xi+1) with length h = 1=(n+ 1). Repla
ethe se
ond derivative u00(xi) in the points xi, i = 1; : : : ; n, by a 
entered di�er-en
e quotient (whi
h 
orresponds to repla
ing the �rst derivative with a forwarddi�eren
e quotient and the se
ond derivative with a ba
kward di�eren
e quotient),u00(xi) � u(xi�1)� 2u(xi) + u(xi+1)h2and write down the equations that 
orrespond to the di�erential equation. Use theboundary 
onditions u(0) = 0 and u(1) = 1 in the equations at the points x1 andxn, respe
tively.(b) Find the linear system Au = f that de�nes the solution at the points xi,i = 1; : : : ; n, and show that the matrix A is positive de�nite. (Use problem set 6.)It is 
onvenient to multiply the equations by h2.(
) Solve the linear system for n = 8; 16; 32; 64; 128 using LUtridiag and plot thedis
rete and the 
ontinuous solution. Make sure that you add the values of u atthe boundary points before you plot the solution. Compute the error at the pointsxi, and plot the result. Determine alsoen = � nXi=1 h(u(xi)� ui)2�1=2:(Here u(xi) is the exa
t solution at the point xi and ui is the approximation on the
omputer at this point.) How does this error de
rease as n in
reases? It 
orrespondsto the integral of the square of the di�eren
e between the 
ontinuous solution andits approximation.


