AMSC 612 — Numerical Methods for Partial Differential
Equations

Spring Term 2004

Instructor: Georg Dolzmann

Homework set #4

Problem 1: This problem set discusses how to solve the heat equation in a closed,
heat conducting wire. Mathematically we have to solve the initial value problem
for the heat equation u; = wg, on the interval [—1,1] with periodic boundary
conditions, u(—1,t) = u(1,t), uy(—1,t) = uy(1,t), and given initial conditions
u(z,0) = u%(x). We will solve the equation up to t = 1 in our numerical calcula-
tions.

(a) Find the general solution as a Fourier series using separation of variables.

(b) Verify that the Fourier series for the function

0 for |z| > %,
w(z)=¢ L for|z| = >
1 for |z| < 3,

is given by

ul(z) = % + %i ;;Ekl cos ((2k + 1)mz).
k=0

Plot the partial sums of the Fourier series with 5, 11, 21, and 51 terms. What do
you observe?

(c¢) Formulate an approximation of the heat equation with periodic boundary con-
ditions with an explicit difference scheme. In order to do so, define as usual points
zo=—-1<21 <z3<...<zy-1 <zy=1with z; —z;_1 = Az. Since we solve
the heat equation for a closed wire, the points £ = —1 and x; = 1 correspond to
the same point on the wire and we can allow only one degree of freedom for this
point. You also have to identify x ;41 with z; and z_; with z;_;. Write down the
discrete form of the equation at the points zo, z; with 1 < j < J—2, and at z5_1.

(d) Define the total heat energy in the bar at time ¢, by
J—1
H" = Z AzU J”
7=0

Show that the total heat is a conserved quantity, i.e., that H™ = H° for all n > 0.

(e) Implement the explicit scheme with v = .4 and h = 1/10, 1/20, 1/40, and 1/80.
Note that the exact solution is given by

1 2 —1)k
+ 2 Z e t(2k+1)%7> (-1) cos ((2k + 1)773:)
k=0

t) == ~
ueh)=g+o2 2k + 1



and that you need only very few terms for ¢ = 1 to get sufficient accuracy. Determine
the experimental order of convergence in Az (since v = .4 is fixed we can determine
the order in Az) in the L? norm,

ot = (5 005 ~utep 1))

1/2

Use

dx=2/7J;

x=[-1:dx:-.5-dx,-.5:dx:.5-dx,.5:dx:1-dx];
to define the mesh points; in this way you can ensure that —.5 and .5 are mesh
points and that the total energy in the discrete system is equal to the total energy
in the continuous system (why?).



