MATH 612
Numerical Methods for Partial Differential Equations
Spring Term 2004

Instructor: Georg Dolzmann
Solutions to Homework Set 7

Problem 1: [Morton&Mayers, Problem 4.1]

Sketch the characteristics for the equation u; + au, = 0 for 0 < z < 1 when
a(z) = ¢ — 1. Set up the upwind scheme on a uniform mesh with z; = jAz,
7 =0,1,...,J, noting that no boundary conditions are needed, and derive an error
bound; consider both even and odd J. Sketch the development of the solution when
u(z,0) = z(1 — z) and obtain explicit error bounds by estimating the terms in the

truncation error.
Repeat the exercise with a(z) = 1 — z, but with boundary conditions u(0,t) =

u(1,t) = 0.

Solution: Part 1: a(z) = z — 4. The characteristics are the solutions of the ODEs

1
a'::a:—i, z(0) =z
For z = 1 we find straight line parallel to the t-axis, for  # § we can solve the
ODE by separation of variables:
dz
_
z—1/2
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If 2y < %, then £ < 0 at t =0 and thus z is a decreasing function. It follows that

1 1
——r=ce & x(t)zi—cet.

2
The initial condition implies ¢ = § — zo and thus
1 1,
x(t) = 5t (zo — 5)9: .

Similarly, if 2o < %, then the solution is increasing and

1, , 1
—_— = {:} t: .
T =5 =ce z(t) ce+2

The initial condition shows that ¢ = zg — 1 and that

z(t) = % + (z0 — %)et.
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Note that the same formula holds for x = % In order to find a closed form for the
solution, we need to find the characteristic through the point (z,t), i.e., we need to
solve

(z,t) = (% + (z0 — %)et,t).
This leads to
1 1, _,
Lo =3 + (a: - 5)6

and the solution is given by
_ 1 1 —t 1 1 —t) _ 1 1 2 _o9t
u(m,t)—(2+(w 2)6 )(2 (z 2)6 =7 (z 2)e )
The key in the upwind scheme is that we choose a backward difference quotient if the

characteristic speed is positive and a forward difference quotient if the characteristic
speed is negative. This leads to

yrtt _pn n__[n J
J J n ~j+1 i _ -
At +a; Az 0, J< 2
urtt —yr ur-ur J

J J n _J Jj—1 :
—_ p_ 4 I = > 2
At +a; Az 0, 7= 2

For j even this leads to a node of the discretization at = = % in which the char-

acteristic speed is equal to zero. Since in this case the spatial difference quotient
drops out, we find that U]T“rl = U} as expected.

In order to derive the error bound we solve for U ;L“ and get that

UJ-"+1=(1+1/)UJ7‘—V 7 j<

10 )

NG|

U;‘“ =1-v)Ul+vU,, j>

Here v; = a?At/ Az. Note that v; changes its sign at z = % so that the coefficients
on the right hand side are non-negative if the CFL-condition |v;| < 1 holds for all
j. Assuming this, the error at the next time step is a convex combination of errors
at the previous step, and we find that

E" = max e}| < tp maxT",
J n

where T™ is a bound on the truncation error at time step t,. To find a bound on
the truncation error, we compute for j < J/2 that

’U/T-H_l —u” u, o —u?
n _ J n _Jj+1 J
T = At +a Az
1 n 1 n
= [u + E(At)utt]j +0((At)?) + af [ug + §(A$)“ww]j + O((At)?)
1 1 1 n

In view of the PDE we see that the scheme is of first order in At and Az. To find
an explicit bound, we compute from the exact solution that

—2t %)26—%’

Ugy = —2€ °°, Uy = 4(m —



and therefore |ug,| < 2 and |uy| < 1. Hence
1
E" <5 (Az + At)tp.

We plot the characteristics and the evolution of the solution for several times with
the following MATLAB code:

x=inline(’0.5+(x0-0.5)*exp(t)’,’t’,’x0°);

u=inline(’0.25-(x-0.5). 2*exp(-2*t)’,’x’,’t’);

x0_val=0:.1:1;

t=0:.1:1;

figure

hold on

for i=1:length(x0_val)
plot(x(t,x0_val(i)),t);

end

tval=0:.2:1;

z=0:.01:1;

figure

hold on

for i=1:length(tval)
plot(z,u(z,tval(i)));

end

The corresponding plots are show in Figure 1.

Part 2: a(z) = 3 — z. In this case the characteristic speed is positive for z < 1/2
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FIGURE 1. The characteristics and the evolution of the solution
for a(z) = = — }. The characteristics spread out and the solution
converges to a constant function.

and negative for x > 1/2. This means that the characteristic lines are incoming
characteristics at the boundary and we need boundary values at z = 0 and z = 1.
We can solve the characteristic equations as before and find that

1 1

z(t) = o (zo — E)e_t.



The exact solution is now given by

1 1

u(z,t) = 1 (z— 5)262t.
The error estimate changes therefore in view of
1
Ugy = —2€%¢,  wuy = 4(3: — 5)26%,

t0 |uze| < 2€% and |uy| < e2t. Hence
1
E" <3 (Az + At)e*r tp.

We plot the characteristics and the evolution of the solution with the following
commands:
x=inline(’0.5+(x0-0.5)*exp(-t)’,’t’,’x0’);
u=inline(’max(0.25-(x-0.5) . " 2*exp(2*t),0)’,’x’,’t’);

x0_val=0:.1:1;

t=0:.1:1;

figure

hold on

for i=1:length(x0_val)
plot(x(t,x0_val(i)),t);

end
tval=0:.2:1;
z=0:.001:1;
figure

hold on

for i=1:length(tval)
plot(z,u(z,tval(i)));
end

The plots are show in Figure 2.
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FIGURE 2. The characteristics and the evolution of the solution
for a(z) =  —=. The characteristics focus and the solution slope of
the solution increases in time. Note that the solution is continuous,
but not differentiable along the characteristics emanating at the

boundary points.
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Problem 2: [Morton&Meyers 4.2]
If ¢ has an expansion in powers of p of the form

q~clp+x2p2+03p3+04p4+...,
show that

1
)PP+ (s —cfe)p* + ...

tan~' g ~ c1p+ cap® + (c3 — 3

as in Lemma 4.1 in Section 4.4.

Use this result to derive the leading terms in the phase expansions of the following
methods for approximating u; + au, = 0:

Upwind —vE+ tv(l- 1/)(1 - 21/)53
Lax-Wendroff —1/5 + tv(l—v?)e
Box v — 5 1/(1 - v2)e
Leapfrog —vé + s (1 - 1/2)53

where v = aAt/Ax and £ = kAxz.

Solution: The Taylor series for the inverse tangent is given by
1 z  ad
r=r— —+——...

tan—
an 3 5

and thus
tan '(g) = [c1p + c2ap® + c3p® +eap® + ... ]

1 3
-3 [e1p + cop® + c3p® + eap® + ... ]

1 5
+ < lap+op’ +ep’ +ap'+...] + .

= [
Expanding the brackets, we find

1
tan~'(q) = c1p + cop® + (a1 — gcﬁ)lﬁ + (s —ciea)p* + ...

The Upwind scheme. We assume that a > 0 so that the upwind scheme is given by

n+1 n n n
St O AN U el U/ R
At Azx

The amplification factors are given by
A=1-v(1l- e_ig),

and the argument of this complex number is equal to

—ta’n‘l{#ﬁow}-
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We now use the Taylor series for sin and cos and the expansion for the inverse
tangent to find that

v(€ — 1€ + ldots)
1—-3ve2 + }

{

{y§(1——§2 )(1+1u§2+...}
:—mnlgfp (y——ﬁz .§

{

1/£+1/(;1/—%)§3+...}

v—2%).

Here we used ¢; = v, ¢a =0, and ¢3 = v( 6

The Lax-Wendroff scheme. The amplification factor turned out to be

A=1—ivsin¢& — 207 sm2 E
and hence
arg A = —tan~! {Lﬂf}
1—202sin &

The expansion of sin? £ begins with
1 1
2k 1 ¢3 — g2 _ 24
sin® € = (¢ 66 +...)=¢ 357
and hence

u(§—§§3+...)}
1— (%€ +..)

2
= —tan~? {u(g_ %é Fo)(1+ ”7,52 +...)}
= —tan* {V§+u(%uz — 1)52 + }
~—u£+1v( v)E +

The box scheme. We first rewrite the amplification factor as
cos&/2 —ivsing/2
cos&/2 +ivsin§/2
cos® £/2 — v?sin® £/2 — 2ivcos£/2sin €/2
- cos? £/2 + v2 sin” £/2
_ (14v?)cos’ /2 —v® —ivsiné
B cos? £/2 + v2sin® £/2 )
We now use Taylor expansions to find that
os2 E ( 52 )2 52

1— >
8+

arg\ = —tan ! {

A=




and

€

§2
(14 v?) cos? 3

—I/2=1—(1+V2)Z+...

This implies

3 2
arg A :—tan’l{[u(g—%+...)][1+(1+1/2)%+...]}
—(1+1/2)—g]§3+...}

= —tan ! {Vf + [

4
s U ey
~ —v€— 1 v(1 - e,

12
The leap-frog scheme. The positive root corresponds to the physical solution,

A= —ivsin€ +4/1 —v2sin? €.

Since I+ z ~ 1+ /2 and sin® £ = €2 — £ + ... we find
vsiné
arg\ = —tan ' {7}
8 1—%1/2sin2§

= —tan ! {V(f—%§3+...)(1+%y2§2+...)

1 1
= —tan"! {u{ — 6V€3 + 51/353 + ... }
3

o[- -5)

= —vE+ %v(l - )¢

Problem 3: [Morton&Mayers, Problem 4.4]
Determine the coefficients ¢g, ¢1, and ¢_; so that the scheme
Uittt = ¢ 1 Ul + U + Uy,

for the solution of the equation u; +au, = 0 agrees with the Taylor series expansion
of u(zj,tn41) to as high an order as possible when a is a positive constant. Verify
that the result is the Lax-Wendroff scheme.

In the same way, determine the constants in the scheme

Uittt = diUp 5 + ¢ aUP 4 + coU

Verify that the coefficients d correspond to the coefficients ¢ in the Lax-Wendroff
scheme, but with v replaced by v — 1. Explain why this is so, by making the change
of variables £ = x — At in the differential equation where A = AxzAt¢. Hence, or
otherwise, find the stability conditions for the scheme.
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Solution: The Lax-Wendroff scheme can be written as
1 n n 1 n
Ut = 51/(V + DU+ (1=)U + §V(V -1)U},.
Note that u; = —au,, and therefore uy = —auz: = a’ugz,. We may thus replace t
derivative by z derivatives if we multiply by —a. With v = aAt/Az we find
1 1
U;H_l =u+ Atus + i(At)zutt + E(At)3uttt +...

1 1
=u—vAzu; + 51/2(Ax)2utt - gu?’(Am)guttt +....
The right-hand side of the scheme can be expanded as

1 1
RHS =c_1(u—Azu, + §(Ax)2um - E(Ax)3uzm +...)
+ cou
1 2 1 3
+ci(u+Azu, + i(Aa:) Upz + E(Am) Ugge + - .- )-
Comparing the powers of Az we find the linear system
c_14+c+c =1,
—Cc_1+c¢1 = -V,
C_1 =+ Ci = I/2
which has the solution
1 1
c_1 = 51/(1/—}— ), co=1-v* ¢ = §V(V -1
and this establishes the first assertion.

We now expand the right hand side for the second scheme by

4
RHS =d_s(u—2Azu, + 2(A7)°ugy — g(Am)3uwm +...)

+d_y(u—Azu, + %(A:c)zum — %(Am)%mw +...)
+ dou.
This leads to the linear system
do+d1+dy =1,
—2d 9 —d_1 = —v,
4d_o +d_1 = 1v?

which has the solution

doy= (v =1), da=v(2—v), do=(v—1)v—2)

These are the coefficients in the Lax-Wendroff scheme if we replace v by v — 1. To
see the reason for this, we change variables,

u(mat) = 'U(é‘, T) = 'l)(:E - ’\tat)
where 7 = ¢t. Then

U = =g + U7, Uy = Vg,



and hence
ur + auy = v, + (a — A)vg

In these variables, we find that

At

Ax

and hence the second scheme corresponds to the Lax-Wendroff scheme in the new
variables. It is stable if

v*=(a—2A) v—1,

<1 & 0<v<2.

Finally, the point (§;,7») is given by (&;,7n) = (x; — nAx,t,). Thus (§,t0) =
(xj,t0) and in each time step the points are shifted by Az to the left. This explains
why in the new scheme we are referring to the points x;_», ;1 and z;.



