Math 140 - Calculus I - Sections 02**
Instructor: Prof. Dolzmann

Fall Term 2002

Test 4 - Solutions

1. a) Let P be a partition of the interval [1,3] and let f(z) = (z — 2)2. Find the
lower sum L¢(P) and the upper sum Uy (P)!

b) Which is the larger number,

2 2
/ (14+z)dz or / V14 22dz?
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Justify your answer by a suitable comparison!

Solution: a) We sketch the graph of f in Figure 1. It follows that M; = My =1
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FIGURE 1. The graph of the function f(z) = (z — 2)%.

and thus
Usp(P) = Azy My + AzoMy =141 =2.
Similarly, m; = ms = 0 and hence
L¢(P) = Azymq + Azame =0+ 0=0.
b) Note that
l+z>V1+22 & 1+2)?=1+22+2">1+2°

The last inequality is obviously true since z > 0 between the limits of the integral.
Thus the general comparison principle implies that

2 2
/(1+$)d$2/ V1+ 22 de.
1 1



2. a) Find the following integrals (simplify as much as possible and show all
your work):

3
i) /66“c Vel 4+ 1dx i1) / |z — 2| dzx
1

b) Evaluate the following expressions (show all your work, you need not simplify
your answers):

E

) i/ tesctdt i) /i(sect+tant)dt.
dx Nz dt

Solution: i) We substitute v = €3* + 1 and thus du = 3e3*dz. It follows with
e3® =y — 1 that

ef\/e3e + 1dx =

W=

2 2
/(u— 1)vVudu = Euf’/z - §u3/2 +C.

ii) Note that
o — 2| = 2—z ifl1<zx<2,
Tl z—-2 if2<z<3.
Thus

iii) By chain rule,

d [¢ 1
— t tdt = (e” e® — —.
e /\/_ csc (e* csce®)e (\/Ecsc\/i)%/5

T

iv) By the fundamental theorem,
d
%(sect + tant)dt = sect + tant + C

3. Find the area of the region in the plane that is bounded by the graphs of the

functions f(z) = sinz and g(z) = z — 7 on the interval [0,27] on the z-axis, see
Figure 2.



FIGURE 2. The region R in the plane.

Solution: Note that f(z) > g(z) on [0,7] and that g(z) > f(x) on [m,2x]. The
area is thus given by

a- 71 (@) - g(o)| da
:/ (f(g:)—g(:c))d:l:+/ (9(z) — f(2)) do

0 ol
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4. On the moon, the acceleration of an object in free-fall is —1.6 m/s%. If a rock is
thrown into a crater on the moon with an initial velocity of —8m/s and the rock
hits the bottom 20 seconds later, what is the velocity at the time of the impact?

Solution: The velocity is just the integral of the acceleration. Let v(0) = —8 be
the initial velocity. Then

t t
v(t) —v(0) = / a(s)ds = / (-1.6)ds = —1.6t.
0 0
It follows that
v(20) = —8 — 1.6- 20 = —8 — 32 = —40,

and hence the velocity at the time of the impact is —40m/s.



