Math 461 - Linear Algebra for Scientists and Engineers
Spring Term 2001
Section 0201 — Georg Dolzmann

Final - May 23, 2001

Solutions

1. a) Find an example of a linearly independent set with three vectors
in R*.

We can take for example

1 0 0
= 0 o — 1 e — 0
1 — 0 ) 2 — 0 ) 3 — 1
0 0 0
Then
C1
ciuy + CoUg + c3Uy = Z =0
0

only if ¢y = cp =3 = 0.

b) Find an example of a linearly dependent set with two vectors in R3.

Take for example

Every set that contains the zero vector is linearly dependent.



c¢) For which values of the parameter a is the following set of vectors
linearly independent?

2 4 2
1], 2], a
0 1 3

We have to solve the linear system Ax = 0. Since

2 4 2 2 4 2
1 2 a ~ 0 0 2a¢a—2
01 3 01 3

we find that the homogeneous system has only the trivial solution if
a # 1. Thus the vectors are linearly independent for a # 1.

2. Let A be the matrix

A=

W N =
DN~ DN
— O W

a) Find the reduced echelon form of A.

We have
1 2 3 1 2 3 1 2 3 1 0 -1
2 4 6 ~ 0 0 0 ~ 01 2 ~ 01 2
3 21 0 -4 -8 00O 00 O

b) Find the row space of A.
We have

Row A = span{(1,0,—1), (0,1,2)}.

¢) Is the row space of A equal to the span of the first two rows in A?
Justify your answer!

The answer is no. The first two rows of A span a one-dimensional
subspace of R?, while Row A is two-dimensional.



3. Let B= {(:1,)) , (3)} be a basis of RZ.

a) Find the change-of-coordinates matrix from B to the standard basis

in R2.
1 2
re= (5 7)

b) Find the B-coordinates for the vectors u = G) and v = <2> .

Ix we have

[U]B:<_§ _§>u:<_52), [v]s=(_§ _%>V:<(1)>.

4. Let A be given by

Since [x]|g = Py

3/2 —1/2 0
~-1/2 3/2 0
0 0 1

The characteristic polynomial of A is given by
p(A\) =—-(A—1)* (A -2).
a) Find the eigenvalues of A and the corresponding eigenspaces.
Eigenvalues: A = 1 (multiplicity 2) and A = 2.
Eigenspaces: A = 1. We have to solve (A — I)x = 0.

1/2 —1/2 0 1 -1 0
A-T=1| —-1/2 /2 0 |~ 0 00 ],
0 00 0 00
and therefore
1 0
Eig(A = 1) = span 11,10



A = 2. We have to solve (A — 2I)x = 0.

~1/2 —1/2 0 110
A—2r=| —-1/2 =1/2 0 |~ 00 1],
0 0 —1 0 0O
and therefore
1
Eig(A = 1) = span -1
0

b) Is A diagonalizable? If yes, find a diagonal matrix D and a matrix
P such that A= PDP L.

We have a basis of eigenvectors, and thus A is diagonalizable with

100 10 1
pD=(010], P=[10 -1
00 2 01 0

5. Let A be the matrix

0 —4
(03
a) Find the (complex) eigenvalues and corresponding eigenvectors for

A.

The characteristic polynomial is det(A — AI) = A\? + 4 and the eigen-
values are thus A = 27 and A = —2s.

Eigenspace for A = 2i: solve (A — 2il)x = 0. Since

. ~2i 4 ~2 —4 1 -2
A_M_( 1—21;)””( 0 0)”(0 o>’

we have
Eig(\ = 2i) = span { ( 2f ) } , Big(A = —2i) = span { ( _21i ) } :

b) Is A similar to a matrix B of the form

p=(5 )



with a, b € R? If your answer is yes, find a matrix P and a matrix B
such that A = PBP~!. Give a geometric interpretation of B!

By our general results, A = PBP ! with

p=(3 ) »=(17)

The matrix B is a scaling by 7 = 2 and a rotation through ¢ = 7/2.

6. Let T'(x) = Ax be the linear transformation given by

-(21).

a) Plot the images of the unit vectors e; = (1,0)7, e; = (0,1)” and of
the vector e; + e;. Sketch the image of the unit square Q).

T(el):(_?>’ T(62)2<§)’ T(e1+e2)=(g>

XzA

T(e)
30
2 @ T(ei+ &)
1 e
L L ® =
2 3 Xq
T(e1)

b) Is T : R? — R? one-to-one?

Since det A = 7, the system Az = b has a unique solution for all b € R?
and 7' is one-to one.

c) Is T onto R2?



Since det A = 7, the system Az = b has a unique solution for all b € R?

and 7" maps R? onto R2.

d) What is the area of the image of the unit square @ under 77
Area(T(Q)) = (det A)Area(Q) = 7.

7. Let

(). ()

a) Find the orthogonal projection of u onto span{v}.

. u-v 5 5/2
pro-]span{v}(u) = V= 5 vV = 5/2 :

V-V

b) Is the T'(u) = projy,an(v}(u) a linear transformation? Justify your
answer!

The answer is YES since

u +u) v u; v up v
T(u1+u2):( L+ u2) v —— v+ ——v=T(u) + T(uy),
V-V V-V V-V
and
(cu) - v u-v
T(cu) = v=c v = cT'(u)
V-V Vv

¢) If your answer in b) is “YES”, find the standard matrix for 7'

The standard matrix has the columns
1 1

a; = T(el) = §V, g = T(GQ) = §V

and is given by

a= (12 1)



8. a) Describe all least-squares solutions of the equation Ax = b where
1 10

A: b:

— =
O O =
—_—
N CO W =

We have to solve the normal equations A7 Ax = A"b. We find

4 2 2 14
AtaA=12 2 0], Ab= 4
2 0 2 10
We solve the linear system by
4 2 2 14 4 2 2 14 4 0 4 20
220 4|)~10 2 -2 -6 ]~]101 -1 -3
2 0 2 10 0 -2 2 6 00 0 0
The general solution of this non-homogeneous system is given by
) -1
x=\| =3 | +z3 1
0 1

b) Recall that AZ = b. Thus

o

PrOjcol A (b) =

Tt Ot NN



