
WEAK EQUIVALENCE FOR SHIFTS OF FINITE TYPE

JOSEPH BARTH AND ANDREW DYKSTRA

Abstract. We derive a computable set of necessary and sufficient
conditions for the existence of a homomorphism from one shift of
finite type to another. Also we consider an equivalence relation
on subshifts, called weak equivalence, which was introduced and
studied by Beal and Perrin. We classify arbitrary shifts of finite
type up to weak equivalence.

1. Introduction

In [2], Beal and Perrin introduce an equivalence relation on subshifts
called weak equivalence, and classify a special collection of irreducible
shifts of finite type (SFTs) up to weak equivalence. We classify arbi-
trary SFTs up to weak equivalence. For this, first we introduce the
notion of a phase matrix for an SFT, and show that the set of phase
matrices for an SFT is a computable isomorphism invariant. With The-
orem 4.5 we formulate necessary and sufficient conditions in terms of
phase matrices for there to exist an extension of a given homomorphism
NW (S) → NW (T ) between nonwandering sets of SFTs S and T to a
homomorphism S → T . We use this extension result to give necessary
and sufficient conditions for the existence of a homomorphism from one
SFT to another (Theorem 5.1).

Extension results are significant in symbolic dynamics. Boyle’s ex-
tension result [3, Extension Lemma 2.4] is the key to characterizing
when there exists an epimorphism from one mixing SFT onto another
of lower entropy, and has had other applications as well. (For example,
a refinement of that result, [5, Theorem 5.3], establishes that the Mar-
kovian property of a homomorphism is in a certain sense not local.)
The extension theorem for inert automorphisms of Kim and Roush [6]
is a central tool in the study of automorphisms of an SFT. (See [4],
[7] and [8].) The study [1] provides a variety of surjective extension
results. It follows from the work of Maass [13] that an open problem
on extensions, Problem 6.8 below, is very closely related to the problem
of characterizing the limit sets of stable cellular automaton maps.

Date: June 11, 2007.
1



2 JOSEPH BARTH AND ANDREW DYKSTRA

As a consequence of Lightwood’s machinery for extending certain
classes of homomorphisms of Z2 SFTs, we know that for a large class
of examples the key issue for existence of an embedding between Z2

SFTs is the existence of a homomorphism between them [10, 11]. This
provides some additional motivation for our existence result in the more
tractable d = 1 case.

We thank Danrun Huang for calling our attention to the paper of
Beal and Perrin, and we thank Mike Boyle for many helpful discussions
about this problem.

2. Preliminaries

2.1. Shifts of Finite Type. We assume some familiarity with shifts
of finite type. See [9] and [12] for more complete background.

Given n > 0, let Σn = {0, . . . , n − 1}Z denote the set of doubly-
infinite sequences (xi)i∈Z where each xi ∈ {0, . . . , n − 1}. Give to
Σn the product of the discrete topology on {0, . . . , n− 1}. Then Σn is
compact and metrizable. The shift is the homeomorphism σ : Σn → Σn

given by σ(x)i = xi+1. The pair (Σn, σ) (or just Σn for short) is the
full n-shift. A full shift is a full n-shift for some n. If S is a closed,
σ-invariant subset of a full shift, then the pair (S, σ) (or just S for
short) is a subshift.

A word on {0, . . . , n − 1} is a finite concatenation w1 . . . wk, where
each wi ∈ {0, . . . , n − 1}. Given a subshift S, a point x ∈ S, and
coordinates i < j, often we write x[i, j] to denote the word xi · · ·xj.

If a subshift S may be written

S = Σn \ {x ∈ Σn : no word in F appears in x}
for a finite set of words F , then S is a shift of finite type (SFT).

A homomorphism f : S → T from one SFT to another is a σ-
equivariant function such that, for each x ∈ S, f(x)0 is determined by
x−i · · ·x0 · · ·xj for some i, j ≥ 0. Then f is r-block where r = i+ j +1.
If f is surjective it is an epimorphism. An injective epimorphism is
an isomorphism. Any homomorphism f : S → T is isomorphic to a
one-block homomorphism, in the sense that there exists an SFT S ′ and
an isomorphism ϕ : S ′ → S such that f ◦ ϕ is one-block.

2.2. Edge Shifts. Let A be an n×n matrix over the non-negative in-
tegers which has no 0-row or 0-column. Then A is the adjacency matrix
for a directed graph G(A): G(A) has vertex set {v1, . . . , vn} where the
number of edges from vi to vj is A(i, j). Let E(A) = {edges in G(A)}
and V(A) = {vertices in G(A)}. Put

ΣA = {x = (xi)i∈Z ∈ E(A)Z | each xixi+1 is a path in G(A)}.
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Give to ΣA the relative of the product of the discrete topology on E(A).
Then, by thinking of edges in E(A) as numbers in {0, . . . , |E(A)| − 1},
ΣA is a special type of subshift, called an edge shift. Any edge shift is
an SFT. Also, any SFT is isomorphic to an edge shift.

2.3. Irreducible Shifts of Finite Type. Let A be as in section 2.2.
Then A, G(A), and ΣA are irreducible if, for each 1 ≤ i, j ≤ n, there
exists L = L(i, j) such that AL(i, j) > 0. If there exists a uniform
L > 0 such that AL(i, j) > 0 for all 1 ≤ i, j ≤ n, then A and G(A) are
primitive . If A is primitive, then ΣA is mixing.

A point x ∈ ΣA is periodic if there exists p > 0 such that σp(x) = x.
In this case p is a period of x. When A is irreducible, we define the
period of A, G(A) and ΣA to be the greatest common divisor of the set
of periods of the periodic points in ΣA. Note that for primitive A, the
period of A is 1.

Given a path w = w0 · · ·wl−1 of edges in G(A), the length of w is
|w| = l. Denote by in(w) and ter(w) the initial and terminal vertices
of w, respectively. If A is irreducible, say that vertices vi and vj in
V(A) are period equivalent if there is a path w in G(A) with in(w) = vi

and ter(w) = vj such that |w| is divisible by p = the period of A.
This defines an equivalence relation on V(A), and induces a partition
of V(A) into a disjoint union of p sets

V(A) = V0(A) t · · · t Vp−1(A).

The V i(A) are called the cyclically moving vertex sets of V(A). This
partition of V(A) induces a partition of ΣA into p sets

ΣA = Σ0
A t · · · t Σp−1

A ,

where Σi
A = {x ∈ ΣA : in(x0) ∈ V i(A)}. The Σi

A are called the
cyclically moving subsets of ΣA. By re-labelling if necessary, we may

assume that σ(Σi
A) = Σ

(i+1) mod p
A for 0 ≤ i ≤ p − 1. Each Σi

A is both
invariant and mixing under σp.

2.4. Reducible Shifts of Finite Type. Let A be as in section 2.2.
The nonwandering set of ΣA, denoted NW (A), is the closure of the set
of periodic points in ΣA. The nonwandering set NW (A) is an SFT,
and is a disjoint union

NW (A) = C(A)1 t · · · t C(A)K ,

where each C(A)i is an irreducible SFT. The C(A)i are called the
irreducible components of ΣA. If K > 1, then ΣA is reducible.

For 1 ≤ i ≤ K, let pi denote the period of C(A)i. Then C(A)i is
partitioned into cyclically moving subsets C(A)0

i , . . . , C(A)pi−1
i , each
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of which is both invariant and mixing under σpi , as in Section 2.3.
Therefore we can find li ≥ 1 such that if q and q′ are any two vertices
in the same cyclically moving subset of the graph G(C(A)i), then there
exists a path w in G(C(A)i) of length |w| = pi · li such that in(w) = q
and ter(w) = q′. Such li is called a cyclic transition length for C(A)i.

3. Homomorphisms Between Irreducible SFTs

Let S and T be subshifts. Write S
PER−→ T if, for each periodic point

x ∈ S of period p, there is a periodic point y ∈ T of period q, such that
q divides p.

Theorem 3.1. Given irreducible SFTs S and T , there exists a homo-

morphism f : S → T if and only if S
PER−→ T . Moreover, assuming

S
PER−→ T , then given any pair of cyclically moving subsets S0 and T 0

in S and T respectively, f : S → T may be chosen so that f(S0) ⊂ T 0.

Proof. If f : S → T is a block code and x ∈ S is a periodic point
of period p, then f(x) ∈ T must be a periodic point of some period
dividing p, by the σ-equivariance of f .

Conversely, first suppose S
PER−→ T and T is mixing. In this case, let S

be the empty subshift, and let f : S → T be the empty homomorphism.
By [3, Extension Lemma 2.4], f extends to a homomorphism f : S →
T .

Now suppose S
PER−→ T where T is no longer assumed to be mixing.

Decompose S and T into disjoint unions of cyclically moving subsets,

each of which is invariant and mixing under the pth power of the shift,
where p is the period of S (the period of T divides p by assumption).
Fix cyclically moving subsets S0 of S and T 0 of T , and let X = (S0, σp)

and Y = (T 0, σp). Then X
PER−→ Y and Y is mixing so, by the previous

paragraph, there exists a homomorphism f0 : X → Y . Every other
cyclically moving subset of S is equal to σi(S0) for some unique 1 ≤
i < p. So define a homomorphism fi on σi(S0) by fi = σi ◦ f0 ◦ σ−i,
and define f : S → T by f(x) = fi(x) where x ∈ σi(S0).

�

4. Extending Homomorphisms Defined on a Nonwandering
Set

Let ΣA be a reducible edge shift. Write the nonwandering set NW (A) =
C(A)1t· · ·tC(A)K as a disjoint union of irreducible components, and
let pi denote the period of C(A)i. Fix in each C(A)i one cyclically
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moving subset C(A)0
i , and enumerate the remaining cyclically moving

subsets in C(A)i by C(A)1
i , . . . , C(A)pi−1

i , where C(A)k
i = σk(C(A)0

i ).
Given this enumeration of the cyclically moving subsets, for each

i, j, define the set of connection paths from C(A)i to C(A)j, denoted
CPA(i, j), to be the set of paths in G(A) of the form x0 · · ·xt−1 which
have initial vertex in some C(A)s

i , and terminal vertex in some C(A)r
j .

The number s+ t− r, taken mod gcd(pi, pj), is the phase change of the
path x0 · · ·xt−1.

Now define a K×K matrix PA as follows. The entries of PA are sets.
Specifically, PA(i, j) ⊂ Zgcd(pi,pj) is the set of phase changes of paths in
CP (Ai, Aj). Let M(A) denote the set of phase matrices for A. Note
that the finitely many possible enumerations of the cyclically moving
subsets determine the finitely many matrices in M(A). By a phase
matrix for A we mean a matrix PA determined by some enumeration
of cyclically moving subsets.

Given x and x′ in ΣA, say that x and x′ are backwardly asymptotic
if there exists k ∈ Z such that xi = x′i for all i ≤ k, and forwardly
asymptotic if there exists k ∈ Z such that xi = x′i for all i ≥ k.

Remark 4.1. Let PA be a phase matrix for A. Then c ∈ PA(i, j) if
and only if there exist x, y and z in ΣA such that

• z is backwardly asymptotic to x and forwardly asymptotic to
y,

• x ∈ C(A)s
i and y ∈ C(A)r

j , and
• s− r ≡ c mod gcd(pi, pj).

It follows that, if φ : ΣA → ΣC is an isomorphism which respects
the numberings of the irreducible components and cyclically moving
subsets, then the associated phase matrices PA and PC are equal. In
particular, the set M(A) of possible phase matrices for A is an isomor-
phism invariant.

Example 4.2. Let A be the adjacency matrix for the following graph.

v1
1

��

v2
2

��
v2

1 66 v0
1

kk

//

00

• // v0
2 66 v1

2

kk

Let C(A)1 correspond to the cycle on the left and let C(A)2 corre-
spond to the cycle on the right. Choose the cyclically moving subset
C(A)0

1 to be those points x ∈ C(A)1 such that the initial vertex of x0
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is v0
1, and C(A)0

2 to be those points x ∈ C(A)2 such that the initial
vertex of x0 is v0

2. Then the phase matrix for this choice is

PA =

(
{0} {2}
∅ {0}

)
.

Remark 4.3. Let D(A) denote the set of K × K diagonal matrices
D, where each D(i, i) is an element of the group Zpi

. Note that, if M
and M ′ are any two phase matrices in M(A), then there is a matrix
D ∈ D(A) such that M ′ = DMD−1, by which we mean that, for each
i, j,

(4.4) M ′(i, j) = {D(i, i) + s−D(j, j) : s ∈ M(i, j)}.

Conversely, given M ∈ M(A) and D ∈ D(A), the matrix DMD−1 is
in M(A). Thus the set M(A) is computable via the following finite
process:

(1) Arbitrarily choose an enumeration of the cyclically moving sub-
sets for A.

(2) Construct the phase matrix PA for this choice, as defined above,
and include this PA in M(A).

(3) For each D ∈ D(A), add to M(A) the matrix DPAD−1.

Now let ΣB be another reducible edge shift with nonwandering set
NW (B) = C(B)1 t · · · t C(B)L, and let qi denote the period of
the irreducible component C(B)i. Suppose there exists a homomor-
phism f0 : NW (A) → NW (B). Then f0 induces a set function
g : {1, . . . , K} → {1, . . . , L} by the following rule: C(B)g(i) is the
irreducible component of ΣB which contains f0(C(A)i).

In each irreducible component C(B)i, arbitrarily choose one cycli-
cally moving subset C(B)0

i , and enumerate the remaining cyclically
moving subsets in C(B)i by C(B)k

i = σk(C(B)0
i ). Let PB be the phase

matrix determined by this choice. Say that a phase matrix PA for A
is compatible with (PB, f0) if PA is the phase matrix determined by a
choice of the cyclically moving subsets C(A)0

i in C(A)i such that each
f0(C(A)0

i ) ⊂ C(B)0
g(i). For such PA let PA be the matrix such that each

PA(i, j) is the set of elements in PA(i, j) taken mod gcd(qg(i), qg(j)).

Theorem 4.5. Let ΣA and ΣB be reducible edge shifts, as above, and
let f0 : NW (A) → NW (B) be a homomorphism. Let g : {1, . . . , K} →
{1, . . . , L} be the set function induced by f0. Choose a phase matrix PB

for B, and let PA be a phase matrix for A compatible with (PB, f0).
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Then f0 extends to a homomorphism f : ΣA → ΣB if and only if
each PA(i, j) is contained in PB(g(i), g(j)).

Proof. Suppose f0 extends to f : ΣA → ΣB. Let c ∈ PA(i, j) and let
c ∈ PA(i, j) satisfy c ≡ c mod gcd(qg(i), qg(j)). By Remark 4.1 there
exist x, y and z in ΣA such that

• z is backwardly asymptotic to x and forwardly asymptotic to
y,

• x ∈ C(A)s
i and y ∈ C(A)r

j , and
• s− r ≡ c mod gcd(pi, pj).

Let s (r, respectively) denote s (r, resp.) taken modulo qg(i) (qg(j),
resp.). Then

• f(z) is backwardly asymptotic to f(x) and forwardly asymp-
totic to f(y),

• f(x) ∈ C(B)s
g(i) and f(y) ∈ C(B)r

g(j), and

• s− r ≡ c mod gcd(qg(i), qg(j)).

Hence c ∈ PB(g(i), g(j)).
For the converse first note that we may assume, without loss of

generality, that f0 is one-block. For, if not, then we can choose an
SFT ΣC and an isomorphism ϕ : ΣC → ΣA such that f0 ◦ ϕ|NW (C) is
one-block. The isomorphism ϕ can be taken to respect the numberings
of the irreducible components and cyclically moving subsets, which
implies PC = PA, by Remark 4.1. It follows that f0 extends to all of
ΣA if and only if f0 ◦ ϕ|NW (C) extends to all of ΣC .

Claim 4.6. Suppose each PA(i, j) ⊂ PB(g(i), g(j)). Then there exists
M > 0 such that, for each i, j and for each path Q ∈ CPA(i, j) of length
|Q| ≥ M , there exists a path Q′ ∈ CPB(g(i), g(j)) such that |Q′| = |Q|,
in(Q′) = f0(in(Q)), and ter(Q′) = f0(ter(Q)).

To prove Claim 4.6, first recall that each C(A)i has a cyclic transition
length li. WLOG assume that li is a cyclic transition length for C(B)g(i)

as well. (If not, just make li larger.) Let

l = max
i
{li},

and let

p =
∏

i

pi.

Note that if v and v′ are any two vertices in the same cyclically moving
subset of some C(B)g(i), then there is a path in C(B)g(i) of length lp
from v to v′.



8 JOSEPH BARTH AND ANDREW DYKSTRA

Next, pick T large enough so that, for each i, j and for each c ∈
PA(i, j), there exists a path Q ∈ CPB(g(i), g(j)) of length at most T
with phase change c.

Then, for each i, j, pick Ri,j large enough so that all integers r greater
than Ri,j and divisible by gcd(qg(i), qg(j)) are contained in the N-ideal

< qg(i), qg(j) >N := {mqg(i) + nqg(j) : m ∈ N, n ∈ N}.

Let R = maxi,j Ri,j, and set

M = T + R + 2lp + 2 max
i

qg(i).

To see that M satisfies the requirements of Claim 4.6, let Q ∈
CPA(i, j) have length |Q| ≥ M and phase change c. Assume that in(Q)
is in some C(A)s

i and ter(Q) is in some C(A)r
j , so that c ≡ s + |Q| − r

mod gcd(pi, pj). Let Q1 ∈ CPB(g(i), g(j)) have phase change c ≡ c
mod gcd(qg(i), qg(j)) and |Q1| ≤ T .

Extend Q1 to the left in G(C(B)g(i)) by at most qg(i) and to the right
in G(C(B)g(j)) by at most qg(j) to a path Q2 ∈ CPB(g(i), g(j)) with
in(Q2) ∈ C(B)s

g(i) and ter(Q2) ∈ C(B)r
g(j), where s ≡ s mod qg(i) and

r ≡ r mod qg(j). Note that Q2 has phase change c. Also, |Q|−2lp−|Q2|
is divisible by gcd(qg(i), qg(j)) and greater than R, so

|Q| − 2lp− |Q2| ∈ < qg(i), qg(j) >N .

Hence

|Q| − 2lp = |Q2|+ aqg(i) + bqg(j)

for some a, b ≥ 0. So we may extend Q2 to the left in G(C(B)g(i))
by aqg(i) and to the right in G(C(B)g(j)) by bqg(j) to a path Q3 ∈
CPB(g(i), g(j)) with

• in(Q3) ∈ C(B)s
g(i),

• ter(Q3) ∈ C(B)r
g(j), and

• |Q| = |Q3|+ 2lp.

Finally, by choice of l, we may extend Q3 to the left in G(C(B)g(i)) by
lp and to the right in G(C(B)g(j)) by lp to a path Q′ ∈ CPB(g(i), g(j))
with

• in(Q′) = f0(in(Q)),
• ter(Q′) = f0(ter(Q)), and
• |Q| = |Q′|.

This completes the proof of Claim 4.6

Now define f : ΣA → ΣB as follows. Let M > 0 be as in Claim 4.6,
and let Q → Q′ be a chosen associated map on connection paths Q
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of length at least M . Consider the set of paths V WX in G(A) which
satisfy

(1) V is in a component C(A)i and |V | = M ,
(2) X is in a component C(A)j and |X| = M ,
(3) the only C(A)i-vertex of W is its initial vertex, and the only

C(A)j-vertex of W is its terminal vertex, and
(4) W does not contain any path of length M from NW (A).

Let x ∈ ΣA. For each k ∈ Z such that x[k, k + |V WX| − 1] is a path
satisfying (1)−(4) above, set f(x)[k, k+|V W |−1] = (V W )′. Elsewhere
in x, define f(x)i = f0(x)i. As there is an upper bound on the lengths
of paths V WX which satisfy (1) − (4) above, f is a homomorphism.
By construction, f0 is the restriction of f to NW (A).

�

5. Homomorphisms Between Reducible SFTs

Our main theorem below characterizes when there exists a homo-
morphism between arbitrary SFTs.

Theorem 5.1. Let ΣA and ΣB be reducible edge shifts with nonwan-
dering sets NW (A) = C(A)1 t · · · t C(A)K and NW (B) = C(B)1 t
· · · t C(B)L. Let PB be a phase matrix for B. Then there exists a ho-
momorphism f : ΣA → ΣB if and only if we may choose a set function
g : {1, . . . , K} → {1, . . . , L} and a phase matrix PA for A such that,
for 1 ≤ i, j ≤ K,

(1) C(A)i
PER−→ C(B)g(i), and

(2) PA(i, j) ⊂ PB(g(i), g(j)).

Proof. Given a homomorphism f : ΣA → ΣB, let C(B)g(i) be the ir-
reducible component of ΣB containing f(C(A)i). This defines a set
function g : {1, . . . , K} → {1, . . . , L}. Then, for 1 ≤ i ≤ K, f |C(A)i

:

C(A)i → C(B)g(i) is a homomorphism, so C(A)i
PER−→ C(B)g(i), by

Theorem 3.1.
For 1 ≤ j ≤ L and i ∈ g−1(j), choose C(A)0

i to be a cyclically
moving subset of C(A)i such that f(C(A)0

i ) ⊂ C(B)0
j . Let PA be the

phase matrix for A induced by this choice of the cyclically moving
subsets C(A)0

i in C(A)i. Then PA is compatible with (PB, f0), where
f0 = f |NW (A). By Theorem 4.5 each PA(i, j) ⊂ PB(g(i), g(j)).

Conversely suppose we may choose a set function g : {1, . . . , K} →
{1, . . . , L} and a phase matrix PA for A such that conditions (1) and (2)
of Theorem 5.1 are satisfied for 1 ≤ i, j ≤ K. By condition (1) and The-
orem 3.1, there exists a homomorphism f0 : NW (A) → NW (B) such
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that C(B)g(i) is the irreducible component of ΣB containing f0(C(A)i).
Moreover, by Theorem 3.1, f0 may be chosen so that each C(B)0

g(i) con-

tains f0(C(A)0
i ) (i.e. PA is compatible with (PB, f0)). It then follows

from Theorem 4.5 that f0 extends to a homomorphism f : ΣA → ΣB.
�

6. Weak Equivalence of SFTs

Definition 6.1. Let S and T be subshifts. If ϕ : Σn → Σm is a
homomorphism between full shifts Σn and Σm which contain S and T
respectively, such that ϕ−1(T ) = S, then write ϕ : S

∼→ T . If such a ϕ

exists, write S
∼→ T

Definition 6.2 (Beal and Perrin). Subshifts S and T are weak equiv-

alent if S
∼→ T and T

∼→ S.

A flower shift is an SFT presented by a directed graph made up of
loops that all begin and end at a single vertex. If the lengths of the
loops of a flower shift S are s := (s1, . . . , sn), then we define < s >N
to be the N-ideal s1N + · · ·+ snN. Given flower shifts S and T , which
define ideals < s >N and < t >N, Beal and Perrin [2] prove that S and
T are weak equivalent if and only if < s >N=< t >N.

Proposition 6.3. The following are equivalent for subshifts S and T .

(1) S
∼→ T .

(2) There exists an SFT S ′ containing S, a subshift T ′ containing
T , and a homomorphism f : S ′ → T ′ such that f−1(T ) = S.

Proof. (1) ⇒ (2): Let (f, S ′, T ′) be (ϕ, Σn, Σm) from Definition 6.1.
(2) ⇒ (1): Choose r ≥ 2 so that f is r-block. We may assume

WLOG that S ′ is a 1-step SFT, which means that a point x is in S ′ if
and only if xixi+1 is an allowed word of length 2 in S ′ for each i ∈ Z.
Let Σn−1 and Σm−1 be full shifts containing S ′ and T ′ respectively.
Define an r-block homomorphism ϕ : Σn → Σm by:

ϕ(x0 · · ·xr−1) =

{
f(x0 · · ·xr−1) if x0 · · ·xr−1 is allowed in S ′

m− 1 if x0 · · ·xr−1 is not allowed in S ′

Then ϕ : Σn → Σm is well-defined, and ϕ−1(T ) = S.
�

Theorem 6.4. Let S be an SFT and let T be a subshift. Then S
∼→ T

if and only if there exists a homomorphism f : S → T .
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Proof. If ϕ : S
∼→ T , then f = ϕ|S is a homomorphism. Conversely,

if f : S → T is a homomorphism, then letting S ′ = S and T ′ = T ,
condition (2) of Proposition 6.3 is satisfied. Hence S

∼→ T .
�

The requirement that S be an SFT can not be removed from The-
orem 6.4. To see this note that, if S is a non-SFT subshift and T is
an SFT, then it can not be the case that S

∼→ T . However there are
plenty of examples of homomorphisms from non-SFT subshifts to SFT
subshifts.

Corollary 6.5. Let S and T be SFTs. Then S and T are weak equiva-
lent if and only if there exist homomorphisms f : S → T and g : T → S.

Corollary 6.5 follows directly from Theorem 6.4. Corollary 6.5 com-
bined with Theorem 5.1 provide a classification of weak equivalence for
SFTs.

The next proposition is an easy observation which we record to fur-
ther emphasize the local nature of the weak equivalence relation. For
a subshift S, let Wk(S) denote the set of words of length k occurring
in points in S. Given n ∈ N, let Sn denote the largest SFT such that
Wn(Sn) = Wn(S). If f : S → T is an R-block homomorphism between
subshifts then, for r ≥ R, the R-block rule defining f also defines a
homomorphism fr : Sr → Tr−R.

Proposition 6.6. Suppose ϕ : S
∼→ T , and let f = ϕ|S. Then there

exists a positive integer R such that, for all r ≥ R, fr is well-defined
and f−1

r (T ) = S.

Proof. We have ϕ : Σn → Σm for some n and m. Choose R so that ϕ
is R-block. Observe that S ⊂ SR ⊂ Σn because SR ⊂ S1 and S1 is the
smallest full shift containing S. Also ϕ|SR

= fR because ϕ and f are
defined by the same R-block rule. Therefore ϕ|Sr = fr for all r ≥ R.
We know ϕ−1(T ) = S, so (ϕ|Sr)

−1(T ) = S and hence f−1
r (T ) = S for

all r ≥ R. �

Say that a homomorphism f defined on a subshift S is steady if
there is an SFT S ′ containing S such that f is well-defined on S ′, and
f applied to S ′ has the same image as does f . A subshift S is sofic if
there exists an SFT R and an epimorphism R → S.

Remark 6.7. If S
∼→ T where S is a non-SFT subshift, then there

exists a homomorphism f : S → T which fails to be steady. This is
true in particular if S is strictly sofic. To see this, suppose ϕ : S

∼→ T
and let f = ϕ|S. If f were steady, then there would exist an SFT S ′
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containing S such that f is well-defined on S ′ and f(S ′) = T . Then, for
all r sufficiently large, fr is well-defined and Sr ⊂ S ′, so f−1

r (T ) = Sr.
But Sr 6= S because S is non-SFT, contradicting Proposition 6.6.

Remark 6.7 points to a seeming resemblance between Proposition
6.6 and the following difficult open problem.

Problem 6.8. Give necessary and sufficient conditions for a homo-
morphism defined on a sofic shift to be steady.

One motivation for Problem 6.8 is to characterize the limit sets of
stable cellular automaton maps. These limit sets are the subshifts
T for which there exists a cellular automaton map f and a positive
integer r such that T = Image(f r) = Image(f r+1). In [13], Maass
studies such limit sets, and shows that they are precisely the mixing
sofic shifts S which contain a receptive fixed point and which admit a
steady epimorphism f : S → S.

References

[1] J. Ashley, B. Marcus, D. Perrin and S. Tuncel, Surjective extensions of
sliding-block codes, SIAM J. Discrete Math. 6 (1993), no. 4, 582-611.

[2] M.-P. Beal and D. Perrin, A weak equivalence between shifts of finite type,
Adv. in Appl. Math. 29 (2002), 162-171.

[3] M. Boyle, Lower entropy factors of sofic systems, Ergodic Theory & Dy-
namical Systems 3 (1983), no. 4, 541-557.

[4] M. Boyle and U. Fiebig, The action of inert finite-order automorphisms
on finite subsystems of the shift, Ergodic Theory & Dynamical Systems
11 (1991), no 3, 413-425.

[5] M. Boyle and S. Tuncel, Infinite-to-one codes and Markov measures, Trans.
Amer. Math. Soc. 285 (1984), no. 2, 657-684.

[6] K. H. Kim and F. W. Roush, On the structure of inert automorphisms of
subshifts, Pure Math. Appl. Ser. B 2 (1991), no. 1, 3-22.

[7] K. H. Kim, F. W. Roush and J. B. Wagoner, Characterization of inert
actions on periodic points. I., Forum Math. 12 (2000), no. 5, 565-602.

[8] K. H. Kim, F. W. Roush and J. B. Wagoner, Characterization of inert
actions on periodic points. II., Forum Math. 12 (2000), no. 6, 671-712.

[9] B. Kitchens, Symbolic dynamics: one-sided, two-sided and countable state
Markov shifts, Springer (1991).

[10] S. Lightwood, Morphisms from non-periodic Z2 subshifts. I. Constructing
embeddings from homomorphisms, Ergodic Theory & Dynamical Systems
23 (2003), no. 2, 587-609.

[11] S. Lightwood, Morphisms from non-periodic Z2 subshifts. II. Construct-
ing homomorphisms to square-filling mixing shifts of finite type, Ergodic
Theory & Dynamical Systems 24 (2004), no. 4, 1227-1260.

[12] D. Lind and B. Marcus, An introduction to symbolic dynamics and coding,
Cambridge Univ. Press (1995).



WEAK EQUIVALENCE FOR SHIFTS OF FINITE TYPE 13

[13] A. Maass, On the sofic limit sets of cellular automata, Ergodic Theory &
Dynamical Systems 15 (1995), no. 4, 663-684.

8750 Georgia Ave APT 610B, Silver Spring, MD 20910, USA
E-mail address: joseph.j.barth@census.gov

Department of Mathematics, University of Maryland, College Park,
MD 20742-4015, USA

E-mail address: dykstraa@math.umd.edu
URL: www.math.umd.edu/∼dykstraa


