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Left-Truncated Right-Censored Data
Maximum Likelihood & Nelson-Aalen Estimators

As we discussed in class, left-truncated and right-censored survival data
should be viewed as the set of observations {(7;, A;, L;): 1 <i< M, T; <
L;}, where M is a large (nonrandom) index-number of ‘potential ob-
servations’ reflecting an underlying population, but we can only observe
(T;, A;, L) for L; < T;. Here we should think of underlying latent in-
dependent variables (L;, X;, C;, where the statistical parameters of interest
are only those associated with the density fx(:,9J) of the failure time X,
not those of the distribution for the left-truncation time L; or the right-
censoring time Cj.

The Likelihood for the observed data (after striking out the factors that
do not depend upon ¥), is

: Ix(Ti,9)\a: ,Sx(T;,9)\1-4;
le(ﬁ) = i:le;[Li {(SCETz,ﬂi) <SXEL1,Q9))) }

(But note that in class, I inadvertently left out the denominator in the second
factor in this product.) Using the formulas we developed in class for hazard
intensity and cumulative hazard, we can re-express the last likelihood formula
as -
Lik(¥) = ][] [/\X(Ti, ¥)2 exp ( — / Ax(s,0) ds)}
iT>L; Li

Therefore,

logLik(9) = 3 [A;logAx(T;,9) — / Iig,<scry Mx (s, 9) ds]

T, >L;

_ / {log Ax (s, 9) AN (s)( = Y () Ax (s, ) ds

where (in the left-truncated right-censored setting) N and Y are re-defined

as
{ N(t) = > I[TiZLi} I[Tiét] A;

Y(t) = Ez I[TiZt>Li]



Thus we find in all left-truncated right-censored survival datasets, that
the MLE 1 solves the equation

/w log Ax(s,9) { dN(s) — Y(s) Ax(s,0)ds} = 0

When the hazard intensity is parameterized piecewise-constant by ¢ =
(A1, A2, ..., Ak) so that, for fixed and known 0=ap < a; <--+ < ag,

Ax(s,0) = N for all s € (a;-1,q,]

we express the MLE’s as

A = / dN(s)//C:jl Y (s) ds

so that

) = ¥ B
x(1) j:ajzlq Jal Y(s)ds Ja; (s)

Now assume that there are no tied survival times (as would be the case
with probability 1 if the failure r.v. has a density). We complete the picture
of estimating a flexibly parameterized cumulative hazard by observing that
as the partition of the positive time-line by {aj}]Kzl is made finer and
finer (extending at least as far to the right as the largest survival time, all
increments N(a;) — N(aj_1) become either 0 or 1, and the formula just

given for Ax(t) has the limit

N t ImaxiTi s
Ax(t) = /0 WdN(S)

This estimator is called the Neslon-Aalen nonparametric cumulative haz-
ard estimator, and we will discuss its properties in class.



