
RHEA
A RelativisticHydrodynamicscodefor Exploring

Active-galacticNuclei

Darran Furnival

Supervisedby
Chris Reynolds

May 16, 2003



Abstract

Most galactic clusterscontain an active galactic nucleus(AGN) consistingof a radio galaxy with a
massiveblack holeat its center. Observational evidenceshowsthat the AGN emitshighly collimated
twin jets of matter into the surrounding intra-cluster medium (ICM) at relativistic speeds.

It is the purposeof this project to develop a suite of software that can be usedto run numerical
simulations of the interaction betweenthe jets and the ICM usingthe equationsof specialrelativistic
hydrodynamics.



Forw ard

The original proposal for this project was to build a parallelized2-dimensionaland 3-dimensional
special relativistic code for the study of the interaction betweenrelativistic jets of matter and the
surrounding medium.

Theseproposedgoalswere not fully met. At present RHEA is only a 2-dimensionalserial code.
The 3-dimensionalcode should follow readily from the 2-dimensionalcode but it was considered
more worthy spending the latter part of the project pursuing veri¯cation issueswith the existing
2-dimensionalcode.

Another point that needsmentioning is that the code doesnot include a gravitational ¯eld which
would beneededto run applicationsin the ¯eld of interest. As the gravitational ¯eld is non-evolving
this would be included asa sourceterm in the conservation laws that govern the special relativistic
equations.
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Chapter 1

In tro ductory Physics

1.1 In tro duction

Observations show that most galactic clusters contain a central radio galaxy that emits twin jets
of matter into the surrounding intr a-cluster medium (ICM) at highly relativistic speeds. The
existenceof such jets has beenknown about since the advent of radio astronomy but due to the
high temperature of the ICM (» 108K ) the interaction of such jets with the surrounding medium
was not observed until relatively recently with the orbital X-ray telescopes Chandra and XMM
Newton. The emissionof the jets is attributed to a massive black hole that lies at the central radio
galaxy's core known as the active galactic nucleus (AGN). A satisfactory theoretical explanation
hasyet to be found that describesthe jets accelerationand collimation.

An understandingof this processis important for a number of reasons.

² It will contribute to our knowledgeof black holesand their impact on the surrounding envi-
ronment.

² The impact of the jets will have an e®ecton the properties of the cluster which in turn a®ect
cosmologicalarguments, e.g. the ageand curvature of the universe.

² It will assist in explaining discrepanciesbetweenmodel predictions and observational data,
e.g. the temperature distribution as predicted by cooling °ow models and the data gathered
by XMM Newton.

² We will be able to discern certain information about the cluster, e.g. its age,by comparing
observations with model simulations.

1.2 Mathematical Mo del

It is proposedthat the interaction betweenrelativistic jets, emitted by an AGN, and the surrounding
ICM can be modeledby solving the equationsof special relativistic hydrodynamics (SRHD) for a
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homogeneous°uid gravitationally bound by ambient dark matter. This model is very much a ¯rst
order approximation with the following notable simpli¯cations.

² Magnetic ¯elds have beenneglected.

² The self gravitation of the matter composing the ICM has been neglectedwhich in reality
might constitute 10 percent of the gravitational ¯eld.

² The gas is not in fact homogeneous.In particular the jets will be di®erent than that of the
background matter.

Non-relativistic magneto-hydrodynamic simulations have beencarried out before,e.g.see[12], and
relativistic jets have been simulated before, e.g. see[1]. It is the purposeof RHEA to provide a
purposebuilt code that can be usedto study the global system, i.e. the jets and the ICM, taking
special relativit y into account.

1.3 Equations of SRHD

In the following we will usethe summation convention with ®; ¯ = 0; 1; 2; 3 and i; j = 1; 2; 3. We
will alsousenatural units, i.e. c = 1. The equationsof SRHD are then given most generallyby

@
@x®

(½u®) = 0; (1.1)

@
@x¯

(T®¯ ) = 0: (1.2)

Here T®¯ is the stress-energytensor, ½is the proper rest massdensity, and u® is the 4-velocity
which is related to the 3-velocity, vi , by

u0 = ¡ ;

ui = ¡ vi ;

where ¡ = (1 ¡ v2)¡ 1=2 is the Lorentz factor. For a perfect °uid the stressenergy tensor can be
written

T®¯ = ½hu®u¯ + pg®¯ ;

wherep is the °uid pressure,h is the speci¯c enthalpy satisfying

h = 1 + ² +
p
½

;

where² is the speci¯c internal energy, and g®¯ is the metric tensor given by

g®¯ =

2

6
6
4

¡ 1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3

7
7
5 :
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1.4 Equations of SRHD in Conserv ation Form

It is convenient for purposesof computation to rearrangeequations(1.1) and (1.2) into the vector
conservative °ux form

@U
@t

+
@F i (U )

@x i
= 0; (1.3)

where

U =

2

6
6
6
6
4

D
S1

S2

S3

¿

3

7
7
7
7
5

; F i =

2

6
6
6
6
4

Dvi

S1vi + p±1i

S2vi + p±2i

S3vi + p±3i

Si ¡ Dvi

3

7
7
7
7
5

:

Here D is the rest massdensity, Si are the three components of the momentum density, and ¿ is
the energydensity. Theseconserved variablesare related to the primitiv e variables,½, h, p, v, and
² by

D = ½¡ ; (1.4)

Si = ½h¡ 2vi ; (1.5)

¿ = ½h¡ 2 ¡ p ¡ D: (1.6)

Finally, in order to create a closedsystemwe require the equation of state for the °uid which is
given most generallyby

p = p(½;²):

The equation of state is further discussedin x1.6.

For further details on the conversionof the equationsof SRHD to conservation form see[16].

1.5 Equations of SRHD in the Non-Relativistic Limit

In the non-relativistic limit we would expect equations(1.3) to reduceto the Euler equationswhich
are the equationsof inviscid °ow derived from Newtonian mechanics. Theseare given by

@U
@t

+
@F i (U )

@x i
= 0;

where

U =

2

6
6
6
6
4

½
½v1

½v2

½v3
1
2½v2 + ½²:

3

7
7
7
7
5

; F i =

2

6
6
6
6
4

½vi

½v1vi + p±1i

½v2vi + p±2i

½v3vi + p±3i

vi ( 1
2½v2 + ½²+ p)

3

7
7
7
7
5

:
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To seethat this is the casewe note that the non-relativistic limit is described by v ¼ 0, and h ¼ 1.
To show that the quantities in the equationsof SRHD reduceto the analogousquantities in the
Euler equationswe expandthem using

¡ =
1

p
1 ¡ v2

= 1 +
v2

2
+ ¢¢¢

and retain the lowest order terms.

For the rest massdensity:

D = ½¡

¼ ½
µ

1 +
v2

2

¶

¼ ½:

For the momentum density:

Si = ½h¡ 2vi

¼ ½h
µ

1 +
v2

2

¶
vi

= ½hvi

¼ ½vi

For the energydensity:

¿ = ½h¡ 2 ¡ p ¡ D

¼ ½h
µ

1 +
v2

2

¶ 2

¡ p ¡ ½
µ

1 +
v2

2

¶

= ½h
µ

1 + v2 +
v4

4

¶
¡ p ¡ ½

µ
1 +

v2

2

¶

¼ (½+ ½²+ p)(1 + v2) ¡ p ¡ ½
µ

1 +
v2

2

¶

=
1
2

½v2 + ½²:

For the density °ux:

Dvi ¼ ½vi :

For the momentum °ux:

Si vj ¼ ½vi vj :
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For the energy°ux:

Si ¡ Dvi = ½h¡ 2vi ¡ ½¡ vi

= ½h
µ

1 +
v2

2

¶ 2

vi ¡ ½
µ

1 +
v2

2

¶
vi

¼ ½
µ

1 + e+
p
½

¶µ
1 +

v2

2

¶
vi ¡ ½

µ
1 +

v2

2

¶
vi

=
1
2

½v2vi + (p + ½e)(1 + v2)vi

¼ vi

µ
1
2

½v2 + ½e+ p
¶

:

The signi¯canceof the fact that the equationsof SRHD reduceto the Euler equationsin the non-
relativistic limit is that there is an extensive literature on the Euler equationsthat can be usedas
a meansof verifying the code.

1.6 Equation of State

The equation of state that will be usedis that for an ideal polytropic gasgiven by

p = (° ¡ 1)²;

where° is the ratio of the speci¯c heatsand is known as the adiabatic index.

For ideal monotonic non-relativistic °uids ° = 5=3. However, in the relativistic limit ° = 4=3. The
full equation for ° will not be given here,as RHEA only ever takes° to be a constant, but can be
found in [4].

1.7 Gra vitation

The °uid under considerationis bound gravitationally by the ambient dark matter. Therefore, to
accuratelysimulate the interactions betweenthe jets and the ICM, gravitation must be included as
a sourceterm in equations(1.3).

This is doneby solving initially for the gravitational potential, ©, using the equationof hydrostatic
equilibrium,

r p = ½r ©:

As the dark matter is assumednot to interact with the non-dark matter the gravitational ¯eld will
remain constant throughout the rest of the simulation. In reality the non-dark matter contributes
about a tenth of the total massof the galactic cluster thereforea more sophisticatedmodel would
usean evolving gravitational potential.
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Chapter 2

Numerical Algorithms

2.1 Coordinate System

RHEA usesa Cartesiancoordinate system. This has the following advantages.

² The underlying equationsare more easily expressedin Cartesian coordinates. In particular,
the conservation law includesthe divergenceoperator which is more complicatedin spherical
and cylindrical coordinates.

² Someof the numerical methods to be discussedare more naturally adapted to a Cartesian
grid, e.g. the Riemann solversdiscussedin x2.4.

² The Cartesian coordinate systemhas no coordinate singularity like the sphericaland cylin-
drical coordinate system.

² Any completecode of this nature should really o®erthe user a choiceof coordinate systems
and it seemsnatural to start with the Cartesiansystem.

However, the Cartesiansystemhas the following disadvantages.

² In the area of application many quantities vary radially outwards from the AGN, e.g. the
gravitational potential, temperature, etc.

² The problem that the project is motivated by is axi-symmetric which can be taken advantage
of in cylindrical coordinatesbut not in Cartesiancoordinates.

2.2 Metho d of Lines

The main methodologyusedto obtain numerical solutionsto equations(1.3) is the method of lines.
This involvesdiscretizing the systemin spaceto leave a systemof ordinary di®erential equations.
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Using a ¯rst order spatial schemeequations(1.3) reduceto

dU ij k

dt
= ¡

1
dx

(F i +1 =2;j ;k ¡ F i ¡ 1=2;j ;k )

¡
1
dy

(F i;j +1 =2;k ¡ F i;j ¡ 1=2;k )

¡
1
dz

(F i;j ;k+1 =2 ¡ F i;j ;k¡ 1=2)

where U ij k is interpreted as the cell centered averageof the conserved quantities and F i § 1=2;j ;k ,
F i;j § 1=2;k , F i;j ;k§ 1=2 are interpreted as the averaged°ux valueson the cell boundariesin the x; y; z
directions respectively. Alternativ ely, thesequantities can be thought of as pointwisevaluesin the
cell centers and on the cell boundaries.

The above can be re-written as

dU ij k

dt
= L(U ); (2.1)

whereL is a ¯rst order spatial di®erenceoperator. A ¯rst order spatial schemeis always usedby
RHEA when using the method of lines approach. However, RHEA alsohas the capability to usea
Lax-Wendro® schemewhich is secondorder in space.This is further discussedin x2.5.

Oncewe have discritized as in (2.1) we are left with a systemof ODEs that we can advanceusing
any ODE solver we like. The choice of ODE solvers is discussedin x2.3. It is also required to
obtain the °ux vectorson the cell boundaries. This requiresthe useof Riemann solvers which are
discussedin x2.4.

An important observation regardingequation (2.1) is that though the right hand side is a function
of the conserved variables,U , it is not an explicit function of the the conserved variables. This is
to say that it alsodependson the primitiv e variablesascan be seenby looking at the de¯nition of
the °ux vector given in equations(1.3). The primitiv e variablesare related to conserved variables
via the non-linear systemof equationsgiven in (1.4) - (1.6). This meansthat each time we want
to evaluate the right hand side of (2.1), which we will want to do at least onceeach time step, it
is required to solve a non-linear system of equations. This is the major algorithmic di®erencein
solving the equationsof SRHD and the Euler equations.

The choiceof method of lines was motivated by a previously existing relativistic code discussedin
[1].

2.3 ODE Solvers

In order to advanceequations(2.1) forward in time we require the useof an ODE solver. RHEA
has two solvers available, an RK2 method and an RK4 method.
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The RK2 method is Heun's method and is given by

U n+1
ij k = U n

ij k +
dt
2

(K 1 + K 2);

K 1 = L(U n );

K 2 = L(U n + dtK 1):

The RK4 method is given by

U n+1
ij k = U n

ij k +
dt
6

(K 1 + 2K 2 + 2K 3 + K 4);

K 1 = L(U n );

K 2 = L(U n +
dt
2

K 1);

K 3 = L(U n +
dt
2

K 2);

K 4 = L(U n + dtK 3):

These Runge-Kutta methods were chosenbecauseof their relative simplicity to implement and
there generalstabilit y. The choicewas alsomotivated by the discussionin [1].

2.4 Riemann Solvers

In order to evaluate of right hand side of (2.1) it is required to calculate the °ux vectors on cell
boundaries. We have the cell centered averagesof the conserved quantities, and hencethe °ux
vectors, in the cells divided by the boundary. Calculating the °ux vector on the boundary, given
values either side of the boundary, amounts to solving the Riemann problem. RHEA has two
methods for solving this problem, the Lax-Friedrichs method and the relativistic HLL method.

2.4.1 Lax-F riedric hs Metho d

In the Lax-Friedrichs method the °ux vector on a cell boundary is given by

FB D Y =
1
2

(FL + FR) ¡ C
h

2dt
(U R ¡ U L ); (2.2)

whereU R ; U L and FR ; FL are the conserved variablesand °ux vectorseither sideof the cell bound-
ary, h is the spatial discretization, i.e. the distancebetweenthe adjoining cell centers, and C is a
parameter that allows the in°uence of the secondterm to be varied.

The ¯rst term on the right is a linear interpolation of the °ux values on either side of the cell
boundary. This term usedon its own tends to be unstable (unconditionally unstable if usedwith
an explicit Euler schemeto move forward in time). The secondterm on the right is an arti¯cial
viscosity introducedto promote stabilit y. The cost of introducing arti¯cial viscosity is that it tends
to make the overall method overly di®usive. This can be controlled, to a limited extent, by altering
the parameterC and choosing larger time steps.
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2.4.2 Relativistic HLL Metho d

In the relativistic HLL method the °ux vector on a cell boundary is given by

FB D Y =
a+

RFL ¡ a¡
L FR + a+

Ra¡
L (U R ¡ U L )

a+
R ¡ a¡

L

where

a¡
L = minf 0; aL g; a+

R = maxf 0; aRg:

Again, U R ; U L and FR ; FL are the conserved variables and °ux vectors either side of the cell
boundary. The quantities aL and aR are referredto as the signal velocities and are given by

aR =
(¹v + ¹cs)
1 + ¹v¹cs

;

aL =
(¹v ¡ ¹cs)
1 ¡ ¹v¹cs

;

where cs is the sound speed. An explicit formula for the sound speed is given in x2.8. The bar
denotesthe arithmetic meanover the two neighboring cells.

This method is describedin moredetail in [10] and [17]. It waschosenhereasit is easyto implement
and o®ereda slightly more sophisticatedway of calculating the °ux vectorson the cell boundaries
than the Lax-Friedrichs schemeintroducedabove.

A whole host of other more sophisticatedsolvers exist in the literature that could be incorporated
into RHEA at a later date. For an overview of such methods see[10].

2.5 Lax-W endro® Scheme

An alternative approach to the method of lines scheme introduced in x2.2 is the Lax-Wendro®
scheme. This is a predictor-corrector schemeand so movesforward in time itself and doesnot use
the ODE solvers discussedin x2.3. It is secondorder in spaceand set on a staggeredgrid. Here
only the 2-dimensionalversion is given. The predictor is given by

U n+1 =2
i+1 =2;j +1 =2 =

1
4

(U n
i;j + U n

i+1 ;j + U n
i;j +1 + U n

i+1 ;j +1 )

¡
dt

2dx
(Fn+1 =4

i+1 ;j +1 =2 ¡ Fn+1 =4
i;j +1 =2) ¡

dt
2dx

(Gn+1 =4
i+1 =2;j +1 ¡ Gn+1 =4

i+1 =2;j );

where

Fn+1 =4
i;j +1 =2 = F1

·
1
2

(U n
i;j +1 + U n

i;j ) ¡
dt

4dx
(F2(U n

i;j +1 ) ¡ F2(U n
ij ))

¸
;

Gn+1 =4
i+1 =2;j = F2

·
1
2

(U n
i+1 ;j + U n

i;j ) ¡
dt

4dy
(F1(U n

i+1 ;j ) ¡ F1(U n
ij ))

¸
:
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The corrector then takesthe form

U n+1
i;j = U n

i;j ¡
dt

2dx
(F1(U n+1 =2

i+1 =2;j +1 =2) + F1(U n+1 =2
i+1 =2;j ¡ 1=2) ¡ F1(U n+1 =2

i ¡ 1=2;j +1 =2) + F1(U n+1 =2
i ¡ 1=2;j ¡ 1=2)

¡
dt

2dy
(F2(U n+1 =2

i+1 =2;j +1 =2) + F2(U n+1 =2
i ¡ 1=2;j +1 =2) ¡ F2(U n+1 =2

i+1 =2;j ¡ 1=2) + F2(U n+1 =2
i ¡ 1=2;j ¡ 1=2):

Note that the superscripts in the above equationsrepresent the component of the °ux vector when
they take the value 1 and 2, and represent the time step when of the form n + x. For the 3-
dimensionalversionand a more completediscussionof the Lax-Wendro®schemesee[6].

2.6 Boundary Conditions

RHEA supports three types of boundary conditions: in°ow, out°ow and re°ective. These are
enforcedby meansof a single layer of ghost cells surrounding the computational domain. Each
ghost cell can support a di®erent boundary condition.

² In°ow conditions In°ow conditions are enforced by setting the primitiv e variables in the
relevant ghost cells to prede¯ned valuesat the beginningof each time step.

² Out°ow conditions Out°ow conditions are enforcedby setting the primitiv e variables equal
to the valuesthey take in the neighboring cell inside the computational domain.

² Re°ective conditions Re°ectiveconditionsareenforcedby setting the primitiv evariablesequal
to the value they take in the neighboring cell inside the computational domain except for
the velocity component perpendicular to the boundary being consideredwhosedirection is
reversed.

2.7 CFL Condition

To ensurestabilit y the CFL condition must be satis¯ed. This is achieved globally in RHEA by
ensuring

dt < C min
n

½
min

i

½
dxi

maxfj vi j; csg

¾¾
;

for each time step. Here i is the component index, n the cell index, and cs is the soundspeedfor
which an explicit formula is given in x2.8. The constant, C, is the Courant number which allows
the stabilit y condition to be strengthened. A typical value is C = 0:5. A more sophisticatedcode
would advanceat di®erent time stepsin each cell so the wholegrid isn't held back by the cellswith
the severest time step constraints.
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2.8 Recovery of the Primitiv e Variables

The primitiv e variables need to be recovered at least once each time step from the conserved
variables. This is achieved by ¯nding the roots of

f (p) = (° ¡ 1)½¤²¤ ¡ p; (2.3)

where

½¤ = D=¡ ;

²¤ =
¿ + D(1 ¡ ¡) + p(1 ¡ ¡ 2)

D¡
;

v¤ =
S2

¿ ¡ D ¡ p
;

¡ =
1

p
1 ¡ v¤2

:

In order that jv j < 1 the constraint

p > pmin = jSj ¡ ¿ ¡ D;

must be enforced.

RHEA has two methods that it can use to ¯nd the roots of (2.3), viz., the bisection method and
the Newton-Raphsonmethod.

For the Newton-Raphsonmethod we needthe derivative of (2.3) which can be approximated by

f 0(p) = jv ¤j2c2
s ¡ 1;

wherecs is the soundspeedgiven by

cs =

s
(° ¡ 1)° e

1 + ° e
:

The function (2.3) is alsomonotonicdecreasingand hasa uniqueroot in (pmin ; 1 ). For moredetails
see[1].
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Chapter 3

Veri¯cation

3.1 1-Dimensional Non-Relativistic Shocktub e

A standard test casefor a °uid code is the shocktube problem. This is a 1-dimensionalproblem
and is described in detail in [14]. It consistsof an interval divided into two halvesby an imaginary
membrane. The two regionsare initially at rest with distinct densitiesand pressures.At t = 0 the
membrane is removed and the systemis allowed to evolve until some¯nal time that is chosenso
that noneof the resulting phenomenaare allowed to °ow o®the grid.

In [14] the interval is chosento be [0; 1] with the initial valuesto the left of the membrane set at
½l = 1; vl = 0; pl = 1, and the initial valuesto the right of the membrane set at ½r = 0:125; vr =
0; pr = 0:1. In [14] all values are normalized to the sound speed whereasin RHEA all values
are normalized to the speedof light. The conversion of the above problem to a code normalized
about the speed of light is discussedin detail in [5] which also used the shocktube problem to
verify a relativistic °uid code. From [5] the above valuesare set at ½l = 105; vl = 0; pl = 1, and
½r = 0:125£ 105; vr = 0; pr = 0:1. Thesevaluesensurethat the °ow is Newtonian. The adiabatic
index is set at 1.4 and the problem is run until t = 50.

Plots of the analytic solution are not given here. To seeanalytic plots see[14] and [5]. However,
using thesereferencesit is noted that the solution is divided by ¯v e distinct regionsdescribed by
the following.

² The regionfurthermost to the right is una®ectedby the phenomenaemanatingfrom the center
of the grid. All the quantities retain their initial valuesin this region.

² The next region is a rarefaction wave. Given time t the points at which this region begins
and endswerenot ascertainedat time of writing.

² Following the rarefaction wave is the rare¯ed gas region. Within this region the primitiv e
variablesare expectedto take the values½= 0:426£ 105; v = 2:93£ 10¡ 3; ² = 1:78£ 105; p =
0:303.

² Following this is the postshock region. Within this regionthe primitiv e variablesareexpected
to take the values½= 0:266£ 105; v = 2:93£ 10¡ 3; ² = 2:85£ 105; p = 0:303. The rare¯ed
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region and the postshock region are separatedby a contact discontinuity that at time t as
moved a distanceof 2:93£ 10¡ 3t.

² The region furthermost to the left is una®ectedby the phenomenaemanatingfrom the center
of the grid. All the quantities retain their initial valuesin this region.

For all the runs below a 1000£ 1 cell grid is used. The shocktube is in the x direction but problems
have alsobeenrun in the y direction with the sameresult.

3.1.1 RK2 and Lax-F riedric hs Metho d

We ¯rst try to solve the above problem using the Lax-Friedrichs method to calculate the °ux
vectorsacrossthe cell boundariesand the RK2 method to move forward in time.Figure 3.1 shows
the resulting output. The results show a large spike to the right hand side of each graph which is
a numerical defect. The results can alsobe seento be very di®usive. The valuesin the rare¯ed gas
region1 are ½= 0:425£ 10¡ 5; v = 2:93£ 10¡ 3; ² = 1:79£ 10¡ 5; p = 0:304. The postshock values
are given by ½= 0:266£ 10¡ 5; v = 2:93£ 10¡ 3; ² = 2:85£ 10¡ 5; p = 0:303. The distancemoved by
the contact discontinuity is not clear becauseof the di®usenature of code. Scrutiny of the graph
revealsthat the contact discontinuity lies between0:645 and 0:655. Taking the midpoint to these
givesa distanceof travel for the contact discontinuity of 0.145(from the grid center at t = 0). The
theoretical traveleddistanceis 0.147. Thesevaluesare in good agreement with the analytic results
given in x3.1.

3.1.2 RK4 and Lax-F riedric hs Metho d

Here the Lax-Friedrichs method for calculating the °ux vectors acrosscell boundariesis usedbut
with the RK4 solver to move forward in time. Figure 3.2 shows the resulting output. The forth
order RK4 method has removed the numerical defectsthat occurred with the secondorder RK2
method. The rare¯ed and postshock valuesremain the sameas in the above casewhen the RK2
solver was used.

The Lax-Friedrichs method is inherently di®usive. However, as mentioned in x2.4.1 this can be
controlled by minimizing the impact of the arti¯cial viscosity term. This can be doneby increasing
the time step,which in turn is a®ectedby increasingthe Courant number, seex2.7,or by decreasing
the parameter that precedesthe arti¯cial viscosity in equation (2.2). All ¯gures above were run
with a Courant number of 0.5 and also with the parameter precedingthe arti¯cial viscosity term
set to 0.5. Figure 3.3 shows several plots for di®ering valuesof the Courant number2. It can be
seenthat a Courant number of 0.1 increasesdi®usionconsiderablybut a Courant number of 0.9 is

1The numerical valuesare not completely constant throughout the given regionssorepresentativ e valuesare taken
from the middle of the regions. In this casethe rare¯ed valuesare taken at 0.550and the rare¯ed valuesat 0.725.

2Becauseof the nature of the code these runs all terminated at a slightly di®erent time. In particular, for
C = 0:1; 0:5; 0:9 the ¯nal time at which the plots were made was t = 50:01; 50:06; 50:02, respectively. These slight
di®erencesdo not a®ectthe comparison
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only a little lessdi®usive than a Courant number of 0.5. Further reducing the arti¯cial viscosity,
while retaining stabilit y, did not make much di®erence.

3.1.3 RK2 and HLL Metho d

Here the relativistic HLL method is usedto calculate the °ux acrosscell boundarieswith the RK2
method used to advance forward in time. Figure 3.4 shows the results. The rare¯ed values are
½= 0:426£ 10¡ 5; v = 2:93£ 10¡ 3; ² = 1:78£ 10¡ 5; p = 0:303. The postshock valuesare given by
½= 0:266£ 10¡ 5; v = 2:93£ 10¡ 3; ² = 2:85£ 10¡ 5; p = 0:303. Thesegive good agreement with
the analytic results given in x3.1. Also the method is lessdi®usive than the Lax-Freidrichs method
though there is still too much di®usionaround the contact discontinuity. It is further noted that
the run wasnumerically stable with the RK2 solver which wasnot the casewith the Lax-Friedrich
method. This is signi¯cant becausethe RK2 method is far cheaper to executethan the RK4 method.

3.1.4 RK4 and HLL Metho d

For the sake of completenessthe HLL method is now usedwith the RK4 solver. The results are
essentially the sameas with the RK2 solver and are given in ¯gure 3.5.

3.1.5 Lax-W endro® Metho d

Finally we look at the Lax Wendro®method. The results are given in ¯gure 3.6. The ¯rst thing to
notice is that the boundary conditions are not being enforcedproperly. This remainsa problem at
time of writing. However, the method doesseemto collect itself a little distancefrom the boundaries
and the ¯v e regionscorresponding to the shocktube problem can clearly be seen.The method also
hasa lot of spuriousoscillations. This is typical of the Lax-Wendro®schemeand is not thought to
be a problem with the code.

The rare¯ed valuesare ½= 0:426£ 105; ² = 1:78£ 10¡ 5 and the postshock valuesare ½= 0:266£
105; ² = 2:85£ 10¡ 5. The valuesof the pressureand velocity in the middle region are p = 0:303,
v = 2:93£ 10¡ 3. Theseare in good agreement with the analytic values.

The Lax-Wendro®schemehas a tendencyto be more oscillatory for smaller time values. In ¯gure
3.7 the density pro¯les are shown for several di®erent valuesof the Courant number. It can be seen
that the small Courant numbers correspond to more oscillations in the solution. Interestingly the
boundary conditions get closerto being satis¯ed for smaller Courant numbers.

3.2 1-Dimensional Relativistic Shocktub e

The aboveshocktubeproblemwasnon-relativistic. Now weconsidera mildly relativistic shocktube.
This problem is taken from [5]. Again, we consider a one-dimensionalinterval, [0; 1], initially
separatedby a membrane with the left hand valuesset at ½l = 10; vl = 0; ² l = 2 (which implies
pl = 13:_3) and the valuesto the left of the membraneset at ½r = 1; vr = 0; ²r = 10¡ 6 (which implies
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pr = 0:_6 £ 10¡ 6). The adiabatic index is taken to be 5/3 and the problem is run until t = 0:5.
Again, plots of the analytic solution are not given hereand the reader is referred to [5]. However,
it is noted that, as before,there are ¯v e distinct regionscharacterizedby the following.

² The rightmost region is una®ectedand the variablesretain their original values.

² The next region is the rarefaction wave. As with the non-relativistic shocktube problem the
valueswhere this region beginsand endswere not ascertainedat time of writing. It should
be noted however that we do not expect the velocity to be linear in this region as it was for
the non-relativistic problem.

² Following the rarefaction wave is the rare¯ed region. Here the variables are given by D =
3:55; v = 0:69; ² = 0:807; p = 1:384. The conserved density, as opposed to the primitiv e
density, is given hereso as to more readily allow comparisonwith [5] wherethe conservative
density is alsoconsidered.Recall D = ¡ ½. The analytic solution gives¡ = 1:38.

² In the postshock region the variablestake the valuesD = 6:85; v = 0:69; ² = 0:418; p = 1:384.

² The leftmost region is of courseuna®ectedby the shock and the variablesretain their initial
conditions.

Again a 1000£ 1 cell grid is used in the x direction in the following runs. The runs were also
performedin the y direction.

3.2.1 RK4 and Lax-F riedric hs Metho d

Here the Lax-Friedrichs schemeis used to calculate the °ux on the cell boundariesand the RK4
solver is usedto move forward in time. Figure 3.8 shows the results. As expected the results are
di®usive3. The rare¯ed valuesof the relevant quantities areD = 3:74; v = 0:715; ² = 0:828; p = 1:443
and the postshock valuesare D = 7:05; v = 0:712; ² = 0:433; p = 1:431. Though reasonablyclose
to the analytic values they are su±ciently di®erent for this to still be a point of concern and
investigation.4

3.2.2 RK2 and HLL Metho d

Here the relativistic HLL method is usedto calculate the °ux acrosscell boundariesand the RK2
solver is usedto advanceforward in time.

Implementing this schemeproved problematic. Early on in the run the pressuresand hencethe
energieshad a tendencyto go negative. The HLL method, it will be recalled,requiresa calculation

3The reader should be aware that obtaining non-di®usive results about the contact discontinuit y is not easy.
Other relativistic codes in [16] and [2] are also notably di®usive about this point

4A very similar problem is run in [2] with initial valuesof ½l = 10; pl = 13:3 and ½r = 1; pr = 10¡ 6. Using these
valuesRHEA returns very similar results as to the problem in [5], e.g. in the shock region v = 0:714. Theseseemto
be in good agreement with the analytic results in [2] but unfortunately only graphsof solutions are given, not values.
The sameproblem is run in [16] with analytic results which look the sameas in [2] but again are only graphed.
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of the sound speed which involves taking the square root of a quantit y with the energy in the
denominator. A negativeenergywill hencecausethe codeto crashat this point. The Lax-Friedrichs
scheme of coursedoes not experiencethis problem as it does not require the sound speed. To
overcomethis problem a little energy is injected at the appropriate times to keep the relevant
quantities positive. Providing this could be donein a sparingmanner it washoped that this would
allow the run to continuewithout a®ectingthe result too much. Figure 3.9shows the results. It can
be seenthat there is a seriousproblem in the postshock region. This problem remainsunsolved at
time of writing. Aside from this it can be seenthat the HLL produceslessdi®useresults than the
Lax-Friedrichs scheme. The valuesof of the relevant quantities in the rare¯ed regionand postshock
region are a little out as in the caseof the Lax-Friedrichs scheme.

3.3 2-Dimensional Shocktub es

The 1-dimensionalshocktube is readily extendedto 2-dimensions.The 2-dimensionalgrid is divided
into two halvesby imagining the membrane to extend from the bottom left hand cornerof the grid
to the top right hand corner of the grid. Theseproblemsare run to ensurethe code is perfectly
symmetric in the x and y directions.

Figure 3.10 shows the result of a non-relativistic shocktube on a 500£ 500 cell grid. Only the
density is shown. As can be seenfrom the contour plot there is perfect symmetry in the x and y
directions. However, there is alsoan uplifting of the curvesin the bottom left and top right corners.
It is thought that this is a consequenceof the physicsof running a shocktube acrossa diagonalgrid
rather than a consequenceof the numerics. However, it remainsa point of interest until it can be
better explained.

Figure 3.11showsplots of the diagonalof the 2-dimensionalrun. Comparisonwith the 1-dimensional
runs show clearly that the rarefaction wave and the shock wave have not traveled as far in 2-
dimensionsas their 1-dimensional counterparts. Whether this is due to the physics of the 2-
dimensionalproblemor is a numericaldefect,e.g.dueto the Riemannsolversnot beingimplemented
correctly in the 2-dimensionalsetting5, remainsto be resolved. As concernsthe valuesof the quan-
tities the valuesin the rare¯ed region are ½= 0:424£ 105; ² = 1:78£ 10¡ 5, and in the postshock
region are ½= 0:266£ 105; ² = 2:85£ 10¡ 5, while in the middle region v = 2:93£ 10¡ 3; p = 0:303.
Theseare in good agreement with the analytic results.

Finally, ¯gure 3.12shows the result of the relativistic shocktube on a 250£ 250cell grid. Again, it
is the conserved density that is plotted. As in the non-relativistic casethe waveshave not traveled
as far as might be expected and the there is also the curving up of the graph at the bottom left
and top right corners. Plots of relevant quantities along the diagonal are plotted in ¯gure 3.13.
The valuesare comparableto their 1-dimensionalcounterparts with the exceptionof the postshock
density which is noticeably lower. This is becauseof the coarsegrid that was usedwhich has the
e®ectof making the whole schememore smearedout.

5The HLL method as given in x2.4.2 is more involved in 2-dimensions. However, the Lax-Friedrichs method as
implemented is thought to remain the same.
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Figure 3.1: Results for non-relativistic shocktube problem at t = 50:04 using RK2 and Lax-
Freidrichs method.
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Figure 3.2: Results for non-relativistic shocktube problem at t = 50:06 using RK4 and Lax-
Friedrichs method.
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Figure 3.3: Results for non-relativistic shocktube problem using RK4 and Lax-Friedrichs method
with varying valuesof Courant number.
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Figure 3.4: Results for non-relativistic shocktube problem at t = 50:01 using RK2 and relativistic
HLL method.
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Figure 3.5: Results for non-relativistic shocktube problem at t = 50:08 using RK2 and relativistic
HLL method.
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Figure 3.6: Resultsfor non-relativistic shocktube problemat t = 50:12usingLax-Wendro®method.
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Figure 3.7: Results for non-relativistic shocktube problem using Lax-Wendro®method for varying
valuesof the Courant number.
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Figure 3.8: Results for relativistic shocktube problem at t = 0:501 using RK4 and Lax-Friedrichs
method.
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Figure 3.9: Results for relativistic shocktube problem at t = 50:08 using RK2 and relativistic HLL
method.
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Figure 3.11: Results for 2-d non-relativistic shocktube problem along the diagonal at t = 50:04
using RK4 and Lax-Freidrichs method.
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Figure 3.12: Results for 2-d relativistic shocktube problem at t = 0:503 using RK4 and Lax-
Friedrichs method.
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Figure 3.13: Results for 2-d relativistic shocktube problem along the diagonal at t = 0:503 using
RK4 and Lax-Freidrichs method.
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Chapter 4

Further Work

Having got RHEA this far it would be nice to continue developing it to the point where it can
be usedfor the applications that motivated its development. The following lists someof the areas
wherefuture work would be concentrated.

² A little more work is required on the 2-dimensionalveri¯cation. A closerexamination of the
non-relativistic shocktube is neededand the reasonfor the slight errors in the relativistic
shocktube needto be ascertained.

² Work needsto be done to get the HLL schemeworking correctly when applied to the rela-
tivistic shocktube. This will most likely involve improving the non-linear solve routines so
the appropriate amount of energyis injected to prevent the code from crashingand without
altering the nature of the run too noticeably.

² The veri¯cation problemsrun sofar have beennon-relativistic (¡ ¼ 1) and mildly relativistic
(¡ ¼ 1:4). Once thesehave beennumerical solved satisfactorily somehighly relativistic test
problemsshould be run (¡ ¼ 10). The jets emitted from AGNs are highly relativistic.

² The initial gravitational ¯eld due to the ambient dark matter needsto be included asa source
term in the conservation laws.

At this point the code would be ready to run some2-dimensionalapplications and comparisons
could be madewith results from non-relativistic codes.

Further re¯nement of the 2-dimensionalcode would involve the following.

² More sophisticatedRiemann solvers should be included. Thesewould likely make the code
lessdi®usive and and would be able to capture more extremeshocks.

² The user should have more control over the underlying grid. At the moment only a uniform
Cartesiangrid is used. This shouldbe improved to allow non-uniform grids sothat resolution
can be increasedaround the jets. A more long term objective might be to include a choiceof
coordinate systems.
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At any point after the 2-dimensionalcode is completed to a satisfactory degreea 3-dimensional
code could be built. All the arguments in this report should generalizeto three dimensions.

Also, oncethe 2-dimensionalcode is satisfactory it could be parallelizedusing domain decomposi-
tion. This hasn't beendiscussedfurther in this report owing to the present code being serial. It
will no doubt be more important to parallelizeany 3-dimensionalcode.
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