SCHUBERT POLYNOMIALS AND ARAKELOV THEORY OF
ORTHOGONAL FLAG VARIETIES

HARRY TAMVAKIS

ABSTRACT. We propose a theory of combinatorially explicit Schubert poly-
nomials which represent the Schubert classes in the Borel presentation of the
cohomology ring of the orthogonal flag variety X = SOy /B. We use these
polynomials to describe the arithmetic Schubert calculus on X. Moreover, we
give a method to compute the natural arithmetic Chern numbers on X, and
show that they are all rational numbers.

0. INTRODUCTION

Let V be a complex vector space equipped with a nondegenerate skew-symmetric
bilinear form. Let X denote the flag variety for the symplectic group, which
parametrizes flags of isotropic subspaces in V. In [T4], we defined a family of
symplectic Schubert polynomials for X, which represent the classes of the Schubert
varieties in the Borel presentation [Bo] of the cohomology ring of X. These polyno-
mials were applied to understand the structure of the Gillet-Soulé arithmetic Chow
ring of X, thought of as a smooth scheme over the ring of integers. Our aim in
this companion paper to [T4] is to explain the analogous theory for the orthogonal
group, which arises when the chosen bilinear form on V' is symmetric.

The symplectic Schubert polynomials of [T4] are closely related to the type C
Schubert polynomials of Billey and Haiman [BH]. As in [BH, Thm. 3], our theory
of orthogonal Schubert polynomials for the root system of type B,, is, up to well
known scalar factors, the same as that for the root system C,. Moreover, using
these B,, Schubert polynomials, one can describe the the arithmetic Chow ring of
the flag variety of the odd orthogonal group in a similar fashion to the symplectic
group, following [T4, Thm. 3]. Therefore in this paper we will concentrate on
the even orthogonal case, and construct Schubert polynomials for the root system
of type D,,. For the application to arithmetic intersection theory, we must deal
with an extra relation which comes from the vanishing of the top Chern class of
the maximal isotropic subbundle of the trivial vector bundle over X. Fortunately,
this relation can be computed using our work [T3] on the Arakelov theory of even
orthogonal Grassmannians.

This paper is organized as follows. We begin in §1 with combinatorial preliminar-
ies on P-polynomials and the Lascoux-Schiitzenberger and Billey-Haiman Schubert
polynomials. We introduce our theory of orthogonal Schubert polynomials in §2.2
and list some of their basic properties in §2.3. Section 3 computes the curvature
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of the relevant homogeneous vector bundles over X(C), equipped with their nat-
ural hermitian metrics. The arithmetic intersection theory of X is studied in §4.
Our method for computing arithmetic intersections is explained in §4.3, and the
arithmetic Schubert calculus is described in §4.4.

1. PRELIMINARY DEFINITIONS

1.1. P- and P-functions. We let II denote the set of all integer partitions. The
length £(\) of a partition A = (A1,...,\) is the number of (nonzero) parts \;, and
the weight || is the sum ), A\;. We let \; = 0 for any ¢ > £(\). A partition is
strict if no nonzero part is repeated. Let G, = {\ € II | A; < n} and let F,, be the
set of strict partitions in G,.

Let X = (x1,Xa2,...) be a sequence of commuting independent variables. Define
the elementary symmetric functions e, = ex(X) by the generating series

i er(X)th = ﬁ(l + x;t).
k=0 i=1

We will often work with coefficients in the ring A = Z[%}; the polynomial ring
A = Aley, eq,...] is the ring of symmetric functions in the variables X with these
coefficients. Next, we define the P-functions of Pragacz and Ratajski [PR]. Set
ﬁo =1 and ]Sk = e /2 for k > 0. For i,j nonnegative integers, let

j—1
Pij= PP +2) (=1)" Py, Py + (1) Py (X).
r=1

If X is a partition of length greater than two, define
Py = Pfaffian(Py, x, ) 1<i<j<2m,

where m is the least positive integer with 2m > £(X).
These P-functions have the following properties:

(a) The Py(X) for A € II form an A-basis of A’.

(b) Prp(X) = ter(X?) = Lep(xd,x3,...) for all k > 0.

() IEA=(A1,...,A\) and AT = AU (k, k) = (M\1,..., kK, ..., \) then
Po — BBy,

(d) The coefficients of Py(X) are nonnegative.

Let A/, = A[xy,...,%,]%" be the ring of symmetric polynomials in X,, = (x1,...,X,).
Then we have two additional properties.

(e) If \; > n, then Py(X,,) = 0. The Py(X,,) for A € G, form an A-basis of A/,.
(f) Po(X0)Pr(Xn) = Py (Xy) for all A € G,

Suppose that Y = (y1,y2,...) is a second sequence of variables and define sym-
metric functions g (Y) by the equation

= k1T L+t
;;)qk(Y)t _Hl—yit'

i=1
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Let TV = Alq1, ¢2 . . .] and define an A-algebra homomorphism 7 : A’ — T by setting
n(er(X)) = ¢x(Y) for each k > 1. For any strict partition A, the Schur P-function
PA(Y) may be defined as the image of Py (X) under 5. The Py for strict partitions
A have nonnegative integer coefficients and form a free A-basis of I".

1.2. Divided differences and type A Schubert polynomials. The symmetric
group S, is the Weyl group for the root system A, _;. We write the elements w of
Sy, using the single-line notation (ww(1),w(2),...,w@w(n)). The group S, is generated
by the simple transpositions s; for 1 < i <n — 1, where s; interchanges ¢ and i + 1
and fixes all other elements of {1,...,n}.

The elements of the Weyl group Wn for the root system D,, may be represented
by signed permutations; we will adopt the notation where a bar is written over an
element with a negative sign. The group W, is an extension of S,, by an element
sg which acts on the right by

(uy,ug,...,uy)s0 = (Ta, Ur, us, . .., Up).

A reduced word of w € Wn is a sequence aq - - - a, of elements in {1,...,n — 1,0}
such that w = s4, -+ 84, and r is minimal (so equal to the length /(w) of w). If
we convert all the [1’s which appear in the reduced word ay - - - a, to 1’s, we obtain
a flattened word of w. For example, 20312 is a reduced word of 1432, and 21312 is
the corresponding flattened word. Note that 21312 is also a word, but not reduced,
for 1432. The elements of maximal length in S,, and Wn are

n) if n is even,

1,2,...
wo=(n,n—1,...,1) and wy= (’,’ T
(1,2,...,m) if nisodd

respectively.

The group W, acts on the ring A[X,,] of polynomials in X,,: the transposition
s; interchanges x; and x;41 for 1 <4 <mn—1, while sg sends (x1,X2) to (—x2, —X1)
(all other variables remain fixed). Following [BGG] and [D1] [D2], we have divided
difference operators 9; : A[X,,] — A[X,]. For 1 <i < n —1 they are defined by

ai(f)=(f —sif)/(xi —xiy1)
while
oa(f) =(f —sof)/(x1 +x2),
for any f € A[X,,]. For each w € Wn, define an operator d,, by setting
Ow = 0gy 0+ 00,

if w=aq---ayis areduced word for w.
For every permutation @ € S, Lascoux and Schiitzenberger [LS] defined a type
A Schubert polynomial 6 (X,,) € Z[X,] by

Gw(Xp) = Op-1m, (X?_lxg_2 .. ~Xn_1) .

This definition is stable under the natural inclusion of S,, into S, 41, hence the
polynomial &,, makes sense for w € Soo = Up2;S,. The G, for w € Sy form a
Z-basis of Z[X] = Z[x1,Xa, ...]. The coefficients of &,, are nonnegative integers.
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1.3. Bllley-Halman Schubert polynomlals of type D. We regard Wn as a
subgroup of Wn+1 in the obvious way and let W denote the union of all the W
Let Z = (21, 22, . . .) be a third sequence of commuting variables. Billey and Haiman
[BH] defined a family {D,},, ciy.. of Schubert polynomials of type D, which form
an A-basis of the ring I'[Z]. The expansion coeflicients for a product D, D, in the
basis of Schubert polynomials agree with the Schubert structure constants on even
orthogonal flag varieties for sufficiently large n. For every w € W, there is a unique
expression

(1) = ) =P(Y)6(2)

A strict
wES

where the coefficients f}’_ are nonnegative integers. We proceed to give a combi-
natorial formula for these numbers.
A sequence a = (ay,...,an) is called unimodal if for some r < m, we have

a1>a2>~-~>ar,12a,«<ar+1<-~-<am7

and if a,_1 = a, then a, = 1.

Let w € W, and A be a Young diagram with 7 rows such that Al = 4(w). A
Kraskiewicz-Lam tableau for w of shape A is a filling T of the boxes of A with
positive integers in such a way that

a) If ¢; is the sequence of entries in the i-th row of T, reading from left to right,
then the row word ¢, ...t; is a flattened word for w.

b) For each ¢, t; is a unimodal subsequence of maximum length in ¢, ...¢;41¢;.

Let T be a Kraskiewicz-Lam tableau of shape A with row word a; - - - ay. We define
m(T) = £(\) + 1 — k, where k is the number of distinct values of s4, - - -4, (1) for
0 < j < L. Tt follows from [La, Thm. 4.35] that m(T) > 0.

Example 1. Let A€ F,,_1, £ =4(\), k =n—1—{, and u be the strict partition
whose parts are the numbers from 1 to n which do not lie in the set {1,As +
., A1 + 1}. The barred permutation

w,\:()\1+1,...,/\g+1,i,uk,...,u1)

where 1 is equal to 1 or 1 according to the parity of £ is the mazimal Grassmannian
element of W,, corresponding to A. There is a unique Kraskiewicz-Lam tableau T’
for wy, which has shape A, and whose i-th row consists of the numbers 1 through
A; in decreasing order. Moreover, we have m(T)) = 0. For instance, if A = (6,4, 3)

then we obtain
654321

T, = 4321
321
Proposition 1 (BH, La). For every w € WOO, we have fy = dor 2T summed
over all Kraskiewicz-Lam tableaux T for ww™! of shape A, if {(ww™!) = f(w) —
l(w), and ' =0 otherwise.

Proof. According to [BH, Thm. 3], the polynomial D,, satisfies

= Y E(V)6.(2)

UvV=w
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summed over all factorizations uv = w in Wa such that £(u) + £(v) = £(w) with
v € Ss. The left factors E,(Y) are the type D Stanley symmetric functions
of [BH, La]. We deduce from [BH, Prop. 3.7] and [La, Thm. 4.35] that for any

UEWOO,
E,(Y) =) diP\(Y)
A

where d{ =", 27(T)  summed over all Kraskiewicz-Lam tableaux T for u of shape
A. The result follows by combining these two facts. O

2. ORTHOGONAL SCHUBERT POLYNOMIALS

2.1. Consider the vector space C?" with its canonical basis {e;}?", of unit coordi-
nate vectors. We define the skew diagonal symmetric form [ , ] on C?" by setting
lei,e;] = 0 for i +j # 2n+ 1 and [e;, e2,41—3] = 1 for 1 < i < 2n. The orthog-
onal group SOz, (C) is the group of linear automorphisms of C?* preserving the
symmetric form. The upper triangular matrices in SOs,, form a Borel subgroup B.

A subspace ¥ of C2" is called isotropic if the restriction of the symmetric form
to X vanishes. Consider a partial flag of subspaces

0=EyCFE,C---CE,C FEy,=0$?"

with dim E; = i and FE,, isotropic. Each such flag can be extended to a complete flag
E, in C?" by letting E,,.,; = E;- . for 1 <i < n; we will call such a flag a complete
isotropic flag. We say that two isotropic subspaces F and F' of dimension n are in
the same family if dim(ENF) = n (mod 2); two complete isotropic flags F, and F,
are in the same family if £, and F,, are. The variety X = SOs, /B parametrizes
complete isotropic flags E, with F, in the same family as (ej,...,e,). We use the
same notation to denote the tautological flag E, of vector bundles over X.

There is a group monomorphism ¢ : W,, — Ss,, whose image consists of those
permutations w € Sa, such that w(i) + w(2n +1 —4) = 2n + 1 for all ¢ and the
number of ¢ < n such that w(i) > n is even. The map ¢ is determined by setting,
for each w = (w1, ...,w,) € Wn and 1 <i<n,

N n+1—-wppi— if wpgpi—; is unbarred,
¢(w)(i) = { N+ Wpa1_i otherwise.

Let F, be a fixed complete isotropic flag in the same family as the flags in X.
For every w € W,, define the Schubert variety X,,(F,) C X as the closure of the
locus of F, € X such that

dim(E, NFy) = # {1 <r | o(wowwy)(t) >2n—s} for 1<r<n-1,1<s<2n.

The Schubert class o, in H%(w)(.’{, Z) is the cohomology class which is Poincaré
dual to the homology class determined by X, (F,).
Following Borel [Bo], the cohomology ring H*(X, A) is presented as a quotient

(2) HY(X, A) = Alxy, ..., xn]/Jn

where J,, is the ideal generated by the /Wn—invariants of positive degree in A[X,,].
The inverse of the isomorphism (2) sends the class of x; to —¢1(Fpnt1—i/En—;) for
each 7 with 1 <17 <n.
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2.2. For every A € G,, and w € S,,, define the polynomial D o = D »(X,,) by
Dy = Pr(X)8m(—X,) = (=)@ Py (X)) 6 (Xn).

Lascoux and Pragacz [LP] showed that the products Py(X,)6(X,) for A € Frq

and @ € S, form a basis for the polynomial ring A[X,] as an A[X,,]""-module.

Observe that the D (X,,) for A € G,, and w € S, form a basis of A[x1,...,x,]
as an A-module. The ideal J,, of §2.1 is generated by the polynomials e;(X2) =
4]5”(Xn) and e,(X,) = Qf’n(Xn), and the ﬁ—polynomials have the factorization
properties (c), (f) and the vanishing property (e) of §1.1. We deduce that Py (X,,) €
Jp unless A € F,,_1.

Definition 1. For w € Wn, define the orthogonal Schubert polynomial ©,, =
D.(Xy) by
D= D, aDre(Xn)

NEF,_1
wESp

where the coefficients f{’_ are the same as in (1) and Proposition 1.

Theorem 1. The orthogonal Schubert polynomial ©,,(X,,) is the unique Z-linear
combination of the Dy o(Xy,) for X € F_1 and w € S, which represents the
Schubert class o, in the Borel presentation (2).

Proof. Recall that a partition is odd if all its non-zero parts are odd integers. For
each partition y, let p, = [[; pu;, where p,(X) = x} +x5 + -+ denotes the r-th
power sum. The p,(Y) for p odd form a Q-basis of IV ®4 Q. We therefore have a
unique expression

3) Dy= Y aypu(Y)6x(2)

wodd
wESn

in the ring IV[Z] ® 4 Q.

Joézefiak [Jo] showed that the kernel of the homomorphism 7 from §1.1 is the
ideal generated by the symmetric functions of positive degree in X2 = (x2,x3,...).
It follows from this and properties (b), (c) of §1.1 that n(Py) = 0 unless A is a strict
partition. Moreover, we have n(px(X)) = 2pr(Y), if k is odd, and n(pr(X)) = 0, if
k > 0 is even.

Let poaa = (p1,P3,D5,--.). Define a polynomial D, (poqa(X), X,—1) in the vari-
ables py := pr(X) for k odd and x3,...,x,-1 by substituting px(Y) with px(X)/2
and z; with —x; in (3). We deduce from (1), (3), and the above discussion that
Do (Podd(X), X;,—1) differs from

Y PAX)Gx(~Xn)

A strict
wESn

by an element in the ideal of A’[X,,_1] generated by the e;(X?) for i > 0.
According to [BH, §2], for every w € W,,, the polynomial

Dw(Xn) = Dw(podd(Xn); Xn—l)
obtained by setting x; = 0 for all ¢ > n in Dy, (Poda(X), X,,—1) represents the Schu-

bert class o, in the Borel presentation (2). Since 15,\(Xn) € J, unless A € F,_1,
it follows that ®,, represents the Schubert class o, in the presentation (2), as

required.
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We claim that the ®) - for A € G, \ Fp,—1 and w € S,, form an A-basis of J,.
To see this, note that if & is an element of J, then h(X,) = Y, e;(X2)fi(X,) +
en(Xpn)g(X,,) for some polynomials f;,g € A[X,]. Now the f; and g are unique
A-linear combinations of the ®,  for u € G,, and w € S,, and properties (b), (c),
and (f) of §1.1 give

€ (Xi)gmw (Xp) =4 D u0(6,0),w (Xn)

and
en(Xn)glt,w (Xn) =2 @(n,u),w (X’n)a

respectively. We deduce that any h € J,, lies in the A-linear span of the ®  for
A€ Gy \Fn_1 and w € S,. Since the D) , for A € G,, and w € 5, are linearly
independent, this proves the claim and the uniqueness assertion in the theorem. ]

The statement of Theorem 1 may serve as an alternative definition of the or-
thogonal Schubert polynomials ©,,(X,,).

2.3. We give below some properties of the polynomials ©,,(X,,).
(a) The set
(D | wEW, I U{Drw | AEGn~ Fr1, wE Sy}

is an A-basis of the polynomial ring A[x1, ..., z,]. The D) o for A € G, \F,_1 and
@ € S, span the ideal J,, of A[xy,...,x,] generated by the e¢;(X2) for 1 <i<n-—1
and e, (X,) =x1 - Xp.

(b) For every u,v € Wn, we have an equation

(4) Dy Dy= Y dfDu+ Y AT Die
wGWn Aegwne\;r,l
in the ring A[x1,...,%,]|. The coefficients d¥, are nonnegative integers, which vanish

unless ¢(w) = £(u) + ¢(v), and agree with the structure constants in the equation
of Schubert classes

Oy - Oy = Z oy Ows
weW,
which holds in H*(X,Z). The coefficients d)¥ are integers, some of which may
be negative. Equation (4) provides a lifting of the Schubert calculus from the
cohomology ring H*(%X, A) = A[xy,...,x,]/Js to the polynomial ring A[x,...,X,].
(c) For each m < m let i = iy : Wm — Wn be the natural embedding using
the first m components. Then for any w € Wm we have

xm,+1="'=7:n=0
d) For w € S, and w € Wn, we have
(

0D, = {(—Mm Duw if Hww) = £(w) — (=),

0 otherwise.

The remaining properties listed in [T4, §2.3] also have analogues here, and their
proofs are similar.
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TABLE 1. Orthogonal Schubert polynomials for w € Ws

w Duw(Xs3) =3 fiw Pa(Xs) 6o (—Xs)
123 =1 1

213 = 51 P — G213

132 = s 2P — Gz

231 = 5182 Py — P1 G132 4+ Gam

312 = s281 _ _ % —2P 6313 + G312 _

321 = 515251 Py — P, G213 — P> G132 + P1 6312 + 2 Py G231 — G321
213 = s 131

123 = sgs; P, — Py Ga13

231 = s ss P, — Py G132

132 = s 51502 N *ﬁ2~6132 + P Saz

321 = sgsasy N Po1 — Py G213+ P1 G312
312 = sgs15281 —P21 G132 + P2 G312 + P> G231 — P1 G321
ﬁQ = 828 ]32

132 = 525081 — P, 613

321 = so5052 Py — P, G132

123 = so5075152 P> Gz

231 = 5255251 —~1521 Go13 +~162 G312

213 = s25 515251 Pr1 G231 — P2 G321

321 = 518280 P

231 = 51525051 —P5; Ga13

312 = 51525052 — P21 G132

513 = 818288152 ﬁZl 6231

132 = 5152505251 P21 G312

123 = 515257515251 — Py Gy

Example 2. a) We have the equations
~ 1
D5 (Xn) = Pi(Xy) = §($1 +xo e ay)
= 1
@31 (Xn) = Pl(Xn) — 631 = 7(—1’1 + 29+ -+ xn)

2
D, (X,) :2ﬁ1(Xn)—65i =Zip1+ - Fx, for 2<i<n-—1

b) For a maximal Grassmannian element w) € Wn, we have D, (X,) = Py (X5).

Example 3. The list of all orthogonal Schubert polynomials ©,, for w € Wg is
given in Table 1. These polynomials are displayed according to the four orbits of the
symmetric group S3 on W3. Once the highest degree term in each orbit is known,
one can compute the remaining elements easily using type A divided differences,
by property (d) above. The reader should compare this table with [BH, Table 3].

3. CURVATURE OF HOMOGENEOUS VECTOR BUNDLES

For any complex manifold X, we denote the space of C-valued smooth differential
forms of type (p,q) on X by AP9(X). A hermitian vector bundle on X is a pair
E = (E, h) consisting of a holomorphic vector bundle E over X and a hermitian
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metric h on E. Let K(E) € AY1(X,End(E)) be the curvature of E with respect to
the hermitian holomorphic connection on E and set K = iK (E). For any integer
k with 1 < k < rk(E), we have a Chern form ¢;(E) := Tr(\* Kg) € A®F(X). The
total Chern form of E'is ¢(E) = 1+Y_,._, cx(E). These differential forms are closed
and their classes in the de Rham cohomology of X are the Chern classes of E.

To simplify the notation in this section, we will redefine the group SOz, (C)

!/ /

using the standard symmetric form [ , ]’ on C?" whose matrix ei, e;]; ; on unit
. . 0 Id . . .
coordinate vectors is Id 0" , where Id,, denotes the n x n identity matrix.
n

Let X = SOy, /B be the orthogonal flag variety and E, its tautological complete
isotropic flag of vector bundles. We equip the trivial vector bundle Es,, = C3" with
the trivial hermitian metric h compatible with the symmetric form [ , ]’ on C".

The metric h on E induces metrics on all the subbundles F; and the quotient
line bundles Q; = E;/E;_1, for 1 < ¢ < n. Our goal here is to compute the
SO(2n)-invariant curvature matrices of the homogeneous vector bundles E; and
Q, for 1 <i < n. Asin [T4, §3.2], we do this by pulling back these matrices of
(1,1)-forms from X to the compact Lie group SO(2n), where their entries may be
expressed in terms of the basic invariant forms on SO(2n).

The Lie algebra of SO2,(C) is given by

s0(2n,C) = {(A,B,C) | A,B,C € M,(C), B,C skew symmetric},

A B
c At
algebra so(2n, C) with respect to the Lie algebra of SO(2n) is given by the map 7

where (A, B,C) denotes the matrix Complex conjugation of the

with 7(A) = —A". The Cartan subalgebra § consists of all matrices of the form
{(diag(t1,...,tn),0,0) | t; € C}, where diag(ty,...,t,) denotes a diagonal matrix.
Consider the set of roots

R:{itiitj | ’L;éj} ch*
and a system of positive roots
R ={ti—t; [i<j}U{tp +t; | p<dq},
where the indices run from 1 to n. We use ij to denote a positive root in the first
set and pq for a positive root in the second. The corresponding basis vectors are
ei; = (Ei;,0,0) and eP? = (0, E,q — Eyp, 0) for p < ¢, where E;; is the matrix with
1 as the ij-th entry and zeroes elsewhere.
Define &;; = 7(e;;), €?? = 7(eP?), and consider the linearly independent set

B/ = {eija él]a epqa ert | i < j7 p< q}
The adjoint representation of fj on so(2n,C) gives a root space decomposition

50(2n,C) =h@ Y (Ce;; ®Ceyy) © »_(CeP @ Cer?),
i<j p<q

Extend B’ to a basis B of so(2n,C) and let B* denote the dual basis of so(2n, C)*.
Let w¥, @", Wpq, Wpq be the vectors in B* which are dual to e;j, €;;, eP9, €9, re-
spectively; we regard these elements as left invariant complex one-forms on SO(2n).
If p > q we agree that wyy = —wgp and Wy, = —Wgp. Finally, define w;; = yw™,
Wij =YW, wP! = Ywp,, and WP? = 4, where 7 is a constant such that v* = i,
and set €0;; = w;; Aw;; and QP9 = wP? AP,
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If 7 : SO(2n) — X denotes the quotient map, the pullbacks of the aforementioned
curvature matrices under 7 can now be written explicitly, following [GrS, (4.13)x]
and [T4, §3.2]. In this way we arrive at the following proposition.

Proposition 2. For every k with 1 < k <n we have

(@)=Y Q=) Q- O

i<k >k p#k

and Kg, = {Oas}t1<a,g<k, where
@aﬁ = —Zwaj Nwgj — Z wPe /\wpﬁ.

>k p#a,

Let Q = /\ Qij A /\ QP4 Tt follows for instance from [PR, Cor. 5.16] that the
i<j p<q

1 n—1 .
class of a point in X is Poincaré dual to ot H ¢1(Q)?" 2%, We conclude that
k=1

n—1 9
J.o= L G

4. ARITHMETIC INTERSECTION THEORY ON SO, /B

4.1. Orthogonal flag varieties over SpecZ. For the rest of this paper, X will
denote the Chevalley scheme over Z for the homogeneous space SOs,, /B described in
§2.1. Over any base field, the scheme X parametrizes complete isotropic flags F, of
a 2n-dimensional vector space E equipped with the skew diagonal symmetric form,
with E,, in the same family as (e1,...,e,). The arithmetic orthogonal flag variety
X is smooth over SpecZ, and has a decomposition into Schubert cells induced by
the Bruhat decomposition of SO, (see e.g. [Ja, §13.3] for details).

There is a tautological complete isotropic flag of vector bundles

E,: 0=FEyCcE,C---CEy,=F
over X. For each i with 1 <14 < 2n we let &; denote the short exact sequence
520—>Ez_1—>E1—>Q1—>0

Let CH(X) be the Chow ring of algebraic cycles on X modulo rational equivalence,
with coefficients in the ring A. Since X has a cellular decomposition, the class map
induces an isomorphism CH(X) = H*(%X(C), A), following [Fu, Ex. 19.1.11] and
[KM, Lem. 6]. We deduce that there is a ring presentation CH(X) = A[X,,]/J,.
The relations e;(X2) in J,, come from the Whitney sum formula applied to the
filtration E,. This gives a Chern class equation Hfgl(l +¢1(Q;)) = ¢(F) in CH(X),
which maps to the identity Hle(l —x2) = 1, since F is a trivial bundle. The
relation x; - - - x,, = 0 follows because the top Chern class ¢, (E,,) vanishes.
We have an isomorphism of abelian groups

CH(X) = P ADw(X,)
wEWn
where the polynomial ©,,(X,,) represents the class of the codimension ¢(w) Schubert

scheme X, in X. The latter is defined as the closure of the corresponding Schubert
cell, the complex points of which are given in §2.1.
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4.2. The arithmetic Chow group. For p > 0 we let éﬁp(%) denote the p-
th arithmetic Chow group of X, as defined by Gillet and Soulé [GS1], but with
coefficients in the ring A. The elements in Eﬁp(%) are represented by arithmetic
cycles (Z,gz), where Z is a codimension p cycle on X and gz is a current of type
(p — 1,p — 1) such that the current dd°gz + dz() is represented by a smooth
differential form on X(C).

Let A(X(C)) = @, A" (X(C)) and A'(X(C)) C A(X(C)) be the set of forms ¢ in
A(X(C)) which can be written as ¢ = dn+ 0’ for some smooth forms 7, 1. Define
A(X(C)) = A(X(C))/A'(X(C)). We let Fy, be the involution of X(C) induced by
complex conjugation. Let APP(Xg) be the subspace of APP(X(C)) generated by
real forms 1 such that Fin = (—1)Pn; denote by .Zm’(%R) the image of APP(XR)
in APP(X(C)). Finally, let A(Xg) = P, APP(Xg) and A(Xg) = P, AP (Xr).

Since the homogeneous space X admits a cellular decomposition, it follows as in
[KM] that there is an exact sequence

(5) 0 — A(Xr) - CH(X) - CH(X) — 0.
where the maps a and ( are defined by

a(n) =(0,n)  and  ((Z,92) = Z.

We equip E(C) with the trivial hermitian metric compatible with the skew diago-
nal symmetric form [ , ] on C?". This metric induces metrics on (the complex points
of) all the vector bundles F; and the line bundles L; = E,,11_;/E,—;, for 1 <i < n.
We thus obtain hermitian vector bundles E; and line bundles L; and, following

_ ——k _ .
[GS2], their arithmetic Chern classes ¢ (F;) € CH (X) and ¢1(L;) € CHI(%). Set
7; = —¢1(L;) and for any w € W,,, define

~ —L(w

B i= Do(F1,...,50) € CH (%),
The unique map of abelian groups
(6) e : CH(X) — CH(X)

sending the Schubert class ©,,(X,,) to ’f)w for all w € /Wn splits the exact sequence
(5). We thus obtain an isomorphism of abelian groups

(7) CH(X) = CH(X) ® A(Xg).

4.3. Computing arithmetic intersections. We now describe an effective pro-
cedure for computing arithmetic Chern numbers on the orthogonal flag variety X,
parallel to [T4, §4.3]. Let cx(E;) and ¢;(L;) denote the Chern forms of E;(C) and
L;(C), respectively. In the sequel we will identify these with their images in éﬁ(%)
under the inclusion a. Let z; = —c1(L;) for 1 <i < n.

We begin with the short exact sequence

Eoa OHFHHFHEZHO
where E,, denotes the tautological Lagrangian subbundle of E over X. Let ¢(Eog) €

A(Xg) be the Bott-Chern form [BC, GS2] associated to Eog for the total Chern
class. This form may be computed using [T1, Prop. 3], which gives

n—1

(8) c(Eoc) = Z(—l)kapk(E:)-
k=1
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Here pr(E;) = (—=1)"Tr((Kg,)") denotes the r-th power sum form of E:L, while
H, =141 +---+ 1 is a harmonic number. Furthermore, by [GS2, Thm. 4.8(ii)],
we have an equation

(9) AB)eE,) =1+dEoac)
in CH(X).
Consider the hermitian filtration
£ :0=EyCE,C---CE,.

Let &(€) € A(Xg) be the Bott-Chern form of the hermitian filtration £ correspond-
ing to the total Chern class, as defined in [T2]. According to [T2, Thm. 2], we

have
n

(10) [[a-2) =aE,) +2@).

i=1
If ¢(&) =3, oy with o € A®i(Xg) for each i, then define ¢(£°) = > (=),
This gives the dual equation

(11) [[+2) =2E,)+2E).
i=1
The abelian group .Z(XR) = Ker( is an ideal of éﬁ(f{) such that for any hermit-
ian vector bundle F over X and 7,7’ € A(Xg), we have

(12) a(F) nm=c(F)An and 5.5 = (ddn) A7’
We now multiply (10) with (11) and combine the result with (9) to obtain

(13) [[a-3)=1+2E8",
i=1
where
(14)  &E,E) =¢Eoc) + &) Ae(E,) +EE) A c(BEy) + (dd°E(E)) AE(ED).
By pulling back [T3, Eqn. (6)] to X, we get the equation
=% 1 —x%
(15) c(F,) = iHn—lcn—l(En)-

Equating the top degree terms in (11) and (15) gives

N =~

(16) Ty Tp = anlcnfl(EZ)"FEn(g*)'

In [T2], it is shown that ¢(€) is a polynomial in the entries of the matrices
Kpg, and K., 1 < i < n, with rational coefficients. Using this, (8), and (14),
we can express the differential form ¢(&,€") as a polynomial in the entries of the
matrices Kg, and K, with rational coefficients. On the other hand, Proposition 2
gives explicit formulas for all these curvature matrices in terms of SO(2n)-invariant
differential forms on X(C). Since we are using the skew diagonal symmetric form
to define the Lie groups here, the formulas in §3 have to be changed accordingly.
The matrix realization of the Lie algebra so(2n,C) in this case is given in [GW,
§1.2, §2.3], while the basis elements of § should be ordered as in [BH, (2.20)]. The
indices (4, j) and (p,q) in Proposition 2 are then replaced by (n +1 — j,n+ 1 —1)
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and (n+1—¢,n+1—p), respectively. Recalling that L; = E,,+1_;/E,—;, we obtain
the identities

1‘1:—912—913—-~-—Q1n+912+913+"'+91n
To = ng—923—~-~—QQn+Ql2+Q23+"‘+Q2n

Tn= Qp+ Qo+ -+ Qo1 + Q" Q" 4 QP00
in AL1(Xg). We also deduce the next result.

Proposition 3. We have ¢,(€) = &1(E,€) =0, &(€) = — Z Qj, and

i<j
EE)==-2> Q-2 Q.
1<y p<q
Proof. The argument is the same as the proof of [T4, Prop. 4]. |

Let h(X,,) be a homogeneous polynomial in the ideal J,, of §2.1. We give an
effective algorithm to compute the arithmetic intersection h(%1,...,Z,) as a class
in A(Xg). First, we decompose h as a sum h(X,,) = > ei(X2) fi(Xn)+en(Xn)g(Xs)
for some polynomials f; and g. Equation (13) implies that

(17) ei(@2,...,732) = (—1) (€, &)
for 1 <4 < n. Using this, (16), and (12), we see that

n

h(E1,Ba,. . Bn) = > _(=1)"Ci(E,E) A filar, ... )

i=1
1 — % ~ =%
+ <2Hnlcn1(En) +cn(€ )> ANg(xr,...,x0)

in @(%) By the previous analysis, we can write the right hand side of the above
equation as a polynomial in the z; and the entries of the matrices Kg, for 1 <
i < m, with rational coefficients, which is (the class of) an explicit SO(2n)-invariant

differential form in A(Xg).

— —n?—n+1
Let deg : CH * (%) — R denote the arithmetic degree map of [GS1].

Theorem 2. For any nonnegative integers ki, ..., ky, with " k; =n? —n+1, the

k1ke |
)

arithmetic Chern number deg(av1 --Zkn) is a rational number.

Proof. Since Y k; = dim X = n® — n + 1, the monomial X% - - - x» lies in the ideal
Jn. We therefore obtain

T T = Q
for some r € QQ, where ) is the top invariant form of §3. Using the computation at
the end of loc. cit., it follows that

deg(/\kl k2 N

e

l\.')\ﬁ
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The flag variety X has a natural pluri-Pliicker embedding j in projective space.
The morphism j is defined as the composite of the natural inclusion of X into the
variety parametrizing all partial flags

O=FEyCFEiC---CFE,CEy,=F

with dim(E;) = ¢ for each 4, followed by the pluri-Pliicker embedding of the latter
type A flag variety into projective space. Let O(1) denote the canonical line bundle
over projective space, equipped with its canonical metric (so that ¢;(O(1)) is the
Fubini-Study form). The Faltings height of X relative to O(1) (see [Fa, BoGS]) is

given by
hon) (%) = deg (2,(0(1))" "] x) .

Using Theorem 2 and arguing as in [T4, 4.6], we conclude that the Faltings height
h5(1)(SO2,/B) is a rational number. The height formula in [KK] provides a differ-
ent proof of this fact.

4.4. Arithmetic Schubert calculus. For any partition A € G, and w € S,
define

Dy = Do (@1, ).

If A\ € G, ~ Fn_1, let 7\ be the largest repeated part of A, and let A be the
partition obtained from A by deleting two (respectively, one) of the parts ry if
rax < n (respectively, if ry = n). If ry < n, then properties (b), (¢) in §1.1, (12),
and (17) imply that

= =k

. - . —1)™ _
QNW = QX,WPTMT)\(I%?"WIEL) = ( ) gx’w(xlw"axn) /\627")\(578 )

4
If rn = n, then property (f) in §1.1, (12), and (16) give
~ ~ ~ . 1 1 — % ~ =%
@)\,w = @X’an(xl, cee ,$n) = §©x’w(x1, ce ,l’n) A (ianlcnfl(En) + Cn(g ))

Since 55,\@, € a(j(%R)) whenever A € G, ~ F,_1, we will denote these classes
by D . The next theorem uses the basis of orthogonal Schubert polynomials to

compute arbitrary arithmetic intersections in éﬁ(%) with respect to the splitting
(7) induced by (6).

Theorem 3. Any element of the arithmetic Chow ring C/'E(.’{) can be expressed
uniquely in the form Z aw®w +n, where a,, € A and n € A(Xg). Foru,v € W,

wEWn
we have
~ A ~ N
(18) Dy D, = E dypy Dy + E a7 Dy s
weW, *eg;gs’zl*l

Dun=Du(1,....,xa) An, and 5.7 = (dd°n) A1y,
where n, 7' € A(Xg) and the integers d¥,, dX® are as in (4).

uv?’

Proof. The first statement is a consequence of the splitting (7). Equation (18) is
a consequence of the formal identity (4) and our definitions of ®,, and ®y . The
remaining assertions follow from the structure equations (12). ]
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We remark that one can refine Theorem 3 by replacing Gﬁ(ae) with the invariant
arithmetic Chow ring CHiyy (%). Following [T4, 4.5], the ring CHpny (X) is obtained
by substituting the space A(Xg) with a certain subspace of the space of all SO(2n)-
invariant differential forms on X(C). We leave the details to the reader.
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