A GIAMBELLI FORMULA FOR ISOTROPIC GRASSMANNIANS

ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

ABSTRACT. Let X be a symplectic or odd orthogonal Grassmannian parametriz-
ing isotropic subspaces in a vector space equipped with a nondegenerate (skew)
symmetric form. We prove a Giambelli formula which expresses an arbitrary
Schubert class in H*(X,Z) as a polynomial in certain special Schubert classes.
We introduce and study theta polynomials, a family of polynomials which are
positive linear combinations of products of Schur - and S-functions, and
whose algebra agrees with the Schubert calculus on X.

0. INTRODUCTION

Let G = G(m, N) denote the Grassmannian of m-dimensional subspaces of com-
plex affine N-space. To each integer partition A = (Aq,...,\,) whose Young
diagram is contained in an m x (N — m) rectangle, we associate a Schubert class
oy in the cohomology ring of G. The special Schubert classes o1, ...,0N_, are the
Chern classes of the universal quotient bundle Q over G(m, N); they generate the
ring H*(G, Z). The classical Giambelli formula [G]

(1) ox = det(ox,4j-i)i;
is an explicit expression for o as a polynomial in the special classes; as is customary,
we agree here and in later formulas that oy = 1 and ¢, = 0 for < 0.

The relation between the Schubert calculus on the Grassmannian G(m, N) and
the algebra of Schur’s S-functions sy (originally defined by Cauchy [C] and Jacobi
[J]) is well known. Given z = (x1,232,...) a countably infinite set of commuting
independent variables, we define the elementary symmetric functions e,(z) by the

formal relation
oo

oo
H(l + ;) = Z er(z)t"
i=1 r=0
and set, for any partition A, sy (z) = det(ex,4j—i(x));,;. Here X is the par-
tition whose Young diagram is the transpose of the diagram of A. The ring
A = Z[ey, e,...] of symmetric functions in = has a free Z-basis consisting of the
Schur functions sy, for all partitions A. These Schur S-functions enjoy many good
combinatorial properties, such as nonnegativity of their coefficients, and multiply
exactly like the Schubert classes on G(m, N), when m and N are sufficiently large.
There is a closely analogous story to the above for the Lagrangian Grassmannian
LG(n, 2n) which parametrizes maximal isotropic subspaces of C?", with respect to a
symplectic form. The Schubert classes in H* (LG, Z) are indexed by strict partitions,
i.e., partitions with distinct (non-zero) parts, whose diagrams fit in a square of side
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n. The special Schubert classes o, = ¢,.(Q) again generate the cohomology ring,
and there is a Giambelli-type formula due to Pragacz [Pra]. This latter may be
described in two steps: For partitions A = (a, b) with only two parts, we have

(2) Oab = 0a0b — 204410b—1 + 2041202 — * -

while for A with 3 or more parts,

(3) g) = Pfaﬁian(or)\i,;\j)iq.

The identities (2) and (3) in fact also go back to the work of Schur [S], who
considered a family of symmetric functions {Q,} known as Schur @Q-functions. We
define ¢,-(z) by the equation

[15 =2 ar
v r=0

i=1

and then use the same relations (2) and (3) with ¢, (x) in place of o, to define Q4 ()
and then Qy(z), for each strict partition A. If we let I' = Z[q1, ¢, . ..] denote the
ring of Schur Q-functions, then the {Qx} for A strict form a Z-basis for I, whose
algebra agrees with Schubert calculus on LG(n,2n), as n — oo. Moreover, there
is a well developed combinatorial theory for the @-functions, analogous to that for
the S-functions.

Choose k£ > 0 and consider now the Grassmannian IG(n — k,2n) of isotropic
(n — k)-dimensional subspaces of C*", equipped with a symplectic form. We call a
partition A k-strict if no part greater than k is repeated, i.e., A\; > k = A; > Ajq1.
The Schubert classes on IG are indexed by k-strict partitions whose diagrams fit
in an (n — k) x (n + k) rectangle. Given such a A and a complete flag of subspaces
F,:0=F CF, C---C Fy, =C?" such that FnH:F;-_i for 0 < i < n, we have
a Schubert variety

Xa(F) ={2€lG |[dim(XNF, ) >j VI <j <N},
where ¢(\) denotes the number of (non-zero) parts of A and
(4) piAN) i =n+k+i-N—#{i<j: AN+ A >2k+5 -1}

This variety has codimension [A| = > A; and defines, using Poincaré duality, a
Schubert class oy = [XA(F.)] in H2(IG,Z). As above, we consider the special
Schubert classes 0, = [X,.(F,)] = ¢,(Q) for 1 <r <n+k.

In [BKT1], we proved a Pieri rule for the products o.0, in H*(IG). Equipped
with this rule and the help of a computer, we observed that (i) when \; < k for all j,
then o is given by the determinantal formula (1); (ii) when A; > & for all non-zero
Aj, then X is strict and oy is given by the Pfaffian formulas (2), (3). It is tempting to
ask for an analogous Giambelli formula for o, when A is a general k-strict partition.
Note that the formula is determined only up to an ideal of relations; whatever the
answer, it must naturally interpolate between the Jacobi-Trudi determinant (1) and
the Schur Pfaffian (3). This question was also raised by Pragacz and Ratajski [PR],
who were using a different set of special Schubert classes.

The answer we give depends crucially on our choice of k-strict partitions to
index the Schubert classes, and uses Young’s raising operators [Y, p. 199]. For
any integer sequence o = (aj,qsg,...) with finite support and i < j, we define
Rij(a) = (ou,...,a; +1,...,a; — 1,...); a raising operator R is any monomial in
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these R;;’s. Set mq = [[; 0w, and Rm, = mpg, for any raising operator R !, Using
these operators, the Giambelli formulas (1) and (2)—(3) can be expressed as

1 - Ry
(5) UA:H(l_Rij)mA and UA=H1+R;_
1<j 1<

my,

respectively (compare with the identities (6) below).
Definition 1. For a general k-strict partition A, we define the operator
R=J[a-Rry [ +Ry)"
i+ Aj>2k+j—i

where the first product is over all pairs ¢ < j and second product is over pairs i < j
such that A; +X; > 2k 4 j — 4.

Theorem 1. For any k-strict partition \, we have oy = R m in the cohomology
ring of IG(n — k, 2n).

For example, in the ring H*(IG(4, 10)) (where k£ = 1) we have
1— Riq
14+ Ryo

2 2
= M321 — 2m411 + Mmyo + 2m51 — M33 = 030201 — 2040’1 + 0409 + 2050’1 — 03.

(1=Ri3)(1—Ra3) mga1 = (1-2R124+2R3,—2R},) (1— Ri3— Ras) maan

0321 =

We introduce a family of polynomials {©,} indexed by k-strict partitions whose
algebra is the same as the Schubert calculus in the stable cohomology ring of IG.
Fix an integer k > 0 and consider a finite set of variables y = (y1,...,yx). For any
r > 0, define ¥, by the equation

1 + x;t b i ;
1= o [T +yt) =D 0n(asyt,
i=1 j=1 r=0

so that 9,.(z;y) = >, ¢r—i(v)ei(y). We call T*) .= Z[9;, 95, .. ] the ring of theta
polynomials. For any finite integer sequence c, let ¥, = [[; Vs, , and for any k-strict
partition A, define the theta polynomial

@)\ = R/\ﬁ)\.
As a first application of Theorem 1, we obtain the next two results.

Theorem 2. The Oy, for \ k-strict, form a Z-basis of T®). The algebra of theta
polynomials agrees with the Schubert calculus on isotropic Grassmannians IG(n —
k,2n), when n is sufficiently large.

Theorem 3. Let A be a k-strict partition.
a) If \y + A\j <2k +j —i for alli < j, then
Or(w;y) =Y Sul@)snyw(y), where Su(x) = det(gu,1;-i(x)).
nCA
b) If \i + Xj > 2k +j — i for alli < j < U(N), then
On@iy) = Y Qu@)ssouy W),

pCA: pstrict

where S(\/u) denotes a shifted skew diagram.

LAsis customary, we slightly abuse the notation and consider that the raising operator R acts
on the index «, and not on the monomial m,, itself.
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It turns out that the coefficients of the polynomial ©y(x;y) are always nonneg-
ative integers, which have a combinatorial interpretation.

Theorem 4. For any k-strict partition X\, the polynomial ©y is a linear combina-
tion of products of Schur Q- and S-functions:

On@iy) = 3 ehQul@)su (y).

Moreover, the coefficients ef;l, are nonnegative integers, equal to the number of
certain Kraskiewicz tableauz [Kr] of shape p.

In [T2], an approach to tableau formulas via raising operators is used to obtain a
different expression for O (x;¥), which writes it as a sum of monomials 2"(V) (2)Y
over all ‘k-bitableaux’ U of shape A.

Our proof of Theorem 1 proceeds by showing directly that the raising operator
expression R m,, satisfies the Pieri rule for isotropic Grassmannians from [BKT1].
This is sufficient because the Pieri rule can be used recursively to show that a
general Schubert class may be written as a polynomial in the special Schubert
classes. The argument is challenging since the raising operator R* changes as the
partition A does, in contrast with the fixed operator expressions in (5). We remark
that the equations corresponding to (5) for the Schur S- and Q-functions may be
deduced from the formal identities

, o N
6 det(zi77) = — d Pfaffian (| =—2 ) = J[=*——2
(6) et(z; ) g(m zj) an affian (-Ti"‘l'j) s

due to Vandermonde and Schur, respectively (see e.g. [M, 1.3 and IIL.8]).

Theorem 4 is proved by showing that the theta polynomial ©) agrees with the
type C Schubert polynomial of Billey and Haiman [BH] indexed by the correspond-
ing Grassmannian element w) of the hyperoctahedral group. Our Giambelli formula
may therefore be used to further understand these and related polynomials. For in-
stance, it follows that the type C Stanley symmetric function Fy,, (z) of [BH, FK, L]
is equal to R*qy(x) (Corollary 6.2).

We have described the theory here in the symplectic case, but there are entirely
analogous results for the odd orthogonal groups. In fact, for technical reasons, our
proof of Theorem 1 is obtained in the setting of orthogonal type B. In a sequel to this
paper, we will discuss the Giambelli formula for even orthogonal Grassmannians,
which is more involved. We also obtain analogues of these Giambelli formulas for
the quantum cohomology rings of symplectic and odd orthogonal Grassmannians;
this application will appear in [BKT2].

This article is organized as follows. The proof of Theorem 1 occupies §1-§4.
Section 5 introduces and studies theta polynomials, and contains our proofs of
Theorems 2 and 3. Finally, in §6 we show that theta polynomials are Schubert
polynomials for the hyperoctahedral group, and prove Theorem 4.

1. PRELIMINARY RESULTS

1.1. The Schubert varieties in IG = IG(n —k, 2n) are indexed by k-strict partitions
A which are contained in an (n — k) x (n + k) rectangle; we denote the set of all
such partitions by P(k,n). Consider the exact sequence of vector bundles over IG

0—-S—FE—Q—0,
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where E denotes the trivial bundle of rank 2n and S is the tautological subbundle
of rank n — k. The special Schubert class o, is equal to the Chern class ¢,(Q).

The symplectic form on E gives a pairing S ® Q — Ojg, which in turn produces
an injection § — Q*. For r > k we therefore have

cr(Q® Q) = o (E/S © QF) = ¢2,(Q7/S) =0,
which implies that the relations

n+k—r
(7) ) Z (—1)'0p1i0r—; =0 forr >k
i=1

hold in H*(IG, Z).

1.2. Let A° = {(i,j) e Nx N |1 <4< j} and define a partial order on A° by
agreeing that (i',7) < (4,7) if i/ < ¢ and j° < j. We call a finite subset D of A°
a valid set of pairs if it is an order ideal, i.e., (i,7) € D implies (i,7') € D for
all (¢/,7") € A° with (¢/,5") < (i,7). Given a k-strict partition A and an integer
t > ¢()\), we obtain a valid set of pairs C;()) by

C:(A) ={(i,j) € A° | \i+Xj >2k+j —i and j < t}.

Furthermore, we let C(A\) = Cyn)(A). It is easy to see that when k& > 0, a set
D C A° is a valid set of pairs if and only if there exists a k-strict partition A for
which C(\) = D.

A composition a = (a1,s,...,q,) is a vector of integers from the set N =
{0,1,2,...}; we let |a] = > ;. For A any sequence of (possibly negative) integers,
we say that A has length ¢ if \; =0 for all ¢ > £ and ¢ > 0 is the smallest number
with this property. All integer sequences in this paper have finite length, and we
will identify any integer sequence of length ¢ with the vector consisting of its first £
entries. In analogy with Young diagrams of partitions, we will say that a pair [i, j]
is a box of the integer sequence N if i > 1 and 1 < j < \;.

Any valid set of pairs D defines the raising operator

RD :H(l_Rij) H (1+Rij)71.
i<j i<j:(i,j)€ED

Given a composition « and an integer £ > 0, we denote by m(D, «, ¢) the number
of non-zero coordinates «; such that (i,£) € D. We say that « is (D, £)-compatible
if o; € {0,1} whenever (i,¢) ¢ D.

Definition 1.1. For any valid set of pairs D and any integer sequence A of length
£ we define a cohomology class Ty = T'(D, \) recursively as follows. Set Tp = 1,
T, = 0y, and T}, = 0 for p < 0. For an arbitrary integer sequence pt = (ft1,. .., fe—1)
and r € Z, set

(8) Tyr= Z(_l)la‘2m(D7a7€)Tu+aTr7|a\ )

[e3

where the sum is over all (D, £)-compatible vectors o € N¢~1.

The sum (8) is well defined because only finitely many of its summands are non-
zero; we have T, , = 0 if » < 0. Notice that definition (8) of T'(D, \) is equivalent
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to expanding the raising operator formula

-1
RPmy= ] A-ryp) I 4Ry '[J0-Re) [] (Q+Ri) 'myp,
i<j<L i<j<t:(i,j)ED i=1 i:(i,£)eD

after the last (i.e., the £-th) entry of A = (u, 7). Therefore Ty = RPm,.

1.3. If D = () then for any integers r and s we have
Tr,s =TT, — Tr+1Tsfl

and so T} 41 = 0, while more generally T} s = —T5_1 y41.
We claim that if D # () and r, s € Z are such that r +s > 2k, then Ty, = =T, ;
in particular T}, = 0 whenever r > k. Indeed, from the definition we obtain

Tr,s = 0y0g — 20’7‘4’10871 + 20—r+20572 — e

and hence T, = =T, s whenever r + s is odd. If r + s = 2m > 2k is even, we see
that
9)  Tro+Ts,=(-1)7 2(6% —20mi10m-1+20ms20m_2—---)=0

using the relations (7) in the cohomology ring of IG.
The previous observations are generalized in the next two lemmas.

Lemma 1.1. Let A = (A1,...,Aj—1) and pt = (fj42,...,1e) be integer vectors.
Assume that (4,5 + 1) ¢ D and that for each h < j, (h,j) ¢ D iff (h,j+1) ¢ D.
Then for any integers r and s we have

Txrsp = —Ths—1r41,-
In particular, Tx rr41,, = 0.

Proof. f u = (7,t) has positive length, we set p = (\, 7, s, 7) and the identity follows
by induction, because

Ty = Z(,l)\alzm(D,ozl)Tp_mTt_la‘_

[e3%

Therefore, we may assume that p is empty. Set £ = j + 1. Then we have

Thrs = Z(_l)lal om(D,a,0) TrtarTor o] — Z(_l)la\ om(D,a,0) Trtart1Teja|-1

(03

= Z(_1)|a|+\ﬂ| (D )+mD ALy | T o T g
B
_ Z(_l)\alﬂﬁ\ gm(D,a,0)+m(D,3,6~1) TrtatsTri1— 15/ Ts 1-|al
B

where the sums are over all (D, {)-compatible sequences o € NV~ and (D, ¢ — 1)-
compatible sequences 3 € N~1. The assumptions on D imply that these two sets
of sequences coincide, and this proves the lemma. ([l

Lemma 1.2. Let A = (A1,...,Aj—1) and gt = (fj42,...,1e) be integer vectors,
assume (4,7 + 1) € D, and that for each h > j+ 1, (j,h) € D iff (j +1,h) € D. If
r,s € Z are such that r + s > 2k, then we have

T)\m&u = _T/\,Smu'

In particular, Tx ., = 0 for any r > k.
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Proof. If = (7,t) has positive length, we set p = (\,r,s,7) and p’ = (A, s,7,7),
and the identity follows by induction, because
T,:= Z(,l)la\2m(D,a,e)Tp+aTt_‘a| = _ Z(f1)‘“'Zm(D’O"Z)TpuraTt—m =Ty

Thus we may assume that p is empty. Set £ = j + 1, and note that (h,h') € D
for all h < I/ < £. If m > 0 is the least integer such that 2m > ¢, we claim that
T, = T s satisfies the relation

2m

(10) T, = Z(_l)i Tl)hpi Tp27~"1ﬁi7'“7p2m'

=2

Equation (10) follows from the formal identity of raising operators

2
[ LB Xm:(—l)i Lo L B
1<hzncom 1T B0 LERsi S com L Tt
h#i#h’

which is equivalent the classical formula

T “ % — Pfaffian (M

L<hZhi<am Th T Tw Tp + T ) 1<h,h/<2m

due to Schur [S, Sec. IX]. The proof is completed using induction, starting from the
base case of j = 1, which was obtained in (9). O

During the above discussion the set D has remained fixed, but in subsequent
arguments we will need to modify it. For this, we use a simple observation.

Lemma 1.3. If (4,7) ¢ D and DU (i,7) is a valid set of pairs, then
Proof. The assertion follows immediately from the identity

1-Ry; 1-R,;
R;;. O
1+Ry; 1+Ry; 7

17R1'j:

2. FroMm IG(n — k,2n) TO OG(n — k,2n + 1)

2.1. For each k > 0, the odd orthogonal Grassmannian OG = OG(n — k,2n + 1)
parametrizes the (n — k)-dimensional isotropic subspaces in C2"*! equipped with a
nondegenerate symmetric bilinear form. Our aim is to show that if A is any k-strict
partition, then T(C(A), ) = o in H*(IG, Z). For technical reasons, we will use an
isomorphism to transfer this relation to the cohomology ring of OG, and work with
the latter space.

The Schubert varieties in OG are indexed by the same set of k-strict partitions
P(k,n) as for IG(n — k,2n). Given a complete flag F, of subspaces of C2"*! such
that Fi,4; = Fn{i-l—i for 1 <i<n+1and X\ € P(k,n), we define the codimension
|A| Schubert variety

Xa(F.) ={Z € 0G |dim(ZN Fp,n) >4 V1<j <N},
where

(11) Bi(A) =ndk+14j—N—#G<j:\+ A > 2%k 45— i}
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Let 7, € H2M(OG, Z) be the cohomology class dual to the cycle given by X, (F.).

For any A € P(k,n), let £x(\) be the number of parts A; which are strictly
greater than k. Let Qic and Qog be the universal quotient vector bundles over
IG(n — k,2n) and OG(n — k,2n + 1), respectively. It is known (see e.g. [BS, §3.1])
that the map which sends o, = ¢,(Qic) to ¢,(Qog) for all p extends to a ring
isomorphism ¢ : H*(IG, Q) — H*(OG, Q). Moreover, we have ¢(ay) = 2Ny for
all A € P(k,n).

We let ¢, = ¢p(Qogq). The Chern classes ¢, are related to the special Schubert
classes 7, on OG by the equations

. T, if p <K,
P 2r, ifp>k.

Using the isomorphism ¢, we can therefore describe the Giambelli formula for
OG(n — k,2n + 1) as follows. For any integer sequence o, set mq = []; ¢q,; then
for every A € P(k,n), we have

(12) T = 2~ (M) A my
in H*(OG, Z).

2.2. For A any k-strict partition, we say that the box [r, ] in row r and column ¢
of X is k-related to the box [/, ] if [c—k—1|4+r=|c —k—-1]+7. Hfec<k <,
then this is equivalent to ¢ + ¢ = 2k + 2 + r — r’. For example, in the partition
displayed below, the grey box [r,¢] is k-related to [r’,¢/]. The notion of k-related
boxes makes sense also for boxes outside the Young diagram of .

Given two Young diagrams p and v with p C v, the skew diagram v/p is called a
horizontal (resp. vertical) strip if it does not contain two boxes in the same column
(resp. row). For any two k-strict partitions A and u, we write A — g if p may be
obtained by removing a vertical strip from the first k£ columns of A and adding a
horizontal strip to the result, so that

(1) if one of the first k& columns of p has the same number of boxes as the same
column of A, then the bottom box of this column is k-related to at most one box
of pu~ A; and

(2) if a column of y has fewer boxes than the same column of A, then the removed
boxes and the bottom box of p in this column must each be k-related to exactly
one box of p \ A, and these boxes of p ~ A must all lie in the same row.
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Equivalently, A — g means that A\; —1 < p; < Aj_; for each j, A\; < p; when
Aj > k, and conditions (1) and (2) are true. Let A be the set of boxes of p\ A in
columns k+1 through k+n which are not mentioned in (1) or (2), and define 9T(A, i)
to be the number of connected components of A. Here two boxes are connected if
they share at least a vertex. In [BKT1, Theorem 2.1] we proved that the Pieri rule

(13) Cp-Tr = Z PALCRD) T
A—=p, |pl=]A+p
holds, for any p € [1,n + k.

2.3. A comparison of (4) with (11) suggests modifying the definition of valid sets of
pairs from §1 to include elements along the diagonal {(¢,4) | ¢ > 0}. This convention
will make the formalism of our proof of Theorem 1 cleaner, and is in fact crucial in
the corresponding proof of Giambelli for even orthogonal Grassmannians.

Set A = {(i,j) € Nx N |1 < i < j} with the same partial order as in §1.2,
and define the notion of a valid set of pairs and the sets C¢(A), C(\) for a k-strict
partition A exactly as before, replacing A° by A. Thus C(\) includes the pairs
(,1) such that A; > k. An outer corner of a valid set of pairs D C A is a pair
(4,7) € A~ D such that DU (7, 7) is also a valid set of pairs. The outside rim 0D
of D is the set of pairs (i,j) € AN D suchthati=1or (i—1,j—1) € D.

Lemma 2.1. Let u be a k-strict partition such that A — . Then for any t > £(\),
we have Cy(X) C Crya1(p) C C(A) UICL(N).

Proof. If (i,7) € Cepa1(p), then \j—q + Xj—1 > p; + pu; > 2k + j —i. This proves
that Cep1(p) C Ce(N) UICe(AN). If there exists a pair (i,5) € C¢(A) N\ Cy1(p), then
Xi+ A >2k4+75—1 2> py + py, so we must have p; = A;, p; = A; — 1, and
Ai+Aj =2k+1+j—i. Condition (2) of §2.2 implies that some box [h, c] of A
is k-related to [j, A;], and [h,c — 1] is also in g \ A since this box is k-related to
[j —1,);]. The equality A\; + ¢ = 2k + 2 + j — h implies that (h,j) € Cey1(p),
and since Cy11(p) is a valid set of pairs, we must have h < i. But we also obtain
A <c—1=2k+1+j—h—2X; =\ +1— h, contradicting the fact that A is
k-strict. This proves that C;(A) C Cyp1(p)- O

Definition 2.1. For any valid set of pairs D C A and any integer sequence A we
define the cohomology class T'(D, A) € H*(OG) by

T(D,\) =2~ #UIEDEDY 4 (7(D N A% N)),
where T(D N A°, X) € H*(IG) is defined by (8).

To prove (12) and hence also establish Theorem 1, it suffices to show that if A
is a k-strict partition, the Pieri rule

(14) o -TCAN)N = > 2" TC(p), )
A—=p, |p|=[M+p

holds in H*(OG,Z), for all p. To see this, write p > A if p strictly dominates A,
e, p#Aand pp + -+ p; > A+ -+ N for each i > 1. We deduce from (13)
and (14) that

24N 3 a1 =en, - ren, = 2%V TCN),N) + Y 0, T(C(w), ),
=X w=X

for some constants a,, € Z. The proof now follows by induction.
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Observe that Lemmas 1.1, 1.2, and 1.3 carry over verbatim to our current setting
where D C A. These lemmas are the main properties of the cohomology classes
T(D,\) that we use, and as such constitute the technical core of our proof of
Theorem 1. But the non-trivial scheme that puts them to work together is an
algorithm with a substitution rule; this is explained in the next section.

3. THE SUBSTITUTION RULE

3.1. Throughout the next two sections we fix p > 0, the k-strict partition A of
length ¢, and choose n sufficiently large so that we can ignore it in the sequel. Set
C =C(\). For any d > 1 define the raising operator R} by

Ry= [ a-ry [ +Rj)™"
1<i<j<d i<j:(i,5)€C
We compute that
¢
6 T(CN) = 6 2 O Ry = 25 RY T (1 = Rigon) Hmay
i=1
¢
_ Q—Zk(k)Rz\Jrl . H(1 + Rip1 + R?’é+1 +--4) map
i=1
and therefore

(15) o -T(C N =Y T(C.v),

veN
where N = N (A, p) is the set of all compositions v > X such that |v| = |\| + p and
v; =0 for j > £+ 1. Our strategy for proving Theorem 1 is to show that the right
hand side of equation (15) is equal to the right hand side of the Pieri rule (14).

3.2. The following objects which will used as book keeping tools in a delicate
process of rewriting the right hand side of (15).

Definition 3.1. A wvalid 4-tuple of level h is a 4-tuple ¢ = (D, u, S, h), such that h
is an integer with 0 < h < £+1, D is a valid set of pairs containing C, all pairs (%, )
in D satisfy j < £41, S is a subset of D N\ C, and p is an integer sequence of length
at most ¢ + 1. The evaluation of ¢ is defined by ev(y)) = T (D, u) € H*(0G, Z).

All valid 4-tuples encountered in this paper will also satisfy that D C CUJC (see
Lemma 4.1), but for technical reasons we do not require this in the definition. We
will represent the set A as the positions on or above the main diagonal of a matrix,
and the various sets of pairs D as sets of entries in this matrix. In Figure 1 the
white dots represent a set of pairs C and the grey dots are a subset of the outside
rim of C. The union of the white and grey dots form the set D in a typical valid
4-tuple (D, u, S, h).

In the following we set o = co whenever p is an integer sequence.

Definition 3.2. For any y € Z we let r(y) denote the largest integer such that
r(y) <L+ 1and A\ y—1 > 2k +7(y) — v

Since A\g = oo we have r(y) > 1. Notice that for (4,j) € A and j < ¢ we have
(i,j)eCeo X\j>2k+j—i— X\ < j<r(i+ X +1). This gives the relation

(16) C={(,5)eA| andj<r@+\+1)}.
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FIGURE 1. A valid set of pairs C (white dots) and a subset of 9C
(grey dots).

The function r(y) is also connected to the notion of k-relatedness of boxes.
Assume that some box [i,c] with ¢ > k is k-related to a box [j,d] in the first k
columns of A. Then A\; > d = 2k + 2+ j — i — ¢, which implies that j < r(i + ¢).
Furthermore, if [j + 1,d + 1] € A then r(i + ¢) = j + 1. In other words, the south-
east most box of the first k columns of A that is k-related to [i, ¢] is located in row
r(i4+c) —1.

Let m > 1 be minimal such that \,, < k; we call m the middie row of \. Notice
that m is the smallest positive integer for which (m, m) ¢ C, so m = 10 in Figure 1.

Definition 3.3. Let h € N satisfy 1 < h < m and let u be an integer sequence.
(a) We define by, = r(h+ X\, + 1) and gp = bp—1. By convention we set g; = £+ 1.
(b) Set R(u) = {[i,c] € u~ A c>Fkand ppire) < 2k +r(i+c) —i—c}.

(c) Assume that h > 2 and pp > Ap—1. If [h, An—1] € R(u) then set ep (1) = Ap—1.
Otherwise choose ep (1) > max {k, A\, } minimal such that [k, c] € R(u) for ep(u) <
¢ < Ap_1. Finally, set fr(n) = r(h + en(p)).

Notice that for h < m we have by, = min{j > m | (h,j) € C}. In the definition of
R(u), suppose that some box [i,c] € u~ A with ¢ > k is k-related to a box [4,d] in
the first & columns of A, such that [j +1,d+ 1] € A\. Then we have r(i +c¢) =j+1
and d = 2k + 2+ j — i — c. It follows that [i,c] € R(p) if and only if pj4q < d.
In particular, if p is a k-strict partition such that A — pu, then the set A from §2.2
consists of the boxes of © ~ A in columns k + 1 and higher which are not in R(u).
Notice also that since h+ A, +1 < h+ep(p) < h+ Ap—1 and r(y) is an increasing
function of y, we always have

(17) b < fr() < gn-
Furthermore, if [h, Ap—1] € R(p), then fj, (1) = gn.-

If we are given a fixed valid 4-tuple (D, p, S, h) with 1 < h < m, we will use the
shorthand notation b = by, g = g, R = R(u), e = ep(u), and f = fr(u); the values
e and f will be used only when pj, > Ap_1. The integers b and ¢ are illustrated in
Figure 2.

Example 3.1. Suppose k =3 and A = (9,7,3,2,1,1), so that

C(A) ={(1,1),(1,2),(1,3),(1,4),(2,2),(2,3),(2,4)}.
Consider a valid 4-tuple (D, p, S, h) with p = (11,12,7,2,2). Figure 3 illustrates
A and p, with the boxes in u ~ X shaded, and the boxes in R marked. Note that
there is one box in A\ p. If A = 2 then we obtain (e, f,g) = (8,5,5), while if h = 3
we get (e, f,g) = (6,4,5).
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FIGURE 2. The set C near the pair z = (h,g) € 9C.

FI1GURE 3. The shapes A and p, with o~ A shaded.

The precise value of f will play a crucial role in our proof that the Pieri terms
in (14) appear in (15) with the correct multiplicities. For example, it is part of the
following definition of a condition X, that will be used to identify undesired valid
4-tuples.

Definition 3.4. Let (i,j) € A be arbitrary. We define two conditions W(i, j) and
X on a valid 4-tuple (D, u, S, h) as follows.

Wi, j) + pi+py>2k+j—i.
Condition X is true if and only if (h,h) € D and
Wh > fp—1 O fip > Ap—1 or (up, = A\p—1 and (h, f) € .9).

3.3. Initially, we define the set ¥ = {(C,v,0,(+1) | v € N(\,p)}; thus 3, g ev(1))
agrees with the right hand side of (15). We then apply an algorithm which will
change this set by replacing some 4-tuples with one or two new valid 4-tuples. The
algorithm applies the substitution rule described below to each element (D, p, S, h)
in ¥ of level h > 1. If the substitution rule results in a REPLACE statement,
then the set ¥ is changed accordingly; otherwise the substitution rule results in a
STOP statement, in which case the 4-tuple (D, p,S,h) is left untouched. These
substitutions are iterated until no further elements in ¥ can be REPLACED, i.e.,
until the substitution rule results in a STOP statement when applied to any 4-tuple
in ¥ with A > 1.

Substitution Rule
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Suppose that h > 1. Assume first that (h,h) ¢ D. If
(i) there is an outer corner (i, h) of D such that W(i, h) holds
then REPLACE (D, i, S, h) with
(DU (i,h),p, S,h) and (DU (i, h), Ripp, SU (i,h), h).
Otherwise, if
(ii) D has no outer corner in column h and pp > Ap_1,

then STOP.
Assume now that (h,h) € D. If

(iii) there is an outer corner (h,j) of D with j < ¢+ 1 such that W(h, j) holds,
then REPLACE (D, 11, S, h) with

(DU (h,j),,Uz,S7 h) and (DU (h»j)»thM,SU (haj)ah) if Hj é Hi—1,

Otherwise, if
(iv) W(h, g) or X holds, and D has an outer corner (z,g) with ¢ < h,

then REPLACE (D, p, S, k) with
(DU (i,9),p1,S,h) and (DU (4,9), Rigp, SU (4, 9), h).
Otherwise, if

(v) X holds,

then STOP.
If none of the above conditions hold, REPLACE (D, u, S, h) with (D, u, S, h—1).

Since the set of pairs D is not allowed to grow beyond column £+ 1, the algorithm
will terminate after a finite number of steps. Whenever a 4-tuple ¢ = (D, p, S, h) is
replaced by one or two 4-tuples v;, we refer to 1 as the parent term and the v; are
its children. Notice that we can recover the initial 4-tuple ¥y = (C,v,0,£ + 1) that
gave rise to ¥ by the equation v = H(z‘,j)es Lijpu. Here L;; denotes the lowering
operator which is the inverse of R;;. Furthermore, the sequence of 4-tuples leading
from g to v is uniquely determined by . In particular, no 4-tuple can be produced
multiple times.

If a 4-tuple ¥ € ¥ is REPLACED by two 4-tuples 1 and 15, we deduce from
Lemma 1.3 that ev(y)) = ev(t1) + ev(y2). Moreover, if condition (iii) holds for
¥ = (D, p, S, h) and this 4-tuple is REPLACED by the single 4-tuple ¢’ = (D U
(h,7), Rnjp, S U (h,j), k), then Lemmas 1.1 and 1.3 imply that ev(¢) = ev(¢’).
Indeed, it follows from Corollary 4.1 below that pj_1 = p; — 1 and D U (h, j) has
no outer corner in column j, so Lemma 1.1 shows that ev(D U (h, j), 1, S, h) = 0.

When the algorithm terminates, let ¥g denote the set of 4-tuples (D, p, S,0) in
U and let ¥y = ¥\ U,. It follows that

D TCv) =Y ev(®)+ > ev(®).

veN Ye¥y PYew,
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In the next section, we will prove the following two claims.

Claim 1. For each 4-tuple v = (D, 1, 5,0) in Uy with pey; > 0, @ is a k-strict
partition with A — p and ev(¢)) = T(C(p), ). Furthermore, for each such partition
u, there are exactly 2" M) such 4-tuples v, in accordance with the Pieri rule.

Claim 2. There exists an involution ¢ : ¥; — Wy of the form «(D,u, S, h) =
(D, i/, S, h) such that ev(y) + ev(e(v))) = 0, for every ¢ € Uy.

We remark that the 4-tuples 1 € ¥y with ey < 0 evaluate to zero trivially, by
Definition 1.1. The two claims therefore suffice to prove the Pieri rule (14).

Definition 3.5. Let (x) be one of the conditions (i)—(v) of the Substitution Rule.
We say that a 4-tuple v = (D, u,S,h) meets condition (x) if ¢ occurs in the
algorithm, reaches condition (x) in the Substitution Rule, and condition (x) is
satisfied. We say that a 4-tuple ¢ survives the algorithm if at least one of its
successors lies in ¥y.

For each initial 4-tuple g = (C, v, 0, +1) of the sum (15), the algorithm produces
a tree of 4-tuples with root node given by vy. If the Substitution Rule REPLACES
a 4-tuple 1) by one or two other 4-tuples v;, we have a branch in the tree from
to the ;. The leaves of the tree are exactly the 4-tuples with A = 0 or where the
Substitution Rule STOPS. The fate of all the terms of the sum (15) is encoded by
the collection of all the trees with root nodes (C,v,0,¢+ 1) for v € N(\,p). This
collection will be called the substitution forest; the sum of the cohomology classes
represented by the roots of the substitution forest is equal to the sum of classes
given by the leaves.

Example 3.2. We discuss an example of the substitution forest in detail. Consider
the Grassmannian OG(n — 1,2n + 1) for n > 5, and the Pieri product

€1-T211 =T21,1,1 +27311 + 75,

For simplicity, we will omit the commas in our notation for compositions and
pairs. Thus A = 211, k¥ = p = 1, and we have C(\) = {11} and N(}\,p) =
{2111, 2120, 2210, 3110}. The substitution forest is pictured below, except we have
omitted those nodes (D, p, S, h) which have (D, p, S, h41) as parent and (D, p, S, h—
1) as child.

({11}, 2210, 0, 4) ({11}, 2111, 0, 4) ({11}, 2120, 0, 4) ({11}, 3110, 0, 4)

({11}, 2210, 9, 2) ({11}, 2111, 0, 0) ({11}, 2120, 0, 3) ({11}, 3110, 0, 2)

({11,12},2210,0,2) ({11, 12},3110, {12}, 2) ({11,12},3110,0,2) ({11, 12}, 4010, {12}, 2)
P N\ / |

({11, 12, 22}, 2210, 0, 2) ({11, 12}, 3110, {12},0) ({11, 12},3110,9,0) ({11, 12}, 4010, {12}, 1)

(v) ¢ (iii)

({11, 12, 22}, 2210, {22}, 2) ({11, 12,13}, 5000, {12, 13}, 1)

(v) \L

({11, 12,13}, 5000, {12, 13}, 0)
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Observe that the root ({11},2120,0,4) is the only initial 4-tuple that does not
survive the algorithm. We have ¥ = { ({11},2111,0,0), ({11,12}, 3110, {12},0),
({11,12},3110,0,0), ({11,12,13},5000,{12,13},0) }, which corresponds exactly to
the terms in the Pieri product ¢; - 7911. Furthermore, each 4-tuple in the set ¥; = {
({11,12,22},2210,0,2), ({11,12,22}, 2210, {22}, 2), ({11}, 2120,0,3) } evaluates to
zero in the cohomology ring of OG.

4. PROOF OF THEOREM 1

4.1. Recall the fixed choices of p, A, £, C, and m from §3.1. In §4.1 through §4.3
we furthermore let ¥ = (D, i, S, h) denote a 4-tuple which occurs at some step in
the algorithm, i.e., a node of the substitution forest. The symbols D, u, S, h will
refer to components of the 4-tuple ¥». We will occasionally work with more than
one valid 4-tuple. If (D', p/, S’, h’) is an additional 4-tuple, then the sets and values
that Definition 3.3 associates to this 4-tuple will be called R', ¢’, f’, and ¢'.

The algorithm has two phases. A 4-tuple ¢ is in Phase 1 if (h,h) ¢ D, and in
Phase 2 if (h,h) € D. The level h is always used to index an entry of the integer
sequence 4 in 9; it begins at h = ¢+ 1 and decreases as the 4-tuple proceeds through
the algorithm. In Phase 1 we have h > m, while h < m in Phase 2. Throughout
the algorithm we have i < m < j for each (i,j) € S, so u is obtained from the
initial composition v by removing boxes from rows weakly below the middle row of
A and adding them to rows weakly above the middle row.

The set D is initially equal to C and grows when REPLACE statements are
encountered. Lemma 4.1 below shows that all pairs added to D come from the
outer rim JC. In Phase 1, pairs are added by rule (i) to column h, so as the level
h decreases from ¢ + 1 to m, these pairs are added along vertical columns of OC,
proceeding from top (row 1) to bottom (row m) and right to left. In Phase 2, the
set D mainly grows when rule (iii) adds pairs to row h, in which case the pairs are
added in horizontal rows of JC, from left to right and bottom to top. In some cases
rule (iv) will add extra pairs (4,g) to D, where ¢ < h. Lemma 4.5 implies that if
1 meets (iv), then it will not survive the algorithm, and only pairs from column g
of C can be added to its successors. In particular, all 4-tuples in ¥, are produced
from the the initial 4-tuples by applications of rules (i) and (iii).

Our proof of Theorem 1 occupies the remainder of this section. In §4.2 we
prove some properties satisfied by 4-tuples that occur in the algorithm. Additional
properties for 4-tuples in Wq are proved in §4.3. The proof of Claim 1 is then given
in §4.4, while Claim 2 is justified in §4.5.

4.2. We prove some lemmas that reveal what can happen to the 4-tuple ¢ =
(D, u, S, h) during the algorithm.

Lemma 4.1. We have D C CUOC.

Proof. It is enough to show that if the substitution rule adds the pair (¢,7) to D,
then (i,7) € OC. Notice first that ¢« < h < j. If (i,5) € IC, then ¢ > 1 and
(i—1,7—1)¢C. Let ¢’ = (D', 1/, 5", ') be the most recent predecessor of ¢ such
that (i — 1,7) € D’. Then ¢’ meets rule (i), (iii), or (iv), which adds the pair
(i—1,7) to D’. Since the pair (i —1,j — 1) € D'\ C was added to a predecessor of
1" of level smaller than j, it follows that ¢ < h < h’ < j — 1, so ¢’ does not meet
(i) or (iii). But ¢’ also does not meet (iv) because ¢’ < j— 1, a contradiction. O
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Lemma 4.2. Suppose that h < m and pp > Ap—1. Suppose [ is an integer sequence
such that i, > Ap—1 and [i; = p; for max(m,h +1) < j <g. Then [h,c] € R if
and only if [h,c] € R(f) for all ¢ < Ap—1. In particular, we have e = e (1) and
f=fu(m).

Proof. Let [h,c] € pu~ A satisfy k < ¢ < A1, and set j = r(h + ¢). Since k-
strictness of X\ implies that k +m +1 < h4+c¢ < h+ A_1, we obtain m < j < g
and hence p; = 7i; provided that j > h. It follows that [h,c| € R if and only if
[h,c] € R(), as required. ]

Lemma 4.3. If (h,h) € D, pp, > A1 and Ap—1 + pig <2k + g — h, then f =g.

Proof. Since h < m we have A\p_1 > k and [h, Ap,_1] € p~A. Since g = r(h+Xp_1),
the inequality pgy < 2k + g — h — A\p—1 shows that [h, \,_1] € R. This implies that
e=Ap—1 and f =r(h+ A\p—1) = g, as required. ]

We next make some observations concerning rule (iv) and condition X.

Lemma 4.4. If condition X holds for v, then X also holds for the children of 1.
In particular, ¢ does not survive the algorithm, and all its successors have level h.

Proof. Assume that ¢ = (D, p, S, h) satisfies condition X and let ¢’ = (D', i/, S, h)
be a child of 3. If S’ = S then ¢/ = u and X also holds for v, so we may assume
that '~ S = {(¢,4)} and ¢ = Ry;u, where ¢ < h. We can also assume that
A1 = pp = pj, < pj_q. Since (h,h) € D and (i,j) ¢ D, we get i < h < j.
In particular, 1 meets (iv) and j = g. Let ¢ = (D, 7, S, g) be the most recent
predecessor of ¥ of level g, and let (a,g) be the outer corner of D in column g.
Then a < h — 1, and W(a, g) fails for 9 since it does not meet (i). Using this and
k-strictness of A\, we obtain A,_1 + u; <A1+ pg < (Ag+a—h+1)+ Ay <
fig + Ty, +1+a—h<2k+1+g—h. Lemma 4.3 now implies that f' = g. We
conclude that ¢ satisfies condition X as p}, = A\p—1 and (h, f') = (h,g9) ¢ S’. O

Lemma 4.5. Suppose that ¢» meets (iv), and let (a,g) be the outer corner of C
in column g. Then 1 does not survive the algorithm, and all of its successors
' = (D', S W) have level b > a.

Proof. By Lemma 4.4 we may assume that X fails and W(h,g) holds for ¢. In
particular, pp—1 > pp. Assume that pg > pgp1 > - > pp—1 > pp. Since W(h, g)
holds, this implies that W(4, g) is true for a < i < h. Moreover, these latter weight
conditions are true for all predecessors of 1. It follows that all pairs (i,g) for
a < i < h were added to D by (i) during Phase 1 of the algorithm. But then (h, g)
must be an outer corner of D, so ¢ meets (iii), a contradiction.

We therefore have ;1 < u; for some integer i with a < i < h. We claim that
any successor ¢ = (D', u/,8",i) of ¢ of level i satisfies condition X. Otherwise,
wi < phi_y and pf < A\—1, and since p; < pf and A\j—1 < p—q, this implies that
Wi = My = N1 = pi—1. Since pi_y > pi—1, it follows that (i — 1,¢9) € D’ ~\ D.
Therefore (i,9) ¢ S, and since p; = p;, we deduce that (i, g) ¢ S’. But (17) implies
that f’ = g, so X holds for ¢’ anyway. We conclude that 1) will not survive. O

We now prove some results that will later be used to show that surviving 4-tuples
Y = (D, u,S,0) € ¥y satisfy A — p.

Lemma 4.6. If j > h and (j,j) € D, then p; < X\j_1.
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Proof. Assume that p; > A;_1 and let ¢/ = (D', 1/, 5, j) be the most recent
predecessor of ¢ of level j. Then p; > p;, and since ¢ does not meet (ii), it follows
that D’ has an outer corner (¢, ) in column j. If ¢ < j, then since (i,5 —1) € C we
obtain p + pj > Aj_1+ Ai > 2k + (j — 1) — 4, and otherwise we have i = j = m
and p}; > Am—1 > k. In both cases ¢’ satisfies W(i, j). But then ¢’ meets (i) and
is not the most recent predecessor of ¢ of level j, a contradiction. O

Lemma 4.7. Let ¢» = (D, u, S, h) and let j < £ be a positive integer.

(@) If h>1 and (h,j) € C and (h+1,j) € D, then we have j; > \;.

(b) If h <1 or (h—1,j) €C, then we have 1; > \;j — 1. Moreover, if pj = \; — 1,
then D . C contains exactly one pair in column j, and this pair is also in S.

Proof. Suppose that p; < A; and choose ¢ > h maximal such that (¢,j) € D.
Let ¢/ = (D', i/, S’,h') be the most recent predecessor of ¢ with (i,j) ¢ D’
Then 1’ meets rule (i), (iii), or (iv), which adds the pair (i,5) to D’. Let ¢ =
(D' U (i,7),7,S, k") be the child of ¢’ that is a predecessor of 1. Notice that
py < fiy < Ap—q for all integers ¢ such that h < ¢ < A’ and (¢t,t) € D’ U (4,)),
since otherwise condition X holds for every successor of 1 of level . We also have
Wy < Aj, and if ps = A; then (7, 7) € S, i< j, @ > ph, and iy < .

If 9" meets (i), then b’ = j. Since (i — 1,7) & C we have pj + p < X1 + A <
2k +j —i+1. As W(3, ) holds for ¢', it follows that y; = A\;—1 and p; = A;. But
this implies that @; > A\;_1, a contradiction.

Therefore ¢’ meets (iii) with A’ = i, or it meets (iv) with A’ > i. In either case
we have ¢’ = j, and since 1)’ does not satisfy condition X, it must satisfy W(R', j).
Since (h' —1,j) ¢ C and thus g}, +pj < Ap—1+A; < 2k+j —h'+1, it follows that
Hp = A —1 and i; < p; = Aj. We obtain Ay —1 +f1; < 2k + j — 1/, so Lemma 4.3
shows that f = j. Since @; > !, we must also have i < k', so (I, f) ¢ S and ¢
satisfies condition X. This contradiction completes the proof of part (a).

If 1; < X\j —2, then D \ C contains at least two pairs in column j, say (a+1,5)
and (a,j), and the assumptions in (b) imply that a > h. Let ¢’ = (D', 1/, S, a)
be the most recent predecessor of ¥ of level a. Part (a) applied to ¢’ implies that
Wy > Aj, a contradiction since p; = ;. O

Corollary 4.1. Assume that ¢ meets (iii) and let (h,j) be the outer corner of D
in row h. If p; > pj_q, then pj—1 = p; — 1 and D U (h, j) has no outer corner in
column j.

Proof. Lemma 4.6 implies that p;_1 < p; < Aj—q. Since (h—1,5 —1) € C, it
follows from Lemma 4.7(b) that u; = Aj_1 = pj—1+1 and D\ C contains a unique
pair (i,j — 1) in column j — 1. Since ¢ < j — 1, it is enough to show that i = h.
Lemma 4.5 implies that (4, j — 1) was added by (i) or (iii), so 1 satisfies W(i, j—1),
and we obtain p; + p; = p; + pj—1 +1 > 2k 4+ j — 4. Assume that ¢ > h and let
Y = (D', 1, S’ i) be the most recent predecessor of ¢ of level i. Then (i,j—1) € D’
and ¢' = j. Since p; = p; and p; > pj, W(i, j) holds for ¢)’. But then ¢’ meets
(iv) and is not the most recent predecessor, a contradiction. (]

Lemma 4.8. Assume that j > m. If h=0 or (h,j) € D, then p; < pj_1.

Proof. Assume that p; > p;—1. Then Lemmas 4.6 and 4.7(b) imply that p,; =
Aj—1 = pj—1 + 1, and D ~\ C contains a unique pair (¢, j — 1) in column j — 1,
with ¢ > h. Let ¢’ = (D', 1/, S’,4) be the most recent predecessor of 1) of level
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i for which (4,7) € D’. The assumptions of the lemma then imply that ¢ # 1.
Lemma 4.5 shows that (i,5 — 1) was added to D by (i) or (iii), so ¢’ satisfies
W(i,j —1). Since p} > pj > pj1 = p;_y, ¥ also satisfies W(3, j), so 9" meets
(iii) or (iv). The choice of ¢’ implies that (i, j) must be the outer corner added to
D', so in fact ¢’ meets (iii). Now the statement of rule (iii) implies that (¢, ) € S,
so pi; > pj > ps ;. This contradicts Corollary 4.1. O

Lemma 4.9. Assume h <m. Then p; < \j_1 and u; < pj—1 for h <j <m.

Proof. If the statement is false, then choose ¢ > h minimal such that pu; > A\;_1 or
Wi > i1, and let ' = (D’ i/, S’,i) be the most recent predecessor of ¢ of level
i. Since p > A;—1 or p} > pi_; and condition X fails for ¢/, we have (i,4) ¢ D', so
i=mand u,, > A\p—1 > k. But then p} +pl, > M +pl, > (E+m—1t)+k for
1 <t < m,so ¢ meets (i), a contradiction. O

Lemma 4.10. Assume that (h,h) € D, pp = Ap—1, and [h,A\n—1] € R. Then 3
satisfies condition X and does not survive the algorithm.

Proof. Since [h, A\p—1] € R and 7(h+ A\p—1) = g, we have pg < 2k+g—h — A\p_1,
hence W(h, g) fails for ¢). Lemma 4.9 shows that pp > ppy1 > -+ > fm, S0 W(d, g)
fails for h < d < m. If (h, g) € D then condition X holds because (h, f) = (h,g) € S.
Otherwise choose @ > h maximal such that (i,9) € D, and let v/ = (D', i/, S’, h') be
the most recent predecessor of ¢ for which (i,g) ¢ D’. Then ¢’ meets (iv) and 1 is
a successor of the child ¢ = (D, u, S, ') of ¢'. If K’ > h, then Lemma 4.4 implies
that X fails and W(R/, g) holds for ¢'. Since W(R/, g) fails for 4", it follows that
i < h and pp +pg =2k+g—h'. We also have A\pr—1 4+ pg < Ap1+pg+h—h <
2k+g—h', so pp > Ap—1, and using Lemma 4.3 we get (h/, f”) = (h/,g) € S. But
then 9" satisfies condition X, a contradiction. We therefore have b’ = h, W(h, g)
fails for v, X holds for 9/, and the result follows from Lemma 4.4. O

In our applications of Lemma 4.10 we only need the fact that 1) does not survive
the algorithm, so it is enough to know that a predecessor of 1) meets (iv). The last
6 lines of the above proof could therefore be omitted.

4.3. In this section we will study a 4-tuples ¢ = (D, u, S,0) € Yo with pe4q1 > 0.
For such a 4-tuple, Lemma 4.5 implies that each pair (i,7) € D ~ C was added
by (i) or (iii). More precisely, the pair (i,j) was added by (i) if ¢ = j = m or
(i,j — 1) € C, and otherwise the pair was added by (iii).

Proposition 4.1. Suppose that ) = (D, 1, S,0) and pey1 > 0. Then p is a k-strict
partition with |p] = [N + p, satisfying \j —1 < p; < X\j_1 for every j > 1, and
Aj < pj when A; > k. Furthermore, we have D = Coq1 ().

Proof. By Lemma 4.9 we have p; < Aj_q and p; < pj—q for 1 < j < m, and
Lemmas 4.6 and 4.8 show that p; < min(Aj_1,pj—1) for j > m. We deduce that p
is a k-strict partition. Lemma 4.7(b) implies that A\; — 1 < p; for every j. Clearly
Aj < pj when A\; >k, and |u| = || +p.

It remains to show that the set Cpi1(p) is equal to D. If D ¢ Cyy1(p), then
since Cpy1(p) and D are both valid sets of pairs, we can find an inner corner
(1,7) € D \ Cyy1(p) such that (i +1,7) € D and (i,5 + 1) € D. Since (3,5) € C by
Lemma 2.1, the pair (i, j) was added by (i) or (iii), and W(4, j) holds since y; and
5 did not change since this event.
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On the other hand, if Cyp41(p) ¢ D, then we can find an outer corner (i,7) of D
such that (4,7) € Cog1(p). If (4,5) = (m,m) or if (4, j—1) € C, then the most recent
predecessor of ¥ of level j meets (i), and otherwise we deduce from Lemma 2.1 that
the most recent predecessor of ¢ of level ¢ meets (iii). This contradiction finishes
the proof. O

Lemma 4.11. Assume that ¢ = (D, i, S,0) and j are such that p; = X\; —1 >0,
and let (i,7) be the unique pair in column j of D \.C. Then the removed boz [j, \;]
and the above box [j—1, ;| are k-related to the boxes [i,c| and [i,c—1], respectively,
where ¢ = 2k + 2+ j — ¢ — A;, and these latter boxes belong to R.

Proof. Let ' = (D', i/, S’, k') be the most recent predecessor of v for which (7, j) &
D'. Since p; = \; and v’ satisfies W(i, j), we obtain y; > p; +1 > ¢, and since
(i,7) & C we similarly have A\; < ¢ — 2. The boxes [i,c| and [i,c — 1] belong to R
because ;41 < Aj and p; < A; (see §3.2). O

Lemma 4.12. Assume that v = (D,u,S,0), per1 > 0, and let i < m be any
integer such that p; = \;_1. Then [i,\i_1] € R and (i, f;(1)) € S.

Proof. Let o' = (D', 1/, S’,1) be the most recent predecessor of ¢ of level . Then
i = p; and (i,7) € D'; if i = m this follows because u,, = A,,—1 > k. Lemma 4.10
implies that [¢, A\;—1] & R’. Since all pairs (¢,d) € D ~\ D’ were added by (iii) and
satisfy d > ¢', it follows that p}; = p; for m < j < ¢’, so Lemma 4.2 shows that
[i,\i—1] € R and f’ = f;(u). Finally, we must have (i, f') € S’ C S since ¢’ does
not satisfy condition X. O

Proposition 4.2. If ¢ = (D, 1, 5,0) and pey1 > 0, then we have A — p.

Proof. By Proposition 4.1, it suffices to check that conditions (1) and (2) of §2.2 are
true. Condition (1) follows from Lemma 4.12 since [i, \;—1] € R for each i. Suppose
that p; +1 = A; = d for j; < j < ja. According to Lemma 4.11, each removed box
[7,d] for j1 < j < ja is k-related to some box [ij,¢;] € p~ A, and the box [i;,¢; —1]
is also in g~ A. Condition (1) implies that each box [j,d] is k-related to at most
one box of . A. It follows that if j < jo, then [i;, ¢;] = [ij41,¢j41 — 1], so all the
boxes [i;, ¢;] lie in the same row of p ~ A. Condition (2) follows from this since we
also know that the box [j; —1,d] is k-related to [i;,,c;, — 1]. O

4.4. Propositions 4.1 and 4.2 tell us that if ¢ = (D, u,S,0) is any 4-tuple in ¥
with pgrq > 0, then p is a k-strict partition with A — p, D = Cypy1(p) is uniquely
determined by p, and ev(y)) = T'(C(u), 1) is a term appearing in the Pieri rule (14).
To account for the multiplicities, we give an explicit construction of the possible
sets S in these 4-tuples. In this section we fix an arbitrary k-strict partition p such
that A — p and |u| = |\ + p.

A component means an (edge or vertex) connected component of the set A of
§2.2. We say that a box B of A is distinguished if the box directly to the left of
B does not lie in A. We say that B is optional if it is the rightmost distinguished
box in its component. Notice that (A, u) is equal to the number of optional
distinguished boxes in A. To each distinguished box B = [i,c] we associate the
pair (i,7) = (¢,7(i + ¢)). The inequality \;—1 > 2k + i — (i + ¢) implies that i < j,
so (i,7) € A. Let E (respectively F') be the set of pairs associated to optional
(respectively non-optional) distinguished boxes. We furthermore let G be the set



20 ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

of all pairs (4,5) € A for which some box in row ¢ of u ~\ A is k-related to a box in
row j of A\ p.

Lemma 4.13. (a) We have EUF UG C Coq1(p) NOC.

(b) Each pair in E U F is associated to exactly one distinguished box of A.
(c) The sets E, F, and G are pairwise disjoint.

(d) 1f (Zaj) € F, then j = fi(/J’)'

() If i,j) e EUF UG, i < j, and (i, — 1) ¢ C, then p; < Aj_1.

Proof. Let (i,7) € G. Then p; = Aj — 1 and the boxes [j,A;] and [j — 1, \j]
are k-related to [i,d] and [i,d — 1], where d = 2k + 24 j —i — A;. We also
have A\; +1 < d < p;. Therefore \; +A; < d+ X —1 =2k+1+j—4and
i +p; >d+p; =2k+1+5—14, 50 (4,5) € Copr(p) ~ C. Assume that (7,7) is
associated to a distinguished box [i,¢] € A. Since r(i+c¢) =j < j+1=r(i +d),
we must have ¢ < d, hence p; =2k +1+j—-i—-d <2k+j—1i—c DBut then
[i,c] € R(u), a contradiction. It follows that GN (EUF) = 0.

Now let [i,c] € A be distinguished and set j = r(i + ¢). Then j > r(i + A; + 1),
so (16) shows that (i,7) ¢ C. Since [i,c] ¢ R(n) we get pj > 2k+j—i—c >
2k + j — i — p;, hence (4,5) € Cor1(p). Using Lemma 2.1, this establishes (a). If
[i, '] € R(u) is any box with ¢ > ¢, then we must have j < r(i+¢’), since otherwise
i <2k+j—i—c <2k+j—i—c. This proves (b) and finishes the proof of (c).
If (i,4) € F, then pu; = A\i—1, ¢ = e;(11), and j = f;(p). This establishes part (d).

In the situation of (e), notice that if p; = A;_1, then (4, j) € EUF is associated
to a distinguished box [¢,c] € A. We must have ¢ > k + 1, since otherwise \; < k,
i=m,and j = r(m+k+1) =1i. Since [i,c] € R(u) and (4,5 — 1) & C, we also have
c>2k+j—i—p; =2k+j—i—Aj_1 > N\ +1. It follows that [i,c—1] € R(p). Set
j'=r({i+c—1). Then j' <jand pj —j' <2k —i—c+1< pu; —j, which shows
that j/ = j and p; =2k +j — i —c+ 1 < Aj_1. This contradiction proves (e). O

To every subset E’ of E we define the set of pairs S(E’) :== E' UF UG. This
is a disjoint union, and there are exactly 27{M#) sets of this form. The following
proposition therefore completes the proof of Claim 1.

Proposition 4.3. Let S C A be any subset. Then (Co1(u), 1, S,0) € ¥o if and
only if S = S(E') for some subset E' C E.

Proof. We first assume that ¢ = (Co41(1), i1, S,0) € ¥y. Lemmas 4.12 and 4.13(d)
then imply that F' C S. We next show that G = {(i,7) € S| p; < A} I py < A
then S contains a unique pair (¢,7) in column j. Lemma 4.11 shows that [j, A;] is
k-related to a box in row ¢ of p ~ A, and condition (1) implies that no other box
in g\ A is k-related to [, \;]. It follows that (i, ) is also the unique pair of G in
column j.

Let (i,7) € S\G. We will show that (7, j) is the pair associated to a distinguished
box of A. If i = j = m, then \,, < k < p,, and (m,m) is associated to the
distinguished box [m,k + 1] € A. We can therefore assume that ¢ < j, hence
i > A;. Since (i,7) € G we also have A\; < p;. If A\j + p; > 2k + j — 4, then the
inequality A\j_1 > p; > 2k + j — i — A\; — 1 implies that j < (¢ + \; +1). Since
(i,7) € C, it follows from (16) that j = r(i+ \; +1). We deduce that [i, \; +1] € A
is a distinguished box and (4, j) is the associated pair.

Otherwise we have A\; + p; < 2k + j — 4. In this case we set ¢ =2k +j — i — ;.
Since (4,5) € Cry1(p) we have \; < ¢ < p;. We also have ¢ > k; if ¢ = m this
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follows because p; < A, < k. We claim that p; < Aj_1. If (4,7 — 1) € C, then this
follows because p; < 2k +j —i— A, < Aj_1, so assume that (4,5 — 1) ¢ C. Then
we must have j > m, and (4,j) was added to S in Phase 2 of the algorithm. By
Lemma 4.6 the first predecessor (D', pi', S’,4) of 1 of level i satisfies that pu < A\;_1.
Since (i,7) ¢ S’, this implies that p; < A\j_1, as claimed.

The inequality Aj_1 > p; = 2k + j — i — c implies that r(i + ¢) > j, and since
Aj < pj we also have 7(¢ +c+ 1) < j. We deduce that r(i+¢) =r(i+c+1) =7,
[i,c] € R(p), and [i,c+ 1] € A. This shows that [, ¢ + 1] is distinguished and (3, j)
is the associated pair. We conclude that the set B/ := S~ (F UG) is a subset of
E, hence S = S(E’) has the required form.

Now let E' C E be an arbitrary subset and set S = S(E’). We must show that
(Co1(n), 11, 8,0) € Wo. Set v = [](; jyes Lij . The definition of S ensures that
v >\ sov € N(A\p). We now construct a path P in the substitution forest by
applying the substitution rule of §3.3 repeatedly to the initial 4-tuple (C,v, 0, £+1).
Whenever the substitution rule assigns two children to a 4-tuple ¥’ of P, we use
the set S to determine which child is to follow ¢’ on the path. More precisely,
if ' = (D', u/, 5", k') meets (i) or (iii) and has two children, and if (¢,j) is the
outer corner being added to D’, then we choose the child ¢ = (D", u”, 5" k')
for which S 8" = SN {(i,j)}. We will show that P terminates in the 4-tuple
(C£+1(M)7 My Sv 0)

For h > 0 we set Dy, = CU{(¢,5) € Coy1(ps) | i > hor (j > h and (i,j—1) € C)}.
Lemma 2.1 implies that this is a valid set of pairs. We will say that the 4-tuple
' = (D', S k) is good if it satisfies Dy C D' C Dpr—q and 8" = SND'. Tt is
enough to show that if ¢’ is any good 4-tuple on P with A’ > 0, then 1)’ has a good
child that also belongs to P.

Let ¢’ be a good 4-tuple of P. We then have u = H(i,j)ES\D’ R;j /. We
first show that if ¢’ meets (i) or (iii), and (i,j) is the pair being added to D’,
then (4,7) is also in Dpr—y. If p; + pj = pj + pj then this is true because 1’
satisfies W(i, j), and otherwise S ~\. D’ must contain at least one pair in row i or
column j, which implies that (i, j) € Dy/—1 by Lemma 4.13(a). On the other hand,
assume that D" C Dp—1. Then Dj/_1 ~\ Dy contains an outer corner (i,j) of
D'. If we choose ¢ > j maximal such that (i,¢) € Cyp1(p), then the inequalities
i+ pl > i+ g — (¢ = J) > pi + pe — ¢+ j > 2k + j — i show that 1) satisfies
W(i,j). If A = j then ¢’ meets (i), and otherwise we have h/ =i < j and ¢’
meets (iii). Notice also that if 1)’ meets (iii) and p} > p_,, then we must have
(W, j) € S since p is a partition. These observations show that ¢’ meets (i) or (iii)
if and only if D’ C Dy/_1, and in this case v’ is succeeded on P by a good child.

Now consider a good 4-tuple 9’ of P such that D’ = Djy,_;. It remains to
show that the substitution rule simply decreases the level of %', i.e. 1)’ does not
meet (ii), (iv), or (v). Assume that ¢’ meets (ii) and choose ¢ > 1 minimal such
that (i,h’) ¢ D’. Then pj, > Ap—1 and (¢, h') is not an outer corner of D’'. We
have i < b’ and (i,h' — 1) ¢ C. Using Lemma 2.1 we deduce that (i,h') € S and
tn = Ap/—1; however this contradicts Lemma 4.13(e).

If ¢ satisfies condition X, then b/ < m and p), = pp = A\pr—1. It follows that
A contains a non-optional distinguished box in row h’, and Lemma 4.13(d) implies
that (R, fr- (1)) € F is the associated pair. But Lemma 4.2 shows that f' = f/(u),
so (b, f") € SNDy/—1 = S’. We conclude that condition X fails for ¢/’. In particular,
Y’ does not meet (v). Finally, if ¢ meets (iv), then (h',g’) & Cr41(p), and since
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Py = pr and pg, = pgr, we deduce that W(h', g') fails for ¢/’. This contradiction
finishes the proof that the level of ¢’ is decreased. O

Example 4.1. Consider the partitions A = (22,21,18,16,14,7,5,4,3,3,1) and
w=(25,21,19,17,15,14,6,5,3,2,2), and set k = 5. Then A — pu. The diagrams
of A and p are displayed in the left half of the figure below; boxes from R(u) are
labeled with R and distinguished boxes are labeled with O for optional and N for
non-optional. The right half of the figure shows the pairs in C(A\) and Cq1(n),
where ¢ = 11. The pairs from E, F', and G are labeled accordingly, and the one
additional pair from Cpi1(p) \ C(A) is labeled D. The skew dotted lines on the left
half help to identify the pairs in E' and F' associated to the distinguished boxes. The
compositions v for which some 4-tuple (Cp41(u), i, S, 0) originates from (C, v, ), £+1)
may or may not include the boxes labelled with question marks, which can be traded
for boxes from the rows of corresponding optional distinguished boxes. There are
2% such compositions v, and for each of them there are two sets S, one of which
contains the diagonal pair (7,7) € E.
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4.5. In this section, we define the involution ¢ : ¥; — W¥; and prove Claim 2.
Suppose that a 4-tuple v = (D, u, S, h) € ¥y is such that (h,h) ¢ D, and thus met
condition (ii) in the course of the algorithm. Define ' by setting pj, _; = pp — 1,
Wy, = pn—1+1, and p. = p, for r ¢ {h —1,h}. Let

L(Dvﬂasa h) = (D7,U/I>S7 h)7

then ev(¢) +ev(t(¢))) = 0, using Lemma 1. If v and v/ are the initial compositions
that gave rise to (D, i, S, h) and (D, 1/, S, h), respectively, then note that pj, > A\p_1
and v; = v} for j ¢ {h —1,h}. Therefore it is easy to verify that v € N'(\,p) and
that (C,v',0,€+ 1) goes through the same branching history to reach (D, y, S, h)
as (C,v,0,¢ + 1) went through to reach (D, pu,S,h). We deduce that (D, ', S, h)
also meets condition (ii), and hence lies in Wy; clearly «(D, 1/, S, h) = (D, i, S, h).

Suppose next that a term ¢» = (D, p, S, h) € ¥y satisfies (h, h) € D, and thus met
condition (v). Since (h,g) € D, the set D does not have an outer corner in row h,
and Lemma 1.2 applies. If up, = pp—1, we let o«(D, pu, S, h) = (D, u, S, h). Otherwise,
let w be the involution on A which exchanges (h — 1, g) with (h, f), and fixes all
other pairs. Define y’ by switching parts p,_1 and pp in the composition u, set
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S"=w(S), and let «(D, u, S, h) = (D, ', S, h). Then we have ev(y))+ev(c(e))) = 0,
for every ¢ € ¥y, by construction.

Lemma 4.2 implies that the same values of e, f, and g are assigned to the two
terms ¢ = (D, 1, S, h) and ¢’ = (D, u,S’, h). Tt follows that ¢(¢p") = . We claim
that 1’ also satisfies condition X. Indeed, if up_1 = A\p_1 < pp, then we must have
(h—1,g9) ¢ S, and hence X holds for ¢/, since we have pj, = A\p,—1 and (h, f) ¢ S’
In all other cases, the claim is clear.

It remains to show that ¢’ € ¥;. We assume in the following that ¢ meets (v),
and will prove that ¢’ also meets (v).

Lemma 4.14. We have A\p_1 — A\p, > g—b+ 1.

Proof. The inequality is clear if b = g, as A is k-strict and h < m. If b < g, then
since b=r(h+ X\, +1) and g = r(h + Ap—1) we have A\, < 2k+b—h — A\, and
Ag—1 > 2k+g—h—Ap_1, which implies that A1 —Ap, > g—Ag_1—b+Xy > g—b. U

Lemma 4.15. If f > m, then py < Ap_1, or iy = Ay—1 and f =b.

Proof. Since f > m > h, Lemma 4.6 implies that uy < Af_;. Suppose that
pr = Ap—1. If (h,f —1) € C, then h < m and hence f = b. We may therefore
assume that (h, f —1) ¢ C. If [h, Ap,—1] € R(p) then f =g =r(h+ Ap—1), and the
inequalities
tg <2k +g—h— A1 < Ag_1 = pig

give a contradiction. We must have e > k + 1, since otherwise A\, < k, h = m,
and f = r(m+ k+ 1) = m. Since [h,e] ¢ R(u) and (h, f — 1) ¢ C, we have
e>2k+f—h—pr=2k+f—h—Ar_1 > Ay +1, and therefore [h,e — 1] € R(u).
Set fi = r(h+e—1). Then f1 < fand puy, —fi <2k—h—e+1 < py—f. Now Lemma
4.8 implies that py < py,, therefore fi = fand pr =2k +f —h—e+1 < Ap_1.
This contradiction completes the proof. O

Lemma 4.16. If f < g then pg = Ag_1, (h,g) ¢ S, and ¢, ' both satisfy W(h, g).

Proof. Since f < g, we must have (h,g—1) ¢ C and g > m, so g < A\g_1 by Lemma
4.6. Note that c:=2k+14+g—h—Ap_1 < Ag_1,since (h—1,9—1) € C. If py <,
then [h, \,_1] € R, which contradicts f < g. Suppose next that ¢ < pg < Ag_1,
and let = 2k 4+ g — h — g > k. Observe that

A+1<2k4+g—-—h—- 1 <x<2k+g—h—c=X_1—1L

As box [g — 1, g + 1] is k-related to [h,z], we have [h,z] € Rand e = 2 + 1, i.e,
tg = 2k+14g—h—e, and therefore f = r(h+e) = g, a contradiction. We deduce
that pg = A\g—1 and (h,g) ¢ S. As 9 satisfies X, we have pp > Ap_1, therefore

(18) Bhtpg 2 Ap1+ g1 >2k+g—h
and condition W(h, g) holds. The inequalities (18) are also true for 1’ O

Lemma 4.17. Suppose that (h,g—1) ¢ C and define g = #{i > h|(i,g—1) € S}.
Then py,+piy_1+q > 2k+g—h, and if (h,g) € S’, we have pj, +py_1+q > 2k+g—h.

Proof. Condition X for ¢’ implies that puj > Ap—1. Since pg_; > A\g—1—1—¢g and
(h—1,9 —1) € C, we deduce that ), +py 1 +q¢>Ap1+Ag1 —1>2k+g—h.
We show next that equality implies (h,g) ¢ S’, so suppose that pj, = Ap_1 and
M/g—1 = Ag—1 — 1 —¢. In this case ¢ — 1 > m, and Lemma 4.8 implies that
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fg < pg—1 = py_1 < Ag—1. By Lemma 4.16 we have f = g, and, since ¢’ satisfies
X, it follows that (h,g) ¢ S’. O

Define the retraced weight condition W(r, g) on a valid 4-tuple (D,71,S,h) by
the inequality

W(r.g) : i, +F,+ Ny >2k+g—r,
where N, = #{i > r | (i,g9) € S}. For the 4-tuple 9, let z be the least integer with

a < z < h —1 such that W(z,g) fails; if no such integer exists, then set z = h. If
z < h, it follows that the pairs (a,g),...,(z — 1,g) were added to D in Phase 1
of the algorithm, and the pairs (z,9), ..., (h,g) were added to D in Phase 2. We

deduce by arguing as in Lemma 4.6 that the inequality
(19) /u'g"'Nz—l < >\g—1

holds. Define the integers N, and z’ associated to the 4-tuple 9’ in the same way
that N, and z are associated to 1.

Proposition 4.4. Assume that z # 2'.
(a) If f =g, then {z,2'} = {h — 1,h}, and either ¢ or )’ satisfies W(h, g).
(b) If f < g, then max(z,z") = h, and @, ¢’ both satisfy W(h, g).

Proof. If f = g, then from the definition of S’ we obtain that N, = N/ for any
r < h—1. We deduce that z < h—1 if and only if 2/ < h—1, in which case we have
z =2'. Since z # 7/, it follows that {z,2'} = {h — 1,h}. If z = h, then W(h —1,¢)
holds for 1, and therefore W(h, g) holds for . This proves part (a).

If f < g, we know by Lemma 4.16 that ¢ and ¢’ both satisfy W(h,g) and
(h,g) ¢ SUS’. Assume that (h —1,9) € S. Since g = A\g—1, Lemma 4.6 for the
term v shows that the pair (h — 1, g) was added to D in Phase 1 of the algorithm,
and hence z = h. A similar observation applies to the term )’. On the other
hand, if (h — 1,9) ¢ S US’, then reasoning as in the proof of (a), we see that
{z,2/} ={h—1,h}. O

Proposition 4.5. If (h+1,g) € D, then both ¢ and 1’ satisfy condition W(i,g)
for a <i < h+1. In particular, we have f = g and z = 2z’ = h.

Proof. Clearly f = g = b, and Lemma 4.5 implies that (h + 1, g) was added to D
in Phase 1 of the algorithm for ). Therefore 1) satisfies W(z, g) whenever a < i <
h+1, and z = h. It is clear from the definitions that W(z’,g) holds for ¢’ when
a<i<h+1landi¢ {h—1,h}. Itis also easy to see that condition W(h -1,9)
for ¢ implies that W(h, g) holds for 9. Notice that p, > Ap, since ¥ meets (v)

and therefore satisfies X. Moreover, W(g7 h + 1) holds for v, and hence
(20)  pn + pg + Npgr > Ay + g + Nipr > pnge1 + pog + Npgp1 > 2k +g — h.

We claim that pp + pg + N > 2k + 1+ g — h. This follows immediately from (20)
if ppy1 < Ap. If ppyp1 = A, then we must have (h+1,9) € S, for otherwise the
parent of ¢ would have met (v). We conclude that N;, = Np11 + 1, proving the
claim. Since N} = Eh and ju, = pg, we obtain pj, | + py + Nj > 2k+g— (h—1),
which is condition W(h — 1, g) for 9. O
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We will obtain a sequence of valid 4-tuple predecessors (D, i, S,h) of ¥/ by
successively removing pairs (i, g) for ¢ < h from the set D N 9C, and applying cor-
responding lowering operators to ', as dictated by the set S’. This backtracking
continues until weight considerations along column g force the sequence of prede-
cessors to proceed by removing pairs along row h, if (h,g —1) ¢ C, or by increasing
hto h+ 1, if (h,g — 1) € C. The precise point when this happens is specified
by the value of z’. If z = 2/, then the backtracking sequence for the term 1)’ is
essentially the same as that for ¢». The various possibilities when z # 2’ are ex-
plained in Proposition 4.4; in this case either v or v’ is such that each of the pairs
(a,g),...,(h—1,g) will be added to D in Phase 1.

We claim that all predecessors ¢ = (D, 1, S, h) of ¥’ with (h,g — 1) € D satisfy
either W(h, g) or X. If condition W(h, g) is true for ¢’ then it will also hold for all
predecessors ¢, so assume that W(h, g) is false for 1/'. We have f = g by Lemma
4.16, and since W(h, g) fails we deduce that [k, A\r,_1] € R. Let f and R be the
values of f and R as computed for some predecessor ¢ of 1)’. The only way that X
can fail for 1 is if 7i;, = A\y_1 and (h, f) € S. Clearly f < g, therefore [k, \,_1] ¢ R,
and we conclude that condition W(h, g) must hold for .

For the remainder of the proof of Claim 2, we distinguish two cases.

Case 1. Assume that (h,g — 1) ¢ C. Then the backtracking sequence for v’
begins by removing the pair (h, g) from D. We have seen that if pp—1 = Ap—1 < pn,
then ¢’ satisfies pj, = Ap—1 and (h, f) ¢ S’. On the other hand, if p, = A1 <
fh—1, we have (h, f) ¢ S and therefore pj, | = Ap—1 < pj, and (h—1,9) ¢ S". If 2/ <
h, the sequence continues by successively removing the pairs (h — 1,¢),...,(2, g)
from D. In this way, we arrive at a 4-tuple (D, [, S, h).

At this juncture, Lemma 4.17 ensures that 1z, + 1, _; is large enough so that
the sequence can be traced back further by removing pairs along row h of D until
at most one pair remains in row h of DN AC. To see this, we may assume that
g—1 > m. Consider a predecessor (13, 1L, S, h) of (D, 1, S, h) and j < g—1 maximal
such that (h,7) € D. Then we have

fin+ 7 2 T+ — (9 —1—5) 2 Fip + T,y +1+5—g>2k+j—h,

where the last two inequalities follow from Lemmas 4.8 and 4.17, respectively.

From the above point onwards, the backtracking process for 1)’ continues exactly
as it did for the 4-tuple v, until we reach the initial term (C,v/,0,¢ + 1) with
v' =[] L;j i, where the product is over all pairs (7,7) € S’. Indeed, the sets S and
S’ only differ (potentially) in the pairs (h — 1,g) and (h, f), and correspondingly
the parts of u, p/ and their predecessors can only differ in rows h — 1, h, f, and
g. To verify that v/ € N(\,p), we use this observation and Lemma 4.14, which
implies that #{j | (h,j) € S’} < pj, — An. It is also easy to see from this that no
predecessor of ¢’ meets (v). Finally, Lemma 4.15 and (19) ensure that the 4-tuples
in the substitution path from (C,v’,0,¢+ 1) to ¢’ do not meet (ii).

Case 2. Assume that (h,g—1) € C. If (h+1,9) ¢ D, then the backtracking
sequence for ¢’ is similar to that in Case 1. However, (h,g) is the only pair in
row h of DNAC, and if 2/ = h < m and W(h,g) holds, then the parent of 1)/
is (D,u/,S",h+1). If (h+1,g9) € D, then Proposition 4.5 shows that the pairs
(a,g),...,(h,g) were added to D in Phase 1 of the algorithm for both ¢ and .
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In particular, the parent of ¢ is (D, ', S, h 4+ 1), and the 4-tuples v, ¢’ proceed
through the algorithm in the same fashion.

This completes the proof of Claim 2, and of Theorem 1.

Example 4.2. The most subtle ingredient of the Substitution Rule is the condi-
tion W(h,g) in (iv). This example shows that if we omit it from (iv), then our
cancellation scheme fails, and also illustrates the discussion in the paragraph just
before Case 1 above.

Let A =(4,3,1), p=4, k=1, and take n > 5. We have C = {11,12,13,22,23}.
Consider the following sequence of 4-tuples in the algorithm, stemming from the
root g = (C,4341,0,4).

Yo — (C,4341,0,3) L (U {33),4341,33,3) U (C U {33,14), 534, {33, 14}, 3)

W) (U (33,14, 24}, 534, {33,14},3) " (C U (33,14, 24, 34}, 534, {33, 14}, 3) = b

The substitution rule STOPS at the leaf ¢, for which we have [3, 3] € R and hence
f=g=4. Now ¢/ = (CU{33,14,24,34},543,{33, 14}, 3), which backtracks to the
initial term ) = (C,4431,0,4). However, the tree of the substitution forest with
root 1), contains the initial path

v — (C,4431,0,3) "L (€ U {33}, 4431, 33, 3)

Note that for the term 1) = (CU{33},4431,33,3) we have f = 3, hence condition X
fails. If the condition W(h, g) is omitted from (iv), we deduce that v does not meet
any of (i)—(v), and is REPLACED by (C U {33}, 4431, 33,2). We conclude that v’
does not appear in the substitution forest, and the cancellation scheme fails.

5. THETA POLYNOMIALS

5.1. In this section we develop the theory of theta polynomials systematically; the
exposition is influenced by that in Macdonald’s text [M, IT1.8]. Let x = (21, z2,...)
and let A = A(z) be the ring of symmetric functions in x. Consider the generating
functions

o0 o0

E(z:t)=[[(1+ait)=> e(2)t” and H(xst)=]] L _ > hp(z)t”
r=0 r=0

1 1-— l‘it

=1

for the elementary and complete symmetric functions e, and h,., respectively. Fix
an integer k > 0, let y = (y1,...,yx), and for each r define ¥, = ¥,.(z;y) by

197“ = Z qsz(IE)ez(y)

We let T'®) be the subring of A ® Z[y1, ..., yx]* generated by the 9,
r®) = 791,095, 03, .. .
Set O(t) = >, Urt"; we then have
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and hence

2k
O()O(—t) = E(y;)E(y;—t) = > _ (—1)"em(y),

m=0

where y? denotes (y7,...,y:). It follows that

1) RN {0 if d is odd

r+s=d (_1)d€d/2(y2) if d is even.

When d = 2m > 2k, equation (21) gives

m

(22) 02, =2 (1) p i

=1

For any integer sequence p, let ¥, = [[,9,,, and define ¢, = [],q,, and e, =
L, ey, similarly. We deduce from (22) that either A is k-strict, or ¥, is a Z-linear
combination of the ¥, such that u is k-strict and g > A.

Definition 5.1. Given any k-strict partition )\, we obtain two partitions A' and
A2, with ! strict, by cutting the Young diagram of A into a disjoint union of two
diagrams: A! is the part of A lying in columns k + 1 and higher, while A2 = A~ AL

For any partition A, we have
Ir(zsy) = Z D—a(®)ea(y),

the sum over all compositions a with 0 < a; < k for all . If A is k-strict, it follows
that the homogeneous summand of ¥y of lowest z-degree is equal to gyi(z)ex2(y).
The sets {gx(x) | A strict} and {ex(y) | \; < k, Vi} are linearly independent over
Z. We deduce that the ¥y, A k-strict, are linearly independent over Z.

Equation (21) also implies that, for m > k, ¥, € Q[¥1,...,Y2m—1]. By induc-
tion on m it follows that

Yom € Q[I1, ..., P2k, Vokt1, V2k+3, - - - s Vam—1]

for all m > k. Let Iy = I'® ® Q. Then Ty}’ is generated by the 9, with all
r > 2k odd.

We say that a partition X is k-odd if all its parts which are greater than 2k are
odd. For each m > 0, the number of k-odd partitions of m is equal to the number
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of k-strict partitions of m, because of the equality of generating functions

2o 1 1 i
Z tl)\l = H 1—¢r H 1_t2r—1 :Hl—tr 1_[(1_152 )
A k-odd r=1 r>k r r>k
k
S Hasm= > .
r=1 r>k A k-strict

We therefore have proved the following result.

Proposition 5.1. (i) The 9y for X k-strict form a Z-basis of I'*).
(ii) The 9y for A k-odd form a Q-basis of Fg).

5.2.

Definition 5.2. For any valid set of pairs D C A° and integer sequence A, define
the polynomial ©(D, \) by the raising operator formula ©(D, \) = RP¥,. Equiva-
lently, we recursively set

@(Da /\) = Z(_l)\a|2m(D,a,Z)®(D7 H+ 0‘)197‘7|a\ )

where A = (p,7) has length ¢ and the sum is over all (D, ¢)-compatible vectors
a € N~1. For any k-strict partition A, the theta polynomial ©(x ;y) is defined by
Oy = O(C(N\),\) = RM,.

It follows from the raising operator definition that each ©), is of the form
O\ =19+ Z ey
w=A
with coeflicients ¢y, € Z. We deduce that we have
Or=1"Yxr+ Y I,
=

where now the sum on the right is restricted to k-strict partitions g > A. Since the
latter form a Z-basis of I'®) by Proposition 5.1, it follows that the ©,, as \ runs
over k-strict partitions, form a Z-basis of I'(*).
Let
H(IG;) = imH*(IG(n — k,2n),Z)
be the stable cohomology ring of IG; that is, the inverse limit in the category of
graded rings of the system
- — H"(IG(n — k,2n),Z) —« H*IG(n+ 1 —k,2n + 2),Z) « - --

From the presentation of H*(IG(n—k, 2n),Z) given in [BKT1, Thm. 1.2], we deduce
that H(IGy) is isomorphic to the polynomial ring Z[o1, o2, . . .| modulo the relations

o2 +2 Z(fl)iamﬂam_i =0
i=1

for all m > k. Since the generators 9, of I'(®) satisfy (22), we have a homomorphism
¢ H(IGg) — I'®) sending o, to ¥, for each r. Theorem 1 implies that d(on) = Oy
for any k-strict partition A. Since the © form a basis of I'*)| we conclude that ¢
is an isomorphism. This completes the proof of Theorem 2.
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5.3. Cousider the analogues of the polynomials ¥, when the e,.(y) are replaced by
complete symmetric functions h,(y). Define for each r a function ¢, = 9, (x;y) by

7/9\7” = ZQT’—z(x)h (y)

and set O(t) = > >0 U.t". We then have O(t)O(—t) = 1, or equivalently,

(23) S0P =0, n>1.
r=0

The equations (23) imply that for any partitions A and p with g C A,
det (19)\i*llj+j*7;) = det (a\ku}ﬂ'*i) ,

and in particular,

(24) det (0x,4+;_;) = det (@w,i) .

Here X is the partition conjugate to A, i.e., A, = #{h | Ay, > i} for all i.
Assume that & > 0, and let (1") denote the partition (1,...,1) of length r.

We claim that for any r > 1, we have ©¢ry(z;y) = ¥,(z;y). Indeed, note that
C(1") = 0, and hence (24) gives

Oun = [[(1 = Rij) 91r) = det(914j-i)1<ij<r = s

i<j

The polynomials @ = ©(;r) map to the Chern classes of the dual of the tautological
subbundle § — IG under the isomorphism ¢ of §5.2.

5.4. We next introduce an analogue of the Schur S-functions in the ring T'(®).

Definition 5.3. For any two finite integer sequences A, pu, define the function
S(k) e T'®) by setting

SU (@ sy) = det(Wx, —p,4j-i(z39)i

Assume that A and p are two partitions. Then, arguing as in [M, L.5], the skew
function S/(\I;);L (z;y) is zero unless \; > p; for each ¢, in which case it depends only
on the skew diagram X — p. The functions Sy, (z) := Sﬁ\/)#( y) are well known
(see [M, IIL.8, Example 7] and [W, Sec. 2.7]). We also let

SN\ /! (y) = det(e)\if,uj+j7i(y))i,j
denote the (ordinary) skew Schur polynomial in the variables y. We have that
sy/w(y) = 0 unless 0 < A\; — p; < k for each i. The functions S),,(x) (respec-

tively, sy /. (y)) are known to be linear combinations of Schur @Q-functions @, (z)
(respectively, Schur S-polynomials s,/(y)) with positive integer coefficients.

Proposition 5.2. For any partitions \, p with p C A\, we have
(k)
(25) S)\/H ZSA/” SV//H ZSV/H S)\’/l/ )

summed over all partitions v such that  C v C A.
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Proof. Let T = (T, Ta, .. .) be another countably infinite set of variables and define
the ring A = Z[e1(F), e2(Z), .. .] @2 Z[e1(y), . . ., ex(y)]. Consider the ring homomor-
phism € : A — I'®) defined by sending e;() to ¢;(z) and e;(y) to e;(y). According
to [M, 1.(5.10)], the identity

SA’/M T y ZS)\ /,, SU//M ZS //M S)\’/u( )

holds in A. This is mapped to (25) under the homomorphism e. |

The definition of S/(\k) implies that S/(\k) = Ux+ 2,5 dapV, for some integers

dxu, and therefore that the set of Sg\k) for \ k-strict forms another Z-basis of T'(¥)
The next result follows immediately from the definitions.

Proposition 5.3. For any k-strict partition A, we have

i) = [ (Q-Ry+R; -5 (@:0).
(4,5)€C(N)
5.5. In this section, we give the proof of Theorem 3. Let A be a k-strict partition.
Note that if A; + X\; < 2k+ j — i for all ¢ < j, then C(A) = 0, and hence ©y = Sg\k).
Part (a) of the theorem then follows by setting 1 = 0 in (25). Observe that in this
case we also have

O(@;y) = Y huSu(@)su(y) = D Sayu(@)suw (v),

pnCA

where cﬁy is a Littlewood-Richardson coefficient.

Suppose now that the partition A is such that A; + A; > 2k 4+ j — ¢ for all
i < j < £(\); in particular, X is strict. For £ = £()\) and ¢, = (0,1,...,0 — 1), we
define the shifted skew shape

S ) = A +e)/(n+ e)

for any strict partition pu C A.
We claim that

(26) 0r = O al@)en(y).

where the sum runs over all compositions a with 0 < «; < k for each 7. Indeed, for
any raising operator R, we have

ENCHNERIONCE) Zea drA—a Zea ) Rar—a(z).

It follows that

GA_Z% ) R gr—a(2).

For a fixed composition «, the effect of the Schur Pfaffian operator R* on the term
Gr—a(x) is to convert it to the term @Q_,(z). Equation (26) follows.

Since A is strict and Ag_1+ Ay > 2k+1, we see that \; > «; for all compositions a
indexing the sum (26) and every i except possibly i = £. If \y < ay then Q\_ = 0;
therefore all non-vanishing terms in the sum are indexed by (nonnegative) com-
positions. If any index has a repeated part, the Q-function again vanishes. Let
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Sp=(l—1,0—2,...,1,0) and b = d; + ¢, = ({—1)°. Tt follows that we may rewrite
(26) as

O, = Z Z (*1)wQu(x)e)\—w(u) (y)

n weSy

summed over strict partitions p of length at most £. For each w € S,,, we have
A—w(p) =A+b—w(p+b) = (A+e)+ 60— w((p+ €) + de).
Therefore
0, = ZQu(x) Z (=)™ e(rter)+60—w((p+ee)+30) (U)s
1

weSy

the sum over all strict partitions p C A. The latter sum is equal to the one in the
statement of the theorem. Note that the skew Schur function ss(y /.y (y) vanishes
unless u has length at least £(\) — 1.

6. SCHUBERT POLYNOMIALS FOR ISOTROPIC GRASSMANNIANS

6.1. The polynomials O)(x;y) fall within the Billey-Haiman theory of type C
Schubert polynomials €, (z,z). We will prove and discuss this in detail in this
section. Let W, be the hyperoctahedral group of signed permutations on the set
{1,...,n}, and W = U, W,,. The group W, is generated by the simple transpo-
sitions s; = (4,4 + 1) for 4 > 0, and the sign change so(1) = 1. The elements of W,
index the Schubert classes in the cohomology ring of the flag variety Sp,,, /B, which
includes H*(IG(n — k,2n),Z) as a subring. In particular every k-strict partition
A € P(k,n) corresponds to a Grassmannian element wy € Wy, which we proceed
to describe; the reader may consult [T1, §4] for more details.

The elements of P(k,n) are exactly the k-strict partitions whose diagrams fit
inside a shape II, obtained by attaching an m x k rectangle to the left side of a
staircase partition with n rows. When n = 7 and k = 3, this looks as follows.

The signed permutation wy = (wy,...,w,) has a unique descent at k, that is,
w(i) < w(i + 1) whenever i # k. For X\ € P(k,n) we let A! be the strict partition
formed by the boxes of A in columns k + 1 through k£ + n. The negative entries of
wy are then given by the parts of Al

The boxes of the staircase partition which are outside A are organized into south-
west to north-east diagonals. The k diagonals which are k-related to one of the
bottom boxes in the first k£ columns of A are called related; the remaining diagonals
are non-related. The first k£ entries of wy are the lengths of the related diagonals,
and the last n — k — £ (\) entries are the lengths of the non-related diagonals. For
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example, the partition A = (7,4,2) € P(3,7) results in the element wy = 2564137.

6.2. A sequence a = (ay,...,a) is called unimodal if for some r with 0 <r < m,
we have

ayp>ag > >0 < Gppy <0 < Ay

Let w € W4 and X be a Young diagram with r rows such that |A\| = (w). A
Kraskiewicz tableau [Kr] for w of shape A is a filling T of the boxes of A with
nonnegative integers in such a way that (a) if ¢; is the sequence of entries in the
i-th row of T, reading from left to right, then the row word ¢, ...t is a reduced
word for w; and (b) for each i, ¢; is a unimodal subsequence of maximum length in
by tiat.

For each w € W, one has a type C Stanley symmetric function Fy,(x), which is a
positive linear combination of Schur @-functions. There exist several combinatorial
interpretations for the coefficients in this expression. We will use the following
result of Lam [L]:

(27) F,(x) = Z ei‘) Qx(x)
A

where e equals the number of Kraskiewicz tableaux for w of shape .

Example 6.1. Suppose that £k =0 and w = w) is a maximal (Lagrangian) Grass-
mannian element corresponding the strict partition A. In this case there is only
one Kragkiewicz tableau for w, which has shape A, and is given as in the following
example, for A\ = (6,5, 2):

543210

43210

10.

It follows that F,, () = Qx(x), for all such .

Following Billey and Haiman, each w € W, indexes a type C Schubert polyno-
mial €, (z,z). Here z = (21, 22, ...) is another infinite set of variables and each €,
is a polynomial in the ring A = Z[¢1 (), g2(x), .. .; 21, 22, . ..]. The €, for w € W
form a Z-basis of A, and their algebra agrees with the Schubert calculus on sym-
plectic flag varieties Sp,,, /B, when n is sufficiently large. According to [BH, Thm.
3], for any w € W,, we have

(28) Culz,2) = Z F.(2)6,(2),

the sum over all reduced factorizations wv = w in W,, (i.e., such that £(u) + ¢(v) =
{(w)) with v € S,,. Here &,(z) denotes the type A Schubert polynomial of Lascoux
and Schutzenberger [LS].
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6.3. We will show next that the theta polynomial ¥, agrees with the Billey-Haiman
polynomial indexed by the Grassmannian permutation w,) € Wy, corresponding to
A=r,for 1 <r <n+k. Itiseasy to see that there is a unique reduced word for
any such element; these n + k words are listed below.

Sky Sk—1Sk, --+5 S1°°°Sk, S0S1°* Sk, S15051 " Sky -5 Sp—1""'°"515051"" " Sk-

Set v; = siSiy1...5;. For any reduced factorization w(,y = uv with v € S,,, it is
immediate that v = v; for some 7 > 0. The type A Schubert polynomial for v;
is exactly the elementary symmetric polynomial egy1—;(21,...,25), for 1 <14 < k.
Moreover, if u; = w(yv; ', then (27) implies that Fy,(z) = gryi—k—1(z). We
conclude from (28) that

Cury (x,2) = qu,j(:cl,mg7 ez, ) = 00 (2, 2),
j=0

as required. Since both the theta and Billey-Haiman polynomials form a basis for
the ring that they span, we deduce the following result.

Corollary 6.1. The ring T'®) of theta polynomials is a subring of the ring of
Billey-Haiman Schubert polynomials of type C. For every k-strict partition X\, we
have 6)\(17 ) y) = Q:u»\ (xay)

We have shown that for every k-strict A, there is a unique expression

(29) Ox(ziy) = D Fu(2)8,(y),

UV=wW)y

the sum over all reduced factorizations uv = wy in Wy, with v € So,. The right
factor v in any such factorization must be a Grassmannian permutation with unique
descent at k. Hence each Schubert polynomial &,(y) will be symmetric in y, and
therefore equal to a Schur polynomial s, (y) for some partition v; in fact, one checks
easily that v C A%. The coefficient of Q,,(x)s,/(y) in (29) is equal to the number of
Kragkiewicz tableaux for wyv ™! of shape p. This completes the proof of Theorem
4.

Corollary 6.2. a) For any k-strict partition X\, the homogeneous summand of
Ox(z;y) of highest x-degree is the type C Stanley symmetric function Fy, (z), and
satisfies Fy,, () = R g\ ().

b) The homogeneous summand of ©x(x;y) of lowest x-degree is Qx1(x) s(x2y(y)-

Proof. Part (a) is deduced by setting y = 0 in (29) and also in the raising opera-
tor expression O (z;y) = RM(x;y). For part (b), notice that there is a unique
permutation v € S, of maximal length such that wy has a reduced factorization
wy = uv. In this case u is the maximal Grassmannian Weyl group element corre-
sponding to the strict partition A'. The result now follows, using Example 6.1. [

Example 6.2. Let k =1 and A = (3,2,1), with corresponding Weyl group element
wy = 4213 € W,. Then we have

(30) O321 = (Qa2 + Q321) + (Qu1 +2Q32) 51/ +2Q31 511/ + Q21 S111/
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(with the variables « and y omitted). The Kraskiewicz tableaux which correspond
to the summands on the right hand side of (30) are given in the following table.

u v Krasgkiewicz tableaux for u
321
4213 | 1234 3201 10
01 0
i 3102 320 302
2413 | 2134 0 01 01
— 310 103
2143 | 3124 0 0
2134 | 4123 éO

6.4. We remark that to obtain polynomials that multiply like the Schubert classes
on the orthogonal Grassmannians OG(n —k, 2n+ 1), one simply uses the 2N @,
for all k-strict A\. These polynomials agree with the Billey-Haiman Schubert poly-
nomials of type B indexed by Grassmannian elements w). For the even orthogonal
Grassmannians OG(n — k, 2n), both the Giambelli formula and the corresponding
family of polynomials are more involved; we plan to develop this theory elsewhere.
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