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Abstract. We study the three point genus zero Gromov-Witten invariant s
on the Grassmannians which parametrize non-maximal isotro pic subspaces in
a vector space equipped with a nondegenerate symmetric or sk ew-symmetric
form. We establish Pieri rules for the classical cohomology and the small quan-
tum cohomology ring of these varieties, which give a combina torial formula for
the product of any Schubert class with certain special Schub ert classes. We
also give presentations of these rings, with integer coe�ci ents, in terms of
special Schubert class generators and relations.

0. Introduction

Let G be a classical Lie group of type B, C, or D, andP any maximal para-
bolic subgroup of G. The homogeneous spaceX = G=P is a Grassmannian which
parametrizes isotropic subspaces in a vector space equipped with a nondegenerate
symmetric or skew-symmetric bilinear form. The small quantum cohomologyring
QH(X ) is a deformation of the cohomology ring H� (X; Z), de�ned using structure
constants given by the (three point, genus zero) Gromov-Witten invariants of X .
The ring QH( X ) is generated as an algebra overZ[q] by certain special Schubert
classes, in a similar fashion to the ordinary cohomology ring ofX , which is recov-
ered when the formal variable q is set equal to zero. The main purpose of this
paper is to formulate and prove a quantum Pieri rule, a combinatorial formula
which describes the product of a special Schubert class with an arbitrary one in the
quantum cohomology ring.

A quantum Pieri rule for the usual type A Grassmannian was proved by Bertram
[Be], while corresponding rules for the Grassmannians of maximal isotropicsub-
spaces were established by the second and third authors [KT1, KT2]. We deal here
with the remaining cases, whereX is a non-maximal isotropic symplectic or or-
thogonal Grassmannian. Our results are applied to obtain presentations of QH(X )
with integer coe�cients in terms of special Schubert class generators and relations.

One notable feature is that the quantum Pieri rule in the orthogonal cases in-
volves quadratic q terms, which is a new phenomenon for Grassmannians. Al-
gebraically, it is simplest to understand the transition between the maximal and
non-maximal isotropic cases in type D, by considering the space OG(n � k; 2n) of
isotropic (n � k)-dimensional subspaces ofC2n , for k � 0. When k = 1, the Pi-
card group of this orthogonal Grassmannian has rank two. Therefore the quantum
cohomology ring of OG(n � 1; 2n) involves two deformation parametersq1 and q2,
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whereas OG(n; 2n) and OG(n � k; 2n) for k > 1 have only one deformation param-
eter q. Formally, the single quantum parameter on OG(n; 2n) is replaced with two
square roots on OG(n � 1; 2n), which in turn are identi�ed on OG( n � 2; 2n).

The proofs of the quantum Pieri rules in this article use the kernel{span and
dimension counting ideas of the �rst author [Bu] in an essential way; the earlier
papers [Be, KT1, KT2] used intersection theory on certain Quot scheme compacti�-
cations of the moduli space of maps from the projective line toX . Furthermore, we
continue the program set out in [BKT1] of equating the Gromov-Witten invari ants
on X (of any degree) with classical triple intersection numbers on related varieties
X 0. However the analysis here is considerably more subtle, as the parameter space
X 0 of kernel{span pairs will no longer be a homogeneous space for the groupG,
in general. For instance, the parameter space of lines on an orthogonal Grassman-
nian is a two step orthogonal 
ag variety, but the analogous statement is false in
the symplectic case, where additional geometric arguments are needed to relate
the degree one Gromov-Witten invariants to classical Schubert structure constants
(Proposition 1.2).

On the other hand, in degrees greater than one, the symplectic Grassmannians
are much better behaved than the orthogonal ones, from this point of view. We are
able to show that the function � which sends a rational map (or curve) counted by a
Gromov-Witten invariant to the pair consisting of its kernel and span is a bijection
in the symplectic case, but for orthogonal Grassmannians the map� is N to 1,
where N is an explicitly determined power of two. Additional complications stem
from the fact that for any two points on the maximal orthogonal Grassmannian
OG(d;2d), the corresponding subspaces ofC2d must intersect in at least a line, if
the integer d is odd; this makes it impossible to place three points of OG(d;2d) in
\pairwise general position" in the sense of [BKT1, Prop. 4].

Our Pieri rules and presentations are new even for the classical cohomology ring
H� (X; Z). Over each GrassmannianX , there is a universal exact sequence of vector
bundles

0 ! S ! V X ! Q ! 0

with S the tautological subbundle of the trivial bundle VX . Pragacz and Ratajski
[PR1, PR2] proved Pieri-type rules for the product of an arbitrary Schubert class
with the Chern classes ofS� . An important part of our work was the discovery of
new classical Pieri rules for multiplying with the Chern classes ofQ. Aside from
being much simpler than the formulas in [PR1, PR2], the new Pieri rules are also
essential for our applications to quantum cohomology. To be speci�c, we prove
that any quantum product of cp(Q) with another Schubert class on a symplectic
Grassmannian can be obtained from the product of these classes in the ordinary
cohomology ring of a larger Grassmannian. However, we do not know such a relation
for all products involving the Chern classes ofS� (see Example 1.3).

Our method for proving the new classical Pieri rules is completely di�erent (and
much shorter) than that of loc. cit. We use a geometric approach, following Hodge's
classical proof of the Pieri rule for the usual Grassmannians via triple intersections
[H]; see also [Se, So]. In type D, the Chern classes of the tautological bundlesS
and Q do not generate the cohomology ring H� (X; Q), and thus a direct approach
by intersecting Schubert cells seems necessary to obtain the full picture. We also
note that the classical Borel presentation [Bo] of the cohomology ring of orthogonal
Grassmannians requires rational coe�cients, and uses a di�erent set of generators.
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Another innovation of this article is our parametrization of the Schubert var i-
eties by k-strict partitions , a convention which makes their codimension apparent.
This notation is most convenient when working algebraically, in the classical or
quantum cohomology ring, and extends the traditional parametrization for type A
and maximal isotropic Grassmannians. An underlying reason which vindicates this
choice is our work on Giambelli-type formulas for these varieties [BKT2]; in fact,
the latter project has a�ected the exposition here in more ways than one. After
the �rst three sections we introduce a di�erent parametrization of the Schubert
varieties by index sets, which is closer to their geometric de�nition as the closures
of Schubert cells. Our proof of the classical Pieri rules is in this latter language,
where they are somewhat easier to state.

The aforementioned motivation for the new classical Pieri rules is the reason
behind the in medias resorganization of this paper, where we begin by studying the
quantum cohomology rings and follow this with a more detailed look at the Schubert
varieties, culminating with our proofs of the classical Pieri rules. The various
sections are ordered according to the three di�erent Lie types considered. The
quantum cohomology of isotropic Grassmannians of type C, B, and D is examined
in Sections 1, 2, and 3, respectively. In Section 4 we begin our study of the Schubert
varieties from scratch, parametrizing them by index sets and relating these tok-
strict partitions. Section 5 contains short proofs of our classical Pieri rules, using
the language of index sets, and then translates these rules to the initial statements
in terms of k-strict partitions. The reader who is willing to grant the classical Pieri
rules can omit Section 5 entirely. Finally, we provide an appendix which discusses
the quantum cohomology of the orthogonal Grassmannian OG(n; 2n + 2). Most
of the results of this paper were announced in the survey [T], which employed the
older notation of Weyl group elements and partition pairs.

The authors wish to thank Michel Brion, William Fulton, Laurent Manivel,
Piotr Pragacz, and Miles Reid for helpful discussions. We also thank Sheldon Katz
and Stein Arild Str�mme, the authors of the Maple package `Schubert', and Jan-
Magnus �kland for helpful comments about this software. We would like to thank
the referees for their careful reading of the manuscript and their helpful suggestions.

1. The Grassmannian IG( n � k; 2n)

1.1. Schubert classes. Fix a vector spaceV �= C2n with a non-degenerate skew-
symmetric bilinear form ( ; ), and �x a non-negative integer m � n. Throughout
this section we let the symbol IG, without parameters, denote the Grassmannian
IG( m; 2n) which parametrizes m-dimensional isotropic subspaces ofV . This alge-
braic variety has dimension 2m(n � m)+ m(m +1) =2. The Schubert varieties in IG
are described below; our indexing conventions for these varieties appear to be new,
and we refer the reader to Section 4 for elementary proofs of the relevant facts.

A partition is a weakly decreasing sequence of non-negative integers� = ( � 1 �
: : : � � m � 0). We will identify a partition � with its Young diagram of boxes,
which has � i boxes in rowi . The weight of � is the sumj� j =

P
� i of its parts, and

the length `(� ) is the number of non-zero parts of� . We set � i = 0 for i > ` (� ).

De�nition 1.1. Let k be a non-negative integer. We say that the partition � is
k-strict if no part greater than k is repeated, i.e.,� j > k ) � j +1 < � j .

Set k = n � m. The Schubert varieties in IG are indexed byk-strict partitions
� which are contained in an m � (n + k) rectangle; we denote the set of all such
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partitions by P(k; n). An isotropic 
ag in V is a complete 
ag 0 = F0 ( F1 ( � � � (
F2n = V of subspaces such thatFn + i = F ?

n � i for each 0 � i � n. The Schubert
variety for any � 2 P (k; n) relative to the isotropic 
ag F� is de�ned by

X � (F� ) = f � 2 IG j dim(� \ Fpj ( � ) ) � j; 8 1 � j � `(� )g ;

where
pj (� ) = n + k + 1 � � j + # f i < j : � i + � j � 2k + j � ig:

The codimension of this variety is equal to j� j. We let � � = [ X � ] 2 H2j � j (IG) =
H2j � j (IG ; Z) denote the cohomology class Poincar�e dual to the cycle determined by
X � (F� ). These Schubert classes form aZ-basis for the cohomology ring of IG.

The k-strict partition � has a unique dual partition � _ 2 P (k; n), for which
pj (� _ ) = 2 n + 1 � pm +1 � j (� ) for 1 � j � m. With this notation we have

Z

IG
� � � � � = � �;� _ :

1.2. Classical Pieri rule. The Schubert varieties X p(F� ) = X (p) (F� ) for 1 �
p � n + k are called special, and are de�ned by the single Schubert condition
� \ Fn + k+1 � p 6= 0. Consider the exact sequence of vector bundles over IG

0 ! S ! V IG ! Q ! 0;

where VIG denotes the trivial bundle of rank 2n and S is the tautological subbun-
dle of rank m. The special Schubert class� p = [ X p(F� )] is equal to the Chern
classcp(Q) of the tautological quotient bundle on IG. These classes generate the
cohomology ring of IG. When m < n , one also has a set of special classes� (1 p ) ,
for 1 � p � m, which are the Chern classescp(S� ). These latter classes form a
di�erent set of generators of H� (IG).

When m = n and IG = LG( n; 2n) is the Lagrangian Grassmannian of maximal
isotropic subspaces, Hiller and Boe proved a Pieri rule for any product involving
a special class� p [HB]. For m < n , Pragacz and Ratajski have proved a more
general formula for multiplying with the classes � (1 p ) [PR1]. Our �rst result is a
new Pieri rule for products involving the special classes� p = cp(Q) for general
isotropic Grassmannians. This rule is easier to state than the rule proved in [PR1].
Furthermore, our methods for obtaining quantum generalizations of the Pieri rules
only work for the special classes� p (see Proposition 1.2 and Example 1.3).

De�nition 1.2. Let � be a k-strict partition. We will say that the box in row r
and column c of � is k-related to the box in row r 0 and column c0 if jc� k � 1j + r =
jc0� k � 1j + r 0. For example, the grey boxes in the following partition arek-related.

(r; c)
(r 0; c0)

k
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The notion of k-related boxes is one of the ingredients of Pragacz and Ratajski's
formula for products involving the special classes� (1 p ) [PR1].

Given two Young diagrams� and � with � � � , the skew diagram�=� is called a
horizontal (resp. vertical) strip if it does not contain two boxes in the same column
(resp. row).

De�nition 1.3. For any two k-strict partitions � and � , we have a relation� ! �
if � can be obtained by removing a vertical strip from the �rst k columns of � and
adding a horizontal strip to the result, so that

(1) if one of the �rst k columns of � has the same number of boxes as the same
column of � , then the bottom box of this column is k-related to at most one box
of � r � ; and

(2) if a column of � has fewer boxes than the same column of� , then the removed
boxes and the bottom box of � in this column must each bek-related to exactly
one box of � r � , and these boxes of� r � must all lie in the same row.

If � ! � , we let A be the set of boxes of� r � in columns k + 1 through k + n
which are not mentioned in (1) or (2). Then de�ne N (�; � ) to be the number of
connected components ofA which do not have a box in column k + 1. Here two
boxes are connected if they share at least a vertex.

Theorem 1.1 (Pieri rule for IG( m; 2n)) . For any k-strict partition � and integer
p 2 [1; n + k], we have

� p � � � =
X

� ! �; j � j= j � j+ p

2N (�;� ) � � :

This theorem will be proved in Section 5.

Example 1.1. For the Grassmannian IG(4; 12) we havek = 2. For � = (5 ; 3; 2; 2)
we get the following shapes� 2 P (2; 6) such that � ! � and j� j = j� j + 4:

A

A

A

AA

A

A

A A

A

A

A A

A

By Theorem 1.1 we therefore obtain

� 4 � � � = 4 � (8 ;4;2;2) + 2 � (7 ;5;2;2) + 2 � (7 ;4;3;2) + � (6 ;5;3;2) + � (8 ;4;3;1) :

1.3. Presentation of H� (IG) . For every partition � , de�ne a monomial � � in the
special Schubert classes by� � =

Q
i � � i . We also use the convention that� 0 = 1

and � p = 0 for p < 0 or p > n + k.

Theorem 1.2. a) The cohomology ringH� (IG ; Z) is presented as a quotient of the
polynomial ring Z[� 1; : : : ; � n + k ] modulo the relations

(1) det( � 1+ j � i )1� i;j � r = 0 ; n � k + 1 � r � n + k

and

(2) � 2
r + 2

n + k � rX

i =1

(� 1)i � r + i � r � i = 0 ; k + 1 � r � n:

b) The monomials � � with � 2 P (k; n) form a Z-basis for H� (IG ; Z).
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We prove Theorem 1.2 below based on the following lemma, which was shown
to us by Miles Reid. It provides a method to obtain presentations of cohomology
rings with integer coe�cients which simpli�ed our earlier proofs of Theorems 1.2,
2.2, and 3.2.

Lemma 1.1 (Reid). Let R = Z[a1; : : : ; ad] be a free polynomial ring with homo-
geneous generatorsai , let I � R be an ideal generated by homogeneous elements
b1; : : : ; bd 2 R, and let � : R=I ! H be a surjective ring homomorphism. Assume
that (i) H is a free Z-module of rank

Q
i (degbi =degai ), and (ii) for any �eld K ,

the K -vector space(R=I ) 
 Z K has �nite dimension. Then � is an isomorphism.

Proof. The second assumption implies that (b1; : : : ; bd) is a regular sequence in
K [a1; : : : ; ad], for any �eld K . We deduce that R=I is 
at as a Z-module; this
follows from [EGA, 0.15.1.16], which reduces the result to an applicationof the
local criterion for 
atness, as explained in [L, Lemma 4.3.16]. Since� is a surjection
from R=I onto a freeZ-module, the kernel of � is also 
at, so it is enough to show
that C = ( R=I ) 
 Z Q and H 
 Z Q have the same dimension asQ-vector spaces. As
the graded ring C is a complete intersection, its Hilbert series [Sta] is given by

H(t) =
1X

j =0

dim(Cj ) t j =
dY

i =1

1 � tdeg bi

1 � tdeg a i
:

This is a polynomial which evaluates to
Q

i (degbi =degai ) at t = 1. �

Lemma 1.2. The quotient of the graded ringZ[a1; : : : ; ad] with degai = i modulo
the relations

det(a1+ j � i )1� i;j � r = 0 ; m + 1 � r � m + d

is a free Z-module of rank
� m + d

d

�
.

Proof. The displayed quotient ring is one of the standard presentations of the co-
homology ring of the usual (type A) Grassmannian of m-dimensional subspaces
of a vector space of dimensionm + d. Moreover, the Euler characteristic of this
Grassmannian equals

� m + d
d

�
. �

Proof of Theorem 1.2. We write � � � if the partition � strictly dominates � , i.e.
� 6= � and � 1 + � � � + � i � � 1 + � � � + � i for eachi � 1. It follows from the Pieri rule
that � � = � � +

P
� � � c� � � , where c� 2 Z and the sum is over partitions � with

� � � . This implies (b). In particular, the special Schubert classes� 1; : : : ; � n + k

generate the ring H� (IG ; Z).
Set R = Z[a1; : : : ; an + k ], where ai is a homogeneous variable of degreei , and let

� : R ! H� (IG ; Z) be the surjective ring homomorphism de�ned by � (ai ) = � i . We
also write a0 = 1 and ai = 0 for i < 0 or i > n + k. For r � 1 we de�ne

dr = det( a1+ j � i )1� i;j � r and br = a2
r + 2

X

i � 1

(� 1)i ar + i ar � i :

Let t be a formal variable. By expanding the determinantdr along the top row,
we obtain dr = a1dr � 1 � a2dr � 2+ � � � +( � 1)r � 1ar , which is equivalent to the identity
of formal power series

(3)
� n + kX

i =0

ai t i
�� X

i � 0

(� 1)i di t i
�

= 1 :
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The de�nition of br implies that

(4)
n + kX

i =0

(� 1)i bi t2i =
� n + kX

i =0

ai t i
�� n + kX

i =0

(� 1)i ai t i
�

:

Consider the idealI = ( dm +1 ; : : : ; dn + k ; bk+1 ; : : : ; bn ) � R. We claim that � (I ) =
0. Indeed, since� i = ci (Q) for each i , the Whitney sum formula ct (S)ct (Q) = 1
and equation (3) imply that � (dr ) = cr (S� ), so � (dr ) = 0 for r > m . Notice that
the symplectic form gives a pairingS 
Q ! O , which in turn produces an injection
S ,! Q � . It therefore follows from (4) that

(� 1)r � (br ) = c2r (Q � Q � ) = c2r (VIG =S � Q � ) = c2r (Q� =S) = 0 for r > k;

which proves the claim. Using the induced map� : R=I ! H� (IG) we are left
with checking (i) and (ii) of Lemma 1.1. Property (i) follows because deg(dr ) = r ,
deg(br ) = 2 r , and rank H� (IG) = # P(k; n) = 2 m

� n
k

�
.

To prove (ii) it is enough to show that dr 2 I for n + k < r � 2n, since this
implies that R=I is a quotient of R=(dm +1 ; : : : ; d2n ), which is a free Z-module of
�nite rank by Lemma 1.2. It follows from (3) and (4) that

n + kX

i =0

ai t i =
� n + kX

i =0

(� 1)i bi t2i
�� X

i � 0

di t i
�

;

which implies that
n + kX

i =0

ai t i �
� kX

i =0

(� 1)i bi t2i +
n + kX

i = n +1

(� 1)i bi t2i
�� mX

i =0

di t i +
X

i � n + k+1

di t i
�

modulo the homogeneous idealI � R. By equating terms of equal degrees in this
congruence, we obtaindn + k+1 � dn + k+2 � � � � � d2n � 0 modulo I , as required. �

1.4. Gromov-Witten invariants. A rational map of degreed to IG is a morphism
of varieties f : P1 ! IG such that

Z

IG
f � [P1] � � 1 = d ;

i.e. d is the number of points in f � 1(X 1(E � )) when the isotropic 
ag E � is in
general position. All the Gromov-Witten invariants considered in this paper are
three-point and genus zero. Given a degreed � 0 and k-strict partitions �; �; � such
that j� j + j� j + j� j = dim(IG)+ d(n +1+ k), we de�ne the Gromov-Witten invariant
h� � ; � � ; � � i d to be the number of rational maps f : P1 ! IG of degreed such that
f (0) 2 X � (E � ), f (1) 2 X � (F� ), and f (1 ) 2 X � (G� ), for given isotropic 
ags E � ,
F� , and G� in general position. As in [BKT1], we will show that these morphisms
are maps to a Lagrangian Grassmannian LG(d;2d) contained in IG whose image
curves pass through three general points of LG.

Following [Bu], we de�ne the kernel of a rational map f : P1 ! IG as the
intersection of all the subspaces �t = f (t) in the image of f , and the span of f as
the linear span of these subspaces inV :

Ker( f ) =
\

� t � V and Span(f ) =
X

� t � V :

If f has degreed then dim Ker( f ) � m � d and dim Span(f ) � m + d (see [Bu,
Lemma 1]). Notice that Ker( f ) � Span(f ) � Ker( f )? .
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For any integer d � m, let Yd be the variety parametrizing pairs (A; B ) of
subspaces ofV such that A � B � A? , dim A = m � d, and dim B = m + d.
SinceYd is a G(2d;2k +2d)-bundle over IG(m � d;2n), we compute that dim(Yd) =
dim(IG)+ d(n +1+ k) � 3d(d+1) =2. The algebraic group Sp2n acts on the ambient
vector spaceV , and hence also onYd, but this action is not transitive. Let Td be
the variety of triples ( A; � ; B ) of subspaces ofV such that (A; B ) 2 Yd, � 2 IG,
and A � � � B . Let � : Td ! Yd be the projection.

For each k-strict partition � , de�ne a subvariety Y� � Yd by the prescription

Y� (E � ) = f (A; B ) 2 Yd j 9 � 2 X � (E � ) : A � � � B g:

Let T� (E � ) = f (A; � ; B ) 2 Td j � 2 X � (E � )g. Then we have� (T� (E � )) = Y� (E � ).
Since the general �bers of� are isomorphic to Lagrangian Grassmannians LG(d;2d),
it follows from this that the codimension of Y� (E � ) in Yd is at least j� j � d(d+1) =2.
The following lemma implies that this codimension is obtained if and only if �
contains the staircase partition � d = ( d; d � 1; : : : ; 2; 1) with d rows.

Lemma 1.3. The restricted projection � : T� (E � ) ! Y� (E � ) is generically one to
one when� d � � , and has �bers of positive dimension when� d 6� � .

Proof. We can assume thatE r = Spanf e1; : : : ; er g wheref e1; : : : ; e2n g is a standard
symplectic basis forV , i.e. (ei ; ej ) = 0 when i + j 6= 2n +1. We will drop the 
ag E �

from the notation and write simply X � , Y� , and T� . Set pj = pj (� ) for 1 � j � m,
p0 = 0, pm +1 = 2n + 1, and # j = # f i < j j pi + pj > 2n + 1g. Then we have
pj = n + k + 1 � � j + # j by Proposition 4.3. We also de�ne

sj = max( m + d + pj � 2n � j; 0) = max( d + 1 � j � � j + # j ; 0):

For (A; B ) in Y� , we setA j = A \ Epj and B j = B \ Epj . By de�nition there exists
� in X � , with A � � � B . We set � j = � \ Epj , so that dim(� j ) � j . Now,

dim(A j ) � j � d;(5)

dim(B j ) � j + sj ;(6)

sinceA is of codimensiond in �, and B j is the intersection of spaces of dimension
m + d and pj , while also � j � B j . For j such that equality holds in (6) we have
j � dim(� ?

j � " \ B j ) = j + sj � dim(� j � " ) + dim(� j � " \ B ?
j ) for " 2 f 0; 1g, since

(� ?
j � " \ B j )? = � j � " + B ?

j . Therefore, equality in (6) implies

dim(B j \ B ?
j ) � j � sj ;(7)

dim(B j � 1 \ B ?
j ) � j � 1 � sj :(8)

De�ne U� to be the open subset of points (A; B ) in Y� satisfying equality in (5)
for j � d and in (6), (7), (8) for 1 � j � d. We will show that if � d � � , then
U� 6= ; , and for (A; B ) 2 U� there is a unique point � 2 X � with A � � � B .

For the nonemptiness, we have from� j � d + 1 � j that sj � # j . For j > d and
sj > 0 we also havesj � d + 1 � j + # j � # f i � d j pi + pj > 2n + 1g. We can
therefore choose a permutation� 2 S d such that for all 1 � j � m + 1 and i � sj ,

� (i ) < j and p� ( i ) + pj � 2n + 2 + sj � i :

Now we de�ne A = Span(epd +1 ; : : : ; epm ) and B = Span(ep1 ; : : : ; epm ; u1; : : : ; ud),
where ui = e2n +1 � p� ( i ) + epj � 1� sj + i for sj � 1 < i � sj . Equality holds in (5) for
j � d. Notice that 2n + 1 � p� ( i ) � pj � 1 � sj + i and pj � 1 < p j � 1 � sj + i when
sj � 1 < i � sj . It follows that B j = Span(ep1 ; : : : ; epj ; u1; : : : ; usj ), so equality in
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(6) holds for all j . By the pairings (ep� ( i ) ; ui ) 6= 0 and (ep� ( i ) ; ui 0) = 0 for i 0 > i , we
have that the restriction of the bilinear form to the span of ep� (1) , : : :, ep� ( s j ) , u1, : : :,

usj is nondegenerate, for anyj . So dim(B j \ B ?
j ) � dim(B j ) � 2sj = j � sj . Since

B j � 1 contains the �rst sj + sj � 1 of these vectors, dim(B j � 1 \ B ?
j ) � dim(B j � 1) �

(sj + sj � 1) = j � 1 � sj . Equality in (7) and (8) is established.
Let (A; B ) 2 U� and 0 � j � d. We claim that there exists a unique isotropic

subspace �j � B j of dimension j , such that

(9) dim(� j \ B i ) � i

for 1 � i � j . We prove this by induction on j , the base casej = 0 being
clear. The equalities (6) and (7) imply that a maximal isotropic subspace ofB j

has dimension j . If � j satis�es (9) then the induction hypothesis implies that
� j \ B j � 1 = � j � 1, so it is enough to show that � j � 1 extends to a unique isotropic
subspace of dimensionj in B j , i.e. dim(� ?

j � 1 \ B j ) = j . This follows from equality
(8) because dim(� ?

j � 1 \ B j ) = sj + 1 + dim(� j � 1 \ B ?
j ) � j . Now � d \ A = 0 by

the equality (5) for j = d, hence, if we set � = � d + A, then � 2 X � . Conversely,
for any � 2 X � with A � � � B we have dim(� \ B i ) � i for all i , therefore
� \ Bd = � d and � = � d + A.

We �nally show that when � d 6� � we have dim(Y� ) < dim(T� ). Let X �
� � X �

be the Schubert cell. It is enough to show that if (A; B ) 2 Y� satis�es Ad = 0, then
there exists � 0 2 X � r X �

� with A � � 0 � B . If this is false, then we can choose
� 2 X �

� with A � � � B . Set � i = � \ Epi for 1 � i � m. For some j we have
� j � d � j which implies that sj > # j , hence dim(� ?

j � 1 \ Epj ) � pj � # j > p j � sj .
Using (6) we obtain dim(� ?

j � 1 \ B j ) > j , so there exists aj -dimensional isotropic
extension � 0

j of � j � 1 contained in B \ Epj � 1. For i = j + 1 ; : : : ; d we now choose
an i -dimensional isotropic extension � 0

i of � 0
i � 1 contained in B i . This is possible

becauseB i already contains thei -dimensional isotropic subspace �i . The subspace
� 0 = � 0

d + A then satis�es � 0 2 X � r X �
� and A � � 0 � B . �

The next proposition is used to reconstruct rational maps from their kernel
and span. Special cases are equivalent to computing the Gromov-Witten invariant
counting curves through three general points in maximal isotropic Grassmannians,
which was �rst done in [KT1, Cor. 8] and [KT2, Cor. 7]. Although these results
su�ce to handle the case of IG, for the non maximal orthogonal Grassmannians we
will need to work more generally.

Consider a vector spaceW �= C2d with an arbitrary bilinear form ( ; ), and
let G(d; W) denote the Grassmannian of dimensiond subspaces ofW which are
isotropic with respect to ( ; ). There is a closed embedding� of G(d; W) into the
type A Grassmannian G(d; W), and we say that a morphism f : P1 ! G(d; W)
has degreed if the composite � � f has degreed. We say that two points U1, U2 of
G(d; W) are in general position if the intersection U1 \ U2 is trivial.

Proposition 1.1. Let U1, U2, and U3 be three points ofG(d; W) which are pairwise
in general position. Then there is a unique morphismf : P1 ! G(d; W) of degree
d such that f (0) = U1, f (1) = U2, and f (1 ) = U3.

Proof. For any basis f v1; : : : ; vdg of U2, write vi = ui + wi with ui 2 U1 and
wi 2 U3. As in the proof of [BKT1, Prop. 1], one shows that the map f (s :
t) = Span(su1 + tw1; : : : ; sud + twdg is the unique one satisfying the condition in



10 ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

the proposition. Here (s : t) are the homogeneous coordinates onP1. For any
1 � i; j � d the quadratic form qij (s; t) := ( sui + tw i ; suj + tw j ) vanishes at (1; 0),
(1; 1), and (0; 1), and hence vanishes identically. It follows that the subspaces ofW
in the image of f are all isotropic. �

Example 1.2. We haveh� � m ; [point] ; [point] i m = 1 for all isotropic Grassmannians
IG = IG( m; 2n). In fact, it follows from Lemma 1.3 that Y� m has codimension zero
in Ym , so Y� m = Ym . Let U; V 2 IG be general points. By setting (A; B ) =
(0; U � V ) 2 Ym , the lemma implies that exactly one point � 2 X � m satis�es
� � U � V . Note that the span of any curve counted by the Gromov-Witten
invariant must be contained in U � V , and therefore the curve is itself contained in
LG(m; U � V ) � IG. The claim now follows from Proposition 1.1.

The following theorem generalizes [BKT1, Thm. 2]. The vanishing statement in
part (d) was proved for Lagrangian Grassmannians in [KT1].

Theorem 1.3. Let d � 0 and choose�; �; � 2 P (k; n) such that j� j + j� j + j� j =
dim(IG) + d(n + 1 + k). Let X � , X � , and X � be Schubert varieties ofIG( m; 2n) in
general position, and letY� ; Y� ; Y� be the associated subvarieties ofYd.
(a) The subvarietiesY� , Y� , and Y� intersect transversally in Yd, and Y� \ Y� \ Y�

is �nite. For each point (A; B ) 2 Y� \ Y� \ Y� we haveA = B \ B ? .
(b) The assignmentf 7! (Ker( f ); Span(f )) gives a bijection of the set of rational
maps f : P1 ! IG of degreed such that f (0) 2 X � , f (1) 2 X � , f (1 ) 2 X � , with
the points of the intersection Y� \ Y� \ Y� in Yd.

(c) We haveh� � ; � � ; � � i d =
Z

Yd

[Y� ] � [Y� ] � [Y� ].

(d) If � does not contain the staircase partition� d, then h� � ; � � ; � � i d = 0 .

Proof. For integers 0 � e1; e2 � d and r � 0 we let Y r
e1 ;e2

be the variety of pairs
(A; B ) such that A � B � A? � V , dim(A) = m � e1, dim(B ) = m + e2, and
dim(B \ B ? ) = m � e1 + r . These varieties have a transitive action of Sp2n , and
Yd is the union of the varieties Y r

d;d for even numbersr � min(2d;2k). In general,
Y r

e1 ;e2
is empty unlessr � min(e1 + e2; 2k + e1 � e2) and e1 + e2 � r is even. We

also set
Y r

� = f (A; B ) 2 Y r
e1 ;e2

j 9 � 2 X � : A � � � B g:
Our �rst goal is to prove that Y r

� \ Y r
� \ Y r

� is empty unlesse1 = e2 = d and r = 0,
in which case the intersection is a �nite set of points.

The smooth map Y r
e1 ;e2

! IF( m � e1; m � e1 + r ; 2n) given by (A; B ) 7! (A; B \
B ? ) has �bers isomorphic to open subsets of the type A Grassmannian G(e1 + e2 �
r; 2k + 2e1 � 2r ), so we obtain

dim(Y r
e1 ;e2

) =
1
2

(n2 + 2nk � 3k2 + m + 2me1 � e2
1 + 4e2k � 2e2

2 � e1 + r � r 2) :

De�ne the variety T r = f (A; � ; B ) j (A; B ) 2 Y r
e1 ;e2

; � 2 IG; A � � � B g, and
let � 1 : T r ! IG and � 2 : T r ! Y r

e1 ;e2
be the projections. ThenY r

� = � 2(� � 1
1 (X � )).

Given a point (A; B ) 2 Y r
e1 ;e2

, the �ber � � 1
2 ((A; B )) is the union of the varieties

Qs = f � 2 IG j A � � � B; dim(� \ B \ B ? ) = m � e1 + sg

for all integers s. Notice that the dimension of an isotropic subspace ofB is at most
equal to m + ( r � e1 + e2)=2, and if � 2 Qs then � + ( B \ B ? ) is such a subspace of
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dimension m + r � s. This implies that Qs is empty unless 2s � r + e1 � e2. Since
the map Qs ! IG( e1 � s; B=(B \ B ? )) given by � 7! (� + ( B \ B ? ))=(B \ B ? )
has �bers isomorphic to open subsets of G(e1; e1 + r � s), it follows that when Qs

is not empty, we have

dim Qs =
1
2

(2e1e2 � e2
1 + e1 + 2e1s � 2e2s + 2 rs � 3s2 � s) :

Chooses such that Qs has the same dimension as the �bers of� 2. Then the
codimension ofY r

� in Y r
e1 ;e2

is at least j� j � dim Qs. It follows that codim( Y r
� ) +

codim(Y r
� ) + codim( Y r

� ) � dim(Y r
e1 ;e2

) is greater than or equal to the number
�( e1; e2; r; s) := dim IG + d(n + 1 + k) � dim(Y r

e1 ;e2
) � 3 dim Qs. A computation

shows that �( e1; e2; r; s) is equal to

(r � 3s)( r � 3s � 1)=2 + ( d � e1) + ( n + k)(d � e2) + ( m + e2 � 2e1 + 3s)(e2 � e1) :

SupposeY r
� \ Y r

� \ Y r
� 6= ; . Since the action of Sp2n on Y r

e1 ;e2
is transitive, it

follows from the Kleiman-Bertini theorem that �( e1; e2; r; s) � 0. If e2 � e1 then
this immediately implies that e1 = e2 = d, so we may assume thate2 < e1. If
(A; B ) 2 Y r

� \ Y r
� \ Y r

� then we can �nd a subspaceB 0 � A? containing B , such
that dim B 0 = m + e1. Since (A; B 0) must be a point in the intersection of modi�ed
Schubert varieties in some variety Y r 0

e1 ;e1
, it follows that �( e1; e1; r 0; s0) � 0, so

e1 = d. Still assuming e2 < e1, we can take a subspaceB 00 � A? containing B ,
such that dim B 00= m + d � 1. Since (A; B 00) lies in the intersection of modi�ed
Schubert varieties in some spaceY r 00

d;d � 1, it follows that

�( d; d � 1; r 00; s00) = ( r 00� 3s00)( r 00� 3s00� 1)=2 + 2k + 1 � 3s00+ d

is non-positive, and sincer 00 � 2k + 1, this number is also greater than or equal
to ( r 00� 3s00)( r 00� 3s00+ 1) =2 + d. But this number is positive, which gives a
contradiction. We conclude that e1 = e2 = d, so �( d; d; r; s) = ( r � 3s)( r � 3s �
1)=2 � 0. This is possible only if r = 3s or r = 3s + 1. Since 2s � r + e1 � e2 = r ,
we �nally obtain r = s = 0 as required.

It is now clear that part (a) is true. In fact, the intersection Y� \ Y� \ Y� is
contained in the open Sp2n -orbit Y 0

d;d of Yd, so this intersection is transverse by
the Kleiman-Bertini theorem. Furthermore, since codim(Y� ) � j � j � dim Q0 =
j� j � d(d + 1) =2, we deduce that the intersection is �nite.

Let f : P1 ! IG be a rational map of degreed such that f (0) 2 X � , f (1) 2
X � , and f (1 ) 2 X � . Then (Ker( f ); Span(f )) must be a point of an intersection
Y r

� \ Y r
� \ Y r

� in some spaceY r
e1 ;e2

, necessarily with e1 = e2 = d, so we must
have dim Ker(f ) = m � d and dim Span(f ) = m + d. This shows that the map
f 7! (Ker( f ); Span(f )) of part (b) is well de�ned. In particular we have d � m. On
the other hand, let (A0; B0) 2 Y� \ Y� \ Y� � Yd be any point. To establish (b), we
must show that there is a unique rational map f : P1 ! IG of degreed such that
f (0) 2 X � , f (1) 2 X � , f (1 ) 2 X � , and (Ker( f ); Span(f )) = ( A0; B0).

Setting W = B0=A0 we can identify G(d; W) with f � 2 IG j A0 � � � B0g.
Since B0 \ B ?

0 = A0 by part (a), we have G(d; W) �= LG(d;2d). Let P 2 X � \
G(d; W), Q 2 X � \ G(d; W), and R 2 X � \ G(d; W). We claim that P \ Q = A0.
Otherwise there existsA0 � A0

0 � P \ Q with dim A0
0 = m � d + 1. Now de�ne

Y 0 = f (A; A 0; B ) j (A; B ) 2 Y 0
d;d ; A � A0 � B; dim A0 = m � d + 1g:
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Notice that the action of Sp2n on this variety is transitive, and that dim Y 0 =
dim Yd + 2d � 1. We also setY 0

� = f (A; A 0; B ) 2 Y 0 j 9 � 2 X � : A0 � � � B g. Our
assumptions show that (A0; A0

0; B0) 2 Y 0
� \ Y 0

� \ � � 1(Y� ) where � : Y 0 ! Yd is the
projection. Set T0 = f (A; A 0; � ; B ) j (A; A 0; B ) 2 Y 0; � 2 IG; A0 � � � B g and let
� 0

1 : T0 ! IG and � 0
2 : T0 ! Y 0 be the projections. The �bers of � 0

2 are isomorphic
to LG( d � 1; 2d � 2), so they have dimensiond(d � 1)=2. SinceY 0

� = � 0
2(� 0

1
� 1(X � )),

this implies that codim( Y 0
� ) � j � j � d(d � 1)=2. It follows that

codim(Y 0
� ) + codim( Y 0

� ) + codim( � � 1(Y� )) �

j� j + j� j + j� j � 2d(d � 1)=2 � d(d + 1) =2 = dim( Yd) + 2 d > dim(Y 0) :

Since this implies that Y 0
� \ Y 0

� \ � � 1(Y� ) = ; , we conclude that P \ Q = A0 as
claimed.

Notice that the intersection X � \ G(d; W) must have dimension zero, since oth-
erwise one could choose the pointP 2 X � \ G(d; W) such that P \ Q ! A0.
By Lemma 1.3 this implies that � d � � (which proves (d)), and X � \ G(d; W)
must furthermore be a single point. We conclude that X � \ G(d; W) = f Pg,
X � \ G(d; W) = f Qg, X � \ G(d; W) = f Rg, and P \ Q = Q \ R = R \ P = A0.
Now by Proposition 1.1 there is a unique rational mapf : P1 ! Z of degreed such
that f (0) 2 X � , f (1) 2 X � , and f (1 ) 2 X � . This proves (b), and (a) and (b)
together imply (c). �

Set X + = IG( m + 1 ; 2n + 2). The following proposition was proved in [KT1,
Prop. 4] for Lagrangian Grassmannians. As in loc. cit., the proof is basedon an
explicit correspondence between lines inX = IG( m; 2n) and points in X + , but the
underlying geometry is more challenging in the general case.

Proposition 1.2. Let �; �; � bek-strict partitions such that j� j+ j� j+ j� j = dim X +
(n + k + 1) and `(� ) + `(� ) + `(� ) � 2m + 1 . Then

h� � ; � � ; � � i 1 =
1
2

Z

IG( m +1 ;2n +2)
[X +

� ] � [X +
� ] � [X +

� ] :

Proof. Let E � ; F� ; G� � V = C2n be isotropic 
ags in general position. Let H = C2

be a two-dimensional symplectic vector space, and choose generic elementse; f; g 2
H . Set V + = V � H and let E +

� ; F +
� ; G+

� � V + be the augmented 
ags given by
E +

p = Ep� 1 � Ce, F +
p = Fp� 1 � Cf , and G+

p = Gp� 1 � Cg. We will prove that
the assignment � + 7! (� + \ V;(� + + H ) \ V ) gives a well de�ned 2-1 map from
X +

� (E +
� ) \ X +

� (F +
� ) \ X +

� (G+
� ) onto the intersection Y� (E � ) \ Y� (F� ) \ Y� (G� ) � Y1.

Notice that X +
� (E +

� ) = f � + 2 X + j dim(� + \ (Epj ( � ) + Ce)) � j; 8 1 � j � `(� )g.
The group G = Sp(V ) � SL(H ) acts on X + and our choices imply that the

varieties X +
� ; X +

� ; X +
� are in general position for this action. It is easily seen that

the G-action on X + has the following four orbits.
O1 = IG( m + 1 ; V )
O2 = IG( m; V ) � IG(1; H )
O3 = f � + 2 X + j dim(� + \ V ) = m; � + \ H = 0g
O4 = f � + 2 X + j dim(� + \ V ) = m � 1g
We start by showing that the intersection X +

� \ X +
� \ X +

� is contained in the
open orbit O4. Notice at �rst that X +

� (E � ) \ IG( m +1 ; V ) is the Schubert variety in
IG( m + 1 ; V ) given by the partition � = ( � 1 � 1; : : : ; � ` ( � ) � 1) obtained by deleting
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the �rst column of � . Sincej� j+ j� j+ j� j > j� j+ j� j+ j� j� 2m� 2 = dim IG( m+1 ; V ),
it follows that X +

� \ X +
� \ X +

� \ IG( m + 1 ; V ) = ; .
Now assume �+ 2 X +

� \ X +
� \ X +

� \ O2. Then � + = � � Ch where � 2 X
and 0 6= h 2 H . We may assume that h 62Cf and h 62Cg, which implies that
� 2 X � (F� ) \ X � (G� ). De�ne the k-strict partition � by � j = � j +1 for j < � 1 � 2k;
� j = � j +1 � 1 for � 1 � 2k � j < ` (� ); and � j = 0 for j � `(� ). Since � 1 + � j �
2k + j � 1 implies that j > � 1 � 2k, it follows that pj +1 (� ) � pj (� ) for each
j < ` (� ). Since dim(� \ Epj +1 ( � ) ) � j for all j , this implies that � 2 X � (E � ). But
j� j + j� j + j� j � j � j + j� j + j� j � n � k > dim X , soX � \ X � \ X � = ; , a contradiction.

We �nally check that no point of X +
� \ X +

� \ X +
� is contained in O3. We have a

smooth map � : O3 ! X given by � (� + ) = � + \ V . The �ber over a point � 2 X
is an open subset ofP(H � � ? =�), so dim O3 = dim X + 2k + 1 = dim X + � m.
Now suppose �+ 2 X +

� \ X +
� \ X +

� \ O3. If � + 6� V � Ce, then the dimension
of � + \ (V � Ce) is at most m. But � + \ V has dimensionm, so we must have
� + \ (V � Ce) = � + \ V . In particular we obtain � + \ (E i � Ce) = (� + \ V ) \ E i

for each i , so � + \ V 2 X � and � + 2 � � 1(X � ). Now notice that � + cannot be
contained in both V � Ce and V � Cf , so by permuting �; �; � , we may assume that
� + 6� V � Cf and � + 6� V � Cg. This implies that � + 2 � � 1(X � ) \ � � 1(X � ). Since
� � 1(X � \ X � \ X � ) = ; , we then deduce that � + � V � Ce. However, all components
of the variety Z = f � + 2 X +

� j � + � V � Ceg have dimension strictly smaller than
the dimension ofX +

� , so the codimension inO3 of each of the components ofZ \ O3

is at least j� j � m + 1. Since j� j � m + 1 + j� j + j� j = dim X + 2k + 2 > dim O3

we conclude that � � 1(X � \ X � ) \ Z \ O3 = ; , a contradiction. This veri�es that
X +

� \ X +
� \ X +

� � O4.
Notice that for � + 2 O4 we must have � + \ H = 0, since otherwise � + \ H = Ch

for some 06= h 2 H , and � + � (Ch)? = V � Ch. This implies that dim(� + \ V ) �
m, a contradiction. Since dim(� + + H ) = m + 3 and (� + + H ) + V = V � H ,
it follows that dim((� + + H ) \ V ) = m + 1. Thus we have a well de�ned map
� : O4 ! Y1 given by � + 7! (� + \ V;(� + + H ) \ V ).

If � + 2 X +
� \ O4 then dim(� + \ (Epj ( � ) � Ce)) � j implies that dim((� + \

V ) \ Epj ( � ) ) � j � 1 for each j . Since e 62� + we also have dim((� + + H ) \
(Epj ( � ) � Ce)) � j + 1, which implies that dim((� + + H ) \ Epj ( � ) ) � j . It follows
from this that � (X +

� \ O4) � Y� , and we conclude that � gives a well de�ned map
X +

� \ X +
� \ X +

� ! Y� \ Y� \ Y� � Y1.
Now let (A; B ) 2 Y� (E � ) \ Y� (F� ) \ Y� (G� ) be given. We must prove that

� � 1((A; B )) \ X +
� \ X +

� \ X +
� contains exactly two points. We know from Theo-

rem 1.3 (a) that A = B \ B ? , soW = B=A � H is a symplectic space of dimension 4,
and LG(2; W) is identi�ed with the subset of � + 2 X + such that A � � + � B � H .
Since (A; B ) 2 Y� (E � ) we have dim(A \ Epj ( � ) ) � j � 1 and dim(B \ Epj ( � ) ) � j
for all j . By the proof of Theorem 1.3, there exist unique points �1 2 X � (E � ),
� 2 2 X � (F� ), � 3 2 X � (G� ) such that A � � i � B for each i , and these points are
pairwise distinct. Set eE = � 1 � Ce, eF = � 2 � Cf , and eG = � 3 � Cg. Then there are
exactly two points � + 2 X + , such that A � � + � B � H and dim(� + \ eE) � m,
dim(� + \ eF ) � m, dim(� + \ eG) � m. This is true because exactly two isotropic
planes of LG(2; W) are incident to all of the subspaces �1=A � Ce, � 2=A � Cf , and
� 3=A � Cg. Since dim(eE \ (Epj ( � ) � Ce)) � j + 1 and dim(� + \ eE) � m, we obtain
dim(� + \ (Epj ( � ) + Ce)) � j , so � + 2 X +

� . Similarly we have � + 2 X +
� \ X +

� .
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On the other hand, if � + 2 X +
� \ X +

� \ X +
� is such that A � � + � B � H ,

then A = � + \ V and B = (� + + H ) \ V . We claim that � 1 = (� + + Ce) \ V .
In fact, the isotropic m-plane � 0

1 = (� + + Ce) \ V satis�es A � � 0
1 � B . Since

dim((� + + Ce) \ (Epj ( � ) \ Ce)) � j + 1 we get dim(� 0
1 \ Epj ( � ) ) � j for each j , so

� 0
1 = � 1 must be the unique isotropic m-plane from X � (E � ) which lies betweenA

and B . It follows from the claim that � + + eE � � + + Ce, so dim(� + \ eE) � m.
Similarly we see that dim(� + \ eF ) � m and dim(� + \ eG) � m, which �nally
establishes the required 2 to 1 map. �

Example 1.3. The length condition in Proposition 1.2 is essential. For example,
for X = IG(2 ; 8) and X + = IG(3 ; 10) we haveh� 1;1; � 4;1; � 6;5i 1 = 0 and

Z

X +
[X +

1;1] � [X +
4;1] � [X +

6;5] = 1 :

1.5. Quantum cohomology. The (small) quantum cohomology ring QH� (IG) is
a Z[q]-algebra which is isomorphic to H� (IG ; Z) 
 Z Z[q] as a module overZ[q]. The
degree of the formal variableq here is given by

deg(q) =
Z

IG
c1(TIG ) � � (1) _ = n + k + 1 :

The ring structure on QH � (IG) is determined by the relation

� � � � � =
X

h� � ; � � ; � � _ i d � � qd;

the sum overd � 0 and k-strict partitions � with j� j = j� j + j� j � (n + k + 1) d. For
any partition � , de�ne � � by removing the �rst row of � , that is, � � = ( � 2; � 3; : : :).

Theorem 1.4 (Quantum Pieri rule for IG) . For any k-strict partition � 2 P (k; n)
and integer p 2 [1; n + k], we have

� p � � � =
X

� ! �

2N (�;� ) � � +
X

� ! �

2N (�;� ) � 1 � � � q

in the quantum cohomology ring ofIG( n � k; 2n). The �rst sum is over partitions
� 2 P (k; n) such that j� j = j� j + p, and the second sum is over partitions� 2
P(k; n + 1) with j� j = j� j + p and � 1 = n + k + 1 .

Proof. The �rst sum is dictated by the classical Pieri rule (Theorem 1.1). Theo-
rem 1.3 (d) implies that the coe�cient of qd in the product � p � � vanishes for all
d � 2. By Proposition 1.2, the coe�cient of � � q in the product is equal to

h� p; � � ; � � _ i 1 =
1
2

Z

X +
[X +

p ] � [X +
� ] � [X +

� _ ] ;

where � _ denotes the dual partition of � with respect to the Grassmannian IG =
IG( m; 2n). One checks that the result of dualizing � _ with respect to X + =
IG( m + 1 ; 2n + 2) is � + = ( n + k + 1 ; � 1; : : : ; � m ) (information on dual partitions
is given in Section 4.4). Finally, it follows from Theorem 1.1 that the coe� cient of
� � q is equal to 2N (�;� + ) � 1 if � ! � + , and otherwise this coe�cient is zero. �

Example 1.4. In the quantum ring of IG(4 ; 12) we have� 4 � � (5 ;3;2;2) = 4 � (8 ;4;2;2) +
2� (7 ;5;2;2) +2 � (7 ;4;3;2) + � (6 ;5;3;2) + � (8 ;4;3;1) +2 � (4 ;2;1) q+2 � (3 ;2;2) q+ � (3 ;2;1;1) q. The
q-terms can be found by expanding the product [X +

4 ] � [X +
(5 ;3;2;2) ] in H � (IG(5 ; 14)).
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Theorem 1.5 (Ring presentation). The quantum cohomology ringQH� (IG) is
presented as a quotient of the polynomial ringZ[� 1; : : : ; � n + k ; q] modulo the relations

(10) det(� 1+ j � i )1� i;j � r = 0 ; n � k + 1 � r � n + k

and

(11) � 2
r + 2

n + k � rX

i =1

(� 1)i � r + i � r � i = ( � 1)n + k � r � 2r � n � k � 1 q; k + 1 � r � n:

Proof. According to [ST] (see also [FP, Sec. 10]), we only need to check how the
classical relations in Theorem 1.2 deform under the quantum product. The relations
(10) are true in QH� (IG) because the degree ofq is greater than n+ k. Using (2) for
X + = IG( m+1 ; 2n+2) we obtain the identity [ X +

r ]2+
P n + k � r

i =1 (� 1)i [X +
r + i ][X

+
r � i ] =

(� 1)n + k � r [X +
n + k+1 ][X +

2r � n � k � 1] = ( � 1)n + k � r [X +
(n + k+1 ;2r � n � k � 1) ] in H � (X + ). If

2r < n + k + 1 then the right hand side is understood to be zero. The quantum
Pieri rule for IG now implies that the q-terms of (11) agree. �

1.6. Computing Gromov-Witten invariants. For any partition � = ( � 1; : : : ; � ` )
in P(k; n), iterating the quantum Pieri rule as in the proof of Theorem 1.2(b) gives

� � 1 � � � � � ` = � � +
X

d;�

cd;� � � qd

in QH � (IG), where cd;� 2 Z and the partitions � in the sum satisfy � � � or
j� j < j� j. Therefore our quantum Pieri formula can be used recursively to identify a
given Schubert class with a polynomial in the special Schubert classes andq. These
expressions together with the quantum Pieri rule can then be used to evaluate any
quantum product � � � � � , and hence any Gromov-Witten invariant h� � ; � � ; � � i d on
IG, as in the following example.

Example 1.5. In QH � (IG(3 ; 10)) we have

� 4� 2
2 = � (4 ;2;2) + � (4 ;3;1) + 3 � (5 ;2;1) + 4 � (6 ;1;1) + 3 � (5 ;3) + 5 � (6 ;2) + 8 � (7 ;1) + 2q:

This, combined with other quantum Pieri products, leads to the expression

� (4 ;2;2) = � 4� 2
2 � � 4� 3� 1 � � 5� 2� 1 + � 5� 3 + 2 � 7� 1 � q:

Using this identity we can evaluate the product

� (4 ;2;2) � � (5 ;3;1) = ( � 4� 2
2 � � 4� 3� 1 � � 5� 2� 1 + � 5� 3 + 2 � 7� 1 � q) � � (5 ;3;1)

= � (7 ;6;4) + 4 � (7 ;2) q + � (5 ;3;1) q + � (7 ;1;1) q + 2 � (6 ;2;1) q + 3 � (6 ;3) q + � (5 ;4) q + � 1 q2:

Since the Poincar�e dual of � 1 is � (7 ;6;4) , we obtain h� (4 ;2;2) ; � (5 ;3;1) ; � (7 ;6;4) i 2 = 1.

2. The Grassmannian OG(n � k; 2n + 1)

2.1. Schubert classes. Consider a vector spaceV �= C2n +1 and a nondegenerate
symmetric bilinear form on V . For eachm = n � k < n , the odd orthogonal Grass-
mannian OG = OG( m; 2n +1) parametrizes the m-dimensional isotropic subspaces
in V . The algebraic variety OG has dimension 2m(n � m) + m(m + 1) =2, the same
as the dimension of IG(m; 2n). Moreover, the Schubert varieties in OG are indexed
by the same set ofk-strict partitions P(k; n) as for IG.
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An isotropic 
ag F� of V is a complete 
ag 0 = F0 ( F1 ( � � � ( F2n +1 = V
such that Fn + i = F ?

n +1 � i for all 1 � i � n + 1. For each such 
ag and � 2 P (k; n),
de�ne the Schubert variety

X � (F� ) = f � 2 OG j dim(� \ Fpj ( � ) ) � j; 8 1 � j � `(� )g ;

where

pj (� ) = n + k � � j + # f i < j : � i + � j � 2k + j � ig +

(
2 if � j � k;
1 if � j > k:

The codimension of this variety is equal to j� j. We de�ne � � 2 H2j � j (OG) =
H2j � j (OG; Z) to be the cohomology class dual to the cycle given byX � (F� ). These
Schubert classes form aZ-basis for the cohomology ring of OG.

2.2. Classical Pieri rule. The following comparison of structure constants be-
tween IG and OG is well known; in fact this extends to the complete 
ag varieties
in types B and C; see [BS, Sec. 3.1]. For eachk-strict partition � , let `k (� ) denote
the number of parts � i which are strictly greater than k. Consider � and � in
P(k; n) and suppose that

� � � � =
X

�

e�
�;� � �

in H � (IG( n � k; 2n)). Then for the corresponding formula

� � � � =
X

�

f �
�;� � �

in H � (OG(n � k; 2n + 1)), we have

(12) f �
�;� = 2 ` k ( � ) � ` k ( � ) � ` k ( � ) e�

�;� :

It follows that the map H � (OG; Z) ! H� (IG ; Q) sending � � to 2� ` k ( � ) � � is an
isomorphism onto its image.

The special Schubert varieties for OG are the varietiesX p = X (p) (F� ), for 1 �
p � n + k. These are de�ned by a single Schubert condition as follows: let

(13) " (p) = n + k � p +

(
2 if p � k;
1 if p > k:

Then X p(F� ) = f � 2 OG j � \ F" (p) 6= 0 g: We let � p denote the cohomology class
of X p. The classical Pieri rule for OG will involve the same relation� ! � and set
A � � r � that appeared in De�nition 1.3. For each � and � with � ! � , we let
N 0(�; � ) equal the number (respectively, one less than the number) of components
of A, if p � k (respectively, if p > k ).

Theorem 2.1 (Pieri rule for OG( m; 2n + 1)) . For any k-strict partition � and
integer p 2 [1; n + k], we have

(14) � p � � � =
X

� ! �; j � j= j � j+ p

2N 0( �;� ) � � :

Proof. The result follows immediately from Theorem 1.1 and (12). �

Example 2.1. For OG(4; 13) we havek = 2 and n = 6 as in Example 1.1. Using
the diagrams displayed there, we obtain

� 4 � � (5 ;3;2;2) = 2 � (8 ;4;2;2) + � (7 ;5;2;2) + 2 � (7 ;4;3;2) + � (6 ;5;3;2) + � (8 ;4;3;1) :
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2.3. Presentation of H� (OG; Z). If S (respectively Q) denotes the tautological
subbundle (respectively, quotient bundle) over OG(n � k; 2n +1), then one has that

(15) cp(Q) =

(
� p if p � k;
2� p if p > k:

Let � p = 1, if p � k, and � p = 2, otherwise.

Theorem 2.2. a) The cohomology ringH� (OG(n � k; 2n + 1) ; Z) is presented as
a quotient of the polynomial ring Z[� 1; : : : ; � n + k ] modulo the relations

det(� 1+ j � i � 1+ j � i )1� i;j � r = 0 ; n � k + 1 � r � n;(16)
rX

p= k+1

(� 1)p � p det(� 1+ j � i � 1+ j � i )1� i;j � r � p = 0 ; n + 1 � r � n + k;(17)

and

(18) � 2
r +

rX

i =1

(� 1)i � r � i � r + i � r � i = 0 ; k + 1 � r � n:

b) The monomials � � =
Q

i � � i with � 2 P (k; n) form a Z-basis for H� (OG; Z).

Proof. The statement (b) is proved exactly as the corresponding part of Theorem
1.2, in particular the special Schubert classes� p generate H� (OG). We will use
Lemma 1.1, and begin by noting that the rank of H� (OG) as a Z-module is the
same as that of H� (IG( n � k; 2n)). The Whitney sum formula shows that the
relations (16) hold in the cohomology ring of OG. The remaining relations follow
easily from the Pieri rule. For (17), one observes that for eachr ,

det(� 1+ j � i � 1+ j � i )1� i;j � r = � (1 r ) :

This proves that condition (i) of Lemma 1.1 holds.
To prove (ii), let K be any �eld of characteristic di�erent than 2. For each r ,

set hr = det( c1+ j � i )1� i;j � r . Using the change of variables in (15), we see that it
su�ces to show that the quotient of the ring K [c1; : : : ; cn + k ] modulo the relations

hr = 0 ; n � k + 1 � r � n;
rX

p= k+1

(� 1)pcphr � p = 0 ; n + 1 � r � n + k;

and

c2
r + 2

rX

i =1

(� 1)i cr + i cr � i = 0 ; k + 1 � r � n

is �nite dimensional. By Lemma 1.2, it will su�ce to show that the relations hr = 0
for n + 1 � r � n + k are also true in this ring. The formal identity

hn +1 =

 
kX

p=1

(� 1)p+1 cphn +1 � p

!

+

0

@
n +1X

p= k+1

(� 1)p+1 cphn +1 � p

1

A

and the �rst line of relations prove that hn +1 = 0; the vanishing of hr for r > n + 1
is established similarly.

Next, suppose that char(K ) = 2. We will show that each generator � p is a
nilpotent element of the quotient of K [� 1; : : : ; � n + k ] modulo relations (16), (17),
and (18). In characteristic 2, the equations (16) assert the vanishing of Schur
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determinants in � 1; : : : ; � k for r = n � k +1 ; : : : ; n, and we know by Lemma 1.2 that
this implies � 1; : : : ; � k are nilpotent. Now rewrite (17) as

� r =
r � 1X

p= k+1

(� 1)p+1 � p det(� 1+ j � i � 1+ j � i )1� i;j � r � p; n + 1 � r � n + k:

As all determinants on the right hand side are nilpotent, so is each� r for r =
n + 1 ; : : : ; n + k. Finally, the relations (18) are used to complete the proof of
(a). �

2.4. Gromov-Witten invariants. In this and the following section we assume
that k > 0, or equivalently m < n . Given a degreed � 0 and partitions �; �; � 2
P(k; n) such that j� j + j� j + j� j = dim(OG)+ d(n+ k), we de�ne the Gromov-Witten
invariant h� � ; � � ; � � i d to be the number of rational maps f : P1 ! OG of degreed
such that f (0) 2 X � (E � ), f (1) 2 X � (F� ), and f (1 ) 2 X � (G� ), for given isotropic

ags E � , F� , and G� in general position. Here a rational map of degreed to OG
is a morphism f : P1 ! OG such that

R
f � [P1] � � 1 = d. We de�ne the kernel

and span of such a map as in Section 1.4; again we have dim Ker(f ) � m � d and
dim Span(f ) � m + d for any map f : P1 ! OG of degreed.

In the orthogonal Lie types, the basic model for degreed maps to OG will have
target OG(d;2d), when d is even, but a di�erent space OG = OG(d;2d) when d is
odd. The variety OG parametrizes isotropic subspaces of dimensiond in a vector
spaceW �= C2d equipped with a degenerate symmetric bilinear form such that
Ker(W ! W � ) has dimension 2.

For any integer d � m the variety Yd parametrizes pairs (A; B ) of subspaces of
V with A � B � A? , dim A = m � d, and dim B = m + d, as in Section 1.4.
Moreover, for any Schubert variety X � in OG, the subvariety Y� of Yd consists of
the set of pairs (A; B ) 2 Yd such that there exists a � 2 X � with A � � � B . Here
we compute that dim(Yd) = dim(OG) + d(n + k) � 3d(d � 1)=2, and we'll show that
the codimension ofY� in Yd is at least equal to j� j � d(d � 1)=2. When d = m + 1,
the role of Yd is played by the GrassmannianYm +1 := G(2 m +1 ; V ) of all subspaces
B � V with dim B = 2m + 1, and the varieties Y� � Ym +1 are de�ned in the same
way.

Let Td be the variety of triples (A; � ; B ) such that (A; B ) 2 Yd, � 2 OG, and
A � � � B . Let � : Td ! Yd be the projection. For � 2 P (k; n) we de�ne
T� (E � ) = f (A; � ; B ) 2 Td j � 2 X � (E � )g. We have � (T� (E � )) = Y� (E � ).

When d � m, we let Y 0
d denote the variety parametrizing triples (A; A 0; B )

of subspaces ofV with ( A; B ) 2 Yd and A0 isotropic with A � A0 � B and
dim A0 = dim A + 1. There is a projection map ' : Y 0

d ! Yd. Moreover, to each
Schubert variety X � in OG there corresponds a subvarietyY 0

� of Y 0
d , de�ned as the

locus of (A; A 0; B ) such that there exists a � 2 X � with A0 � � � B . Let T0
d denote

the variety of nested spaces (A; A 0; � ; B ) with � 2 OG and B � A? . There is a
projection map � 0: T0

d ! Y 0
d . We de�ne T0

� to consist of (A; A 0; � ; B ) in T0
d with

� 2 X � . Then � 0(T0
� ) = Y 0

� .
Attached to each (A; B ) 2 Yd there is an invariant r = dim( B \ B ? ) � dim(A).

The quantity r measures the degeneracy of the induced bilinear form onB=A. The
general point ofYd hasr = 0, while the r = 2 locus of Yd is a locally closed subvariety
of Yd. For � 2 P (k; n) we de�ne Nd = Nd(� ) = # f j � m j � j = d � j � kg.
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Lemma 2.1. (a) The restricted projection � : T� (E � ) ! Y� (E � ) is generically
2N d -to-1 when � d� 1 � � and has �bers of positive dimension when� d� 1 6� � .
When d � m, we furthermore have:
(b) The restriction of � over ther = 2 locus ofY� (E � ) is generically unrami�ed 2N d -
to-1 when (� d� 1; 1) � � and has �bers of positive dimension when(� d� 1; 1) 6� � .
(c) The map � 0: T0

� (E � ) ! Y 0
� (E � ) is generically 1-to-1 when � d� 1 � � .

(d) The restriction of � 0 to the r = 2 locus is generically1-to-1 when(� d� 1; 1) � � .

Proof. We can assume that E r = Spanf e1; : : : ; er g where f e1; : : : ; e2n +1 g is a
standard orthogonal basis for V , i.e. (ei ; ej ) = 0 when i + j 6= 2n + 2. We
write X � for X � (E � ), Y� for Y� (E � ), and T� for T� (E � ). Set pj = �pj (� ) for
1 � j � m, p0 = 0, pm +1 = 2n + 2, # j = # f i < j j pi + pj > 2n + 2g, and
sj = max( m + d + pj � 2n � 1 � j; 0). We �rst prove statements (a){(d) in the case
d � m, then we state the modi�cations necessary to obtain (a) in cased = m + 1.

For (A; B ) in Y� , we set A j = A \ Epj and B j = B \ Epj . By de�nition there
exists � in X � with A � � � B . We set � j = � \ Epj , so that dim(� j ) � j . Now,

dim(A j ) � j � d;(19)

dim(B j ) � j + sj ;(20)

sinceA is of codimensiond in �, and B j is the intersection of spaces of dimension
m + d and pj , while also � j � B j . For j such that equality holds in (20) we have
j � dim(� ?

j � " \ B j ) = j + sj � dim(� j � " ) + dim(� j � " \ B ?
j ) for " 2 f 0; 1g, since

(� ?
j � " \ B j )? = � j � " + B ?

j . So, equality in (20) implies

dim(B j \ B ?
j ) � j � sj ;(21)

dim(B j � 1 \ B ?
j ) � j � 1 � sj :(22)

When � j = d� j � k we havesj = 1+# j , and hence dim(� j � 1 \ B ?
j ) � j � 1� # j =

j � sj , which gives us the following strengthening of (22):

(23) dim(B j � 1 \ B ?
j ) �

�
j � sj ; when � j = d � j � k;
j � 1 � sj ; otherwise:

De�ne U� to be the open subset ofY� of (A; B ) satisfying equality in (19) for
j � d and in (20), (21), (23) for 1 � j � d. We show: U� contains a point in
the r = 0 locus when � d� 1 � � and contains a point in the r = 2 locus when
(� d� 1; 1) � � . Then we show for (A; B ) in U� that there are precisely 2N d possible
� 2 X � satisfying A � � � B .

The condition � j � d � j implies sj = 1 + # j when � j = d � j � k, and sj � # j

otherwise. For j > d we also havesj � # f i � d j pi + pj > 2n + 2g. We can
therefore choose� 2 S d such that for all 1 � j � m + 1 and i � sj we have

� (i ) �
�

j; when � j = d � j � k;
j � 1; otherwise;

(24)

p� ( i ) + pj � 2n + 3 + sj � i:(25)

Further, we dictate that among all permutations satisfying (24), (25), � is chosen
so that � � 1(d) is as large as possible.

We exhibit a point in the r = 0 locus of U� . Set A = Span(epd +1 ; : : : ; epm )
and B = Span(ep1 ; : : : ; epm ; u1; : : : ; ud) where ui = e2n +2 � p� ( i ) + epj � 1� sj + i for
sj � 1 < i � sj . Equality holds in (19) for j � d and, by (25) equality holds in
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(20) for all j . The pairings (ep� ( i ) ; ui ) = 1 and ( ep� ( i ) ; ui 0) = 0 for i 0 > i imply the
nondegeneracy of the restriction of (; ) to Span(ep� (1) ; : : : ; ep� ( s j ) ; u1; : : : ; usj ) for
any j . So (A; B ) lies in the r = 0 locus of Y� , and from (24) we have equality for
all j of (21) and (23), hence (A; B ) 2 U� .

Under the further assumption that `(� ) � d, we exhibit a point in the r = 2
locus of U� . We set i 0 = � � 1(d), de�ne j 0 to satisfy sj 0 � 1 < i 0 � sj 0 , and set
t0 = pj 0 � 1 � sj 0 + i 0 By (25), we have t0 � 2n + 2 � pd. Now we distinguish two
cases.

First is the case t0 > 2n + 2 � pd. Then we de�ne A and B as above, but with
ui 0 = et 0 . By (24), j 0 > d , and we havet0 > p j 0 � 1 � pd. The computation of
dim(B j ) goes through as before. We have the pairing (ep� ( i ) ; ui ) = 1 for i 6= i 0,
and (ep� ( i ) ; ui 0) = 0 for all i and i 0 with i 0 > i . Since sd < i 0, the argument for
equality in (21), (23) for j � d goes through as before. Now we claim (epj ; ui 0 ) = 0
for all j � d. So we haveepd , ui 0 2 B ? , while a direct argument shows that
the bilinear form restricted to Span(ep1 ; : : : ; epd � 1 ; u1; : : : ; ui 0 � 1; ui 0 +1 ; : : : ; ud) is
nondegenerate. Hence (A; B ) lies in the r = 2 locus of U� .

Suppose, to the contrary, there existsc � d with ( epc ; ui 0 ) 6= 0. Then pc =
2n + 2 � t0, and c < d. We set i 1 = � � 1(c) and de�ne j 1 so sj 1 � 1 < i 1 � sj 1 . Then

(26) pj 1 � 1 � sj 1 + i 1 � 2n + 2 � pc = pj 0 � 1 � sj 0 + i 0;

hence the inequality is strict, and i 1 > i 0. Now, if we de�ne ~� 2 S d by ~� (i ) = � (i )
for i =2 f i 0; i 1g, with ~� (i 0) = c and ~� (i 1) = d, then ~� satis�es (24), (25). The only
inequality needed to be checked ispc + pj 0 � 2n + 3 + sj 0 � i 0, and this holds by
(26). Since ~� satis�es ~� � 1(d) > � � 1(d), we have reached a contradiction.

In caset0 = 2n + 2 � pd we de�ne A and B as above, but with ui 0 = ec, where
c is de�ned to be the smallest positive integer not equal topj or to 2n + 2 � pj

for any j . A general remark is that if equality in (25) holds for some i � sj , then
� (i 0) > � (i ) for all i 0 < i . Indeed, if i 0 < i then

0 � p� ( i 0) + pj � 2n � 3 � sj + i 0 < p � ( i 0) + pj � 2n � 3 � sj + i = p� ( i 0) � p� ( i ) :

In this case we have such equality fori = i 0. Hencei 0 = 1. The n + d + 1 � k � j 0

integers
p1; : : : ; pd; 2n + 2 � pj 0 ; : : : ; 2n + 2 � pm

are distinct and less than or equal to 2n + 2 � t0. But n + d + 1 � k � j 0 =
2n + 2 � pj 0 + sj 0 = 2n + 2 � t0, so p1, : : :, pd must be the �rst d integers not equal
to 2n + 2 � pj for any j > d . An inductive argument shows that � (i ) = d + 1 � i
for i = 1, : : :, d, with equality in (25) for each i . As before, we haveepd , ui 0 2 B ? ,
and (A; B ) lies in the r = 2 locus of U� .

Given (A; B ) 2 U� , we claim that for j � d are precisely 2# f i � j j � i = d� i � kg

isotropic spaces �j � B j such that dim(� j \ B i ) � i for i � j . We prove this by
induction on j , the base casej = 0 being clear. The equalities (20) and (21) imply
that a maximal isotropic subspace ofB j has dimensionj . So, using the induction
hypothesis, we have that dim(� j \ B i ) � i for i � j implies � j \ B j � 1 = � j � 1.
So, it is enough to show that � j � 1 extends in precisely two ways to an isotropic
subspace of dimensionj in B j when � j = d � j � k, and extends uniquely to such
a subspace otherwise. If� j = d � j � k, then we have dim(� ?

j � 1 \ B j ) = sj + 1 +
dim(� j � 1 \ B ?

j ) = j +1, and � ?
j � 1 \ B j \ (� ?

j � 1 \ B j )? = � j � 1 +( B j \ B ?
j ) = � j � 1

(sinceB j \ B ?
j = � j � 1 \ B ?

j ), so (� ?
j � 1 \ B j )=� j � 1 is two-dimensional with induced
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nondegenerate symmetric bilinear form. Otherwise, we have dim(�?j � 1 \ B j ) � j ,
so the extension is unique. By the equality (19), �d \ A = 0, so if we set � = � d + A
then � 2 X � . For any � 2 X � with A � � � B we have dim(� \ B i ) � i for all i ,
hence � \ Bd = � d and � = � d + A.

By the same argument, with families of vector spaces over local ArtinianC-
algebras, we see that the morphismT� ! Y� is unrami�ed (hence �etale) over U� .

Now suppose� d� 1 6� � . We want to show that dim( Y� ) < dim(T� ). Let X �
� � X �

be the Schubert cell. It su�ces to show that if ( A; B ) 2 Y� with Ad = 0, there
exists � 0 2 X � r X �

� with A � � 0 � B . If this is false, then we can choose �2 X �
�

with A � � � B . Set � i = � \ Epi for 1 � i � m. We have � j < d � j for somej
with � j � k. Then sj > 1 + # j , hence dim(� ?

j � 1 \ Epj ) � pj � # j > p j � sj + 1.
Using (20) we obtain dim(� ?

j � 1 \ B j ) > j + 1, so there exists a j -dimensional
isotropic extension � 0

j of � j � 1 contained in B \ Epj � 1. For i = j + 1, : : :, d we
now choose ani -dimensional isotropic extension � 0

i of � 0
i � 1 contained in B i . The

subspace �0 = � 0
d + A then satis�es � 0 2 X � r X �

� and A � � 0 � B , and statement
(a) is proved.

To complete the proof of (b) it su�ces by semi-continuity of �ber dimensions
to treat the case that � d� 1 � � and `(� ) = d � 1. Generically on the r = 2 locus
of Y� , the intersection of B \ B ? with Epd � 1 is trivial, since � d� 1 � 1. So it
su�ces to show that if ( A; B ) lies in the r = 2 locus of Y� and satis�es Ad = 0
and B ? \ Bd� 1 = 0 then there exists � 0 2 X � r X �

� with A � � 0 � B . If this is
false, then we can choose �2 X �

� with A � � � B . Since� d = 0, the assumptions
imply dim( B ? \ Bd) = 2. We set � d� 1 = � \ Epd � 1 . Since B ? \ Bd meets � d� 1

trivially, there exists an isotropic extension � 0
d of � d� 1 of dimensiond contained in

B \ Epd � 1. The space � 0 = � 0
d + A then satis�es � 0 2 X � r X �

� .
Statements (c) and (d) follow from (a) and (b). If ( A; B ) 2 U� then the generic

A0 with ( A; A 0; B ) 2 Y 0
� is contained in a unique � with A � � � B and � 2 X � .

In case d = m + 1, then exactly as above we have (20), and equality in (20)
implies (21) and (23). We de�ne U� � Y� by equality in (20), (21), (23) for
1 � j � m. When � d� 1 � � , the construction of a point in the r = 0 locus of U�

is as above, except that we takeui 0 = ed+1 � i 0 + e2n +1 � d+ i 0 where i 0 = � � 1(d),
and this satis�es (epj ; ui 0 ) = 0 for 1 � j � m (if for some c we have (epc ; ui 0 ) 6= 0,
then pc = d + 1 � i 0, and this contradicts the maximality of � � 1(d), as argued
above). Then B = Span(ep1 ; : : : ; epm ; u1; : : : ; ud) lies in the r = 0 locus of U� , since
(ui 0 ; ui 0 ) 6= 0. The argument that exhibits precisely 2# f i � j j � i = d� i � kg isotropic
� j � B j such that dim(� j \ B i ) � i for i � j goes through for j � m, leading to
� = � m 2 X � . The argument when � d� 1 6� � is unchanged except thati ranges
from j + 1 to m in the construction of � 0

i , and then � 0 = � 0
m lies in X � r X �

� . �

To state our main theorem relating Gromov-Witten invariants to classical inter-
section numbers, we need some further notation. We letZ �

d be the r = 2 locus of
Yd. De�ne Zd to be the variety parametrizing triples ( A; N; B ) of subspaces such
that A � N � B � N ? , dim A = m � d, dim N = m � d + 2, and dim B = m + d.
For � 2 P (k; n), de�ne a subvariety Z � � Zd by setting

Z � (E � ) = f (A; N; B ) 2 Zd j 9 � 2 X � (E � ) : A � � � B g:

Notice that there is a dense open subset ofZd (where dim(B \ B ? ) = dim( A) + 2)
that is isomorphic to Z �

d .
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Let Z 0
d denote the variety parametrizing 4-tuples (A; A 0; N; B ) of subspaces ofV

with ( A; N; B ) 2 Zd and A0 isotropic with A � A0 � B and dim A0 = dim A + 1.
There is a projection map  : Z 0

d ! Zd. For � 2 P (k; n), de�ne a subvariety Z 0
� �

Z 0
d as the locus of (A; A 0; N; B ) such that there exists a � 2 X � with A0 � � � B .
In contrast to the symplectic case, the mapT� ! Y� can be �nite-to-one for

orthogonal Grassmannians, so it is important to distinguish between the image
Y� = � (T� ) and the image class� � [T� ]. For this purpose we set � � = � � [T� ]
and � 0

� = � 0
� [T0

� ]. We analogously de�ne � � and � 0
� to be the image classes, taking

values in the homology (or Chow groups) ofZd and Z 0
d respectively, of the variety of

(A; N; � ; B ) and (A; A 0; N; � ; B ) respectively, with � 2 X � . The function sending a
rational map f : P1 ! OG to the pair (Ker( f ); Span(f )) in general will be 2M d -to-1,
where M d = M d(�; �; � ) is a multiplicity de�ned by

(27) M d(� 1; � 2; � 3) =
3X

i =1

Nd(� i ) �
�

min
�
# f i j Nd(� i ) � 1g; 2

�
if d � m,

0 if d = m + 1.

For each pair (A; B ) 2 Yd, we identify the Grassmannian G(d; B=A) with the
locus of isotropic � of dimension m such that A � � � B . Let r (d) be 0 when
d is even and 2 whend is odd. When d � m, let Sd = Sd(�; �; � ) be the set of
pairs (A; B ) in the r = r (d) locus of Y� \ Y� \ Y� such that if two or three among
the sets X � \ G(d; B=A), X � \ G(d; B=A), X � \ G(d; B=A) have cardinality one,
the corresponding two or three subspaces ofB=A are in pairwise general position.
When d = m + 1 is even, let Sd = Y� \ Y� \ Y� , and when d = m + 1 is odd, let
Sd = ; .

Theorem 2.3. Let d � 0 and choose�; �; � 2 P (k; n) such that j� j + j� j + j� j =
dim(OG) + d(n + k). Let X � , X � , and X � be Schubert varieties ofOG(m; 2n + 1)
in general position, with associated subvarieties and classes in Yd, Y 0

d , Zd, and Z 0
d.

(a) The subvarietiesY� , Y� , and Y� intersect transversally in Yd, and their inter-
section is �nite. For each point (A; B ) 2 Y� \ Y� \ Y� we haveA = B \ B ? or
dim(B \ B ? ) = dim A + 2 .

(b) The assignment f 7! (Ker( f ); Span(f )) gives a 2M d -to-1 association between
rational maps f : P1 ! OG of degreed such thatf (0) 2 X � , f (1) 2 X � , f (1 ) 2 X �

and the subsetSd of Y� \ Y� \ Y� .

(c) When d � m is even, the Gromov-Witten invariant h� � ; � � ; � � i d is equal to
Z

Yd

� � � � � � � � �
1
2

Z

Y 0
d

(' � � � � � 0
� � � 0

� + � 0
� � ' � � � � � 0

� + � 0
� � � 0

� � ' � � � )

�
Z

Z d

� � � � � � � � +
1
2

Z

Z 0
d

( � � � � � 0
� � � 0

� + � 0
� �  � � � � � 0

� + � 0
� � � 0

� �  � � � ):

When d � m is odd, the Gromov-Witten invariant h� � ; � � ; � � i d is equal to
Z

Z d

� � � � � � � � �
1
2

Z

Z 0
d

( � � � � � 0
� � � 0

� + � 0
� �  � � � � � 0

� + � 0
� � � 0

� �  � � � ):

When d = m + 1 is even, we have

h� � ; � � ; � � i d =
Z

G(2 m +1 ;2n +1)
� � � � � � � � :
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(d) We have h� � ; � � ; � � i d = 0 if � does not contain � d� 1 when d is even, or does
not contain (� d� 1; 1) when d is odd.

Proof. Given integers 0 � e1 � m, 0 � e2 � d � m + 1, and r � 0, we let Y r
e1 ;e2

be the variety of pairs (A; B ) such that A � B � A? � V , dim(A) = m � e1,
dim(B ) = m + e2, and dim(B \ B ? ) = m � e1 + r . In general, Y r

e1 ;e2
is empty

unless r � min(e1 + e2; 2k + e1 � e2). These varieties have a transitive action of
SO2n +1 , and, when d � m, Yd is the union of the varieties Y r

d;d for all numbers r
with 0 � r � min(2d;2k). Set

Y r
� = f (A; B ) 2 Y r

e1 ;e2
j 9 � 2 X � : A � � � B g:

We claim that Y r
� \ Y r

� \ Y r
� is empty unless (i) e1 = e2 = d and r 2 f 0; 2g, or (ii)

e1 = m, e2 = d = m + 1, and r = 0. In both of these cases,Y r
� \ Y r

� \ Y r
� will be a

�nite set of points.
Following the proof of Theorem 1.3 we compute that the dimension ofY r

e1 ;e2
is

equal to
1
2

(n2 + 2nk � 3k2 + n � k + 2ne1 � 2ke1 � e2
1 + 4e2k � 2e2

2 + e1 + 2e2 � r � r 2) :

De�ne the variety T r = f (A; � ; B ) j (A; B ) 2 Y r
e1 ;e2

; � 2 OG; A � � � B g, and let
� 1 : T r ! OG and � 2 : T r ! Y r

e1 ;e2
be the projections. Then Y r

� = � 2(� � 1
1 (X � )).

Given a point (A; B ) 2 Y r
e1 ;e2

, the �ber � � 1
2 ((A; B )) is the union of the varieties

(28) Qs = f � 2 OG j A � � � B; dim(� \ B \ B ? ) = m � e1 + sg

for all integers s. We have that Qs is empty unless 2s � r + e1 � e2. The map
Qs ! OG(e1 � s; B=(B \ B ? )) given by � 7! (� + ( B \ B ? ))=(B \ B ? ) has �bers
isomorphic to open subsets of G(e1; e1 + r � s). It follows that

dim Qs =
1
2

(2e1e2 � e2
1 � e1 + 2e1s � 2e2s + 2 rs � 3s2 + s) ;

wheneverQs is not empty.
If s is such that Qs has the same dimension as the �bers of� 2, then the codi-

mension of Y r
� in Y r

e1 ;e2
is at least j� j � dim Qs. It follows that codim( Y r

� ) +
codim(Y r

� ) + codim( Y r
� ) � dim(Y r

e1 ;e2
) is greater than or equal to the number

� 0(e1; e2; r; s) := dim OG + d(n + k) � dim(Y r
e1 ;e2

) � 3 dim Qs. A computation shows
that � 0(e1; e2; r; s) is equal to

(r � 3s)( r � 3s + 1) =2 + ( n + k)(d � e2) + ( n � k � 1 + e2 � 2e1 + 3s)(e2 � e1) :

SupposeY r
� \ Y r

� \ Y r
� 6= ; ; then the Kleiman-Bertini theorem implies that

� 0(e1; e2; r; s) � 0. If e2 > e1 then we must have e2 = e1 + 1 = d = m + 1 and
r = s = 0. When e2 � e1 an argument as in the proof of Theorem 1.3 shows that
e1 = e2 = d. But then 2� 0(d; d; r; s) = ( r � 3s)( r � 3s + 1) � 0, which implies
that r = 3s or r = 3s � 1. Combining this with 2s � r , we get (r; s) = (0 ; 0) or
(r; s) = (2 ; 1). So Y� \ Y� \ Y� is �nite and contained in the union of the r = 0 and
r = 2 loci, and Y 0

� \ Y 0
� \ Y 0

� and Y� \ Y� \ Y� \ Z �
d are smooth. The transversality

assertion (a) is, however, stronger. Its proof uses the following result.

Lemma 2.2. Let f : Y ! X be a �nite 
at morphism of schemes of �nite type
over an algebraically closed �eldk. Suppose that for any closed pointsy 2 Y and
x 2 X with f (y) = x there exists a (smooth, connected, quasi-projective) pointed
curve (C; p) and a mapC ! X sendingp to x with the property that the projection
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� : C � X Y ! C admits a sections such that the restriction of � to s(C r f pg) is
unrami�ed. Then f is unrami�ed over a nonempty open subset ofX .

Proof. Denote by d the degree off , and for x 2 X let nf (x) be the number of
geometric points of f � 1(x). By [EGA, IV.15.5.1] the function nf is lower semi-
continuous. The morphism f is unrami�ed over a nonempty open subset ofX if
and only if nf (x) = d for somex 2 X . So, suppose that the largest value ofnf is
smaller than d, and let x 2 X be a closed point at whichnf (x) achieves this value.
Sincenf (x) < d the �ber f � 1(x) contains a non-reduced pointy. Let C ! X , with
� and s, be as in the statement of the lemma. SinceC is smooth and � is 
at,
the irreducible component s(C) of C � X Y must intersect some other irreducible
component. Letting D denote the scheme-theoretic closure ofC � X Y r s(C) in
C � X Y, we have a morphismC q D ! C � X Y of schemes 
at over C, that
is an isomorphism overC r f pg. Denoting by  the morphism D ! C we have
n (p) = n� (p), hence for generalp0 2 C we haven� (p0) = 1+ n (p0) � 1+ n (p) =
1 + n� (p). So there existsx0 2 X with nf (x0) > n f (x), and we have reached a
contradiction. �

We observe that Y( � d � 1 ;1) (E � ) = Y(1 d ) (E � ). One containment is obvious. The
equality now follows from the fact that Y( � d � 1 ;1) (E � ) is a variety of codimension
1 in Yd, while Y(1 d ) (E � ) is a variety but is not the whole of Yd, since for general
(A; B ) we have dim(B \ En + k+ d) = 2 d � 1 with ( ; ) restricted to B \ En + k+ d

nondegenerate, so there can be no isotropic subspace ofB \ En + k+ d of dimension
d. We have containments

Z �
d � Y(1 d ) (E � ) � Yd

and hence an induced morphism of conormal bundles

NY(1 d ) =Yd jZ �
d

! N Z �
d =Yd :

Let us de�ne W (E � ) to be the open subset ofZ �
d consisting of (A; B ) where A \

En + k+ d+1 = 0 and the morphism of conormal bundles is nondegenerate.
Fix � 0 = ( � d� 1; 1), and set p0

j = �pj (� 0) for 1 � j � m. Fix some permutation
in S d satisfying the conditions stated in the proof of Lemma 2.1. Then the proof
explicitly constructs a point ( A; B ) in the r = 2 locus of U� 0 , such that � :=
Span(ep1 ; : : : ; epm ) is contained in B , and A \ En + k+ d+1 = 0. Since � 2 X �

� 0 and
T� 0 ! Y� 0 is �etale over U� 0 , the point ( A; B ) is a nonsingular point of Y� 0 = Y(1 d ) .
Hence we have (A; B ) 2 W (E � ). Given an arbitrary orthogonal basis e0

1, : : :, e0
2n +1

of V , with corresponding isotropic 
ag E 0
� , the same construction yields a point

(29) (A0; B 0) 2 W (E 0
� ):

Now suppose� � � 0, and set pj = �pj (� ) for 1 � j � m. Since `(� ) � d, there
exists an orthogonal basise0

1, : : :, e0
2n +1 consisting of basis vectors ofV , such that

e0
p0

j
= epj ; for 1 � j � d;

e0
n + k+ d+1 = ec; for somec > pd;

e0
n + k+ d+1+ j = epd + j ; for 1 � j � m � d:

Given such a basis, with corresponding isotropic 
agE 0
� = E 0

� (� ), we have

(A0; B 0) 2 Y� (E � );(30)

Y� (E � ) � Y(1 d ) (E
0
� );(31)
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the latter a consequence of the fact thatEpd � E 0
n + k+ d. Notice that Y� (E � )\ W (E 0

� )
is an open subset of ther = 2 locus on Y� (E � ), and is nonempty by (29) and (30).

In the situation where Y 2
� \ Y 2

� \ Y 2
� 6= ; we must have � � � 0 by Lemma 2.1

(b). Letting Z �
� (E � ; E 0

� (� )) = Y� (E � ) \ W (E 0
� (� )), we may assume by Kleiman-

Bertini that Y 2
� \ Y 2

� \ Y 2
� is contained in the intersection of the translates of

Z �
� (E � ; E 0

� (� )), Z �
� (E � ; E 0

� (� )), and Z �
� (E � ; E 0

� (� )); the assertions thus far concerning
Y� \ Y� \ Y� are valid on the translates coming from a nonempty open subset
U � SO2n +1 � SO2n +1 � SO2n +1 . We now verify the condition in Lemma 2.2 for
the map Y ! U where Y is the family of intersections of translates ofY� , Y� , and
Y� . Supposey 2 Y maps to x 2 U, where x and y are closed points. If y is a
reduced point in the �ber over x then we can takeC ! U to be a constant map.
So we supposey to be a non-reduced point in the �ber over x, which implies that y
lies in the r = 2 locus, and we proceed to construct (C; p) and C ! U as required.

Without loss of generality the �rst component of x is the identity element of
SO2n +1 . So we have (A; B ) 2 Z �

� (E � ; E 0
� (� )). Set N = B \ B ? \ E 0

n + k+ d+1 (� ).
Since (A; B ) 2 W (E 0

� (� )) we have dim(N ) = 2. Let M be a vector space of
dimension 4 containingN and contained in A? , such that the restriction of ( ; ) to
M is nondegenerate. ThenC2n +1 is the direct sum of M and M ? .

Every element of GLN extends uniquely to an element of SOM , which we regard
as an element of SO2n +1 by letting it act trivially on M ? . This way we may regard
SLN as a subgroup of SO2n +1 . Now SLN acts onYd �xing ( A; B ). The subvariety Z �

d
of Yd is SLN -invariant. So, SLN acts on the conormal space toZ �

d in Yd at (A; B ).
The component of the �xed point locus for the SLN -action containing (A; B ) is
contained in Z �

d , hence the the conormal space toZ �
d at (A; B ), when decomposed

into irreducible SLN -representations, has no trivial factors. A three-dimensional
representation of SLN without trivial factors is irreducible. From the orbit structure
we know that the conormal vector given by a de�ning equation for Y(1 d ) (E 0

� ) inside
Yd, which is well-de�ned up to scale and nonzero since (A; B ) 2 W (E 0

� (� )), has
SLN -orbit not contained in any proper linear subspace ofNZ �

d =Yd ;(A;B ) .
We make a similar analysis of copies of SL2 sitting inside the second and third

factors of SO2n +1 , as above but with E � and E 0
� (� ) replaced by corresponding

translates of E � and E 0
� (� ) or E 0

� (� ). So we haveu, v, w 2 N Z �
d =Yd ;(A;B ) and a

triple of actions of SL2 on NZ �
d =Yd ;(A;B ) such that images ofu, v, and w under a

generic triple of group elements spanNZ �
d =Yd ;(A;B ) . We have, then, a map

SL2 � SL2 � SL2 ! SO2n +1 � SO2n +1 � SO2n +1

sending the identity element to x and a dense open subset intoU, such that (A; B )
is a point in every �ber of the image and an unrami�ed point in the �ber over
the generic point of the image (the latter assertion follows from (31)and the fact
that the images of u, v, and w generically spanNZ �

d =Yd ;(A;B ) ). Taking C to be a
general curve in SL2 � SL2 � SL2 containing the identity, with p equal to identity,
the condition of Lemma 2.2 is satis�ed. So, part (a) is established.

For d � m, we consider a pair (A; B ) 2 Y r
� \ Y r

� \ Y r
� . When r = 0, G(d; B=A) has

two connected components. Whenr = 2, let N = B \ B ? and call an isotropic �
with A � � � B valid if dim(� \ N ) = 1. The locus of all valid � also splits into two
connected components, depending on the family of the isotropic (d� 1)-dimensional
space (� + N )=N in B=N . We also call any point of G(d; B=A) valid when r = 0.
Let P 2 X � \ G(d; B=A), Q 2 X � \ G(d; B=A), and R 2 X � \ G(d; B=A). It is easy
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to construct examples whereP \ Q 6= A; however a dimension counting argument
as in the proof of Theorem 1.3 shows that 0� dim(P \ Q) � dim(A) � 1.

Consider a morphism f : P1 ! OG of degreed such that f (0) 2 X � , f (1) 2
X � , and f (1 ) 2 X � . Then (Ker( f ); Span(f )) must be a point of an intersection
Y r

� \ Y r
� \ Y r

� in some spaceY r
e1 ;e2

; thus d � m + 1. Moreover, we must have
(e1; e2) = ( d; d) and (r; s) 2 f (0; 0); (2; 1)g, if d � m, or (e1; e2) = ( m; m + 1) and
r = s = 0, if d = m + 1. The next result can be justi�ed by an argument similar to
the proof of [Bu, Lemma 1].

Lemma 2.3. Let f : P1 ! G(c; c+ d) be a morphism of degreed. Assume that
c � d, Ker( f ) = 0 , and Span(f ) = Cc+ d. Then any two distinct c-dimensional
subspaces in the image off are in general position.

When d = m + 1 is odd, then G(d � 1; B=A) has no rational curves of degree
d, and statements (b) and (d) in this case reduce to trivialities. When d � m and
r 6= r (d) (that is, d is odd and r = 0 or d is even andr = 2) then there exists
no triple of distinct valid points of G(d; B=A) in general position. By Lemma 2.3,
now, the assignment in (b) maps anyf to a point (Ker( f ); Span(f )) in Sd(�; �; � ).

Supposed � m. We claim that the set Sd in the statement of (b) is precisely
the set of points (A; B ) in Y� \ Y� \ Y� for which there exists a triple of points
in G(d; B=A) in general position, one in each Schubert varietyX � , X � , X � , and
that the number of such triples is precisely 2M d . This claim follows easily, once
we observe that whenNd(� ) � 1 the 2N d points of X � \ G(d; B=A) are distributed
equally amongst the two components of valid � 2 G(d; B=A). Now, part (b) is
established by invoking Proposition 1.1.

When d = m + 1 is even, then G(d � 1; B=A) �= OG(d;2d) and all triples are in
general position. The number of triples is 2M d by Lemma 2.1 (a). So (b) is true in
this case. Statement (c) in this case follows immediately.

In cased � m, statement (c) follows from (b) by keeping track of the possible
distributions of triples among the two connected components of valid points of
G(d; B=A), and by noting that the degrees in Lemma 2.1 parts (a) and (b) are
equal, and the degrees in Lemma 2.1 parts (c) and (d) are equal. Statement (d)
follows from Lemma 2.1. �

Example 2.2. On OG(4; 11) we haveh� 643; � 6431 ; � 6432 i 4 = 1. For general isotropic

ags F� , G� , the intersection Y6431(F� ) \ Y6432(G� ) has two irreducible components,
one with the (generically) unique lifts to X 6431(F� ) and to X 6432(G� ) in general
position, and one with the lifts both containing F7 \ G5. A general translate ofY643

intersects each of these components in a single point, hence #(Y� \ Y� \ Y� ) = 2
and (sinceN4(643) = 1) we have

Z

Y4

� 643 � � 6431 � � 6432 = 4 :

The set Sd(643; 6431; 6432) is just a single point, and the formula in Theorem 2.3(c)
gives h� 643; � 6431 ; � 6432 i 4 = 4 � (1=2) � 6. (Notice, since`(643) < 4, the intersection
Y� \ Y� \ Y� is contained in the r = 0 locus, and there is no contribution from the
integrals over Z4 and Z 0

4.)
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We have seen that the parameter space of lines on OG is the orthogonal two-step

ag variety Z1 = OF( m � 1; m + 1; 2n + 1). It follows that

(32) h� � ; � � ; � � i 1 =
Z

Z 1

[Z � ] � [Z � ] � [Z � ]

where Z � , Z � , and Z � are the associated Schubert varieties inZ1.
For any Young diagram � , let � denote the diagram obtained by deleting the

leftmost column of � ; hence � i = max f � i � 1; 0g. Given any Schubert variety
X � in OG(m; V ), we will consider an associated Schubert varietyX � in OG(m +
1; V ), with cohomology class � � . The following result characterizes the degree 1
quantum correction terms in the quantum Pieri rule, and is an exact analogue of
what happens for type A Grassmannians. What is di�erent from type A is that
there will also be degree 2 quantum correction terms in the Pieri rule for OG.

Proposition 2.1. For any integer p 2 [1; n + k] and � , � 2 P (k; n) with j� j + j� j +
p = dim OG + n + k, we have

(33) h� � ; � � ; � p i 1 =
Z

OG( n � k+1 ;2n +1)
� � � � � � � p� 1:

Proof. Consider the three-step 
ag variety U = OF( m � 1; m; m + 1; 2n + 1), with
its natural projections � 1 : U ! OG and � 2 : U ! Z1. Note that for every
� 2 P (k; n) and isotropic 
ag F� , we have Z � = � 2(� � 1

1 (X � )). We have the
following commutative diagram

U

� 2

��

' 2 //OF(m; m + 1; 2n + 1)

�

��

' 1 //OG(m; 2n + 1)

Z1
� //OG(m + 1 ; 2n + 1)

where every arrow is a natural smooth projection and� 1 = ' 1 ' 2. Observe that
for each � we have � (' � 1

1 (X � (F� ))) = X � (F� ). We now apply (32) and use the
projection formula repeatedly to obtain

h� � ; � � ; � p i 1 =
Z

Z 1

[Z � ] � [Z � ] � [Z (p) ]

=
Z

Z 1

� 2� � �
1 � � � � 2� � �

1 � � � � � � p� 1

=
Z

U
� �

2 � 2� � �
1 � � � � �

1 � � � ' �
2� � � p� 1

=
Z

OF( m;m +1;2 n +1)
' 2� � �

2 � 2� � �
1 � � � ' �

1� � � � � � p� 1

=
Z

OF( m;m +1;2 n +1)
� � � � ' �

1� � � ' �
1� � � � � � p� 1

=
Z

OG( m +1;2 n +1)
� � ' �

1� � � � � ' �
1� � � � p� 1

=
Z

OG( m +1 ;2n +1)
� � � � � � � p: �
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2.5. Quantum cohomology. The quantum cohomology ring QH� (OG) is de�ned
similarly to that for IG, but the degree of q here isn+ k. The quantum Pieri formula
for non-maximal orthogonal Grassmannians involves both linear and quadratic q
terms. This is surprising since the corresponding Pieri rule for the maximal isotropic
Grassmannian OG(n; 2n + 1) (which is isomorphic to OG( n + 1 ; 2n + 2)) has only
linear q terms. Note that the degree ofq on OG(n; 2n + 1) is 2n, which is twice the
expected value, since its degree on OG(n � k; 2n + 1) equals n + k when k > 0. In
fact, when k > 0, the q2 terms in the quantum Pieri formula for OG( n � k; 2n + 1)
behave like the q terms in the analogous formula for OG(n; 2n + 1), while the q
terms on OG(n � k; 2n + 1) behave (and may be computed) like theq terms in the
quantum Pieri rule for the usual (type A) Grassmannian.

Geometrically, this jump in q-degree is explained by the degree doubling phe-
nomenon on the maximal orthogonal Grassmannian, whereby lines are mapped to
conics in projective space under the Pl•ucker embedding (since the �rst Chern class
of the universal quotient bundle Q is twice a Schubert class). Algebraically, it is sim-
plest to understand the transition between the maximal and non-maximal isotropic
cases by considering the variety OG(n + 1 � k; 2n + 2) for k � 0, as explained in
the Introduction. Formally, the single quantum parameter q on OG(n + 1 ; 2n + 2)
is replaced with two square rootsq1 and q2 on OG(n; 2n + 2), which in turn are
identi�ed on OG( n � 1; 2n +2). Compare Theorems 3.4 and A.1 for further details.

To formulate the quantum Pieri rule for OG, we require some more notation. Let
P0(k; n +1) be the set of � 2 P (k; n +1) for which `(� ) = n +1 � k, 2k � � 1 � n + k,
and the number of boxes in the second column of� is at most � 1 � 2k + 1. For any
� 2 P 0(k; n + 1), we let e� 2 P (k; n) be the partition obtained by removing the �rst
row of � as well asn + k � � 1 boxes from the �rst column. That is,

e� = ( � 2; � 3; : : : ; � r ); where r = � 1 � 2k + 1.

Recall also from Section 1.5 that for any partition � , we set � � = ( � 2; � 3; : : :).

Theorem 2.4 (Quantum Pieri rule for OG) . For any k-strict partition � 2 P (k; n)
and integer p 2 [1; n + k], we have

(34) � p � � � =
X

� ! �

2N 0( �;� ) � � +
X

� ! �

2N 0( �;� ) � e� q +
X

� � ! �

2N 0( � � ;� ) � � � q2

in the quantum cohomology ringQH� (OG(n � k; 2n + 1)) . Here (i) the �rst sum
is classical, as in (14), (ii) the second is over� 2 P 0(k; n + 1) with � ! � and
j� j = j� j+ p, and (iii) the third sum is empty unless� 1 = n+ k, and over � 2 P (k; n)
such that � 1 = n + k, � � ! � , and j� j = j� j � n � k + p.

Our proof of Theorem 2.4 will require several auxiliary results. Let � _ be the
dual partition to � in P(k; n). From the the picture of � _ given in Section 4.4
it is straightforward to prove that `(� _ ) = n � k if and only if � 1 < ` (� ) + 2 k.
Proposition 2.1 shows that for �; � 2 P (k; n), the coe�cient of � � q in the Pieri
product � p � � in QH � (OG(n � k; 2n + 1)) is equal to the coe�cient of � ( � _ )_ in the
product � p� 1 � � in H � (OG(n+1 � k; 2n+1)), when `(� ) = `(� _ ) = n � k, and equals
0, otherwise. By computing the dual partition in P(k � 1; n) to � _ , we deduce the
following result.

Proposition 2.2. Consider � , � 2 P (k; n) with j� j + n + k = j� j + p, for 1 � p �
n + k. If `(� ) = n � k and � 1 < ` (� ) + 2 k then, in QH� (OG) , the coe�cient of
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� � q in � p � � is equal to the coe�cient of � ( ` ( � )+2 k � 1; � ) in � p� 1 � � 2 H� (OG(n + 1 �
k; 2n + 1)) . Otherwise, the coe�cient vanishes.

To characterize the q2 terms that occur in Pieri products we follow the model
of the maximal orthogonal Grassmannian OG(n; 2n + 1), and idea in the proof of
[BKT1, Thm. 6]. We will need the next proposition.

Proposition 2.3. Suppose� 2 P (k; n) with � 1 < n + k. Then, for any p, the
coe�cient of q2 in the quantum Pieri product � p � � vanishes.

Proof. For degree reasons we may assumek � n � 2. Degree 2 mapsf : P1 ! OG
are studied by considering their image conicsC � OG. Let X p(E � ), X � (F� ), and
X � (G� ) be given, for some� 2 P (k; n), and consider the following conditions.

(i) There are only �nitely many conics C in OG incident to X p(E � ), X � (F� ),
and X � (G� );

(ii) No such conic is incident to the intersection of any two of these varieties;
(iii) Each conic C has dim Ker(C) = m � 2 and dim Span(C) = m + 2;
(iv) The induced bilinear form on Span(C)=Ker(C) is always nondegenerate.

We claim that conditions (i){(iv) imply that the set of conics incident to X p(E � ),
X � (F� ), and X � (G� ) is empty. Conditions (i){(iv) hold in particular when j� j +
j� j+ p = dim OG +2( n+ k) and E � , F� , and G� are general (by dimension reasoning,
plus Theorem 2.3).

The �rst step in the proof of the claim is a reduction to the case

p = n + k; � 2 f � 0; � 1g; � = ( n + k; : : : ; 2k + 1) ;

where � 0 = ( n + k � 1; : : : ; 2k) and � 1 = ( n + k � 1; : : : ; 2k + 1). Assume (i){(iv)
and let C denote a conic in OG satisfying the incidence conditions. Recall that
X p(E � ) = f � j � \ E" (p) 6= 0 g. If � 2 X p(E � ) \ C and 0 6= x 2 � \ E" (p) , then
f � j x 2 � g is a translate of X n + k contained in X p(E � ). Let � 2 X � (F� ) \ C. If
`(� ) = m, we de�ne eFm +1 = (� ? \ Fi )+� with i chosen so this space has dimension
m + 1, and then X � 0 ( eF� ) � X � (F� ). If `(� ) < m , then put R = � \ Fj with j
chosen so that dimR = m � 1, and de�ne eFm = ( R? \ Fi ) + R for i such that this
has dimensionm. Then X � 1 ( eF� ) � X � (F� ). Set A = Ker( C) and B = Span(C).

Case 1. Suppose� = � 0. The three Schubert varieties are the point Gm , the
locus of � containing x, and the locus of � � Fm +1 . The spaceB contains x, Gm ,
and an m-dimensional subspace ofFm +1 containing A. By conditions (ii) and (iii),
the space (Gm + hxi ) \ Fm +1 must contain some vectort not in A, and applying
condition (iv) also, we see that for generaly 2 Fm +1 , the spaceB 0 := Gm + hx; yi
has dimensionn � k+2 with the symmetric form nondegenerate onB 0=A. Let C0 be
the component containing Gm of the space of maximal isotropic spaces containing
A and contained in B 0. Set � 0 = A + ht; y i ; then � 0 � Fm +1 and � 0 2 C0, so C0

is a conic incident to the three Schubert varieties. There are in�nitely many such
conicsC0, so we have a contradiction to (i).

Case 2. Suppose� = � 1. The three Schubert varieties are the point Gm , the
locus of � containing x, and the locus of � with dim(� \ Fm ) � m � 1. Let � 1 be
a point of C in the last of these varieties. We may suppose �1 6= Fm , for otherwise
we can reduce to Case 1. SoM := � 1 \ Fm has dimensionm � 1. If A � Fm

then there exists isotropic � 0 of dimension m containing A + hxi and contained
in (x? \ Fm ) + hxi , and we quickly get a contradiction to (ii). So A 6� Fm , and
hence dim(A \ M ) = m � 3. If, now, Fm � B , i.e., dim(Fm \ Gm ) = m � 2, then
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the component containing Gm of the space of maximal isotropic spaces containing
Fm \ Gm and contained in B is a conic, and as before we reduce to Case 1. So
A0 := Fm \ Gm has dimension m � 3. With B0 := Fm + Gm there are two
possibilities for the bilinear form on B0=A0: it could be nondegenerate or it could
have 2-dimensional kernel. In the former case, the in�nite family of spacesA0 of
dimension m � 2 with A0 � A0 � Gm \ x? gives rise to an in�nite family of conics
C0 with Ker( C0) = A0 and Span(C0) = ( A0)? \ B0, contradicting (i). In the latter
case there is a family of conics with kernelA and varying span contradicting (i). �

Proof of Theorem 2.4. Theorem 2.3 (d) implies that the quantum Pieri product
� p � � contains at most quadratic q terms. We begin by studying the q-linear terms
in this product. For dimension reasons, the right hand side of (33) vanishes when
either � or � has length less thann � k.

The classical Pieri rule for OG (Theorem 2.1) implies that for � , � 2 P (k; n)
with `(� ) = n � k and � 1 < ` (� ) +2 k, we have� ! (`(� ) +2 k � 1; � ) in P(k � 1; n)
if and only if � ! (`(� )+2 k; �; 1n � k � ` ( � ) ) in P(k; n +1), with the same coe�cients
N 0. It follows by Proposition 2.2 that for � , � 2 P (k; n), the coe�cient of � � q in the
quantum product � p � � in QH � (OG) is equal to the coe�cient of � ( ` ( � )+2 k;�; 1n � k � ` ( � ) )

in the cup product � p � � in H � (OG(n + 1 � k; 2n + 3)) when `(� ) = n � k and
� 1 < ` (� )+2 k, and is 0 otherwise. Observe that the condition`(� ) = n � k may be
omitted, since when`(� ) < n � k, the product � p � � in H � (OG(n + 1 � k; 2n + 3))
involves no terms indexed by partitions of length n + 1 � k. Notice that � 7! e�
induces a 1-1 mapP0(k; n+1) ! P (k; n) with image f � 2 P (k; n) : � 1 < ` (� )+2 kg,
and the inverse of this map is given by� 7! (`(� ) + 2 k; �; 1n � k � ` ( � ) ). Combining
these facts, we see that the coe�cient of � e� q on the right hand side of (34) is
equal to the coe�cient of � � in the product � p � � in H � (OG(n + 1 � k; 2n + 3)), for
� 2 P 0(k; n + 1), and these are all the linear q terms.

We next show that the basic relation � 2
n + k = q holds in QH� (OG). Note that

� 2
n + k vanishes in cohomology, and the coe�cient of q vanishes by Proposition 2.2.

So � 2
n + k = c q2 for some c 2 Z. That c = 1 can be shown geometrically by

exhibiting a unique conic on OG passing through a point and two general translates
of X n + k . An alternative argument uses associativity of the quantum product. We
have � n + k � (1 n � k ) = � (1 n � k ) q by Proposition 2.2. Hence� 2

n + k � (1 n � k ) = � (1 n � k ) q2,
and c = 1.

According to Proposition 2.2 the term � � q appears in a Pieri product only when
� 1 < ` (� )+2 k, and in particular, � 1 < n + k. Proposition 2.3 asserts that whenever
� 1 < n + k, the product � p � � carries only such degree one quantum correction terms
� � q. One now completes the proof of the Theorem as follows. It su�ces to consider
products � p � � when � 1 = n + k. In this case we have an equation� � = � n + k � � � in
QH� (OG). If p = n + k, then � n + k � � = � 2

n + k � � � = � � � q2, and the quantum Pieri
formula is veri�ed. If p < n + k, then we write � p � � = � n + k (� p � � � ). By Proposition
2.3, the product in parentheses receives only linear quantum correction terms, and
hence is known by Proposition 2.2. As the quantum Pieri rule for multiplication by
� n + k has already been proved, it remains only to show that the result agrees with
the formula in the theorem, and this is easily checked. �



QUANTUM PIERI RULES FOR ISOTROPIC GRASSMANNIANS 31

Example 2.3. In the quantum cohomology ring of OG(4; 13) we have

� 4 � � (5 ;3;2;2) = 2 � (8 ;4;2;2) + � (7 ;5;2;2) + 2 � (7 ;4;3;2) + � (6 ;5;3;2) + � (8 ;4;3;1)

+2 � (4 ;2;2) q + � (4 ;3;1) q + 2 � (3 ;2;2;1) q + 2 � (4 ;2;1;1) q:

On the same Grassmannian we also have

� 5 � � (8 ;4;1;1) = � (8 ;6;4;1) + 2 � (8 ;7;3;1) + � (8 ;7;4) + � (7 ;2;1;1) q + 2 � (6 ;3;1;1) q

+ � (5 ;4;1;1) q + � (1 ;1;1) q2 + 2 � (2 ;1) q2 + 4 � (3) q2:

Theorem 2.5 (Ring presentation). The quantum cohomology ringQH� (OG) is
presented as a quotient of the polynomial ringZ[� 1; : : : ; � n + k ; q] modulo the relations

det(� 1+ j � i � 1+ j � i )1� i;j � r = 0 ; n � k + 1 � r � n;(35)
rX

p= k+1

(� 1)p � p det(� 1+ j � i � 1+ j � i )1� i;j � r � p = 0 ; n + 1 � r < n + k;(36)

n + kX

p= k+1

(� 1)p� p det(� 1+ j � i � 1+ j � i )1� i;j � n + k � p = q(37)

and

(38) � 2
r +

rX

i =1

(� 1)i � r � i � r + i � r � i = 0 ; k + 1 � r � n:

Proof. Set hr = det( � 1+ j � i � 1+ j � i )1� i;j � r . We have that hr = � (1 r ) for r � n � k,
while hr = 0 for n � k + 1 � r < n + k, because these relations hold classically and
the degree ofq is n + k. This proves (35) and (36). The quantum Pieri rule implies
that for p > k , � phn + k � p = 0 unless p = 2k, when � 2k hn � k = q. We deduce that
(37) also holds in QH� (OG).

We are left with proving that there are no quantum correction terms in relation
(38); the result then follows from [ST]. When n � k > 1, this is immediate since
the quantum Pieri rule does not give rise to any quantum correction terms. In the
case of the quadric OG(1; 2n + 1) the quantum Pieri rule gives

� 2
n � � n +1 � n � 1 + � � � + ( � 1)n � 1� 2n � 1� 1 = c � 1 q

with the coe�cient c = 1 � 2 + 2 � � � � � 2 � 1 = 0. �

3. The Grassmannian OG(n + 1 � k; 2n + 2)

3.1. Schubert classes. In this section, we consider the even orthogonal Grass-
mannian OG0 = OG( m; 2n + 2), which parametrizes the m-dimensional isotropic
subspaces in a vector spaceV �= C2n +2 with a nondegenerate symmetric bilinear
form. The variety OG 0 has dimension 2m(n + 1 � m) + m(m � 1)=2.

Two subspacesE and F of V are said to be in the same family if dim( E \
F ) � (n + 1)(mod 2). Fix once and for all an isotropic subspaceL of V with
dim(L) = n + 1. An isotropic 
ag is a complete 
ag F� of subspaces ofV such that
Fn +1+ i = F ?

n +1 � i for all 0 � i � n, and Fn +1 and L are in the same family. As
the orthogonal spaceF ?

n =Fn contains only two isotropic lines, to each such 
agF�

there corresponds an alternate isotropic 
ag eF� such that eFi = Fi for all i � n but
with eFn +1 in the opposite family from Fn +1 .
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Set k = n + 1 � m > 0. The Schubert varieties in OG0 are indexed by a set
eP(k; n) which di�ers from that used in previous sections. To any k-strict partition
� we associate a number inf 0; 1; 2g called the type of � , denoted type(� ). If �
has no part equal to k, then we set type(� ) = 0; otherwise we have type(� ) = 1 or
type(� ) = 2 (thus `type' is a multi-valued function). The elements of eP(k; n) are the
k-strict partitions contained in an m � (n + k) rectangle of all three possible types.
For every � 2 eP(k; n), we de�ne an index set P0 = f p0

1 < � � � < p 0
m g � [1; 2n + 2]

with

p0
j (� ) = n + k � � j + # f i < j j � i + � j � 2k � 1 + j � i g

+

(
1 if � j > k , or � j = k < � j � 1 and n + j + type( � ) is even;
2 otherwise:

Given any isotropic 
ag F� , each� 2 eP(k; n) indexes a codimensionj� j Schubert
variety X � (F� ) in OG 0, de�ned as the locus of � 2 OG0 such that

dim(� \ Fp0
j
) � j; if p0

j 6= n + 2, and dim(� \ eFn +1 ) � j; if p0
j = n + 2,

for all j with 1 � j � `(� ). For each � 2 eP(k; n), we let � � denote the cohomology
class in H2j � j (OG0; Z) dual to the cycle determined by the Schubert variety indexed
by � . Each such Schubert class has a type which is the same as the type of� ;
this serves to distinguish two separate classes for each partition� with some part
� i = k.

3.2. Classical Pieri rule. The specialSchubert varieties for OG(n +1 � k; 2n +2)
are the varieties X 1; : : : ; X k � 1; X k ; X 0

k ; X k+1 ; : : : ; X n + k . These are de�ned by a
single Schubert condition as follows. Forp 6= k, we have

X p(F� ) = f � 2 OG0 j � \ F" (p) 6= 0 g

where "(p) is given by (13). If n is even, then

X k (F� ) = f � 2 OG0 j � \ Fn +1 6= 0 g

and
X 0

k (F� ) = f � 2 OG0 j � \ eFn +1 6= 0 g;

while the roles of Fn +1 and eFn +1 are switched if n is odd. We let � p denote the
cohomology class ofX p(F� ) for 1 � p � n + k and � 0

k denote the cohomology class
of X 0

k (F� ); note that type( � k ) = 1 and type( � 0
k ) = 2.

The Pieri rule for OG0 requires a slightly di�erent shifting convention than that
used for IG and OG. Given ak-strict partition � , we say that the box in row r and
column c of � is k0-related to the box in row r 0 and column c0 if jc� (2k +1) =2j + r =
jc0 � (2k + 1) =2j + r 0. Using this convention, the relation � ! � is de�ned as in
De�nition 1.3, with the added condition that type( � ) + type( � ) 6= 3. Moreover,
the multiplicity N 0(�; � ) is equal to the number (respectively, one less than the
number) of components ofA, if p � k (respectively, if p > k ).

Let g(�; � ) be the number of columns of� among the �rst k which do not have
more boxes than the corresponding column of� , and

h(�; � ) = g(�; � ) + max(type( � ); type(� )) :

If p 6= k, then set � �� = 1. If p = k and N 0(�; � ) > 0, then set

� �� = � 0
�� = 1=2;
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while if N 0(�; � ) = 0, de�ne

� �� =

(
1 if h(�; � ) is odd;
0 otherwise

and � 0
�� =

(
1 if h(�; � ) is even;
0 otherwise.

Theorem 3.1 (Pieri rule for OG( m; 2n + 2)) . For any element � 2 eP(k; n) and
integer p 2 [1; n + k], we have

(39) � p � � � =
X

�

� �� 2N 0( �;� ) � � ;

where the sum is over all� 2 eP(k; n) with � ! � and j� j = j� j + p. Furthermore,
the product � 0

k � � � is obtained by replacing� �� with � 0
�� throughout.

This theorem will be proved in Section 5.

Example 3.1. For the Grassmannian OG(5; 14) we havek = 2 and n = 6. For
the partition � = (8 ; 7; 2; 1; 1) with type( � ) = 1, we get the following partitions
� 2 eP(2; 6), all of type 0 or 1, such that � ! � and j� j = j� j + 2:

A A

We obtain � 2 � � � = � (8 ;7;4;1;1) + � (8 ;7;3;2;1) + � (8 ;7;6) and � 0
2 � � � = � (8 ;7;4;1;1) + � (8 ;7;3;2;1) .

Notice that the product ( � 2 + � 0
2) � � � is obtained from (39) by ignoring � �� .

3.3. Presentation of H� (OG0; Z). If S (respectively Q) denotes the tautological
subbundle (respectively, quotient bundle) over OG0, then one has that

(40) cp(Q) =

8
><

>:

� p if p < k;
� k + � 0

k if p = k;
2� p if p > k:

For each r > 0, let � r denote the r � r Schur determinant

� r = det( c1+ j � i )1� i;j � r ;

where each variablecp represents the Chern classcp(Q). For each � 2 eP(k; n) we
de�ne a monomial � � in the special Schubert classes as follows. If� is not of type
2, then set � � =

Q
i � � i . If type( � ) = 2 then � � is de�ned by the same product

formula, but replacing each occurrence of� k with � 0
k .

Theorem 3.2. a) De�ne polynomials cp using the equations (40). Then the coho-
mology ring H� (OG(n+1 � k; 2n+2) ; Z) is presented as a quotient of the polynomial
ring Z[� 1; : : : ; � k ; � 0

k ; � k+1 ; : : : ; � n + k ] modulo the relations

� r = 0 ; n � k + 1 < r � n;(41)

� k � n +1 � k = � 0
k � n +1 � k =

n +1X

p= k+1

(� 1)p+ k+1 � p� n +1 � p;(42)

rX

p= k+1

(� 1)p� p� r � p = 0 ; n + 1 < r � n + k;(43)
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and

� 2
r +

rX

i =1

(� 1)i � r + i cr � i = 0 ; k + 1 � r � n;(44)

� k � 0
k +

kX

i =1

(� 1)i � k+ i � k � i = 0 :(45)

b) The monomials � � with � 2 eP(k; n) form a Z-basis for H� (OG0; Z).

Proof. We prove only part (a), as the proof of (b) is similar to that of Theorem
1.2. We �rst note that H � (OG0) is a free abelian group of rank 2n +1 � k

� n +1
k

�
,

and argue using the Pieri rule for OG0 that the special Schubert classes generate
the cohomology ring of OG0 over Z. The Whitney sum formula and the Pieri
rule may be used to show that the displayed relations hold in H� (OG0), as in the
proof of Theorem 2.2. The �rst equality in (42) also follows from the relation
(� k � � 0

k )cn +1 � k (S) = 0; a proof of this is given in [T, Sec. 6.1].
We proceed to apply Lemma 1.1 once again. To prove that the displayed relations

form a regular sequence inA = K [� 1; : : : ; � k ; � 0
k ; : : : ; � n + k ] for any �eld K , we may

assume thatK is algebraically closed. We claim that the a�ne variety determined
by all the relations is a single point (the origin). This su�ces, since Hilb ert's
Nullstellensatz then asserts that the idealI of relations is contained in some power
of the maximal ideal at the origin, and thus A=I is a �nite dimensional K -vector
space. To prove the claim, we again separate cases according the the characteristic
of K . In addition, one of the relations is (� k � � 0

k )� n +1 � k = 0, which implies � k = � 0
k

or � n +1 � k = 0.
If char(K ) 6= 2 and � k = � 0

k , then the relations (41){(45) and the power series
argument in the proofs of Theorems 1.2 and 2.2 show that �n � k+2 = � � � = � 2n +1 =
0. Lemma 1.2 then implies that all the � i must vanish. If char(K ) 6= 2 and
� n +1 � k = 0, then the relations (41){(43), (44) and the same argument may be
used to show that

� 1 = � � � = � k � 1 = � k + � 0
k = � k+1 = � � � = � n + k = 0 :

It follows that � k = � � 0
k , and now (45) gives� k = � 0

k = 0.
If char(K ) = 2 and � k = � 0

k , then the Schur determinants involving � 1; : : : ; � k � 1

in degreesn � k + 2 ; : : : ; n all vanish, so by Lemma 1.2 we get� 1 = � � � = � k � 1 = 0.
Now (42) implies that � n +1 = 0, and then relations (43) give � n +2 = � � � = � n + k = 0.
The remaining relations now show that all the � i vanish. Finally, if char( K ) = 2 and
� n +1 � k = 0, then we have determinantal relations involving � 1; : : : ; � k � 1; � k + � 0

k in
degreesn � k +1 ; : : : ; n. Therefore all these elements are zero, in particular� k = � 0

k ,
and we are reduced to the previous case. �

3.4. Gromov-Witten invariants. The theory here is quite similar to the case of
the odd orthogonal Grassmannian of Section 2.4. However since the Picard group
of the Grassmannian OG(n; 2n+2) has rank two, we will assume that m < n in this
and the following section, and discuss the quantum cohomology of OG(n; 2n +2) in
the Appendix. When m < n (or k > 1), the Gromov-Witten invariants h� � ; � � ; � � i d

are de�ned as in Section 2.4, for elements� , � , and � of eP(k; n) such that j� j +
j� j + j� j = dim(OG 0) + d(n + k).
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For any integer d � m and Schubert variety X � in OG0, the varieties Yd, Y 0
d ,

Zd, Z 0
d and the associated subvarietiesY� , Y 0

� , Z � , Z 0
� , classes� � , � 0

� , � � , � 0
� , and

quantity r are de�ned exactly as in Section 2.4, together with the projection maps
' : Y 0

d ! Yd and  : Z 0
d ! Zd. When d = m + 1, we have Ym +1 = G(2 m + 1 ; V )

with subvarieties Y� � Ym +1 as before. For� 2 eP(k; n) we de�ne N 0
d = N 0

d(� ) =
# f j � m j � j = d � j < k g, and we de�ne the quantity M 0

d as in (27) but with N 0
d

in place of Nd. The subsetSd(�; �; � ) of the r = r (d) locus of Y� \ Y� \ Y� is also
de�ned as before.

Lemma 3.1. (a) The restricted projection � : T� (E � ) ! Y� (E � ) is generically
2N 0

d -to-1 when � d� 1 � � and has �bers of positive dimension when� d� 1 6� � .
When d � m, we furthermore have:
(b) The restriction of � over ther = 2 locus ofY� (E � ) is generically unrami�ed 2N 0

d -
to-1 when (� d� 1; 1) � � and has �bers of positive dimension when(� d� 1; 1) 6� � .
(c) The map � 0: T0

� (E � ) ! Y 0
� (E � ) is generically 1-to-1 when � d� 1 � � .

(d) The restriction of � 0 to the r = 2 locus is generically1-to-1 when(� d� 1; 1) � � .

Proof. The proof of Lemma 2.1 can be copied, with the following modi�cations.
We take pj = p0

j (� ), pm +1 = 2n + 3, # j = f i < j j pi + pj > 2n + 3g, and

sj =
�

max(d � j � k; 0); when � j = k < � j � 1;
max(m + d + pj � 2n � 2 � j; 0); otherwise:

Then � d� 1 � � implies sj = # j + 1 when � j = d � j < k and sj � # j otherwise.
Throughout, � j = d � j � k should be replaced by� j = d � j < k , Nd by N 0

d, 2n
by 2n + 1, and A j , B j , � j de�ned by intersecting with eEn +1 when pj = n + 2.

In the argument with � d� 1 6� � , an additional case� j = k < min( � j � 1; d � j )
must be considered. In this case we havesj > 0, so dim(B j ) � j + 1. Hence
dim(B \ En ) � j , so there exists aj -dimensional isotropic extension � 0

j of � j � 1

contained in B \ En . �

Theorem 3.3. Let d � 0 and choose�; �; � 2 eP(k; n) such that j� j + j� j + j� j =
dim(OG 0) + d(n + k). Let X � , X � , and X � be Schubert varieties ofOG(m; 2n + 2)
in general position, with associated subvarieties and classes in Yd, Y 0

d , Zd, and Z 0
d.

(a) The subvarietiesY� , Y� , and Y� intersect transversally in Yd, and their inter-
section is �nite. For each point in (A; B ) 2 Y� \ Y� \ Y� we haveA = B \ B ? or
dim(B \ B ? ) = dim A + 2 .

(b) The assignment f 7! (Ker( f ); Span(f )) gives a 2M 0
d -to-1 association between

rational maps f : P1 ! OG0 of degreed such that f (0) 2 X � , f (1) 2 X � , f (1 ) 2
X � and the subsetSd of Y� \ Y� \ Y� .
(c) When d � m is even, the Gromov-Witten invariant h� � ; � � ; � � i d is equal to

Z

Yd

� � � � � � � � �
1
2

Z

Y 0
d

(' � � � � � 0
� � � 0

� + � 0
� � ' � � � � � 0

� + � 0
� � � 0

� � ' � � � )

�
Z

Z d

� � � � � � � � +
1
2

Z

Z 0
d

( � � � � � 0
� � � 0

� + � 0
� �  � � � � � 0

� + � 0
� � � 0

� �  � � � ):

When d � m is odd, the Gromov-Witten invariant h� � ; � � ; � � i d is equal to
Z

Z d

� � � � � � � � �
1
2

Z

Z 0
d

( � � � � � 0
� � � 0

� + � 0
� �  � � � � � 0

� + � 0
� � � 0

� �  � � � ):
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When d = m + 1 is even, we have

h� � ; � � ; � � i d =
Z

G(2 m +1 ;2n +2)
� � � � � � � � :

(d) We have h� � ; � � ; � � i d = 0 if � does not contain � d� 1 when d is even, or does
not contain (� d� 1; 1) when d is odd.

Proof. The argument is very similar to that in Theorem 2.3. Given integers 0 �
e1 � m, 0 � e2 � d � m + 1, and r � 0 we let Y r

e1 ;e2
be the variety (or in some

cases, disjoint union of two varieties) of pairs (A; B ) such that A � B � A? � V ,
dim(A) = m � e1, dim(B ) = m + e2, and dim(B \ B ? ) = m � e1 + r . These varieties
have a transitive action of SO2n +2 . Let

Y r
� = f (A; B ) 2 Y r

e1 ;e2
j 9 � 2 X � : A � � � B g:

We will show as before that Y r
� \ Y r

� \ Y r
� is empty unless (i) e1 = e2 = d and

r 2 f 0; 2g, or (ii) e1 = m, e2 = d = m + 1, and r = 0.
Following the proof of Theorem 1.3 we compute that the dimension of (any

component of) Y r
e1 ;e2

is equal to

1
2

(n2 + 2nk � 3k2 + n + 3k + 2ne1 � 2ke1 � e2
1 + 4e2k � 2e2

2 + 3e1 � r � r 2) :

The varieties Qs de�ned by equation (28) have the same dimension as in the proof of
Theorem 2.3. We deduce that codim(Y r

� ) + codim( Y r
� ) + codim( Y r

� ) � dim(Y r
e1 ;e2

)
is greater than or equal to the number � 00(e1; e2; r; s) := dim OG 0+ d(n + k) �
dim(Y r

e1 ;e2
) � 3 dim Qs, which is equal to

(r � 3s)( r � 3s + 1) =2 + ( n + k)(d � e2) + ( n � k + e2 � 2e1 + 3s)(e2 � e1) :

The remainder of the argument is exactly the same as in the case of OG. The
analysis ofY� 0 can be carried out with � 0 = ( � d� 1; 1) of arbitrary type (the analysis
yields Y� 0 = Y(1 d ) , so the type is irrelevant). �

For � 2 eP(k; n), let � denote the diagram obtained by deleting the leftmost
column of � , with the convention that type( � ) = type( � ).

Proposition 3.1. For p 2 [1; n + k] and � , � 2 eP(k; n) with j� j + j� j + p =
dim OG0+ n + k, we have

(46) h� � ; � � ; � p i 1 =
Z

OG( n +2 � k; 2n +2)
� � � � � � � p� 1:

Moreover, whenp = k, we have

(47) h� � ; � � ; � 0
k i 1 =

Z

OG( n +2 � k; 2n +2)
� � � � � � � 0

k � 1:

Proof. The argument is the same as the one in the proof of Proposition 2.1. �
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3.5. Quantum cohomology. As in Section 2.5, the degree of the variableq in
QH� (OG0) is n+ k, and the quantum Pieri rule will involve both q and q2 terms. Let
eP0(k; n+1) be the set of � 2 eP(k; n+1) such that `(� ) = n+2 � k, 2k� 1 � � 1 � n+ k,
and the number of boxes in the second column of� is at most � 1 � 2k + 2. For
any � 2 eP0(k; n + 1), we let e� 2 eP(k; n) be the element of eP0(k; n) obtained by
removing the �rst row of � as well asn + k + 1 � � 1 boxes from the �rst column.
That is,

e� = ( � 2; � 3; : : : ; � r ); where r = � 1 � 2k + 1.

Moreover, we have type(e� ) = type( � ), if type( � ) = 0, and otherwise type(e� ) =
3 � type(� ). Finally, for any � 2 eP(k; n), we de�ne � � with type( � � ) = type( � ) by
� � = ( � 2; � 3; : : :).

Theorem 3.4 (Quantum Pieri rule for OG 0). For any k-strict partition � 2 eP(k; n)
and integer p 2 [1; n + k], we have

� p � � � =
X

� ! �

� �� 2N 0( �;� ) � � +
X

� ! �

� �� 2N 0( �;� ) � e� q +
X

� � ! �

� � � � 2N 0( � � ;� ) � � � q2

in the quantum cohomology ringQH� (OG(n + 1 � k; 2n + 2)) . Here (i) the �rst
sum is classical, as in (39),(ii) the second sum is over� 2 eP0(k; n + 1) with � ! �
and j� j = j� j + p, and (iii) the third sum is empty unless� 1 = n + k, and over
� 2 eP(k; n) such that � 1 = n + k, � � ! � , and j� j = j� j � n � k + p. Furthermore,
the product � 0

k � � � is obtained by replacing� with � 0 throughout.

Proof. The argument is similar to the proof of Theorem 2.4. Theorem 3.3(d) im-
plies that the quantum Pieri products � p � � and � 0

k � � contain at most quadratic q
terms. A dimension count shows that the right hand side of equations (46) and
(47) vanishes when either� or � has length less thann + 1 � k.

If � _ is the dual partition to � in eP(k; n) (see Sections 4.3 and 4.4), theǹ(� _ ) =
n + 1 � k if and only if � 1 < ` (� ) + 2 k � 1. Furthermore, if k > 1 and � 2 eP(k; n)
satis�es � 1 < ` (� ) + 2 k � 1, then (� _ )_ = ( `(� ) + 2 k � 2; � )y, where the dagger
y means that type((`(� ) + 2 k � 2; � )y) = type( � ), if type( � ) = 0, and otherwise
type(( `(� ) + 2 k � 2; � )y) = 3 � type(� ). We deduce the following result.

Proposition 3.2. Consider � , � 2 eP(k; n) with j� j + n + k = j� j + p, for 1 �
p � n + k. If `(� ) = n + 1 � k and � 1 < ` (� ) + 2 k � 1 then, in QH� (OG0), the
coe�cient of � � q in � p � � is equal to the coe�cient of � ( ` ( � )+2 k � 2; � ) y in � p� 1 � � 2
H� (OG(n + 2 � k; 2n + 2)) . Otherwise, the coe�cient vanishes.

Theorem 3.1 implies that for � , � 2 eP(k; n) with `(� ) = n + 1 � k and � 1 <
`(� ) + 2 k � 1, we have� ! (`(� ) + 2 k � 2; � )y in eP(k � 1; n) if and only if � !
(`(� ) + 2 k � 1; �; 1n +1 � k � ` ( � ) )y in eP(k; n + 1), with the same coe�cients ( � and N 0

numbers). It follows that for � , � 2 eP(k; n), the coe�cient of � � q in the quantum
product � p � � in QH � (OG0) is equal to the coe�cient of � ( ` ( � )+2 k � 1;�; 1n +1 � k � ` ( � ) ) y

in the cup product � p � � in H � (OG(n + 2 � k; 2n + 4)) when � 1 < ` (� ) + 2 k � 1
(and `(� ) = n + 1 � k), and is 0 otherwise. In addition, � 7! e� induces a 1-1 map
eP0(k; n + 1) ! eP(k; n) with image f � 2 eP(k; n) : � 1 < ` (� ) + 2 k � 1g, and the
inverse of this map is given by� 7! (`(� ) + 2 k � 1; �; 1n +1 � k � ` ( � ) )y. We deduce
that the coe�cient of � e� q in Theorem 3.4 is equal to the coe�cient of � � in the
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product � p � � in H � (OG(n + 2 � k; 2n + 4)), for � 2 eP0(k; n + 1), and these are all
the linear q terms. The linear q terms in � 0

k � � are handled similarly.
The rest of the argument is the same as in the proof of Theorem 2.4, using the

basic relation � 2
n + k = q2 in QH � (OG0). �

Example 3.2. In the quantum cohomology ring of OG(5; 14) we have� 2�� (8 ;7;2;1;1) =
� (8 ;7;4;1;1) + � (8 ;7;3;2;1) + � (8 ;7;6) + � 0

(7 ;2;2;1;1) q+ � (2 ;1;1;1) q2 + � (2 ;2;1) q2 + � (3 ;1;1) q2 and
� 0

2 �� (8 ;7;2;1;1) = � (8 ;7;4;1;1) + � (8 ;7;3;2;1) + � (7 ;3;1;1;1) q+ � (2 ;1;1;1) q2+ � (2 ;2;1) q2+ � (3 ;1;1) q2.
The Schubert class� 0

(7 ;2;2;1;1) has type 2 while all remaining classes in these expan-
sions have types 0 or 1.

Theorem 3.5 (Ring presentation). The quantum cohomology ringQH� (OG0) is
presented as a quotient of the polynomial ringZ[� 1; : : : ; � k ; � 0

k ; � k+1 ; : : : ; � n + k ; q]
modulo the relations

� r = 0 ; n � k + 1 < r � n;(48)

� k � n +1 � k = � 0
k � n +1 � k =

n +1X

p= k+1

(� 1)p+ k+1 � p� n +1 � p;(49)

rX

p= k+1

(� 1)p� p� r � p = 0 ; n + 1 < r < n + k;(50)

n + kX

p= k+1

(� 1)p � p� n + k � p = � q;(51)

and

� 2
r +

rX

i =1

(� 1)i � r + i cr � i = 0 ; k + 1 � r � n;(52)

� k � 0
k +

kX

i =1

(� 1)i � k+ i � k � i = 0 ;(53)

where the variablescp are de�ned by (40).

Proof. We proceed as in the proof of Theorem 2.5. The relations (48){(50) are
true because they hold classically and the degree ofq is n + k. The quantum Pieri
rule implies that only the p = 2k � 1 summand in (51) gives a non-zero quantum
correction, equal to � q. The remaining relations are easily checked to hold in
QH� (OG0) when k < n , but the casek = n yields the quadric OG(1; 2n + 2), which
must be checked separately. In this case the degree ofq is 2n, and we must verify
(53) using the quantum Pieri rule. The coe�cient of q in � n � 0

n is 1 whenn is even,
and 0 whenn is odd, while the i th term in the sum, for 1 � i � n � 1, contributes
(� 1)i q. So, (53) holds in QH� (OG(1; 2n + 2)). �

Remark. The method of computing Gromov-Witten invariants explained in Sec-
tion 1.6 carries over to types B and D, using polynomial expressions in the special
Schubert classes of the orthogonal Grassmannians.
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4. Schubert varieties in isotropic Grassmannians

We begin this section by giving a uniform description of the Schubert varieties
in isotropic GrassmanniansX , parametrizing them using index sets. These sets
record the attitude of a subspace inX with respect to a �xed isotropic 
ag, and
are important ingredients in our proof of the classical Pieri formula for X .

Let V �= CN be a complex vector space equipped with a non-degenerate skew-
symmetric or symmetric bilinear form ( ; ). Given a non-negative integerm � N=2,
we let X denote the Grassmannian ofm-dimensional isotropic subspaces ofV ,

X = f � � V j dim(�) = m and ( ; )j � � 0g:

This variety has a transitive action of the group G = Sp(V ) or G = SO(V) of
linear automorphisms preserving the form onV . There is a single exception: when
m = N=2 and the form is symmetric, then the space of isotropic subspaces has two
isomorphic connected components, each a single SO(V ) orbit.

Let F� be an isotropic 
ag of V . The Schubert varieties in X relative to the 
ag
F� are the orbit closures for the action of the stabilizerB � G of F� . We proceed
to give an elementary description of these varieties.

For any subsetH � V we let hH i � V denote the linear span ofH . We will say
that a basis f e1; : : : ; eN g of V is a standard basiswith respect to the isotropic 
ag
F� , if ( ei ; ej ) = 0 for i + j 6= N + 1, ( ei ; eN +1 � i ) = 1, for 1 � i � b (N + 1) =2c, and
Fp = he1; : : : ; ep i for each p.

Lemma 4.1. Given any isotropic subspace� � V and an isotropic 
ag F� � V ,
there exists a standard basisf e1; : : : ; eN g of V with respect to F� such that � =
hfe1; : : : ; eN g \ � i .

Proof. Choose a vector 06= e1 2 F1. We choose a second vectoreN 2 V r FN � 1

such that (e1; eN ) = 1 as follows. If e1 2 � then choose eN 2 V r FN � 1. If e1 62�
and � � FN � 1 then chooseeN 2 � ? r FN � 1. Finally, if e1 62� and � 6� FN � 1

then chooseeN 2 � r FN � 1.
Set V 0 = he1; eN i ? , � 0 = � \ V 0, and F 0

i = Fi +1 \ V 0. By induction we can
�nd a basis f e0

1; : : : ; e0
N � 2g for V 0 satisfying the requirement of the lemma with

respect to � 0 and F 0
� . We obtain the required basis forV by setting ei = e0

i � 1 for
1 < i < N . �

For any point � 2 X we de�ne a subsetP(�) � [1; N ] of cardinality m by

P(�) = f p 2 [1; N ] j � \ Fp ) � \ Fp� 1g:

Notice that P(� 0) = P(�) for any point � 0 in the orbit B:� � X . On the other
hand, it follows from Lemma 4.1 that any point � 0 2 X such that P(� 0) = P(�)
must be in this orbit. We call a subset P � [1; N ] of cardinality m an index set
if for all i; j 2 P we have i + j 6= N + 1. Any set P(�) is an index set, since no
vector in Fi r Fi � 1 is orthogonal to a vector in FN +1 � i r FN � i . On the other hand,
given any index setP we can construct a point � 2 X with P(�) = P. In fact, if
f e1; : : : ; eN g is a standard basis forV with respect to F� , then � = hei : i 2 P i has
this property. In other words, the B -orbits (or Schubert cells) in X correspond 1-1
to the index sets P. We let X �

P (F� ) denote the Schubert cell given byP, that is

X �
P (F� ) = f � 2 X j P(�) = Pg:

The Schubert variety X P (F� ) is de�ned as the closure of the Schubert cellX �
P (F� );

we let jP j be its codimension in X . For each index set P = f pj g, let [X P ] 2
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H 2jP j (X; Z) denote the cohomology class Poincar�e dual to the cycle de�ned by
X P (F� ).

4.1. Type C. Let V �= C2n be a symplectic vector space andX = IG( m; 2n).
Given another index setQ = f q1 < � � � < qm g we write Q � P if qj � pj for eachj .

Proposition 4.1. For any index set P = f p1 < p 2 < � � � < p m g � [1; 2n] we have

(54) X P (F� ) = f � 2 IG j dim(� \ Fpj ) � j; 8 1 � j � mg:

Proof. The set on the right hand side of (54) is closed and equals the union of the
orbits X �

Q for all index sets Q such that Q � P. We must show that each of these
orbits is contained in the closure ofX �

P . Assuming Q < P , it is enough to construct
an index set P0 such that Q � P0 < P and X �

P 0 � X �
P .

Choosej minimal such that qj < p j and �x a standard basis f e1; : : : ; e2n g of
V with respect to F� . If 2n + 1 � qj 62P or qj + pj = 2n + 1, then set P0 =
f q1; : : : ; qj ; pj +1 ; : : : ; pm g, and de�ne a morphism P1 ! IG by

[s : t] 7! � [s:t ] = hep1 ; : : : ; epj � 1 ; seqj + tepj ; epj +1 ; : : : ; epm i :

Since � [1:0] 2 X �
P 0 and � [s:t ] 2 X �

P for t 6= 0, it follows that X �
P 0 � X �

P .
If 2n + 1 � qj 2 P and qj + pj 6= 2n + 1, set P0 = ( P r f pj ; 2n + 1 � qj g) [

f qj ; 2n + 1 � pj g. We then use the morphismP1 ! IG given by

[s : t] 7! � [s:t ] = hep : p 2 P \ P0i � h seqj + tepj ; se2n +1 � pj � te2n +1 � qj i ;

where the sign is chosen so that �[s:t ] is isotropic, to show that X �
P 0 � X �

P , as
required. �

De�ne the dual index set P_ = f p_
j g by setting p_

j = 2n + 1 � pm +1 � j .

Proposition 4.2. For any index setsP and Q, we have
Z

IG
[X P ] � [X Q ] = � Q;P _ :

Proof. Let F� and G� be general isotropic 
ags in V , and assumeP = f p1 < � � � <
pm g and Q = f q1 < � � � < qm g are index sets such thatX �

P (F� ) \ X �
Q (G� ) 6= ; .

For any point � in this intersection we have dim(� \ Fpm +1 � j ) � m + 1 � j and
dim(� \ Gqj ) � j , which implies that Fpm +1 � j \ Gqj 6= 0. It follows from this that
qj � 2n + 1 � pm +1 � j for each j . Notice also that X �

P (F� ) \ X �
P _ (G� ) = f � 0g,

where � 0 =
L

j (Fpj \ G2n +1 � pm +1 � j ) � V . It follows that
R

[X P ] � [X P _ ] = 1,
and that X �

P (F� ) and X �
P _ (G� ) have complementary dimensions in IG. IfQ 6= P_

then Q > P _ , so X �
P _ (G� ) must be a proper closed subset ofX �

Q (G� ) and the
intersection X �

P (F� ) \ X �
Q (G� ) has positive dimension. �

Set k = n � m. We establish a bijection between the index setsP and the set
P(k; n) of k-strict partitions � contained in an m � (n + k) rectangle, i.e. `(� ) � m
and � 1 � n+ k. Let P = f p1 < p 2 < � � � < p m g be any index set. Choose 0� s � m
such that ps � n < p s+1 , where p0 = 0 and pm +1 = 2n + 1. Write

[n + 1 ; 2n] r f 2n + 1 � p1; : : : ; 2n + 1 � psg = f r 1 < r 2 < � � � < r n � sg

and choose indices 1� ts+1 < � � � < t m � n � s so that pj = r t j for s + 1 � j � m.
The bijection maps P to the k-strict partition � = ( � 1; : : : ; � m ) given by

� j =

(
n + k + 1 � pj if 1 � j � s;
k + j � s � t j if s + 1 � j � m:
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Since the subsets off r 1; : : : ; r n � sg of cardinality m � s correspond 1-1 to the par-
titions ( � s+1 ; : : : ; � m ) contained in an (m � s) � k rectangle, it follows that the
assignment P 7! � gives a bijection between the index setsP and the k-strict
partitions � in P(k; n). We use the notation X � (F� ) � X P (F� ) for the Schubert
varieties in IG relative to the isotropic 
ag F� .

Proposition 4.3. Let P = f p1 < � � � < p m g � [1; 2n] be an index set and� =
(� 1; : : : ; � m ) the correspondingk-strict partition. For 1 � i � j � m we have

(i) � j � k if and only if pj > n ;
(ii) � i + � j � 2k + j � i if and only if pi + pj > 2n + 1 ;
(iii) � j = n + k + 1 � pj + # f i < j : pi + pj > 2n + 1g; and
(iv) pj = n + k + 1 � � j + # f i < j : � i + � j � 2k + j � ig.

Proof. The �rst point (i) is clear from the de�nitions. Let s, f r 1 < � � � < r n � sg,
and f ts+1 < � � � < t m g be chosen as above. Forj > s we have t j = # f i �
n � s : r i � pj g = pj � n � # f i � s : 2n + 1 � pi < p j g, so we obtain � j =
n + k � pj + j � s + # f i � s : pi + pj > 2n + 1g, which implies (iii). Point
(ii) is clearly true if pj � n or pi > n , so assume thatpi � n < p j . Then
� i + � j = 2n + 2k + 2 � (pi + pj ) + # f l < j : pl + pj > 2n + 1g, and (ii) follows
because #f l < j : pl + pj > 2n+1g is smaller than or equal toj � i +( pi + pj � 2n� 2)
when pi + pj > 2n + 1, while it is greater than or equal to j � i � 1 � (2n � pi � pj )
when pi + pj < 2n + 1. Finally (iv) follows from (ii) and (iii). �

We note that if � j = 0 then the Schubert condition dim(� \ Fpj ) � j is redundant.
In fact, we have pj = n + k + 1 + # f i < j : pi + pj > 2n + 1g. If p1 + pj > 2n + 1
then pj = n + k + j , so the Schubert condition holds automatically. Otherwise
choosei � j maximal so that pi + pj < 2n + 1 and set C = � \ Fpi . Then
pj = n + k + j � i . We claim that the above Schubert condition is a consequence of
the condition dim( C) � i . In fact, since � � C? and Fpj � F2n � pi = F ?

pi
� C? ,

we obtain dim(� \ Fpj ) � m + pj � (2n � i ) = j as required.

Corollary 4.1. For each partition � 2 P (k; n), the Schubert variety indexed by�
is given by

X � (F� ) = f � 2 X j dim(� \ Fpj ( � ) ) � j; 8 1 � j � `(� )g

where pj (� ) := n + k + 1 � � j + # f i < j : � i + � j � 2k + j � ig.

One can also check that the Schubert condition dim(� \ Fpj ) � j is redundant
if � j = � j +1 + 1 � k + 2, or if � j = � j +1 < 2k + j � � 1. However, the following
example shows that a Schubert condition dim(� \ Fpj ) � j may be necessary, even
if � j = � j +1 .

Example 4.1. Let X = IG(3 ; 8) and � = (3 ; 1; 1). Then X � (F� ) is the variety of
points � 2 X such that dim(� \ F3) � 1, dim(� \ F5) � 2, and dim(� \ F7) � 3.
One may check that f � 2 X j � \ F3 6= 0 and � � F7g = X � (F� ) [ X 5(F� ).

Choose a standard basisf e1; : : : ; e2n g for V with respect to F� . The B -orbit given
by P is an a�ne space with coordinates given usingm � 2n matrices A = f ajr g in
which some entriesajr are free parameters and others are determined by the free
entries. The matrix corresponds to the subspace �� V spanned by its rows. Each
entry aj;p j of A is equal to 1, while ajr = 0 for r > p j . We also setaj;p i = 0 for
i < j . If r < p j and r 62 fpi ; 2n + 1 � pi g for all i < j then ajr is a free variable.
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Finally, for each i < j such that pi + pj > 2n + 1, the entry aj; 2n +1 � pi is uniquely
determined from the free variables by the requirement that rowsi and j in A are
orthogonal. For example, if m = 3, n = 5, and P = f 3; 5; 9g then the matrix A has
the shape

A =

2

4
� � 1 0 0 0 0 0 0 0
� � 0 � 1 0 0 0 0 0
� � 0 � 0 = � = 1 0

3

5 :

Since the number of free variables� in row j of A is equal to pj � j � # f i < j :
pi + pj > 2n + 1g = n + k + 1 � j � � j , it follows that the dimension of X � (F� ) is
m(n + k + 1) � m(m + 1) =2 � j � j.

Proposition 4.4. The dimension of IG( m; 2n) is 2m(n � m) + m(m + 1) =2, and
the codimension ofX � (F� ) is j� j.

For a k-strict partition � we de�ne the dual partition � _ to be the uniquek-strict
partition such that pj (� _ ) = 2 n + 1 � pm +1 � j (� ). Proposition 4.3 implies that

� _
m +1 � j = 2k + 1 � � j + # f i < j : � i + � j � 2k + j � ig

+ # f i > j : � i + � j > 2k + i � j g :

The relationship between the diagrams of� and � _ is described in Section 4.4. If
[X � ] 2 H 2j � j (IG) denotes the cohomology class which corresponds toX � (F� ), then
Proposition 4.2 gives Z

IG
[X � ] � [X � ] = � �;� _ :

4.2. Type B. The situation here is very similar to that in the previous type C
section, so we will point out the main di�erences and leave the details to the reader.
We equip V �= C2n +1 with a non-degenerate symmetric bilinear form ( ; ), and let
X = OG( m; 2n + 1). This algebraic variety has the same dimension as IG(m; 2n).

For every � 2 OG, the index set

P = P(�) = f p1 < p 2 < � � � < p m g � [1; 2n + 1]

satis�es n + 1 =2 P, and the closure of the Schubert cellX �
P (F� ) in OG is the

Schubert variety

X P (F� ) = f � 2 OG j dim(� \ Fpj ) � j; 8 1 � j � mg:

Note that Proposition 4.2 holds for OG as well as IG.
The index sets P � [1; 2n + 1] for OG are in bijection with the index sets

P � [1; 2n] for IG and the k-strict partitions in P(k; n). For any � 2 P (k; n), the
corresponding index setP = f p1 < � � � < pm g satis�es

pj (� ) =

(
pj (� ) + 1 if � j � k;
pj (� ) if � j > k;

wherepj (� ) = n+ k+1 � � j +# f i < j : � i + � j � 2k+ j � ig are the indices used in the
previous subsection. The dual index setP

_
in type B satis�es p_

j = 2n+2 � pm +1 � j .
Let f e1; : : : ; e2n +1 g be a standard basis ofV with respect to the isotropic 
ag

F� . We may then represent the Schubert cell indexed byP by an m � (2n + 1)
matrix A = f ajr g whose rows span the subspaces in the cell, as in type C. Each
entry aj; pj

of A is equal to 1,ajr = 0 for r > pj , while aj; pi
= 0 for i < j . If r < pj

and r 62 fpi ; 2n + 2 � pi g for all i � j then ajr is a free variable. Finally, for each
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i � j such that pi + pj > 2n + 2, the entry aj; 2n +2 � pi
is determined from the free

variables and the isotropicity condition on the rows of A. For example, if m = 3,
n = 5, and P = f 3; 5; 10g then the matrix A has the shape

A =

2

4
� � 1 0 0 0 0 0 0 0 0
� � 0 � 1 0 0 0 0 0 0
� = 0 � 0 � = � = 1 0

3

5 :

By counting the number of free entries � in A, we see that the codimension of
X � (F� ) in OG is equal to j� j.

4.3. Type D. Let V �= C2n +2 be a complex vector space equipped with a non-
degenerate symmetric bilinear form (; ). For any nonnegative integer m < n + 1,
let OG0 = OG( m; 2n + 2). The index sets P = f pj g parametrize the B -orbits
X �

P (F� ) in OG 0, as before. However the closures of these orbits behave di�erently.
Given another index setQ = f qj g, we will write Q � P when qj � pj for eachj and
if pi = n + 2 for some i then qi 6= n + 1. The next result shows that the Schubert
variety X P (F� ) is equal to the union of the orbits X �

Q (F� ) for all index sets Q such
that Q � P.

Proposition 4.5. Let P = f p1 < p 2 < � � � < p m g � [1; 2n + 2] be an index set. If
n + 2 =2 P, then

X P (F� ) = f � 2 OG0 j dim(� \ Fpj ) � j; 8 1 � j � mg;

while if n + 2 2 P, then

X P (F� ) = f � 2 OG0 j � \ Fn = � \ Fn +1 ; dim(� \ Fpj ) � j; 8 1 � j � mg

= f � 2 OG0 j dim(� \ Fpj ) � j; if pj 6= n + 2 ; dim(� \ eFn +1 ) � j; if pj = n + 2g:

Proof. The sets displayed on the right hand sides of the above equations are closed.
Following the proof of Proposition 4.1, it will su�ce to construct, for every index
set Q � P an index set P0 such that Q � P0 � P and X �

P 0 � X �
P .

Choosej minimal such that qj < p j and �x a standard basis f e1; : : : ; e2n +2 g of
V with respect to F� . If 2n + 3 � qj 62P we setP0 = f q1; : : : ; qj ; pj +1 ; : : : ; pm g, and
use the morphismP1 ! OG0 given by

[s : t] 7! � [s:t ] = hep1 ; : : : ; epj � 1 ; seqj + tepj ; epj +1 ; : : : ; epm i ;

as in the symplectic case. Ifqj + pj = 2n +3, use the same setP0 and the morphism

[s : t] 7! � [s:t ] = hep1 ; : : : ; epj � 1 ; s2eqj + st(en +1 + en +2 ) � t2epj ; epj +1 ; : : : ; epm i :

Finally, if 2 n + 3 � qj 2 P and qj + pj 6= 2n + 3, set P0 = ( P r f pj ; 2n + 3 � qj g) [
f qj ; 2n + 3 � pj g, and use the morphism

[s : t] 7! � [s:t ] = hep : p 2 P \ P0i � h seqj + tepj ; se2n +3 � pj � te2n +3 � qj i : �

In type D, for any index set P, the dual index set P_ is de�ned by

p_
j =

(
2n + 3 � pm +1 � j if n is odd or pj =2 f n + 1 ; n + 2g;
pj if n is even andpj 2 f n + 1 ; n + 2g:

The next proposition is then proved exactly as in type C.

Proposition 4.6. For any index setsP and Q, we have
Z

OG 0
[X P ] � [X Q ] = � Q;P _ :
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We say that each index setP has atype, which is a number type(P) 2 f 0; 1; 2g.
If P \ f n + 1 ; n + 2g = ; , then type(P) = 0. Otherwise, type( P) is equal to 1 plus
the parity mod 2 of the codimension of � \ Fn +1 in Fn +1 , for all � in the Schubert
cell X �

P (F� ). Equivalently, type( P), when non-zero, is equal to 1 plus the parity of
the number of integers in [1; n + 1] r P.

Set k = n + 1 � m. We will de�ne a di�erent set eP(k; n) of indices for the
Schubert classes in OG0 which makes their codimension apparent. As with index
sets, we agree that anyk-strict partition � has a type in f 0; 1; 2g. If � j = k for
somej , then type(� ) 2 f 1; 2g; otherwise, type(� ) = 0. The elements of eP(k; n) are
the k-strict partitions of all possible types which are contained in an m � (n + k)
rectangle.

Given an index setP0 = f p0
1 < p 0

2 < � � � < p 0
m g � [1; 2n + 2], the corresponding

element � 2 eP(k; n) satis�es type( � ) = type( P0), and its underlying partition
is obtained by a prescription similar to that in Section 4.1. Chooses such that
p0

s � n + 1 < p 0
s+1 , and write

[n + 2 ; 2n + 2] r f 2n + 3 � p0
1; : : : ; 2n + 3 � p0

sg = f r 1 < r 2 < � � � < r n +1 � sg:

Next, choose indices 1� ts+1 < � � � < t m � n + 1 � s so that p0
j = r t j for

s + 1 � j � m. Then P0 maps to the k-strict partition � = ( � 1; : : : ; � m ) given by

� j =

(
n + k + 1 � p0

j if 1 � j � s;
k + j � s � t j if s + 1 � j � m:

Arguing in the same way as in Proposition 4.3, we prove

Proposition 4.7. Let P0 = f p0
1 < � � � < p 0

m g � [1; 2n + 2] be an index set and
� = ( � 1; : : : ; � m ) the corresponding element ofeP(k; n). For 1 � i � j � m we have

(i) � j � k if and only if p0
j > n ;

(ii) � j = k < � j � 1 if and only if p0
j 2 f n + 1 ; n + 2g;

(iii) For i < j , � i + � j � 2k � 1 + j � i if and only if p0
i + p0

j > 2n + 3 ; and

(iv) � j =

(
n + k + 1 � p0

j if p0
j � n + 1 ;

n + k + 2 � p0
j + # f i < j : p0

i + p0
j > 2n + 3g if p0

j > n + 1 :

Conversely, for every � 2 eP(k; n), the associated index setP0 � [1; 2n + 2]
satis�es

p0
j = n + k � � j + # f i < j j � i + � j � 2k � 1 + j � i g

+

(
1 if � j > k , or � j = k < � j � 1 and n + j + type( � ) is even;
2 otherwise:

The conditions de�ning the Schubert variety X � (F� ) indexed by an element � of
eP(k; n) are given in Section 3.1.

Let f e1; : : : ; e2n +2 g be a standard basis ofV with respect to the isotropic 
ag F� .
The Schubert cells indexed by a setP0 may then be represented by anm � (2n + 2)
matrix A = f ajr g as before. Each entryaj;p 0

j
of A is equal to 1,ajr = 0 for r > p 0

j ,
while aj;p 0

i
= 0 for i < j . If r < p 0

j and r 62 fp0
i ; 2n + 3 � p0

i g for all i � j then
ajr is a free variable. Finally, for eachi � j such that p0

i + p0
j > 2n + 3, the entry

aj; 2n +3 � p0
i

is determined from the free variables and the isotropicity condition on
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the rows of A. For example, if m = 3, n = 5, and P0 = f 4; 8; 11g then the matrix
A has the shape

A =

2

4
� � � 1 0 0 0 0 0 0 0 0
� � � 0 = � � 1 0 0 0 0
� = � 0 = � � 0 = � 1 0

3

5 :

It follows that the codimension of X � (F� ) in OG 0 is equal to j� j.
For each � 2 eP(k; n), we de�ne a dual element � _ 2 eP(k; n) by requiring that

p0
j (� _ ) =

(
2n + 3 � p0

m +1 � j (� ) if n is odd or p0
j (� ) =2 f n + 1 ; n + 2g;

p0
j (� ) if n is even andp0

j (� ) 2 f n + 1 ; n + 2g:

As in Proposition 4.6, for any two elements�; � 2 eP(k; n), we have
Z

OG 0
[X � ] � [X � ] = � �;� _ :

4.4. Dual partitions. We now give a pictorial description of the relationship be-
tween a k-strict partition � , the corresponding index set, and the Poincar�e dual
partition � _ . We begin our discussion in types B and C.

Let � be the diagram obtained by attaching an m � k rectangle to the left side
of a staircase partition with n rows. When n = 7 and k = 3, this looks as follows.

� =

The elements ofP(k; n) are exactly the k-strict partitions whose diagrams �t
inside �. For � 2 P (k; n) we let b� ck be the set of boxes of� in columns k + 1
through k + n. If P = f p1 < � � � < p m g is the index set corresponding to� , then the
valuespi which are less than or equal ton are obtained by subtracting the number
of boxes in the i -th row of b� ck from n + 1, for 1 � i � `k (� ).

We will organize the boxes of the staircase partition which are outside� into
south-west to north-eastdiagonals. Notice that exactly m� `k (� ) of these diagonals
are not k-related to one of the bottom boxes in the �rst k columns of� . We will call
these diagonalsnon-related. In type C we obtain the integers pi which are greater
than n by adding n to the length of each of the non-related diagonals; in type B
we add n + 1 to these lengths. For example, the partition � = (7 ; 4; 2) results in
the (type C) index set P = f 8 � 4; 8 � 1; 7 + 3; 7 + 7g = f 4; 7; 10; 14g.

� = ; � _ =



46 ANDERS SKOVSTED BUCH, ANDREW KRESCH, AND HARRY TAMVAKIS

The parts of � _ which are larger than k are obtained by addingk to the lengths
of the non-related diagonals. In other words, these lengths are the parts ofb� _ ck .
Finally, for 1 � j � k, the number of boxes in thej -th column of � _ is equal to the
number of boxes of thej -th column of � which are outside � , plus the length of the
diagonal that is k-related to the bottom box of column j of � , minus (k + 1 � j ).
The dual of the partition � = (7 ; 4; 2) is � _ = (10 ; 6; 3; 2).

Consider the analogous picture in type D. The shapes of the elements ofeP(k; n)
are the k-strict partitions that �t inside the diagram � with m = n + 1 � k. Let
� 2 eP(k; n) and let P0 = f p0

1 < � � � < p 0
m g be the corresponding index set. The

valuesp0
i which are less than or equal ton are obtained by subtracting the parts of

b� ck from n + 1. The values p0
i which are greater than n + 1 depend on type(� ) as

well as the lengths of the non-related diagonals.
The dual partition � _ can be constructed as follows. The parts ofb� _ ck consist

of the lengths of the non-related diagonals, as in types B and C. For 1� j � k,
the number of boxes in columnj of � _ is equal to the number of boxes in thej -th
column of � which are outside � , plus the length of the diagonal that is k0-related
to the bottom box of column j of � , minus (k � j ). For example, whenk = 3 and
n = 7, the dual of the partition � = (10 ; 8; 3; 2; 1) is � _ = (7 ; 5; 3; 1).

� = ; � _ =

We have type(� _ ) = 0 if and only if type( � ) = 0. Notice that when type( � ) > 0,
we have`k (� )+ `k (� _ ) = n� k, sincep0

i (� ) 2 f n+1 ; n+2g for somei . As type(P0) is
equal to 1 plus the parity of the number of integers in [1; n +1] r P0, we deduce that
`k (� )+ type( � ) � n + `k (� _ )+ type( � _ ) (mod 2). It follows that when type( � ) > 0,
we have type(� _ ) � k + type( � ) (mod 2).

4.5. Other parametrizations. In this short section we indicate how our notation
for Schubert varieties compares to that used in previous related works, in particular
[PR1], [PR2], and [T].

Let Wn = Sn n Z n
2 be the Weyl group for the root system Cn , thought of as

a group of permutations with a sign attached to each entry. The groupWn is
generated by simple re
ections s0; : : : ; sn � 1, and the symmetric group Sn is the
subgroup of Wn generated by the transpositionssi = ( i; i + 1) for i > 0. If Wk

denotes the parabolic subgroup ofWn generated by f si j i 6= kg, then it is well
known that the set W (k ) � Wn of minimal length coset representatives ofWk

parametrizes the Schubert varieties in IG(n � k; 2n) and OG(n � k; 2n + 1).
Pragacz and Ratajski [PR1] de�ned a set of partition pairs in bijection with the

elements ofW (k ) . The Schubert varieties are thus parametrized by the set of all
partition pairs ( � j � ) with � contained in a k � (n � k) rectangle and � strict such
that � 1 � n and � k � `(� ). Each such partition pair corresponds to a unique
k-strict partition � 2 P (k; n), de�ned by � = � 0+ � , where � 0 is the conjugate (or
transpose) of� .
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Let fWn +1 be the Weyl group for the root system of type Dn +1 and fW (k ) the
corresponding parameter set for the Schubert varieties in OG(n + 1 � k; 2n + 2).
The translation from elements of fW (k ) to partitions � 2 eP(k; n) is similar to the
above, following [T, 6.1]. However in the present work our de�nition of type(� )
when type(� ) 2 f 1; 2g di�ers from the convention in [T], and is essentially that
introduced in [PR2]. When type(� ) > 0, we have type(� ) = 1 if and only if the
�rst entry of the corresponding Weyl group element is unbarred. This relates the
notation used in this paper to the cited earlier works; for further details, we refer
the reader to [T, 4.1, 5.1, 6.1].

5. The classical Pieri rules

We present here our proofs of the classical Pieri rules for the Grassmannians
X parametrizing isotropic subspaces in a vector spaceV . It is worth noting that
one can achieve a uniform proof, in all three Lie types, of a rule for products with
the Chern classescr (Q) of the universal quotient bundle over X . To do this, we
introduce the projectivization P(S) of the universal subbundle with the natural
projections � : P(S) ! X and  : P(S) ! P(V ). The projection formula then gives

(55)
Z

X
cr (Q) � [X P ] � [X Q _ ] =

Z

P(V )
c1(O(1))m � 1+ r �  � � � [X P (F� ) \ X Q _ (G� )];

where P, Q are index sets andF� , G� are isotropic 
ags in V in general position.
We claim that whenever YP;Q := X P (F� ) \ X Q _ (G� ) is non-empty, then the

restriction of  to � � 1(YP;Q ) either (i) has positive dimensional �bers, in which
case the integral (55) vanishes, or (ii) is a birational isomorphism onto a target
variety which is a complete intersection ofN quadrics in P(V ), when the integral
is equal to the degree 2N . The rule for multiplication by cr (Q) in the ring H � (X )
follows immediately, and for the Grassmannian IG(m; 2n), this is enough to �nish
the proof of the Pieri rule. In the orthogonal cases, a supplementary analysis is
required to establish the rule for multiplication with the special Schubert classes;
this uses the quadric inP(V ) de�ned by the symmetric form.

5.1. Types C and B. Let V �= C2n be a symplectic vector space and IG =
IG( m; 2n). For any index set P = f p1 < � � � < p m g � [1; 2n] and isotropic 
ag
F� � V , let X P (F� ) be the Schubert variety in IG de�ned by (54). We set p0 = 0
and pm +1 = 2n + 1 for convenience.

If Q is another index set, then we haveQ � P if and only if X P (F� ) \ X Q _ (G� ) 6=
; for all isotropic 
ags F� and G� , where Q_ is the index set dual to Q. When
Q � P we setD(P; Q) = f (j; c ) j qj � c � pj g, and consider this as a northwest to
southeast skew diagram of boxes. De�ne acut through the diagram D(P; Q) to be
any integer c 2 [0; 2n] such that no row of D(P; Q) contains boxes in both column
c and column c + 1. Equivalently, we have pj � c < qj +1 for somej . Let

I (P; Q) = f c 2 [0; n] : c or 2n � c is a cut through D(P; Q)g;

and let N (P; Q) be the number integersc 2 I (P; Q) such that c � 2 and c � 1 62
I (P; Q).

Fix a symplectic basis e1; : : : ; e2n of V , such that (ei ; ej ) = � � i + j; 2n +1 . We let
x1; : : : ; x2n 2 V � be the dual basis. Given index setsP, Q with Q � P, we de�ne
ZP;Q � P(V ) to be the subvariety cut out by the following equations.
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(a) xc+1 x2n � c + xc+2 x2n � c� 1 + � � � + xdx2n +1 � d = 0, whenever c < d are consecutive
elements ofI (P; Q) such that d � c � 2.

(b) xc = 0, whenever D(P; Q) has no boxes in columnc, or a row of D(P; Q)
contains exactly one box, which is located in column 2n + 1 � c.

It follows that ZP;Q is an irreducible complete intersection of degree 2N (P;Q ) .
Let F� and G� be the isotropic 
ags de�ned by Fi = he1; : : : ; ei i and Gi =

he2n +1 � i ; : : : ; e2n i , and set YP;Q = X P (F� ) \ X Q _ (G� ) � IG. Recall that we have
natural smooth maps � : P(S) ! IG and  : P(S) ! P(V ).

Lemma 5.1. We have that  (� � 1(YP;Q )) � ZP;Q .

Proof. Let � 2 YP;Q and let v be a non-zero vector in �. We must show that v
satis�es the equations (a) and (b). Let c; d be consecutive elements ofI (P; Q) such
that jd� cj � 2, and choose cutsc0 2 f c;2n � cg and d0 2 f d;2n � dg for the diagram
D(P; Q), as well as integersi; j such that pi � c0 < q i +1 and pj � d0 < q j +1 . By
the choice ofc and d, we must havei 6= j . After possibly interchanging c and d, we
may assume thati < j . Since dim(� \ Fpi ) � i , dim(� \ G2n +1 � qi +1 \ Fpj ) � j � i ,
and dim(� \ G2n +1 � qj +1 ) � m � j , we can write v = v1 + v2 + v3 wherev1 2 � \ Fpi ,
v2 2 � \ G2n +1 � qi +1 \ Fpj , and v3 2 � \ G2n +1 � qj +1 . The equation (a) amounts to
(v2; v3) = 0 if c < d and to (v1; v2) = 0 if c > d.

Now consider an equationxc = 0 of type (b). If D (P; Q) has no boxes in
column c, then pj < c < q j +1 for some j , and the equation is true because � =
(� \ Fpj ) + (� \ G2n +1 � qj +1 ). Otherwise we haveqj = pj = 2n + 1 � c for somej ,
and the equation follows becausee2n +1 � c 2 �. �

Given two index sets Q � P, we will write P ! Q if the diagram D(P; Q)
contains no 2� 2 squares, and whenever this diagram contains two boxes in column
c, it contains one box in column 2n + 1 � c. In other words we haveP ! Q if and
only if (i) Q � P, (ii) pj � qj +1 for 1 � j � m � 1, and (iii) whenever pj = qj +1 we
have qi < 2n + 1 � pj < p i for somei .

Proposition 5.1. For index sets Q � P we havedim( � � 1(YP;Q )) � dim(ZP;Q ),
with equality if and only if P ! Q. When the latter occurs, the map : � � 1(YP;Q ) !
ZP;Q is a birational isomorphism.

Proof. Assume at �rst that D (P; Q) contains no 2� 2 squares, i.e.pj � qj +1 for each
j . In this case we will show that  maps� � 1(YP;Q ) onto ZP;Q . We may assume that
m � 2, and, after possibly replacing (P; Q) with ( Q_ ; P_ ), that p1 + qm � 2n + 1.
It is enough to show that the image of  contains any vector x = ( x1; : : : ; x2n ) of
ZP;Q such that each coordinatexc is non-zero, unless an equation (b) says otherwise.
Notice that x 2  (� � 1(YP;Q )) if and only if there exists � 2 YP;Q with x 2 �.

Set P0 = f p2; : : : ; pm g and Q0 = f q2; : : : ; qm g. We claim that for some a 2 C, the
vectors v = ( x1; : : : ; xp1 � a; 0; : : : ; 0) 2 V and v0 = (0 ; : : : ; 0; a; xp1 +1 ; : : : ; x2n ) 2 V
satisfy (v; v0) = 0 and v0 2 ZP 0;Q 0. If p1 = q2 then x2n +1 � p1 6= 0, provided that
p1 + pm > 2n +1, so it is possible to choosea such that (v; v0) = 0, while ( v; v0) = 0
for any choice ofa when p1 + pm < 2n+1. The vector v0 then satis�es the quadratic
equations de�ning ZP 0;Q 0 becausex = v + v0 satis�es the equations de�ning ZP;Q .
Otherwise we havep1 < q2, and we can takea = 0. Since p1 is a cut through
D(P; Q), it follows from the equations de�ning ZP;Q that ( v; v0) = 0.

By induction there exists � 0 2 YP 0;Q 0 � IG( m � 1; V ) such that v0 2 � 0. Since
dim(� 0 \ Fpm � 1 ) � m � 2 and v0 62Fpm � 1 becausexpm 6= 0, it follows that � 0 �
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Fpm � 1 � Cv0. Now sincep1 + pm � 1 � p1 + qm we obtain p1 + pm � 1 < 2n + 1, so
(v; � 0) = 0. Since � 0 � G2n +1 � q2 and xq1 6= 0, we deduce that � = Cv � � 0 is a
point of IG( m; V ). Since dim(� 0\ Fpj ) � j � 1 for eachj and dim(� 0\ G2n +1 � qj ) �
m + 1 � j for j � 2, it follows that � 2 YP;Q , as required.

Let UP;Q � YP;Q be the open subset of isotropic spaces � =hu1; : : : ; um i , for
which each vectoruj can be written as uj = aj;q j eqj + � � � + aj;p j epj , with aj;c 6= 0
unless ZP;Q satis�es the equation xc = 0. We claim that UP;Q 6= ; . In fact, by
induction on m there exists � 0 = hu2; : : : ; um i 2 UP 0;Q 0. If q1 = p1 then we set
u1 = ep1 ; if p1 + pm > 2n+1, so that qm < 2n+1 � p1 < p m , we furthermore replace
the coordinate am; 2n +1 � p1 of um with zero. Then � = hu1; : : : ; um i is a point of
UP;Q . Otherwise we haveq1 < p 1. The condition that ( u1; um ) = 0 amounts to the
linear equation am; 2n +1 � q1 a1;q1 + � � � + am; 2n +1 � p1 a1;p1 = 0 in the coordinates of
u1. If p1 + pm < 2n + 1 then this equation is trivial, while if p1 + pm > 2n + 1, then
since � 0 2 UP 0;Q 0 we haveam; 2n � p1 6= 0 and am; 2n +1 � p1 6= 0, so this equation has
a solution for which a1;c 6= 0 for all q1 � c � p1, and � = hu1; : : : ; um i 2 UP;Q , as
required.

The intersection of two Schubert cells in general position is irreducible by re-
sults of Deodhar [D, Cor. 1.2, Prop. 5.3(iv)], and this immediately implies the
irreducibility of the intersection of two Schubert varieties in general position. It
follows that UP;Q is a dense open subset ofYP;Q . We note that in our special
case, this can also be checked directly, but leave this as an exercise to the reader.
We deduce that � � 1(YP;Q ) has a dense open subset of pairs (Cx; �), for which
� = hu1; : : : ; un i 2 UP;Q with uj 2 Fpj \ G2n +1 � qj and x = u1 + � � � + un .

Suppose the diagramD(P; Q) contains two boxes in some columnc and no boxes
in column 2n + 1 � c, and let � = hu1; : : : ; um i 2 UP;Q and x = u1 + � � � + um be
as above. Thenc = pj = qj +1 for somej , and � t = hu1; : : : ; uj � 1; uj + t ec; uj +1 �
t ec; uj +2 ; : : : ; um i is a point of YP;Q with x 2 � t for each t 2 C. This shows that
 � 1(x) has positive dimension, so dim(� � 1(YP;Q )) > dim(ZP;Q ).

On the other hand, if the diagram D(P; Q) contains a box in column 2n + 1 � c
whenever there are two boxes in columnc, then we have P ! Q, and we must
show that  : � � 1(YP;Q ) ! ZP;Q is birational. It is enough to show that if � =
hu1; : : : ; um i 2 UP;Q with uj 2 Fpj \ G2n +1 � qj , then  � 1(u1 + � � � + um ) \ � � 1(UP;Q )
contains a single point, or equivalently, � is the only point of UP;Q containing
the vector x = u1 + � � � + um . In fact, we claim this is true with UP;Q replaced
by the larger open subsetWP;Q � YP;Q of isotropic spaces � = hu1; : : : ; um i ,
for which each vector uj can be written as uj = aj;q j eqj + � � � + aj;p j epj with
aj;c 6= 0 unless 2n + 1 � q1 < c < p j or ZP;Q satis�es the equation xc = 0.
Suppose � = hu1; : : : ; um i 2 WP;Q and x = u1 + � � � + um is also contained in
� 0 = hu0

1; : : : ; u0
m i 2 WP;Q , whereu0

j 2 Fpj \ G2n +1 � qj . Then x = a1u0
1 + � � � + am u0

m
whereaj 2 C. We claim that a1u0

1 = u1. This is clear if p1 < q2. Otherwise p1 = q2,
and we can writea1u0

1 = u1 + bep1 for someb 2 C. Since 0 = (a1u0
1; x) = b(ep1 ; x) =

b x2n +1 � p1 and x2n +1 � p1 6= 0, it follows that b = 0. Now since hu2; : : : ; um i and
hu0

2; : : : ; u0
m i are points of WP 0;Q 0 � IG( m � 1; V ), both containing u2 + � � � + um ,

it follows by induction on m that hu2; : : : ; um i = hu0
2; : : : ; u0

m i . Therefore � 0 = �
as required.

It remains to prove that if the diagram D(P; Q) contains a 2� 2 square, then
dim( � � 1(YP;Q )) > dim(ZP;Q ). We do this by induction on dim( YP;Q ) = jQj � j P j.
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Choosej minimal such that pj > q j +1 , i.e. j is the top row of D(P; Q) containing
(the upper half of) some 2� 2 square. This implies that pj � 1 � qj < q j +1 .

Assume �rst that 2 n + 1 � r 2 P for all r 2 [qj +1 ; pj � 1]. Then choosei such
that pi = 2n + 2 � pj , and notice that pl = pi � i + l for all l 2 [i; l 0], where
l0 = i + pj � qj +1 � 1. This implies that qi < p i , since otherwise we would get
ql 0 = pl 0 = 2n + 1 � qj +1 . Set P0 = ( P r f pi ; pj g) [ f pi � 1; pj � 1g. Then we have
dim(YP 0;Q ) = dim( YP;Q ) � 1 and dim(ZP 0;Q ) � dim(ZP;Q ) � 1. We distinguish three
cases. Ifpi < q i +1 then the diagram D(P0; Q) has no boxes in columnpi , while it
has two boxes in columnpj � 1. If pi = qi +1 then qj +1 � pj � 2, which implies that
D(P0; Q) contains a 2� 2 square. In both of these cases we obtain by induction
that dim( � � 1(YP 0;Q )) > dim(ZP 0;Q ). Finally, if qi +1 < p i then ZP 0;Q = ZP;Q , and
by induction we have dim(� � 1(YP 0;Q )) � dim(ZP 0;Q ). In all three cases we deduce
that dim( � � 1(YP;Q )) < dim(ZP;Q ) as required.

If the above assumption fails, then chooser < p j maximal such that 2n +
1 � r 62P. Then r � qj +1 . Set P0 = ( P r f pj g) [ f r g. In this case we obtain
dim(YP 0;Q ) = dim( YP;Q ) � 1 and ZP 0;Q = ZP;Q , and the induction hypothesis shows
that dim( � � 1(YP 0;Q )) � dim(ZP 0;Q ). This completes the proof. �

Theorem 5.1 (Pieri rule for IG( m; 2n)) . For any index set P and integer r 2
[1; n + k], we have

� r � [X P ] =
X

2N (P;Q ) [X Q ];

where the sum is over all index setsQ such that P ! Q and jQj = jP j + r .

Proof. For any index set Q, the coe�cient of [ X Q ] in the expansion of the product
� r � [X P ] is equal to

R
IG cr (Q) � [X P ] � [X Q _ ]. The result now follows from Proposition

5.1 and the projection formula, as explained earlier. �

Now supposeV �= C2n +1 is an orthogonal space and consider OG = OG(m; 2n +
1). As noted in Section 2.2, the Pieri rule for OG is equivalent to the corresponding
rule for IG. Given any two index sets P, Q we de�ne the diagram D(P; Q) and the
relation P ! Q as before, and set

I 0(P; Q) = f c 2 [0; n] : c or 2n + 1 � c is a cut through D(P; Q)g [ f n + 1g:

Moreover, let N 0(P; Q) be the number (respectively, one less than the number) of
integers c 2 I 0(P; Q) such that c � 2 and c � 1 62I 0(P; Q), if r � k (respectively, if
r > k ).

Theorem 5.2 (Pieri rule for OG( m; 2n + 1)) . For any index set P and integer
r 2 [1; n + k], we have

� r � [X P ] =
X

2N 0(P;Q ) [X Q ];

where the sum is over all index setsQ such that P ! Q and jQj = jP j + r .

5.2. Type D. Let V �= C2n +2 be an orthogonal vector space and OG0 = OG( m; 2n+
2). For any isotropic 
ag F� � V and index set P, we have an open Schubert cell

X �
P (F� ) = f � 2 OG j � \ Fpj ) � \ Fpj � 1 81 � j � mg:

The Schubert variety X P (F� ) is the closure of this set.
We will use the order Q � P on the index sets de�ned in Section 4.3; this is

equivalent to the condition X P (F� ) \ X Q _ (G� ) 6= ; for all isotropic 
ags F� and
G� . When Q � P we set D(P; Q) = f (j; c ) j qj � c � pj g. De�ne a cut through



QUANTUM PIERI RULES FOR ISOTROPIC GRASSMANNIANS 51

the diagram D(P; Q) to be any integer c 2 [0; 2n + 2] such that pj � c < qj +1 for
somej . Set

I 0(P; Q) = f c 2 [0; n] : c or 2n + 2 � c is a cut through D(P; Q)g [ f n + 1g;

and let N (P; Q) be the number of integers c 2 I 0(P; Q) such that c � 2 and
c � 1 62I 0(P; Q).

Given index setsQ � P for OG0 we will write P ! Q if (i) the diagram D(P; Q)
contains no 2� 2 squares, except that a single 2� 2 square is allowed across the
middle (in columns n + 1 and n + 2), (ii) whenever column c of D(P; Q) contains
two boxes, column 2n + 3 � c contains at least one box, and (iii) D (P; Q) cannot
have exactly 3 boxes in columnsn + 1 and n + 2.

Fix an orthogonal basis e1; : : : ; e2n +2 of V such that (ei ; ej ) = � i + j; 2n +3 and
he1; : : : ; en +1 i is in the same family as our chosen maximal isotropic subspaceL .
We let x1; : : : ; x2n +2 2 V � be the dual basis. For index setsQ � P we de�ne
ZP;Q � P(V ) to be the subvariety cut out by the following equations.

(a) xc+1 x2n +2 � c + xc+2 x2n +1 � c + � � � + xdx2n +3 � d = 0, whenever c < d are consec-
utive elements of I 0(P; Q) such that d � c � 2.

(b) xc = 0, whenever D(P; Q) has no boxes in columnc; or some row ofD(P; Q)
contains exactly one box, which is located in column 2n +3 � c; or c 2 f n +1 ; n +2g
and only one row of D(P; Q) contains a box in column c, and this row starts or
terminates at column 2n + 3 � c.

We see that Z 0
P;Q is an irreducible complete intersection of degree 2N (P;Q ) .

Let F� and G� be the isotropic 
ags de�ned by Fi = he1; : : : ; ei i , for each i , and
Gi = he2n +3 � i ; : : : ; e2n +2 i for 1 � i � n, while

Gn +1 =

(
hen +2 ; : : : ; e2n +2 i if n is odd;
hen +1 ; en +3 ; : : : ; e2n +2 i if n is even:

Set YP;Q = X P (F� ) \ X Q _ (G� ) � OG0. Let S be the tautological subbundle over
OG0, and let � : P(S) ! OG0 and  : P(S) ! P(V ) be the natural projections.
Arguing as in the previous section, we prove the following.

Proposition 5.2. For index sets Q � P we havedim( � � 1(YP;Q )) � dim(ZP;Q ),
with equality if and only if P ! Q. When the latter occurs, the map : � � 1(YP;Q ) !
ZP;Q is a birational isomorphism.

Corollary 5.1. For any index set P and integer r 2 [1; n + k], we have

cr (Q) � [X P ] =
X

2N (P;Q ) [X Q ];

where the sum is over all index setsQ such that P ! Q and jQj = jP j + r .

We now re�ne Corollary 5.1 to obtain the Pieri rule for products by the special
Schubert classes in OG0. De�ne

S = f i 2 [1; n + 1] : qj � i � pj for somej g;

S0 = f p 2 P : p � n + 2 and 2n + 3 � p 2 Sg;

and seth(P; Q) = jSj + jS0j + n. Let N 0(P; Q) = N (P; Q) (respectively, N 0(P; Q) =
N (P; Q) � 1) if r � k (respectively, if r > k ). If r 6= k, then set � P Q = 1. If r = k
and N 0(P; Q) > 0, then set

� P Q = � 0
P Q = 1=2;
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while if N 0(P; Q) = 0, de�ne

� P Q =

(
1 if h(P; Q) is odd;
0 otherwise;

and � 0
P Q =

(
1 if h(P; Q) is even;
0 otherwise:

Theorem 5.3 (Pieri rule for OG( m; 2n + 2)) . For any index set P and integer
r 2 [1; n + k], we have

(56) � r � [X P ] =
X

� P Q 2N 0(P;Q ) [X Q ];

where the sum is over all index setsQ such that P ! Q and jQj = jP j + r .
Furthermore, the product � 0

k [X P ] is obtained by replacing� P Q with � 0
P Q throughout.

Proof. When r 6= k, equation (56) follows immediately from (40) and Corollary 5.1.
For the remaining terms we must compute the integrals

I 1 =
Z

OG 0
� k � [X P ] � [X Q _ ] and I 2 =

Z

OG 0
� 0

k � [X P ] � [X Q _ ]:

The argument uses the projection formula and the quadric hypersurfaceW � P(V )
de�ned by the orthogonal form on V . Let h = c1(OP(V ) (1)jW ) denote the hy-
perplane class in H� (W ), so that hn = e + f , where e is the class of the ruling
P(L) � W , and f is the class of the opposite ruling. If� : P(S) ! W denotes the
natural morphism, then

(57) � � � � e =

(
� k if n is even;
� 0

k if n is odd;

while the opposite relations hold for � � � � f .
Let � : W ,! P(V ) be the inclusion map, so that  = �� . The image of the map

� � : H2n (P(V )) ! H2n (W ) consists of classes with equal coe�cients in the rulingse
and f . If the degree 2N (P;Q ) of ZP;Q is greater than one, then the class� � � � [YP;Q ]
must lie in the image of � � . Applying the projection formula, we deduce from this
and the relations (57) that I 1 = I 2 = 2 N (P;Q ) � 1, as required.

On the other hand, if ZP;Q is a linear subspace ofP(V ) lying inside the quadric
W , it su�ces to determine its ruling class. Note that in this situation we have
I 0(P; Q) = [0 ; n+1] and N (P; Q) = 0. Let T = f 2n+3 � p : p 2 S0g; it follows from
the linear equations (b) de�ning ZP;Q that ZP;Q \ h e1; : : : ; en +1 i = hei j i 2 S r T i .
To see this, note that if pj 2 S0 is such that pj > n + 2, then qj = pj , i.e., there is
only one box in row j of D (P; Q). Indeed, if qj < p j , then pj � 1 is not a cut, and
since there is a box in column 2n + 3 � pj of D(P; Q) and 2n + 3 � pj 6= pi for all
i , we see that 2n + 2 � (pj � 1) is not a cut either. This contradicts the fact that
I 0(P; Q) = [0 ; n + 1].

We deduce that if h(P; Q) is odd, then ZP;Q and P(L) are in the same family, and
in opposite families if h(P; Q) is even. In H� (W ) we have the relationse2 = f 2 = 0
and ef = ehn , if n is odd, and e2 = f 2 = ehn and ef = 0, if n is even. Using the
projection formula again, we conclude that I 1 = 1 and I 2 = 0, if h(P; Q) is odd,
with the roles reversed ifh(P; Q) is even. This completes the proof. �

5.3. Proofs of Theorems 1.1 and 3.1. We show how to derive Theorem 1.1
from Theorem 5.1, by going from index sets to partitions. It su�ces to establish
the equivalence of the Pieri relations \� ! � " and \ P ! Q", together with the
equality of the corresponding intersection multiplicities. This is the content of the
following two propositions.
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Proposition 5.3. Let P and Q be index sets forIG( n � k; 2n) and let � and � be
the correspondingk-strict partitions. Then P ! Q if and only if � ! � .

Proof. The assumptions of the proposition tell us that � j = n + k + 1 � pj + jA j j
and � j = n + k + 1 � qj + jB j j for each j , where A j = f i < j : pi + pj > 2n + 1g
and B j = f i < j : qi + qj > 2n + 1g.

Assume that P ! Q. We �rst show that � can be obtained by removing a
horizontal strip from the �rst k columns of � and adding a horizontal strip to the
result. We need to check that � j � 1 � � j � � j � 1 for each j , and � j � � j when
� j > k . To see that � j � � j � 1, notice that if i 2 B j r A j � 1 and i < j � 1 then
2n + 1 � qj < q i � pi < 2n + 1 � pj � 1, which can hold for at most qj � pj � 1 � 1
integers i . If pj � 1 < q j we therefore getjB j j � j A j � 1j + qj � pj � 1 and � j � 1 � � j =
qj � pj � 1 + jA j � 1j � j B j j � 0. If pj � 1 = qj , then the condition P ! Q implies that
qi < 2n + 1 � qj < p i for somei . If i < j � 1 then i 2 A j � 1 r B j , while if i � j � 1
then qj � 1 + qj � qi + qj < 2n + 1, so j � 1 62B j . It follows that jB j j � j A j � 1j
and � j � � j � 1, as required. If � j > k then qj � pj � n, which implies that
� j = n + k + 1 � pj � n + k + 1 � qj = � j . In general we note that if i < j � 1
satis�es that i 2 A j and i + 1 62B j , then 2n + 1 � pj < p i � qi +1 < 2n + 1 � qj ,
which is true for at most pj � qj � 1 integers i . If qj < p j , this implies that
jB j j � j A j j � pj + qj and � j � � j . If qj = pj then jB j j � j A j j � 1, which implies
that � j � � j � 1, as required.

We next verify that condition (2) of De�nition 1.3 holds. Assume that the box
(j; � j ) is not in � , i.e. � j = � j � 1. Then the above analysis shows thatqj = pj and
jB j j = jA j j � 1. If we set i = min( A j ), then A j = [ i; j � 1], B j = [ i + 1 ; j � 1], and
� j = n + k + 1 � pj + j � i . SinceA i � A j we see thatA i = ; , so � i = n + k + 1 � pi

and � i = n + k + 1 � qi . Set c = pj � n + k + 1. Then c� k � 1 + i = k + 1 � � j + j ,
so the box (j; � j ) is k-related to (i; c). Since i 2 A j r B j we furthermore obtain
qi < 2n + 1 � pj < p i , which is equivalent to � i < c � 1 < � i . We deduce that the
boxes (i; c � 1) and (i; c) belong to � r � , and these boxes arek-related to (j � 1; � j )
and (j; � j ).

For condition (2) it remains to prove that � i +1 � c � 3 and � i � 1 � c+ 1. Notice
that qi +1 + qj 6= 2n + 2; otherwise we obtain from 2n + 1 � pj < p i � qi +1 that
pi = qi +1 , so we must haveql < 2n + 1 � pi < p l for somel, and this would imply
that ql < q j = pj � pl . We therefore obtain c � 3 � � i +1 = qi +1 + qj � 2n � 3 � 0.
Similarly, if pi � 1 + pj = 2n then pi � 1 � qi < 2n + 1 � qj shows that pi � 1 = qi , so
ql < 2n + 1 � qi < p l for somel, but this implies that ql � qj = pj < p l . It follows
that � i � 1 � c � 1 = 2n � 1 � pi � 1 � pj � 0, as required.

We �nally verify that condition (1) holds. Assume that � and � have equally
many boxes in columnc, where c � k, and let j be the number of boxes in this
column. Then we have� j +1 < c � � j . Now suppose the box (j; c ) is k-related to
two boxes (i; c0) and (i � 1; c0+1) of � r � , wherec0 > k . Then c+ c0 = 2k +2+ j � i
and c0 = � i = � i � 1. Sincec0 > k , the latter equality implies that pi � 1 = qi . Since
� i � 1 + � j � c0+ c > 2k + j � i , it follows that qi + pj = pi � 1 + pj < 2n +1. Similarly,
since� i + � j +1 � c0+ c� 1 = 2k +( j +1) � i , we obtain qi + qj +1 > 2n +1. But now
we havepj < 2n + 1 � qi < q j +1 , so the diagramD(P; Q) has no boxes in column
2n + 1 � qi , a contradiction.

Assume now that � ! � . We claim that if i � j and � i + � j > 2k + j � i , then
� i + � j > 2k + j � i . If not, then since � i > k , we obtain � i + � j � 1 � � i + � j �
2k + j � i < � i + � j . Therefore � i = � i , � j = � j � 1, and � i + � j = 2k + 1 + j � i . It
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follows that box ( j; � j ) is k-related to box (i +1 ; � i ), contradicting (2) of De�nition
1.3. The claim implies that B j � A j for every j .

We must show that P ! Q, and start by checking that Q � P. If this is false,
then choosej such that qj > p j , and note that � j � � j = jA j j � j B j j + qj � pj � 1.
The assumption � ! � then implies that � j = � j � 1, so A j = B j and � j � k.
Furthermore, the boxes (j; � j ) and (j � 1; � j ) must be k-related to boxes (i; c) and
(i; c � 1) of � r � , with c = 2k + 2 � � j + j � i . We obtain � i < c � 1 < � i , which
implies that � i + � j � 2k + j � i and � i + � j > 2k + j � i . But this means that
i 2 A j r B j , a contradiction.

Now suppose thatD(P; Q) contains a 2� 2 square, and choosej minimal such
that pj > q j +1 . If i 2 A j satis�es that i + 1 62B j +1 , then 2n + 1 � pj < p i � qi +1 <
2n + 1 � qj +1 , which is true for at most pj � qj +1 � 1 integers i . It follows that
� j +1 � � j = jB j +1 j � j A j j + pj � qj +1 > 0, contradicting that � r � is a horizontal
strip. This shows that D(P; Q) contains no 2� 2 squares.

Finally, suppose that pj = qj +1 for some j < n � k; we will show that there
exists ani such that qi < 2n +1 � pj < p i . Equivalently, assuming that � j � � j +1 =
jA j j � j B j +1 j � 0, we must prove that

� j + � i � 2k + jj � i j (I1) and � j +1 + � i > 2k + jj + 1 � i j (I2)

for somei .
If pj > n , then i = j satis�es (I1). Any i 2 A j r B j +1 solves our problem, so

assume that A j � B j +1 . Since jA j j � j B j +1 j, we must have A j = B j +1 . Hence
j =2 B j +1 , and thus i = j also satis�es (I2).

If pj � n, then � j and � j +1 are both greater than k, and henceA j = B j +1 = ; .
Therefore � j > � j = � j +1 > k , and the boxesx = ( j; � j + 1) and y = ( j + 1 ; � j )
are both in � r � . Set c = n + k + 1 � � j � j . If � n � k � c then the boxes x
and y are k-related to the box (n � k; c), and (1) of De�nition 1.3 is violated. So
� n � k � c � 1 = 2k + ( n � k) � j � � j , and so i = n � k satis�es (I1).

Let i > j be minimal such that (I1) holds; we claim that (I2) is also true for this
i . Note that � i � k. If � j < k + i � j , then by minimality of i we have� i � 1 > k ,
and this is impossible because� is k-strict. It follows that c := 2k + i � j � � j is at
most k. The box (i � 1; c) lies in � ; otherwise � i � 1 � c � 1 contradicts our choice
of i . If (I2) is false, then � i < c . Since (i � 1; c) is k-related to both x and y, we
again contradict De�nition 1.3. �

Suppose now thatP and Q are index sets for IG(n � k; 2n) with P ! Q. Recall
that a cut is an integer c 2 [0; 2n] such that pi � c < qi +1 for somei . We call an
element c 2 [0; 2n] which is not a cut a crossing. It is easy to see that the set of
crossings is equal to[ i [qi ; pi ). Indeed, c is a crossing if and only if c � pj implies
c � qj +1 for all j . If qi � c < p i then if c � pj we havej + 1 � i , so c � qi � qj +1 .
Conversely, if c is a crossing then seti = max( j j qj � c); then we havec < p i .

Let J (P; Q) = f e 2 [0; n� 1] j n� e and n+ e are both crossingsg; then N (P; Q) =
# f e 2 [1; n � 1] j e 2 J (P; Q) and e � 1 =2 J (P; Q)g. Recall that A is the set of
boxes of� r � in columns k + 1 through k + n which are not mentioned in (1) or
(2) of De�nition 1.3.

Lemma 5.2. For 0 � e � n � 1, we havee 2 J (P; Q) if and only if there exists a
box in column k + 1 + e of A.

Proof. Suppose that there exists a boxB in position ( i; k + 1 + e) of � r � . Then
� i � k + 1 + e > � i , henceqi � n � e < p i and thus n � e is a crossing. Suppose
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that B is in A; we will show that n + e is then also a crossing. Now either (i)B
is k-related to a box (r; c) with 1 � c � k such that � r � has a box in position
(r + 1 ; c), or else (ii) B is not related to any box (r; c) with 1 � c � k which is the
bottom box of � in column c.

In case (i), we haver + k + 1 � c = e + i , and claim that qr +1 � n + e < pr +1 .
Indeed, since� i � k+1+ e and � r +1 � c, we have� i + � r +1 > c + e+ k = r +2k+1 � i .
Therefore # f h < r + 1 j � h + � r +1 � 2k + r + 1 � hg � r � i , hence

qr +1 = n + k + 1 � � r +1 + # f h < r + 1 j � h + � r +1 � 2k + r + 1 � hg

� n + k + 1 � c + r � i = n + e:

We also have� r +1 < c and � i < k + 1 + e, hence� i + � r +1 � 2k + r � i , and by
similar reasoningpr +1 � n + k + 1 � (c � 1) + ( r + 1 � i ) � n + e+ 2.

In case (ii), we claim that there exists a box (r; c) of � with � r = c such that
k � � r + r = e + i . Indeed, chooser minimal such that k + 1 � � r + r > e + i . If
k +1 � � r + r � e+ i +2 then � r � 1 > � r , and the box in position (r � 1; k + r � e� i )
is the bottom box in its column. It follows that k � c + r = e+ i , where c = � r .

We claim that qr � n + e < pr . To see this, note that if � r < � r then the box
(i; k + 1 + e) does not lie in A; hence� r � � r . Also, � i � k + 1 + e and therefore
� r + � i � � r + k + 1 + e > 2k + r � i . It follows that

qr = n+ k+1 � � r +# f h < r j � h + � r � 2k+ r � hg � n+ k+1 � � r + r � 1� i = n+ e:

We also have� i + � r = � i + ( k + r � e� i ) � (e+ k) + ( k + r � e� i ) = 2 k + r � i .
Hence

pr = n + k + 1 � � r + # f h < r j � h + � r � 2k + r � hg > n + e:

It remains to show the converse. Ifn � e is a crossing, then there exists a box
B = ( i; k + 1 + e) of � r � . Now if B does not lie in A, then we need to show that
n + e is a cut, i.e., there exists aj such that pj � n + e < qj +1 . Either the box
(r; c) is a bottom box of � in column c k-related to B which is also a bottom box
of � in column c, or somed boxes (r � d + 1 ; c); : : : ; (r; c) are removed from� and
B is k-related to box (r � s; c), with 0 � s � d. In the former case, sets = 0. We
have k + 1 � c + r � s = e + i and � r � s � c, while � r � s+1 < c . Since the part of
� r � in columns k + 1 through k + n is a horizontal strip containing B , we have
� i � 1 � k + 1 + e and � i +1 < k + 1 + e. Now

� i � 1 + � r � s � k + 1 + e+ c = 2k + 2 + r � s � i;

hence� i � 1 + � r � s > 2k + ( r � s) � (i � 1), so

pr � s � n + k + 1 � � r � s + # f h < r � s j � h + � r � s � 2k + r � s � hg � n + e:

Furthermore, � r � s+1 + � i +1 � c � 1 + e+ k = 2k + ( r � s + 1) � (i + 1), thus

qr � s+1 = n+ k+1 � � r � s+1 +# f h � r � s j � h + � r � s+1 � 2k+ r � s+1 � hg � n+ e+1 :
�

Lemma 5.2 immediately implies the following result.

Proposition 5.4. If P ! Q are index sets for IG( n � k; 2n) and � ! � are the
correspondingk-strict partitions, then we have N (P; Q) = N (�; � ).

We next discuss the analogous proof of Theorem 3.1.
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Proposition 5.5. Let P and Q be index sets forOG(n + 1 � k; 2n + 2) and let
� and � be the corresponding elements ofeP(k; n). Then P ! Q if and only if
� ! � . In this situation we also haveN 0(P; Q) = N 0(�; � ), and if j� j = j� j + k and
N 0(P; Q) = N 0(�; � ) = 0 , then h(P; Q) � h(�; � ) mod 2.

Proof. The equivalence of the relationsP ! Q and � ! � is proved in a similar
way to Proposition 5.3. The condition in the de�nition of P ! Q that D(P; Q)
cannot have exactly three boxes in columnsn + 1 and n + 2 is equivalent to the
condition type( � ) + type( � ) 6= 3 in the de�nition of � ! � . This follows because
the type of an index set P, when non-zero, equals 1 plus the parity of the number
of integers in [1; n + 1] r P. We thus see that when type(P) and type(Q) are both
positive, we must have type(P) = type( Q).

One also checks as in Lemma 5.2 that in this situation, we haveN 0(P; Q) =
N 0(�; � ), and we will assume this in the following. To complete the proof, we
show that wheneverP ! Q (equivalently � ! � ), j� j = j� j + k, and N 0(P; Q) =
N 0(�; � ) = 0, we have h(P; Q) � h(�; � ) mod 2. We need to verify that

g(�; � ) + max(type( P); type(Q)) + jSj + jS0j + n � 0 mod 2;

where the setsS and S0 have been de�ned before Theorem 5.3.
Since j� j = j� j + k and � r � can have at most one box in each of the �rst

k columns, we deduce that for each column among these where� has the same
number of boxes as the corresponding column of� , the bottom box of � in this
column is k0-related to exactly one box of � r � . It follows that g(�; � ) is equal to
the number of boxes of� r � in columns k + 1 through k + n minus the number of
boxes in � r � .

We claim that at least one of type(� ), type( � ) must be positive. Indeed, if
type(� ) = 0 then the Pieri move � ! � must add a box to column k, which
implies that type( � ) > 0. This fact has the following consequence for the diagram
D(P; Q): exactly one row of D(P; Q) has boxes in columnsn + 1 or n + 2, and this
row begins or ends in these two columns. Moreover, if this row has boxes in both
central columns, then it must contain at least one more box. It also follows from
the de�nitions that no two boxes of D(P; Q) can lie in the same column.

Using Proposition 4.7 it is easy to translate between parts� i > k and elements
of pi of P less thann + 1: they are related by the equation � i + pi = n + k + 1. We
deduce that the number of boxes of� r � in columns k + 1 through k + n equals
jSj minus the number r of nonempty rows in the left half of D (P; Q) (the part of
D (P; Q) which lies in the �rst n + 1 columns).

Let S00= f p 2 S0 : p > n +2g. In the proof of Theorem 5.3 we saw thatqj = pj ,
for all pj 2 S00; moreover, sinceN 0(�; � ) = 0, the set A is empty. Using these facts,
it is straightforward to check that the elements of S00are in 1-1 correspondence with
the removedboxes from � , that is, with � r � . Combining this with the previous
analysis, we see thatg(�; � ) + jS00j has the same parity asjSj + r . We are reduced
then to showing that

n + r + max(type( P); type(Q)) �

(
0 mod 2 if n + 2 =2 S0;
1 mod 2 if n + 2 2 S0:

The above is proved by a case by case analysis, according to three possibilities for
(type(P); type(Q)). If type( P) = 0 and type( Q) > 0, then n + 2 =2 S0. Then, if
qj = n+1 for some j we havej = r and type(Q) � 1+( n+1) � j � n+ r mod 2, and if
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qj = n+2 for some j then j = r +1 and type( Q) � 1+( n+1) � (j � 1) � n+ r mod 2.
If type( P) > 0 and type(Q) = 0, then there are two possibilities. Either pj = n + 1
for some j , so n + 2 =2 S0, j = r , and type(P) � 1 + ( n + 1) � j � n + r mod 2,
or else pj = n + 2 for some j , so qj < n + 1 and n + 2 2 S0. Then j = r
and type(P) � 1 + ( n + 1) � (j � 1) � n + r + 1 mod 2, as required. Finally if
type(P) = type( Q) > 0 we must haveqj = pj 2 f n + 1 ; n + 2g for some j while
n + 2 =2 S0, and the result again follows. �

Appendix A. Quantum cohomology of OG(n; 2n + 2)

In this section OG0 will denote the Grassmannian OG(n; 2n +2). A presentation
and Pieri rule for the classical cohomology ring of OG0 were obtained in Section 3.

Given nonnegative integersd1 and d2, a rational map of degree (d1; d2) to OG 0

is a morphism f : P1 ! OG0 such that
Z

OG 0
f � [P1] � � 1 = d1 and

Z

OG 0
f � [P1] � � 0

1 = d2:

For three elements� , � , and � in eP(1; n) such that j� j + j� j + j� j = dim(OG 0) +
(d1 + d2)(n + 1), the Gromov-Witten invariant h� � ; � � ; � � i d1 ;d2 is de�ned to be the
number of rational maps f : P1 ! OG0 of degree (d1; d2) such that f (0) 2 X � (E � ),
f (1) 2 X � (F� ), and f (1 ) 2 X � (G� ), for given isotropic 
ags E � , F� , and G� in
general position.

The parameter space of lines on OG0 is the spaceZ of pairs (A; B ) where A and
B are isotropic subspaces ofC2n +2 of respective dimensionsn� 1 andn+1. Observe
that Z consists of two connected components, each isomorphic to the isotropic two-
step 
ag variety OF 0 = OF( n � 1; n + 1; 2n + 2). One component, which we callZ1,
parametrizes lines of degree (1; 0) on OG0, and the other component, which we call
Z2, parametrizes lines of degree (0; 1). It follows that

h� � ; � � ; � � i 1;0 =
Z

Z 1

[Z � ] � [Z � ] � [Z � ]

whereZ � , Z � , and Z � are the associated Schubert varieties inZ1, de�ned as usual.
For any � 2 eP(1; n), let � denote the strict partition (without type) obtained by
deleting the leftmost column of � . With this convention, we have

Proposition A.1. For any integer p 2 [1; n +1] and � , � 2 eP(1; n) with j� j + j� j +
p = dim OG 0+ n + 1 , we have

h� � ; � � ; � p i 1;0 =
Z

OG( n +1 ;2n +2)
� � � � � � � p� 1

if � and � are both of type0 or 1, and h� � ; � � ; � p i 1;0 = 0 if � or � has type2.

A corresponding analysis applies to the degree (0; 1) Gromov-Witten invariants.
The quantum cohomology ring QH� (OG0) is a Z[q1; q2]-algebra which is isomor-

phic to H � (OG0; Z) 
 Z Z[q1; q2] as a module overZ[q1; q2]. Here both q1 and q2 are
formal variables of degreen + 1. The ring structure on QH � (OG0) is determined
by the relation

� � � � � =
X

h� � ; � � ; � � _ i d1 ;d2
� � q1

d1 q2
d2 ;

the sum over d1; d2 � 0 and � 2 eP(1; n) with j� j = j� j + j� j � (n + 1)( d1 + d2).
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With the de�nitions of eP0(1; n + 1), e� , and � � as in Section 3.5, and t(� ) =
type(� ), we have the following analogue of Theorem 3.4.

Theorem A.1 (Quantum Pieri rule for OG 0). For any 1-strict partition � 2 eP(1; n)
and integer p 2 [1; n + 1] , we have

� p � � � =
X

� ! �

� �� 2N 0( �;� ) � � +
X

� ! �

� �� 2N 0( �;� ) � e� qt( � ) +
X

� � ! �

� � � � 2N 0( � � ;� ) � � � q1q2

in the quantum cohomology ringQH� (OG(n; 2n + 2)) . Here (i) the �rst sum is
classical, as in (39), (ii) the second sum is over� 2 eP0(1; n + 1) with � ! � and
j� j = j� j+ p, and (iii) the third sum is empty unless� 1 = n+1 , and over � 2 eP(1; n)
such that � 1 = n + 1 , � � ! � , and j� j = j� j � n � 1 + p. Furthermore, the product
� 0

1 � � � is obtained by replacing� with � 0 throughout.

Observe that if we setq1 = q2 = q in Theorem A.1, then we obtain exactly the
statement of Theorem 3.4 with k = 1. It should therefore not come as a surprise
that the proof of Theorem A.1 is along the same lines as that of Theorem 3.4.
There are no linearq terms in a quantum Pieri product � p� � unless`(� ) = n. All
� 2 eP0(1; n + 1) have positive type, since � 1 < n + 2, i.e., t( � ) 2 f 1; 2g for all � in
the statement of the theorem. In addition, the quadratic q terms are handled as in
the proof of Theorem 2.4, using the relation� 2

n +1 = q1q2, which is easily checked
directly. The assertions of Lemma 3.1 are true whenk = 1, d > 2, and `(� ) = 1,
with unaltered proof, and the argument of the proof of Theorem 3.3(d) then shows
that there are no cubic or higher-degreeq terms.

Theorem A.2 (Ring presentation). The quantum cohomology ringQH� (OG(n; 2n+
2)) is presented as a quotient of the polynomial ringZ[� 1; � 0

1; � 2; : : : ; � n +1 ; q1; q2]
modulo the relations

� 1� n � q1 = � 0
1� n � q2 =

n +1X

p=2

(� 1)p� p� n +1 � p;

� 2
r +

rX

i =1

(� 1)i � r + i cr � i = 0 ; 2 � r � n;

and
� 1� 0

1 � � 2 = 0 ;
where the variablescp are de�ned by (40).

Proof. Let (1r ) denote the partition (1 ; : : : ; 1) of length r , and � (1 r ) and � 0
(1 r ) denote

the corresponding Schubert classes of types 1 and 2, respectively. The quantum
Pieri rule gives the relations

� 1� (1 n ) = � (2 ;1n � 1 ) + q1; � 0
1� 0

(1 n ) = � 0
(2 ;1n � 1 ) + q2;(58)

� 1� 0
(1 n ) = � 0

(2 ;1n � 1 ) + � n +1 ; � 0
1� (1 n ) = � (2 ;1n � 1 ) + � n +1(59)

in QH � (OG0). In contrast to the case whenk > 1, it is not true here that the Schur
determinant � r , for 1 � r � n, is equal to a Schubert class in H� (OG0; Z). However,
by applying the Pieri rule to the monomials in the expansion of � r , noting that
� 1� 0

1 = � 2, we deduce that

� r = � (1 r ) + � 0
(1 r ) +

X

�

c� � � ;
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where the sum is over typed partitions � with `(� ) < r . The quantum Pieri rule
and equations (58), (59) now easily imply all of the required relations. �
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