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ALGEBRAIC TRANSFORMATIONS
OBJECTIVES

· To define types of algebraic relationships

· To identify rules for transforming algebraic relationships 

· To present engineering applications that make use of algebraic relationships

INTRODUCTION


Equations are widely used in engineering to show quantitative relationships between variables. Some equations are simple, such as that defining the moment M as being equal to the product of a force F and a distance d:

M = Fd






(1)

Other equations involve more variables and mathematical operations. For example, radial heat flow, such as that thorough the walls of the copper pipe that carries hot water from the water heater to the shower head, is characterized by the following equation: 
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(2)
In many cases, the variable of interest is imbedded within the equation and to obtain an equation for estimating the variable requires transformation. For example, If M and F in Eq. 1 were known, the expression for computing d is:



d = M/F






(3)
Similarly, if it was necessary to estimate k in Eq. 2 for measured values of q, L, Ti, To, Do, and Di then Eq. 2 is transformed to:
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(4)
The objective here is to provide general guidelines for transforming algebraic equations, such as that from Eq. 2 and Eq. 4. 

DIRECTLY PROPORTIONAL RELATIONSHIPS


For linear equations, those with the form, y = kx, the y and x variables are said to be directly proportional to one another, and k is a proportionality constant which has the units of y divided by the units of x . For example, if x is the pounds of beef in a package at the butcher shop and y is the cost of the package in dollars, then k is the cost per pound. This equation shows that as the value of x increases, the value of y also increases. For each unit change in x, y will change by k. If y is graphed against x, the straight line will have a slope of k. If we take five packages of beef from the meat compartment and plot the cost (y-axis) versus the weight (x-axis), then all of the five points should fall on a straight line with the slope being the cost per pound.
Example 1:
Engineers involved in the design of irrigation systems need to know the relationship between evaporation rates (E in mm/day) and air temperature (T, °C). Assume that for a given geographic location, the following equation applies:




E = 0.25 T

What does this equation indicate? If E were plotted against T, what type of plot would result?

Solution:
The equation indicated that values of E can be estimated for given values of T. The equation also indicated that E changes by 0.25 mm/day for each 1°C change in T. Since E has units of mm/day and T has units of °C, then the constant, 0.25, has units of mm/(day-°C) or mm/day/°C. At a temperature of 25°C, the evaporation rate is 6.25 mm/day while at 30°C, the rate is 7.5 mm/day. Because Equation 5 is linear, it would appear as a straight line graph. Evaporation will change by (7.5-6.25) = 1.25 mm/day for 5°C change in temperature, which corresponds to change of 0.25 mm/day for each unit change in T.

Mental Math:   If the cost of land is $7500 per acre, what is the relationship between the total cost and the area of a piece of property?
True/False:     The height (H) and weight (W) of football players are not directly proportional. Explain.

Open Ended:      A brand of breakfast cereal comes in five different box sizes. Make up a set of data that reflects the cost of each box size and the amount of cereal in the boxes. Discuss the relationship.

Language Arts:  Provide a definition for the term directly proportional. 

Engineering:      The weight (Wc) of a canoe and people in the canoe is balanced by the buoyant force (Fb) of the water. As more weight is added to a canoe, the canoe sinks and displaces more water. The buoyant force equals the product of the specific weight of the fluid (
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) and the volume (V) of water displaced by the canoe. Write an equation that relates the volume of water displaced 
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 as a person who weighs 
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Newtons gets into the canoe. What volume of water is displaced when a person who weighs 625 N gets into a canoe?
INVERSELY PROPORTIONAL RELATIONSHIPS

For equations of the form y = k/x, the y and x variables are said to be inversely proportional to one another, and k is again a proportionality constant. This means that as the value of x increases, the value of y decreases. If y is graphed against x, the slope is not constant; the graph will be curved with a negative slope. This equation is sometimes written as y = kx -1 where the -1 exponent indicated y and x are inversely proportional.
Example 2:  Ecologists are interested in relationship between the size of fish (and other aquatic life) versus the population density of the fish i.e., the number of fish per unit volume of the pond. As the number of fish increases, the food supply per fish decreases and so the average size of the fish decreases. In one study, the maximum length of one-year old haddock (L in cm) was related to a dimensionless density index (D) by:



L = 122/D
for 2 < D < 5




(6)

What does this relationship indicate?

Solution:
At a density index of 2, the average length is expected to be 61 cm. At a density index if 5, and average length of 24.4 cm is expected. Limits of 2 and 5 are placed on the index because the equation might give unrealistic lengths for values of D less than 2 or greater than 5.

Mental Math:    Assume that we have five boxes, each shaped as a cube of different side lengths s and we have 8 ounces of water. Then we progressively pour the water into each box and measure the height of the water in the box. Discuss the graph of the side length (x-axis) versus height (h) of water in the box (y-axis).
Language Arts    Provide a definition for the term inversely proportional.

Writing:    Explain why the loudness of a sound decreases as the distance between the source of the sound and the person hearing the sound increases. Propose a mathematical model of the relationship between loudness and distance and discuss the meaning of the slope.
Engineering:    Bridges deflect (i.e., bend) when subjected to a heavy load (e.g., a fully loaded 18 wheeler). The amount of the deflection is inversely proportional to the depth (i.e., thickness) of the bridge. Write an equation between deflection and depth. What factors do you think would affect the value of the proportionality constant? Would you expect all bridges to have the same plot? Explain.
JOINTLY PROPORTIONAL RELATIONSHIPS

For equations such as y = kxw, the variables y, x, and w are said to be jointly proportional to one another, with k as the proportionality constant. Note that y can increase as either one or both of x and w increase. Also, y could increase as x decreased as long as the increase in w was much more significant than the decrease in x.
Open Ended:  Would the relationship y = kx/w be considered jointly proportional? Explain.
Engineering:    The flow rate Q from a tank or vat of water through a opening of area A and at a velocity V is given by:



Q = kAV

If the orifice is a circle with diameter D, graph the relationship between Q and the D. Explain the shape of the function.

Example 3:   The velocity of rain water flowing across the surface of a highway is important to traffic safety engineers in their design of highway drainage. The velocity (V in m/sec) is dependent on the depth of the flow (d in m) on the highway surface and the slope of the surface (s in m/m). For slopes of about 1%, or 0.01 m/m, and depths of about 0.01 m, the velocity can be approximated by:



V = 3570 d S







(7)

What does this equation indicate?

Solution:
The equation indicated that V will increase as either or both d and S increases. The rate of increase per unit increase in the product d S is 3570. Note that this content has units of per second, or sec -1. This is an approximation that is accurate only near the stated conditions: impervious surface, depths of about 0.01 m, and slopes of about 1 m/100m. For a slope of 0.9 m/100m and a depth of 0.012 m, the velocity is 0.386 m/s. If the depth increased to 0.014 m, the velocity would increase to 0.450 m/s. Since S remained constant, the change in d of 0.022 caused a change in V of 0.064.
Engineering:  The flow Q of water through a porous soil is a function of the depth (h) of ponding of water above, the length of the soil column L (see Figure 1), and the soil constant k:




Q = k i A






(8)
where i = h/L. If tests are made with the same soil type but different i and A, what does k represent? Graph Q vs. iA.
Deep-Sea Diving:  Pressure (p) increases with the depth (h) and the specific gravity (Sg) of the fluid according to 

[image: image6.wmf]h

S

p

g

g

=









(9)
where 
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 is the specific weight of water. The specific gravity of the fluid depends on the fluid and the temperature. A diving bell is subjected to greater pressure as it descends to the floor of the ocean. Is this relationship an example of a jointly proportional relationship? Explain.
EQUATION TRANSFORMATIONS


Equations with multiple variables can be arranged to solve for one particular variable. The transformation is made using one of more algebraic operations of addition and multiplication. For example, the equation y = mx + b can be rearranged to solve for x by using the following steps:
1. Given:

y = mx + b







(10)

2. Adding the quantity –b to both sides gives:

y – b = mx + b – b

3. Collecting terms yields:

y – b = mx

4. Multiplying both sides by the quantity 1/m yields:
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5. Collecting terms gives:


[image: image9.wmf]x

m

b

y

=

-


-or-

[image: image10.wmf]m

b

y

m

m

b

y

x

-

=

-

=

1




(11)

The equations y= mx + b and x = (y-b)/m are, therefore, equivalent. This can be shown by using the following values for x, y, b, and m and inserting them into the equations:



m = 1/2,
b = 6,      y = 8, 
x = 4

So, at x = 4, y = mx + b = (1/2)(4) +6 = 2+6 = 8. At y = 8, x = (y-b)/m = (8-6)/(1/2) = 2/(1/2) = (2)(2) = 4. The same values of x and y were calculated using both equations, thus proving that the equations are identical. This is easily shown by graphing the following two equations on a y - x plot: y = 0.5x + 6 and x = 2y – 12.
Try this!  Transform the linear equation a = bx + cy – d to an equation for computing x.
Mental Math:  Which one of the following is equivalent to the linear equation y = 3x – 6: (a) 9x – 3y = 18; (b) x = [image: image11.wmf]3
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 (c) 6 – y – 3x = 0
Example 4:  Manufacturing engineers need to know the relationship between the number of products produced and the cost. In some cases, a client may need to know the cost of having a specified number of products manufactured while other clients might want to know the number of products that can be manufactured for the funds available. Let’s assume that for a given product, the cost C of having N items produced is:

 C = 8500 + 2500 N







(12)

How can this equation be interpreted? What is the corresponding relationship for computing N from values of C?

Solution:
In this case, the constant 8500, which has units of $, is the start-up cost since, when N is equal to 0, C = $8500. The constant 2500, which has units of $ per item, is the cost per item. Thus, if a client wants to buy 25 items, the total cost will be twenty-five times the unit cost plus the start-up cost of $8500:


C = 8500 + 2500 (25) = 8500+62,500 = $71,000

If another client has $53,000 available and wants to know how many items can be purchased, the equation must be transformed:


C = 8500+ 2500 N


C- 8500 = 2500 N
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(13)

Thus, the $53,000 will purchase:

N = 0.0004(53,000) – 3.4 = 17.8

Assuming that only an integer number of objects can be purchased, funds are only available for 17 objects with $2000 left over. The constant 3.4 in the transformed equation is the equivalent number of items that cannot be purchased because of the start-up cost.

Example 5:  When you walk into a heavy wind, you are impeded by the force that the wind exerts on you. The equation for drag force is:

FD = CD (1/2) [image: image13.wmf]ρ

AV2 






(14)
in which CD is the drag coefficient, [image: image14.wmf]ρ

 is the mass density of the fluid, A is the cross-sectional area projected by the object, and V is the relative velocity between the object and the fluid. For given values FD, 
[image: image15.wmf]ρ

, A, and V, what is the expression for computing values of CD ?
Solution:
Equation 14 is easily transformed to an expression for computing CD by multiplying both sides by the constant 2 and dividing both sides by 
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AV2 :


FD = CD (1/2) 
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This equation indicated that the drag coefficient increases with the force applied to move the object and decreases with increases in 
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, A, and V.

Probability: The uniform probability function f (see Figure 2) is equal to 
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, where a and b are parameters. It can be shown that the mean 
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Solve the two equations for a and b as a function of 
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 and s.

EQUALITY OF FRACTIONS
Equation transformation can be used to show the equality of fractions. If a/b = c/d, then it must follow that ad = bc. Additionally, the relationship of ratios can be solved for any one variable using the algebraic transformations given previously. For example, b = ad/c or c = ad/b.

PROBLEMS
1. Which of the following variables are directly proportional to y, and which are inversely proportional? Only k is a constant.
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2. Graph Eq. 6 and comment of the general shape of inverse relationships.

3. If m = 2 and b = 3, graph the straight line of Eq. 10 for values of x = 2 and x = 5. On the same graph, plot the straight line of Eq. 11 for y = 7 and y = 13. Discuss the results.

4. The potential energy of a mass m that is at a height h above the ground is given by: E = mgh. Find the height of 2-kg object that has potential energy of 2943 J. The constant g is the acceleration of gravity and is equal to 9.81 m/s2. 
5. The volume of a sphere is given by; V = (4/3)(π)(r3). Solve for the radius, r, as a function of the volume, V. Are V and r directly or inversely proportional?

6. For a particular engineering problem, the hydraulic gradient is given by the following equation:
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Develop an equation for computing L as a function h1, h2, and i. Using h1 = 5.8 m, h2 = 7.2 m, and i = 1.5, calculate L.

7. The drag force of an object with a cross-sectional area A moving through a medium with a density 
[image: image27.wmf]ρ

 at a velocity V is given by the following equation: 
FD = CD (1/2) 
[image: image28.wmf]ρ

AV2, where CD is the drag coefficient. Calculate CD for an object with a drag force of 212.5 kN moving at 5 m/s through water. Take the density of water to be 1.00 g/cm3, or 1000 kg/m3. The area is 13m2.
8. The power of a turbine can be calculated using the following equation; P1 = ρQU(V-U)(1-cos θ), where ρ is the density of the medium, Q is the discharge, U is the blade velocity, and V is the velocity of jet.

a) Find Q given that ρ = 1000 kg/m3, U = 50 m/s, V = 120 m/s, P1 = 3500 W, and θ = 60 degrees.

b) The power of jet is given by P2 = QnH, where H is the height and n is a constant. If n = 9810 N/m3 and P2 = 34.335 W, what is the relationship that can be used to calculate Q as a function of the height, H?
FIGURE 1.
Schematic of Flow through Porous Media

FIGURE 2.
Uniform Probability Density Function

� EMBED Word.Picture.8  ���








algebraic transformations

















Richard H. McCuen


A. Gillian Cutter





January 2004





























Sponsored by the General Electric Foundation











_1153648680.unknown

_1153649593.unknown

_1153651236.unknown

_1154162092.unknown

_1154162184.unknown

_1154162357.unknown

_1153651297.unknown

_1153649809.unknown

_1153650252.unknown

_1153649418.unknown

_1153649454.unknown

_1153649121.unknown

_1153643944.unknown

_1153644068.unknown

_1153648061.unknown

_1153648359.unknown

_1153644012.unknown

_1153565947.unknown

_1153565974.unknown

_1153565889.unknown

_1147857382.doc
[image: image1.png]PA NT OF

y« ELECTRICAL &
i COMPUTER ENGINEERING








