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EXPERIMENTAL vs. THEORETICAL PROBABILITIES
OBJECTIVES

· To distinguish between samples and populations
· To explain the concept of sampling variation
· To define the ideas of probability and randomness
ENGAGEMENT

1. One poll on the upcoming election indicates candidate A leads 47% to 44%, while another poll suggests candidate B is ahead 48% to 47%. Why do the polls differ? The pollsters state that the reported values are within 3% of the true values, but what does this mean in terms of who will win the election? Also, we know that in past elections, the polls have not always been right. Are the pollsters any more accurate than the weatherman who predicts an 80% chance of 4 to 8 inches of snow?
2. If you flipped a coin 100 times, how many heads would you expect? It can be shown theoretically that 50 is the most likely number. This value, 50, is referred to as the population mean. But if you flip a coin 100 times, will you get exactly 50? Actually, the probability of getting exactly 50 is quite small. Draw the outline of a histogram that would illustrate the variation that you might get if you conducted this experiment many times. Discuss the result.

3. The same idea applies to rolling a number cube. The likelihood of rolling a 6 is 1/6, but you might roll a cube 20 times and not get even one 6. Why? Draw a bar graph that shows the likelihood of getting values from 1 to 6. Discuss its shape.
4. If you tossed a nickel and quarter simultaneously how many different outcomes are possible?
EXPLORATION

1. Each person in the class should flip a coin eight times and record the number of heads. What value (0 to 8) is most likely to result? Collect the data from each person and create a histogram of the number of heads vs. frequency; the histogram will be based on the frequency of each individual’s number of heads. Also, compute the mean of the number of heads using all persons in the class. Compare this sample mean to the number of heads most likely to result. Why do the two values differ? Why didn’t each person get the same number of heads?
2. Divide the class into groups of 3 (or 4 if necessary to include all students). Have each student’s height measured and compute an average value for each group. Then compute the average of all students in the class, which will serve as the population mean. How do the group means compare with the population mean? Now combine pairs of groups into larger groups and compute the new group means. How do the new group means compare with the population mean? Are the sample means from the larger groups closer to the population mean than were the sample means from the smaller groups? Discuss the result.
3. A number cube was tossed 72 times, with the number of pips recorded in groups of three as follows:
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Compute the mean of each group of three. Construct a bar graph of the 24 means, and compute the mean and standard deviation of the 24 means. Combine adjacent groups of three to form 12 groups of 6. Construct a bar graph of the 12 means, and compute the mean and standard deviation of the 12 means. Combine adjacent groups of 6 to form six groups of 12. Construct a bar graph of the six means, and compute the mean and standard deviation of the 6 means. Finally, combine the six groups of 12 into 3 groups of 24. Construct a bar graph of the three means. Compare the four bar graphs and draw a conclusion about the mean values as the sample size changes from 3 to 6 to 12 to 24. Examine the four standard deviations and discuss any apparent trend.
4. Using a sheet of 8½ -by-11 paper create a set of 374 ½-inch by ½-inch squares. On 7 of the 22 rows, write a F in each square, which gives 119 F squares. On the other 15 rows, write an A in each square, which gives 255 A squares. Assume this is a population and an opinion poll is taken where the F and A indicate FOR and AGAINST some public programs, respectively. Put the 374 squares into a paper bag (or a box) and shake well. Draw one square and record the “vote”. Place the square back into the bag and shake well. Draw a second square, record the vote, and place the square back into the bag. Repeat this activity to obtain 10 “polls” of 10 votes each. Compute the proportion of  F votes. Then combine two groups of 10 to from a group of 20 and compute the mean. Repeat for four other groups of 20. Compute the proportion of  F votes in each of the five groups of 20. Form 4 groups of 25, three groups of 33, and two groups of 50. Analyze the means by comparing them to the true mean. Perform any calculations needed to show how the accuracy of the proportion varies with sample size.
Research:  (a) Construct a bar graph that shows the six possible outcome of rolling a number cube. (b) Roll a number cube 12 times and divide the numbers of each possible outcome (1 to 6) by 12. Plot the bar chart of the results. (c) Compare the bar graphs of parts (a) and (b).
EXPLANATION

Populations, samples, and sampling variation

Why do events such as election polls, weather forecasts, coin flipping, and cube rolling often yield unexpected results? Why can’t we be reasonably assured that the expected result will materialize? The events seem to have an element of randomness about them. People voting in an election do not vote exactly like those who responded to the poll. The pre-storm meteorological conditions that existed just prior to a winter storm did not give an accurate warning of the depth of snow that resulted. Forty-eight rather than 50 heads occurred in the 100 coin flips. These variations form the heart of the study of probability. The polls taken by the pollsters are samples of data, while those voting in the election represent the population. The 48 heads represent a sample, while the expected value of 50 out of 100 represents the population mean. A population is a set of values that includes all possible outcomes. A sample is a subset of the population that was randomly drawn from the population. Given that the sample is drawn at random, many different results are possible. The sample that is drawn can be what is expected, although an unexpected result could happen. The disparity between the sample and the population represents the effect of sampling variation.

Consider the following activity: Four pennies, three nickels, two dimes, and one quarter are put into a tin can. The can is vigorously shaken, and tilted so that three coins fall out. Do you think it would be the quarter and the two dimes? Would two pennies and one nickel be more likely? The latter outcome is more likely than the first outcome, but if the game was played many times, the quarter and two dimes would likely occur but much less frequently than the two pennies and one nickel. This is a result of sampling variation.
Mental Math:  If you rolled two number cubes and summed the number of pips, what do you think the least likely outcome would be? The most likely?
Open Ended:  Provide an example of sampling variation where three pennies are flipped simultaneously.

Language Arts:  Write a sentence using the words sample and population that relates to some school activity.
Sample Size

Do you think that the pollsters would get a more accurate estimate of the percentage of voters who will vote for Candidate A if they sample 3000 voters rather than 1000? If the sample of 3000 is truly random, then theory would suggest that the percentage would be more accurate. When the sample mean is the statistic of interest, theory shows that the accuracy of the sample mean is proportional to 
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. So a sample of 10 yields a relative accuracy of + 0.316, while a sample of 100 yields a relative accuracy of + 0.100. Therefore, as a general rule, the larger the sample, the greater the expected accuracy. However, larger samples are often more costly to collect, so actual studies have to find the sampling program that gives the best accuracy for a given amount of available resources.

Try This: Construct a single x-y graph. The abscissa (x-axis) will be the sample size. The ordinate (y-axis) will represent both the cost of collecting samples and the relative accuracy of a mean computed from the sample values. Sketch a line that shows the total cost of sampling vs. the sample size. Then sketch a second line that shows the relative accuracy vs. sample size. Discuss the graph that results from the two lines.
Open Ended:  If you wanted to estimate the average weight of all players on the school football team, what would you need to do to obtain the population value? What sample size do you think would be necessary to get a good sample estimate of the population mean? What considerations would you make in selecting a representative sample?

Research:  Obtain the scores of all classmates from the most recent math test? Construct a histogram. Do you believe that this is a good estimate of population distribution of grades usually given by the teacher? Explain.

Relative Frequency and Probability

A teacher counts the number of A’s, B’s, C’s, D’s, and F’s in her class, with the following numbers: 5, 8, 11, 3, and 2, respectively. What is the probability that a student received a B? Since the values are known, then population probabilities can be computed by dividing the frequencies by the sum of the frequencies, or 5/29, 8/29, 11/29, 3/29, and 2/29, which are 0.172, 0.276, 0.379, 0.104, and 0.069. Thus, the probability is 0.276, or a little better than 1 in 4.

If the test scores are considered a sample of grades from all of the classes taught by the teacher and representative of class grades in the future, then the probabilities computed for each grade in this class can not be considered exact values. They would be considered as sample probabilities. Not every class in the future will have the same distribution of grades, but the distribution from the one class is the best information available.
True or False:  The probability of snow reported by the local weatherman is a population value? Explain.
Language Arts:  Write a sentence that relates the term expected frequency to sports.

Research:  Measure the lengths of the forearms of 10 classmates (i.e., the distance from the elbow to the wrist). Select the 10 students randomly (such as by the date of birth, i.e., the first 10 of a year). Order the lengths from smallest to largest and assign each a cumulative probability of 0.05, 0.15, 0.25, ..., 0.95. Select 10 more classmates at random and measure their forearm lengths. Compare each student from the second group to the first group and compare the probabilities.
Writing:  Explain the factors that you would consider in collecting a sample.
ELABORATION

1. The sampling variation of the mean is 
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 when the population standard deviation is known or 
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 when the population standard deviation is not known but the sample standard deviation s is known.
a. For a particular water quality test that environmental engineers conduct in a laboratory, long-term studies have shown that the population standard deviation is 0.3 mg/L. Compute and plot the standard error of the mean for sample sizes from 5 to 20. What does the resulting graph indicate about the required sample size?

b. A sample of 10 steel reinforcing bars is selected from a shipment of 2000 bars. The ten bars are tested for tensile strength and found to have a mean of 3650 and a standard deviation of 106. Discuss the accuracy of the mean

2. Decisions based on public opinion polls use proportions as the decision criterion. The error (E) in an estimate of a proportion is given by:
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in which p is the estimated proportion, n is the sample size from which the proportion was estimated, and 
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 is the standard normal deviate for a level of significance 
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An engineering group needs to study public opinion concerning a hazardous waste pipeline that will be built near their community. They want to be 90% confident in their results, so they use 
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. They expect the proportion of the community to be very dissatisfied with the location of the proposed pipeline to be less than 25%, or 0.25. How will the accuracy of the proportion vary with sample size?
3. Obtain copies (newspapers and good sources or the internet) of recent polls that shows (1) the proportion, (2) the sample size, and the error. Use the equation of problem 2 about to estimate the level of confidence in each estimate.
EVALUATION

1. True or False?  A hand of poker is the result of randomness. Explain

2. Toss a penny, a nickel, and a dime simultaneously and count the number of heads. For any one toss, what are the possible outcomes? Delineate the population.
3. The objective is to measure the hourly rate of water evaporated from a saucer placed in a window. Will one measurement be sufficient to get an accurate estimate of the evaporation rate on a sunny day? Explain. 

4. A teacher gives 10 quizzes during a school term. Do one student’s grades on the quizzes reflect sampling variation? Explain. Would the distribution of the grade of all students in the class on one quiz be a better reflection of sampling variation? Explain.
5. A teacher gives the following distribution of A, B, C, D, and F grades on the final exam : 6, 8, 11, 4, 1. What are the sample probabilities of getting an A, B, C, D, or F from this teacher?

ENTERTAINMENT: THE RACE TO BE AVERAGE
Materials:
1 number cube for each player



1 game board



1 marker for each player (this can be a 9 mm x 15 mm piece of cardboard)

Game Rules:

1. One player places his or her marker on a START Space 
2. Simultaneously, each player rolls their number cube and moves a number of spaces equal to the number of pips.

3. Each game includes exactly four rolls per player. 

Winner: The player(s) who is on space 14 at the end of four rolls. If no player ends up on space #14, then the player(s) closest to space 14.
Post-Game Activities:

1. What is the most likely space number on which a player will end up after four rolls.

2. In four rounds, a player can be on locations of 4 to 24. Compute the theoretical probabilities for each of these possible outcomes.

3. Using all players final positions, compute the average location and compare it to the population mean of 14. 
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