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Experimental Variation
Introduction

What if a timer for the space-shuttle booster rockets were miscalibrated and caused the fuel to shut down 20 seconds before it was supposed to? What if a laboratory instrument that measures the compressive strength of concrete consistently indicated that the strength is 10% higher than it really is? These errors can have very significant consequences. Therefore, it is important to indicate the expected accuracy of an instrument when communicating technical data. What is the possible consequence of a blood pressure monitor that indicates a blood pressure of 120/80 when, in fact, the person’s blood pressure is actually 170/120? The person would not likely seek the needed medical help and could potentially have a heart attack that could have been prevented.


An error is the difference between a measured value and the true value. Errors can be classified as being either systematic or random. A systematic error is one that arises, on average, with each measurement. A random error is one that varies in magnitude with each measurement and in a way that it can cause either underprediction or over prediction. Consider the case of a person who has the task of measuring the lengths and widths of rectangular rooms when using a flexible tape measure. With each measurement, the person does not pull the tape measure with same force so an error related to the pull force is introduced into the recorded measurements. In addition to the error introduced because the pull force is applied inconsistently, the person does consistently misaligns the sighting of the reading in a way that the room length or width is consistently underestimated. The result of the mismeasurements are inaccurate estimates of the room areas. The error in the pull force is a nonsystematic source of error, while misaligned sightings cause a systematic error in the measurements.

Try This!
A chronometer has been damaged in a way that it indicates 1 minute when the true time is 59.4 seconds. The chronometer is used to measure times in 100-meter dashes. Readings in three races with the chronometer were 10.22, 10.07, and 10.13 seconds. (a) What were the true times for the three races? (b) What is the average error?

Bias, precision, and accuracy

If repeated measurements are made with the same instrument and the average of the repeated measurements is not close to the true value, then the instruments is causing systematic errors. Bias is the difference between the mean of the measurements and the true value. A consistent overprediction represents a positive bias, while a consistent underprediction is a negative bias. It may be possible to eliminate the bias by calibrating the instrument.

Try This! Part II
What is the best estimate of the bias in the chronometer used in the measurement of the 100-m dashes?

Be Creative:
An archer shoots 10 arrows toward a target. If the archer were biased in her release, how would it be evident in the locations of the arrows on the target?
Compute This!
A bathroom scale is out of calibration and readings exceed the true weight by 3%. Each member or the family uses the scale, with the following readings: Dad, 172 lbs.; Mom, 108 lbs; Sis, 78lbs; Jr., 66 lbs. What are their true weights, and what is the bias in pounds?

If repeated measurements are made and they differ from the true value, but the mean of the measurements is not significantly different from the true value, then the individual errors are said to be random and nonsystematic errors. The variation of the random errors is a measure of the precision of the measuring instrument. If the errors are large, then the instrument is said to give imprecise measurements. The standard deviation of the errors is used as the measure of the precision:
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(1)
when ei = predicted measured values , n = sample size, p = the number computed values used in estimating the predicted values.

Example 1:
A dart thrower throws five darts and tries to hit the bulls-eye. The distances (cm) between the bulls-eye and the location where the dart sticks into the board are 6.2, 11.7, 3.8, 5.0, and 9.1 cm. These are the errors, so the standard deviation is 
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(2)
The five locations were distributed evenly across the dart board. A person who had a smaller standard deviation may have a steadier hand; however, if the second dart thrower consistently hit one side of the board but with a smaller standard error, the lack of bias by the first person may suggest that her overall accuracy is better.


The accuracy of a set of measurements is influenced by both the bias and the precision. Inaccurate measurements can result from either a bias in the instrument or a lack of precision, or both.


Consider the case of an archery competition. Four archers shoot six arrows each at four different targets, with the results shown in Fig. 1. Archer A was fairly precise but consistently off center, which showed a bias to the left and above center. On the average, Archer B would be near the center, but the shots show considerable scatter, which indicates a lack of precision. Archer C consistently was to the left of center, indicating a bias, but also the scatter suggests a significant lack of precision. Archers A, B, and C all demonstrate inaccuracy in their shots, but for different reasons. Archer D consistently was near the center, which indicates a lack of bias, and the small scatter of the points indicates good precision. Therefore, archer D is the only archer demonstrating good accuracy. The accuracy depends on both the bias and precision of the individual shots. The nature of the variation provides the archers with some indication of what they need to do to improve their accuracy.
Compute This!
As accurately as possible measure the distance of each point in Figure 1 from the bulls-eye. Compute the bias and standard deviation. Discuss the results.

Quick Quiz!
A laboratory thermometer is used to measure the temperature (
[image: image3.wmf]T

ˆ

). The measurements are then compared with the true temperatures (T). Is the laboratory thermometer biased? What is its precision? The values are:
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12.6
16.2
19.0
23.1
17.4
10.9°C



T   
11.9
16.5
18.8
23.5
17.2
11.3°C

Design an Experiment!
The football coach believes that the field goal kicker tends to kick in a way that the football tends toward the right rather than in the center of the goal posts. Set up an experiment to determine whether or not the coach’s observation is correct.
ERROR ANALYSIS 


In communicating technical data, every effort must be made to explain errors in measurements. The task is difficult because it is rarely possible to know the true value. In such cases, the bias is unknown, so the accuracy cannot be assessed; it can only be estimated. The bias can be assessed if an assumption is made that some standard of comparison is used in place of the true value. For example, if long-term studies under similar conditions have been conducted, the then long-term mean could be the standard of comparison. In regression analysis, the regression line is used as the standard of comparison, and the errors can be computed. Unless all of the errors are negligibly small or zero, they contain information that should be explained. It is inadequate to show the regression equation and not evaluate the residuals. At the minimum, the residuals can be characterized by their standard deviation, which is the standard error of estimate. The cause of extremely large residuals, whether positive or negative, should be evaluated and explained in the report. The report should also include a discussion of residuals that show correlation between themselves, such as when all the residuals in one part of a plot are of the same sign, which indicates a local bias. The important point is: While a regression equation provides an explanation of the relationship between two variables, a considerable amount of information may be in the residuals and this variation needs to be explained, whether it reflects a bias or a lack of precision.
SAMPLING VARIATION


When high jumpers are competing in a track-and-field event, they get three chances to clear the bar. Why not just one chance? Experience has shown that one attempt is inadequate to reflect a jumper’s ability. With the bar set as some height, a jumper may clear the bar by several centimeters, slightly touch the bar, or embarrassingly knock the bar off. The end result on any one trial will depend on a number of factor, not just the ability of the jumper. Crowd noise, wind, a few loose cinders along the track, or a momentary deflation of the jumper’s confidence can lead to a poor jump. Permitting several attempts increases the chance that the outcome of the meet will be determined by the abilities of the jumpers, not the random variation associated with secondary factors.


Just as they allow multiple jumps in the high jump, laboratory experimentation often requires multiple measurements to ensure that a representative value is achieved. While the best jump is used to measure the jumper’s worthiness to continue in the event, the mean value of multiple measurements is usually used as the criterion in laboratory experimentation. The mean is supposedly more accurate than individual measurements. When the measurement-to-measurement variation is large, then it is best to use numerous measurements. When the sampling variation is small, a few measurements may be adequate to get an accurate representative value.

The degree of variation, which is often represented by the standard deviation of the measurements, is very important to decision making. Therefore, experiments where the random variation is expected to be large generally require numerous trials. Taking fewer measurements than that specified in the experimental guidelines can reduce the accuracy of the results.

Experimental variation can be systematic or nonsystematic. Systematic sources of variation, such as faulty calibrated equipment, can lead to biases in the measurements. Sources of variation that introduce random variation into the measurements, such as inability to control conditions of the surroundings, can lead to a lack of precision. Just as with the archers, bias and imprecision lead to inaccuracy of results. Good laboratory practices and following the recommended sampling scheme will increase the likelihood of achieving accurate experimental results.
OUTLIERS 

If a fifth archer shot six arrows at a target and had five very near the center but one arrow hit hear the outer edge of the target, what can be said  about the archer’s bias, precision, and accuracy? Obviously, the off-center arrow would produce a slight bias in the overall score because the mean of the six shots is not at the center. While five of the six shots suggest that the archer is precise, the off-center arrow causes the archer’s precision to be questioned. Given the slight bias and minor imprecision, do these suggest that the archer is not an accurate shot? The answer depends on how much weight is placed on the off-center shot.

If each shot is treated equally, which at first is the obvious choice, then it seems reasonable to conclude that the archer is not as good of a shot as Archer D. However, if the errant shot is labeled as unrepresentative of the archer’s ability and dropped from consideration, then we would conclude that the archer makes unbiased, precise shots and, therefore, is as good as Archer D. In this case, we are assigning a weight if zero to the errant shot. It seems then that the decision we make about the archer’s skill depends on how we weight the errant shot. This may seem fair or unfair, but how the shot is treated is a reality of decision making.

In experimental analysis, a measurement that is much different from the other measurements in a set is considered an extreme event. How such events are dealt with will influence decisions. One philosophy of extreme events is that, since they are measured values, they must be included in the analysis and given a weight equal to the weight of the other measurements. A contrasting philosophy argues that it is unfair to allow one measurement to influence the results of an analysis, and therefore, it is perfectly acceptable to “throw out” errant values. Statisticians refer to this “throwing out” as censoring.

If we momentarily adopt the censoring-allowed philosophy, then the question that arises, is “How far from the other measurements does a measurement have to be to be dropped from consideration?” First, two terms will be introduced. An extreme event is a measurement that deviates substantially from the other measurements in a sample. If an event is proven, generally using statistical methods, to be substantially different than the other measurements, then it is termed an outlier. Note that a measurement is not referred to as an outlier unless it is proven statistically to deviate substantially from the other measurements. It is possible to have more than one outlier in a sample and outliers can be below or above the mean.

Consider the following sample of data: 0.12, 0.03, 0.41, 0.17, 0.22, 78, 0.56. Is the measured value of 78 a representative value or is it mistake? The means of the sample with and without the extreme value are 11.4 and 0.25, respectively. Obviously, these two values give a different impression of the data. Therefore, before analyses are made with the sample, it is important to decide what to do with the extreme event. Statistical hypothesis tests are available for testing extreme events.
You decide!
Concrete beams were obtained from a construction site as samples of the concretes used in a new building. Laboratory analyses were used to measure the compression strength of the five beams with the following results: 4750, 4125, 4600, 1250, 4875. State construction laws required that tests to produce a mean of at least 4000. Is the concrete in the building of adequate strength?
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