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Figure 3: All Possible Projectile Launches with Two Thrusts and Two Angles
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Materials


2
Meter sticks with centimeter markings


1
Straw rocket launcher

1
Straw rocket with nose cone

1
Pad of graphing paper
Objectives

1. To introduce projectile motion
2. To investigate the variables that affect projectile motion
3. To gain an understanding of experimental inaccuracies and errors

Background


Ideal Projectile Motion
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Figure 1: A Cannon Launching a Projectile



An ideal projectile is an object on which only one force acts – the force of gravity. Ideal projectile motion refers to the characteristic motion of such objects.  If gravity is the only force acting on an ideal projectile, then how can other factors affect its motion?  While gravity may be the only force acting on an ideal projectile, this does not mean that the object must begin its motion with no initial velocity.  What is important, though, is that the object must experience no acceleration except that due to gravity  Consider Figure 1; the cannonball leaves the cannon at a constant velocity, and at the angle depicted.  The cannonball is fired with both a velocity and an angle.  The force of gravity will cause the velocity in the positive y (upward) direction to decrease, eventually becoming negative as the object travels back downward, but because no significant force is acting horizontally on the cannonball, it will continue traveling horizontally with its initial horizontal velocity.  Thus, we can see that the velocity of a fired projectile has different components: a vertical component and a horizontal component.  The force that causes the velocity of the projectile is referred to as its thrust, and the angle at which the projectile is fired is referred to as its launch angle.


Thrust and Launch Angle
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Two major factors affect the motion of ideal projectiles: the thrust and the launch angle.  To explore how these factors affect the motion, we again turn to the example of the cannon.  Assume that the thrust of the cannonball causes a velocity of 50 m/s and launch angle of 35 degrees above the horizontal (see Figure 2).  Trigonometric identities can be used to compute the horizontal and vertical components of the velocity.  In Figure 2, the total thrust is the hypotenuse of the triangle, the horizontal component of the thrust is the longer of the two shorter legs, and the vertical component of the thrust is the shortest.  We know that the value of the side opposite of the 35 degree angle (in this case, the vertical thrust) divided by the value of the hypotenuse is equal to sin (35o), since sin represents the quantity of the length of the side opposite the angle divided by the length of the hypotenuse.  Rearranging this equality and using the velocity that the thrust produces, the vertical velocity is equal to the total velocity times sin(35),  vy = 50(sin(35) .  Similarly, the definition of cosine can be used to compute the velocity in the horizontal direction, which is equal to the total velocity times cos(35), vx = 50(cos(35).

It is often helpful in physics and engineering problems when variables such as velocity exist to find their horizontal or vertical components.  When we do this, we are resolving a vector into components.  A vector can be expressed as a magnitude and a direction.  In this case, the vector was the projectile’s velocity, its magnitude was 50 m/s, and its direction was the launch angle, 35 degrees above the horizontal.  One can also express vectors in terms of components, which were found above.  In this case, the velocity vector can be written as:

v = velocity(cos(launch angle) ax + velocity(sin(launch angle)
[1]
v = 50(cos(35) ax + 50(sin(35) ay = 40.96 ax + 28.68 ay  (m/s)
[2]
Notice that the v in equations 1 and 2 is boldfaced – it is common practice to boldface or place an arrow above a variable to show that it is a vector.  Also notice that our horizontal velocity has a variable ax after it, and our vertical velocity has a variable ay after it.  These are the unit vectors for the horizontal and vertical directions.  They do not change the magnitudes of vx and vy, the velocities in the horizontal and vertical directions, because their magnitudes are equal to 1; they simply specify the direction for that component of the velocity.


Both the thrust and launch angle of a projectile affect its motion.  Changes in both the magnitude of the thrust and the launch angle can affect the horizontal and vertical components of the velocities, which determine the path of the projectile.  In Figure 3, an ideal projectile is fired with varying launch angles and thrust values.  Note the differences in the paths.
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The Quadratic Motion


In the graphs of Figure 3, the paths of the ideal projectile fired at the specified launch angles with the specified velocities all follow the same pattern – that of a quadratic.  Where does this come from?  Though the parabolic/quadratic motion of ideal projectiles may be intuitive, it is helpful to use the equations of kinematics to show the basis for this quadratic.  We begin by noting that for a body in motion, the following equation applies:


vf = vi + a(t



(m/s)



[3]
where vf is the final velocity, vi is the initial velocity, a is the acceleration, and t is the elapsed times.  When working with vectors, this equation can be used either with vf, vi, and a as vectors, or doing each component separately.  For the motion of an ideal projectile, if each component is done separately, the only acceleration will be in the downward (negative y) direction, so 



vfx = vix



(m/s)



[4]

and     vfy = viy + g(t


(m/s)



[5]
where vfx is the final horizontal velocity, vix is the initial horizontal velocity, vfy is the final vertical velocity, viy is the initial vertical velocity, g is the acceleration due to gravity (( 9.81 m/s2), and t is the elapsed time.  The acceleration of gravity is in the negative y direction (downward).


The equations of kinematics also indicate that



d = vi ( t + ½ a ( t2


(m)



[6]
where d is the distance vector for the distance traveled in the elapsed time t.

Separating this into components yields:



dx = vix ( t



(m)



[7]


dy = viy ( t + ½ g ( t2

(m)



[8]
where dx is the horizontal range, and dy is the vertical range.

While the horizontal range varies linearly with time, the vertical range varies quadratically with time, resulting in the shapes shown in Figure 3.  Values for a number of variables can be obtained by these expressions (maximum height, horizontal range, total elapsed time of motion, etc.) by making use of initial and final conditions.

Real Projectiles and Other Considerations

Though this experiment will be testing the principles of ideal projectiles, they do not exist in the real world.  Real projectiles are subject to additional forces.  Real projectile motion does not only experience a force due to gravity, but also one that is caused by air resistance.  This additional force is called drag force.  A real object that is falling due to the force of gravity will continue to accelerate downward until it is balanced by an upward force (caused by air resistance) that is equal in magnitude but completely opposite in direction to the force of gravity (gravity is acting downward, drag force is acting upward).  Because these two forces will cancel one another out eventually, the object will reach a constant velocity – a terminal velocity – at which it falls.  The force due to gravity increases as an object’s mass is increased (mass and force of gravity are directly proportional), and so real objects that are more massive fall faster than those that are less massive.  This is because objects with larger masses will fall farther (and continue accelerating downward for a longer period of time) before the force of gravity is counter-balanced by the air resistance.  This means that more massive objects have larger terminal velocities, and therefore fall faster.  Additionally, the motion of real projectiles such as rockets can be a function of the length of the projectile.  All of the projectiles discussed herein have been almost thought of as single-point masses in space rather than actual objects.  The geometry of an object, however, can affect its motion.  Can you think of why this might be?


Errors due to factors such as air resistance and projectile geometry will cause small deviations from the ideal case.  It is important, then, throughout the course of this experiment to be careful to use techniques to minimize errors.
Pre-Laboratory Questions

1. Using what you know about forces and gravity, explain why it would be a bad idea to fire a projectile at a far away target that is either above or below your elevation by aiming the launcher directly at the object.

2. A 30 kg projectile is fired at 170 m/s from the ground at an angle 47 degrees above the horizontal.  

a. What is the force of gravity on the projectile?

b. Resolve the projectile’s velocity into vertical and horizontal components

c. Express the object’s velocity as a vector, using the notation 
V = A ax + B ay
d. What will the horizontal velocity be after 20 s of motion?

e. What will the vertical velocity be after 20 s of motion?  (Use g = 9.81 m/s2).
3. The planet Jupiter has a considerably higher gravitational constant than Earth does (about 2.5 times Earth’s).  Will a projectile travel farther if it is launched on Earth or on Jupiter with the same thrust and launch angle?  Why?

4. A student launches a real projectile with a mass of 45 kg at an angle of 30 degrees with a certain velocity.  She records the projectile as traveling approximately 221 meters in the horizontal direction.  She then fires the same projectile at an angle of 52 degrees with the same velocity and measures the projectile as traveling approximately 247 meters.  She repeats her launches with an object of the exact same shape, but with a mass of 50 kg.  Will her projectiles travel as far?  Why or why not? 
5. A projectile is fired from sea level (y = 0) with a launch angle of 32o and a thrust of 42 m/s.  If air resistance and other non-ideal forces are neglected, find:

a. The horizontal and vertical components of the thrust

b. How long it takes the object to return to sea level (hint, viy = - vfy )

c. The horizontal range of the motion

d. The maximum height of the motion (hint: the motion is symmetric, y = 0 when the motion begins, and y = 0 when the motion ends)

6. In this experiment, a straw rocket launcher will be used to fire the projectiles.  The thrust for this mechanism is provided by dropping a large bar onto a launch pad, which pushes the air in the launch pad into the straw, increasing its pressure.  Explain why this increase in pressure causes the rocket to launch by discussing the forces on the rocket.  If a force causes the rocket to launch, why can we treat the rocket as if it is leaving the pad with a constant velocity?
7. Knowing that the horizontal component of the velocity depends on the cosine of the launch angle, and that the vertical component of the velocity depends on the sine of the launch angle, at what launch angle would you expect an ideal projectile to have the longest range, and why?  Keep in mind that even if the vertical component of the velocity is 0, the force of gravity accelerates toward the ground.
8. The quarterback of the school football team passes the ball to a receiver.  With respect to this situation, discuss the idea of thrust, range, launch angle, and the nature of the pathway of the football.

9. A frog launches itself from one lily pad in a pond to another lily pad.  Discuss the factors that determine its motion from the one pad to the other.

Preparation


You are competing with other groups in this experiment for a contract with a major engineering company.  Whichever group performs the best will be awarded a contract.  Everyone begins with the same base offer of $10 million.  You are required to launch a minimum of six launches (three total tests) to obtain a total of three data points.  This means that each launch must be replicated, with the mean of the two launches used as the data point (hence, three tests consist of six total launches, yielding three data points).  Every group must complete at least this many launches to be eligible for the contract.  After the initial tests, you are allowed to “spend” money from your offer to conduct additional test sets.  A test set consists of two trials with identical launch angles and thrust levels, which can be averaged to obtain a data point.  The cost for each test increases as the number of tests increases beyond the original three tests.  Why spend money on additional tests?  You will obtain a bonus based on how accurate your prediction is.  The accuracy of your prediction can earn you a bonus of up to $5 million.  The contract will be awarded in the end to the group not with the best accuracy, but the group who has the highest offer.  Therefore, it may not necessarily be the best strategy to do a lot of additional tests.  In some cases, you might obtain the highest total from doing only 1 or 2 additional tests.  It is up to you to decide how many additional tests you choose to do, but you can not at any time allow your total contract value to fall below $0. 
Experiment A: Testing Phase
1. Your instructor will provide you with a rocket with a nose cone mass of 12.3 g.  DO NOT ALTER this nose cone mass, or your rocket will likely not perform well.
2. Begin by lining the meter sticks up end-to-end, and place them in such a way that the marking for 0 m on the first of the two meter sticks is right at the base of the launch pad.  Try to keep the rulers as straight as possible.
3. Place your rocket onto the launcher by sliding the straw over the thin brass pole.  Look directly at the angle measure and line the brass pole up with the marking for 30o.  Before every launch you make, ensure that this marker is at 30o, or your data may not be as accurate as possible.
4. To operate the straw rocket launcher, you will lift up the white bar to a certain bar marking, which will correspond to the thrust level you have chosen to test.  The allowable range of thrust levels is from bar marking 3 to bar marking 6.  
5. After ensuring that the rocket can move freely on the small brass pole, adjust the meter sticks so that the 0 m mark of the first meter stick is even with the very tip of the nose cone (see Figure 4).  Have one person lift the white bar up to the thrust level you have chosen to test.  The other person should be standing by the connection of the two meter sticks.
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Figure 4: The Launching Apparatus




6. Release the white bar to launch the rocket.  Have the person standing by the two meter sticks note the distance at which the rocket initially touched the ground or table top, and record this distance in Data Table A.  Repeat this measurement for the same launch angle and record the second value in Data Table A.  Compute the average of these values, and record it in Data Table A.
7. Now that you have one data point, repeat steps 3-6 to obtain two additional data points, making a total of six launches.
Note:
At this point, you should analyze the data that you have collected.  You may choose to graph the data, or compute a mean value.  If you do not feel confident that you can predict the range of a launched rocket for any thrust, you may want to take additional measurements (see step 8).

8. You may now choose to do additional test pairs at different thrusts.  See Table 1 for the cost of each additional test.  Make note of any tests you do in Data Table A.
	Table 1:  Testing Costs

	Test Sets 1-3
	$1 million each
($3 million total)

	Test Set 4
	$1.2 million

	Test Set 5
	$1.5 million

	Test Set 6
	$2.0 million

	Test Set 7
	$2.3 million


9. The testing period is now over.  No additional tests can be conducted from now until the end of the experiment.  Using the tests made, you should complete all analyses necessary to enable you to make predictions.
Experiment B: Prediction Phase
1. Your instructor will provide you with a point at which he or she would like you to predict the range.  Using your data and the linear equation (see Appendix A on how to fit your data to a line) you have developed, obtain your estimate for this point, and turn it in to your teacher.  
2. After every group has turned in their estimate of the range, you will be given the correct data point for the thrust level that your instructor gave to you in step 1.  Compute your accuracy score using the formula:
A = | ( dexp – dth​ ) / ( C ( dth​ ) |




[9]
where dth​ is the correct range given by the instructor, and C = 0.08.
Record your accuracy in Data Table A.
3.  You can now determine your bonus by applying your accuracy, A, to the formula
Bonus = ($5,000,000) ( ( 1 – A/3 )



[10]
Record this value on Data Table A.  
4.  Compute the total value of the offer that your company is willing to extend to you by using the formula on Data Table A.
5.  Report the value of your contract to your instructor, who will keep the tallies.  Note that the company places special emphasis on ethics and honesty in testing data.  There are hefty penalties for data fabrication.
Post-Laboratory Questions
1. Explain the costs and benefits of Research and Development for engineering projects, and give an examples of situations in which a team might want to spend less time on R&D and more time on R&D.
2. In this experiment, you used linear approximation to fit your data to a line.  Do your data and/or your prediction indicate that the relationship between thrust and range is linear?  Why or why not?
3. What were some sources of inaccuracies that were encountered in this experiment, both in design and in execution?  How could these inaccuracies be fixed?
4. Explain the role that gravity plays in projectile motion by discussing what happens to the horizontal and vertical components of the projectile’s velocity over time.
5. Why were you allowed to make two rocket firings for each thrust?

6. When the quarterback of the football team makes a pass, he predicts the range of his throw.  How is this similar to your prediction of the range of the rocket?
7. In the 1960s and 1970s when men were sent to the moon, the trip took more than two days to get there.  The recent rocket launch of the satellite going to Pluto took only 9 hours to fly past the moon.  Why the difference?
8. If you aimed your straw rocket into wind created by a big fan, how would the range achieved for a specific thrust be affected?  Why?
Appendix A:  Linear Data Approximation

The first and easiest way to linearly approximate data points is to construct the equation of a line from two data points.  Assuming that the variable y corresponds to the measured result, and the variable x corresponds to the experimental variable that is being tested, the equation for a line is the following:

y = m ( (x – xa) + ya






I
where xa and ya correspond to a data point ( xa , ya ), and 

m = ( yb – ya ) / ( xb – xa )






II
where xb and yb correspond to a second data point ( xb , yb ).
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Figure 5: Graphical Representation of Linear Approximation




Note that in equation I, the variables x and y correspond to general variables, meaning this equation will yield something like

y = M(x + B








III

where M and B are constants.  Once values for this equation are found, values for x can be plugged into equation III and an approximation for the tested variable can be obtained.
This method of obtaining data works fairly well in cases where linear relationships exist, but it is often difficult to decide which points are best to use to create this equation.  Often, the two end points are used as data points ( xa , ya ) and ( xb , yb ), but if there are two other points from which a line that appears to more accurately represent the data, they can be used instead.
A second, more accurate way to obtain linear approximations for data is by using a method known as the Least Squares method.  Without going into the details of how this method works, its equations are as follows:

y = a + b ( x








IV

a = y – b ( x








V

b = ( ( xy ) – ( ( x  (  ( y ) / n





VI


( ( x2 ) – ( ( ( x )2 / n )
where n = number of data points and y and x indicate the mean values of y and x.
These equations may look complicated, but they are much simpler than they appear.  Any time you encounter a ( in a mathematical equation, it simply means “the sum of”.  The variables a and b in the above equations are constants.  For equation V, the term ( ( y ) refers to the sum of all of the y terms in the data points obtained, the term ( ( x2 ) refers to the sum of each x term in the data points squared, and the term ( ( x )2 refers to the square of the sum of each x term in the data points.  Let us go through an example to make this clearer.
We have taken measurements trying to gauge the distance a car travels when it travels at certain velocities for a specific amount of time (in this case, 5 s).  The data obtained were:

Velocity

Distance Measured


10 m/s


  49 m

20 m/s


102 m

30 m/s


150 m
Let us now obtain the values for a and b prescribed by equations V and VI:

b = ( 10 ( 49 + 20 ( 102 + 30 ( 150 ) – ( ( ( 10 + 20 + 30 ) ( ( 49 + 102 + 150 ) ) / 3 )


( 102 + 202 + 302 ) – ( ( 10 + 20 + 30 )2 / 3 )

b = 5.05


a = ( ( 49 + 102 + 150 ) / 3 ) – ( 5.05 ( ( 10 + 20 + 30 ) / 3 )

a = -0.667

y = 5.05(x – 0.667
We would expect from knowing that velocity is distance divided by time that the equation would be something along the lines of y = 5(x , since this would yield the equation distance = velocity * time, but our approximation has an extra term because of experimental inaccuracies, which are evident in the fact that our data does not perfectly match what it should.  Let’s evaluate the results our equation gives us

x = 10 ( y =   49.833

x = 20 ( y = 100.333

x = 30 ( y = 150.833
This gives us differences from the experimental values of 0.833m, 1.667m, and 0.833m.
If we know that velocity is the distance traveled divided by the time, we should have ideally gotten distances of 50 m, 100 m, and 150 m, respectively.  This also gives us differences of 0.177m, 0.333m, and 0.833m from what we know should physically be the distance traveled if the experiment could be performed without error.  

Now, let us see how these compare to values that would be obtained from a linear approximation that constructed a line from two of the data points.  We will use every combination we can to see what the results yield:

	Points 1 and 2
	Points 1 and 3
	Points 2 and 3

	m1 = ( 102 – 49 ) / 10
	m2 = ( 150 – 49 ) / 20
	m3 = ( 150 – 102 ) / 10

	m1 = 5.3
	m2 = 5.05
	m3 = 4.8


	Combination
	Line Equation
	Predicted Results
	Difference from Measured
	Difference from Theoretical

	m1, point 1
	y = 5.3(x – 4
	{ 49, 102, 155}
	{ 0, 0, 5}
	{ 1, 2, 5}

	m2, point 1
	y = 5.05(x – 1.5
	{ 49, 99.5, 150}
	{ 0, 2.5, 0 }
	{ 1, 0.5, 0 }

	m3, point 1
	y = 4.8(x – 1
	{ 47, 95, 143 }
	{ 2, 7, 7 }
	{ 3, 5, 7}

	m1, point 2
	y = 5.3(x – 4
	{ 49, 102, 155}
	{ 0, 0, 5}
	{ 1, 2, 5}

	m2, point 2
	y = 5.05(x – 1
	{ 49.5, 100, 150.5}
	{ .5, 2, .5 }
	{ 0.5, 0, 0.5 }

	m3, point 2
	y = 4.8(x – 6
	{ 42, 90, 138 }
	{ 7, 12, 12 }
	{ 8, 10, 12 }

	m1, point 3
	y = 5.3(x – 9
	{ 44, 97, 150 }
	{ 5, 5, 0 }
	{ 6, 3, 0 }

	m2, point 3
	y = 5.05(x – 1.5
	{ 49, 99.5, 150 }
	{ 0, 2.5, 0 }
	{ 1, 0.5, 0 }

	m3, point 3
	y = 4.8(x – 6
	{ 42, 90, 138 }
	{ 7, 12, 12 }
	{ 8, 10, 12 }


In evaluating the above results, we see that some equations we get from simply taking two points, finding their slope, and using a point to fill in the details of the line equation can yield to very inaccurate results, whereas some lead to better results.  It would appear as though by using m2 with point 2, we can have a very accurate equation to the theoretical that doesn’t stray too far from the measured distances.  But if we consider the range of both the error from the measured and the error from the theoretical, the Least Squares approximation is the only method of approximation that never yields an error above 1.667 in both cases.  If the data happened to have been measured and found to be even more different from the expected values, the difference between the accuracy of the Least Squares method would have been more dramatic.  In addition, the more data points that are taken, the better the Least Squares method is in comparison with the first method in this appendix.  This makes the Least Squares method much better for large ranges of data that is to be tested.  In cases where only a small range of input values is necessary, the line equation method may be a better choice, as it is faster and has a reasonable accuracy (as long as the data is close to its expected values).  In cases where the input data has a large range and/or the data is not particularly close to the theoretical values, the Least Squares method may be a better choice.  When in doubt, use the Least Squares method if you would like to increase your estimation accuracy and you have enough time to do the calculations of equations V and VI.
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Figure 2: The Components of Thrust




� EMBED Word.Picture.8  ���








Introduction to Rocketry


























Christopher Turnes 


Richard H. McCuen


Laura Beasman


























Sponsored by the General Electric Foundation





















































PAGE  
3

_1147857382.doc
[image: image1.png]PA NT OF

y« ELECTRICAL &
i COMPUTER ENGINEERING








