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PERMUTATIONS
ENGAGEMENT
The student will be able to apply the concept of a permutation and explain the use of permutations in decision making.
EXPLORATION
The game JUMBLE (see Appendix) can be played by pairs of participants.

EXPLANATION

If you had a penny (P) and a nickel (N) and were asked to place them in as many different arrangements as possible, how many arrangements are possible? Yes, just two: (P, N) and (N, P). A little thought would suggest that, if you include a dime (D) with the P and N, then a lot more arrangements are possible: (P, N, D), (P, D, N), (N, P, D), (N, D, P), (D, P, N), and (D, N, P). Note that the first two combinations have P as the first coin, with N being the first coin in the next two combinations, and D the starter of the last two combinations. Once the first coin is specified, only two combinations are possible based on the other two coins.

Mental Math: Now imagine that a quarter Q is included with the P, N, and D. Can you mentally visualize combinations?

Mental Math: If instead of (P, N, D, and Q) you have a penny, a nickel, and two dimes, would the possible number of combinations change? Explain.

Mental Math: If you were to roll two number cubes, how many combinations would be possible?

The term permutation is an arrangement of some or all of a set of elements obtained from a large set and placed in a specific order. It is used to describe a combination of elements or objects. For example, (P, N, D, Q) would be one permutation based on four elements. (P, D) and (N, D, Q) are two additional permutations.
What is a permutation?

A permutation is one of the possible arrangement patterns of an ordered n- element set. By set, we refer to a collection of objects or elements. For example, H and T are the set of elements from a flip of a coin. Similarly, T and F are the possible elements of a set that consists of responses to a true-false question. A permutation is always in one-to-one correspondence with the original set (i.e., each of the elements in the original set is repeated exactly once in the permutation). 

A girl has a small case that can hold four CDs. She has eight special CDs from which she can select to take with her on a weekend trip. How many different combinations of four CDs are possible?


Initially, she has eight CDs from which she can make a selection. After she selects one CD and puts it in the first slot in the case, seven CDs remain from which she can select. After selecting one of the seven, six remain to choose from. For the final slot in her case, she could select one from the five that remain. Thus, the number of combinations of CDs is:


slot
1
2
3
4



CDs
8
7
6
5 = 1680

Consider the special situation where all of the n objects are included. This would be the situation where the girl had two cases so she could take all eight CDs. Then the number of combinations would represent the different ways that the 8 CDs could be arranged in the two cases. The number of possible permutations on a set, including the order of the original set, is given by n!*. With the penny P and nickel N, 2! = 2 permutations were identified. With the (P, N, and D), 3! = 3(2) (1) = 6 permutations were shown. With the (P, N, D, and Q), we would expect 4! = 4(3) (2) (1) = 24 different combinations.
Permutations are possible with symbols as well as letters and numbers. For example, {O, ∆, □}, has n! =3! =6 permutations: {O, ∆, □}, {O, □, ∆}, {∆, O, □}, {∆, □, O}, {□, O, ∆}, and {□, ∆, O}. And the set {1, 2, 3, 4} has n!=4!=24 permutations, which will not be enumerated here.

Use of Permutations

Why are permutations of interest? Knowing all possible outcomes of an experiment or task is helpful in making a decision. If the number of outcomes is known, then they can be listed in order to ensure that all options are considered in making a decision. Chess players try to identify all possible moves to make and the consequence of each before making a move. The hitter in a baseball game considers the possible types of pitch (e.g., fastball, curve, slider) that the pitcher will make. Knowing the number of permutations helps to identify the probability of an outcome. In one type of poker, knowing that you hold an ace and another ace is showing as a community card limits the number of ways that another ace can show up or that other players will have a better hand than you.
Calculator Problem:  Which of the following quantities would be the largest? (a) 6! + 5! (b) 4! (3!) (c) 7! – 6!

Travel:  A trip between two cities will require a layover and a change in the mode of transportation. Between both pair of points, the following modes are possible: bus, rental car, train, and airline. How many possible combinations are possible?

Sometimes, it is desired to know the number of possible permutations of k<n members of the original set. In other words, we have n elements in the set, but we are only interested in permutations made up of k elements where k<n. In order to find this number, use the formula:
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For example, using the set above, for {O, ∆, □}, 
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 possible permutations of two of the elements in the set are possible. These are: {O, ∆}, {O, □}, {∆, □}, { ∆, O}, {□, O}, and {□, ∆}. If we had 4 symbols and wanted to know the number of permutations of 2 symbols, then we could compute 4!/(4-2)1 = 24/2 = 12.

It is one thing to compute the number of permutations, while it is another to actually delineate them. Identifying all possible combinations is often required in developing computer programs, where a different section of code is necessary for each permutation. This is done most effectively if a systematic procedure is followed.
Consider the 4-element set, (P, N, D, Q) where we are interested in permutations of two elements. The number of possible combinations is 4!/(4-2)! = 12. These combinations are:
P N
N P
D P
Q P

P D
N D
D N
Q N

P Q
N Q
D Q
Q D

It is easy to see that the combinations with P as the first element are first, followed by combinations that start with N. Then D and then Q. After specifying the first letter, the other letters are iterated systematically.

ELABORATION
1. Three drives need to be installed into a new computer: a CD-ROM drive, a CD-RW drive, and a DVD-ROM drive. Three slots are available. How many different ways could the drives be installed? If 4 slots were available, and the drives could be installed in any of them, then how many different possible positions would there be for each drive?

2. A physics teacher decides that she needs to create different versions of an exam to ensure that the students do not attempt to cheat. She writes five different problems and plans on numbering them differently on each exam. What is the maximum number of different tests that she could create? If she were to only choose four problems for each exam, how many different exams could she create? If she has 25 students in her class, what is the minimum number of problems that she must write such that she can put all problems on each of the exams but no two exams have all of the problems in the same order?

3. The following activity requires the following materials:

· 4 pieces of cloth, one of each color: tan, white, brown, orange

or

· 3 color pencils, one of each color: tan, brown, orange

· 1 piece of white, unlined paper

Preparation for Activity (in case cloth is not available)

Cut the piece of paper into four equal sized pieces (i.e., fold in half and then in half again and cut along the folds). Color in one piece orange, one piece brown, and one piece tan (on both sides) and leave the last piece white.

Procedure
Gina would like to design a fashion collection for the fall season. The most popular colors in fall are tan, white, brown, and orange, so Gina has decided to use combinations of these colors in her outfits. Gina believes that using more than 3 colors in a single outfit is bad taste, so she decides to use three or less colors in each outfit. As her employee, it is your job to find out all the possible combinations of three color, two color and one color outfits (use the pieces of cloth given to you to do this, and write out your results). Why is this number different from n! ?

Now, Gina wants to create an outfit out of pants, a shirt, and shoes, where each will have a solid color, different from the other two. Pick one of the combinations of 3 colors you obtained from before, and list all the possible combinations of colors for the shirt, pants, and shoes. Use the colored cloth to help you find all the combinations.


Without playing around with the pieces of cloth, figure out how many different combinations of the 3 solid color outfit are available if all the 4 colors for the collection are taken into consideration (i.e., if all the three color combinations from the first step are taken into account).

EVALUATION
1. Bob has six books. In how many ways could he arrange four of the books on his bookshelf?

2. An archeologist digging in some ruins finds 15 symbols and assumes that this is some form of an alphabet. How many different combinations of three symbols could be found?

3. The high school basketball team suits up 12 players each game. How many different combinations of 5 players can be on the floor at any one time?
APPENDIX
The JUMBLE Game

Words are permutations of letters. Different words can be formed by permuting a set of letters. For example, the letters A, D, and M have six possible permutations (ADM, AMD, DAM, DMA, MAD, and MDA) but only two of these are words (DAM and MAD). Four letters offer 24 permutations, and five letters can be used to form 120 different sequences. However, in these cases, not all 24 or 120 will be legitimate words (in English).

The object of this game is to visualize different permutations of the same letters, but only those combinations that form English words. Proper names are not allowed unless it is also a word, such as DAWN. Each word must use all of the letters. A set of letters are given (see below) and the players take turns identifying words made by rearranging the letters into words. The person with the most words wins the game. When additional rounds are made using different groups of letters, the first turn is alternated. A stop watch is used and a person is given 30 seconds to respond; if a response is not made within the allotted time, play passes to the other person. A player gets 1 point for each word created. 

If a player proposes a word, the other player can challenge it. When a challenge is made, a dictionary is used to decide whether or not the proposed permutation is a word. If the challenge is successful, the challenger gets a bonus point; if the challenge is not successful, the challenger loses a point. Negative scores are possible.

Writing instruments are NOT allowed (except for keeping score). In keeping score, write the name of the word in the person’s score column, as a word can not be reused in the same round. Challenge points are recorded as +1 or -1 in a challenger’s score column.


The following is an example score sheet for the letters AELS:




Player 1

Player 2




SALE 


SEAL




ALES


LASE




   -1


    




SELA


   +1




LEAS


   ‑




     ‑


   ‑

Note that Player 1 challenged Player 2’s proposal of LASE and lost the challenge. However, Player 1 did not lose the turn and went on to propose SELA, which Player 2 challenged and won; thus, the +1 score. However, player 2 could not identify a new word within 30 seconds and play passed to Player 1 who proposed LEAS. Both players passed, and the round of play ended as neither player could identify additional words. Player 1 had a final score of 2, which is based on three legitimate words less the one for the lost challenge. Player 2 had three points, which is the result of two words plus one bonus point for the successful challenge. Therefore player 2 is the winner.

The benefit of this game is the visualization of different permutations. A player needs to quickly create new words without the opportunity to write the words. This should also enhance the player’s creativity 
Possible letter combinations are:

AELT (late, tael, tale, teal)

AELP (leap, pale, peal, plea)

AEMT (mate, meat, meta, tame, team)

AEPRS (asper, parse, pears, spare, spear, prase, presa, rapes, reaps, spaer)

AERST (aster, rates, tares, tears, stare)
AENST (antes, nates, stane)

EINST (inset, stein, tines)

ACENR (caner, crane, nacre)

Alternative Rule:    As an alternative, the game could be played where words that use fewer letters than the number given are allowed. The number of points awarded is then equal to the number of letters used. If a word is challenged, points are added or subtracted based on the number of letters, e.g. challenging a four-letter word gives a +4 bonus or a

 -4 penalty.
Possible letter combinations for AERST are:


are, arse, art, arts, as, aster, at, ate, ear, ears, east, eat, eats, era, eras, ers, erst, eta, 
etas, rase, rat, rate, rates, rats, res, rest, ret, rets, sat, sate, sea, sear, seat, sera, set, 
seta, star, stare, tar, tare, tares, tars, tea, tear, tears, teas, tsar
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*n! is an expression that is shorthand notation for the product of n with all of the positive integers smaller than itself in sequence. By definition 0!=1.


n!=n((n-1)(…(1.


1!=1, 2!=2(1=2, 3!=3(2(1=6, …
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