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Slopes
OBJECTIVES

· To demonstrate the calculation of a slope 

· To present applications that show the use of slope calculations

Definition 

The word slope is often associated with terms like ski slopes, hillslope, and sloping roof. If these examples are imagined, the visualization would be an inclined or slanted line or plane. The slope can be ascending or descending. Ski slopes may be interpreted as descending hills, while a hiker in the summer may view the same tract of land as an ascending hill. A roofer installs asphalt shingles up the inclined roof while rain drains down the same roof. The roof has a constant slope, while the hill varies in slope.

Consider a two-dimensional graph (see Figure 1), with the ordinate y and the abscissa x. A line can be drawn between any two points on the graph. If the y and x coordinates of the second points are both greater than the y and x coordinates of the first point, then the straight line that connects the two points has a positive slope. The line that connects A and B on Figure 1 illustrates this. Note that 
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. Mathematically, the slope of the line that connects the two points is the change in the ordinate, 
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Since both 
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 are algebraically positive, the slope is positive.

Decision Time!  Which of the following three pairs of points defines the steepest slope?

	pair
	XA
	YA
	XB
	YB

	1
	0.14
	0.22
	0.34
	0.38

	2
	0.008
	0.002
	0.018
	0.018

	3
	5
	2.1
	9
	2.112


Mental Math:  What is the slope (y to x) of each of the equations: (a) y = 3 + 0.5x ; (b) 1.5x – y = 2.

A slope is negative if 
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 are of opposite sign, i.e., one is positive and the other is negative. So, if [image: image12.wmf]B
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A positive slope indicates that Y increase as X increases, while a negative slope indicates that Y decreases as X increases. Taxes generally increase with income, so a graph of a person’s annual tax bill (Y) for each of the last ten years versus their annual income (X) for the same years would probably show a positive slope. Studies have shown that a student’s grades (Y) are positively related to the number of hours studied (X). Studies also show that the grades of students (Y) decline with an increase in the average daily hours of TV watching (X); such a slope is negative. Positive slopes are sometimes referred to as direct relationships, while relationships that appear with a negative slope are referred to as indirect or inverse.

Writing:  Visually compare the steepness of a set of stairs and the adjacent handicapped access ramp. What factors influence the slope of the handicapped access ramp?

Try this!  A family had total incomes of $54,500 and $57,100 in 2002 and 2003, respectively. During those years, the corresponding tax bills were $9,864 and 10,621, respectively. Plot the tax vs. income, and compute and interpret the slope.
Mental Math:  On a y vs. x graph, what would be the slope of the following

equation: 3x+2y = 12

Critical Thinking:  A student polls 8 of her classmates and collects the following data of the scores on the math mid-term test and the number of hours of TV viewing in the week prior to the test:
student

1
2
3
4
5
6
7
8

TV hours
2
4
7
12
15
16
20
22

math score
91
95
76
83
71
73
77
66

Plot the data and analyze how TV seems to affect test scores. How many hours of TV watching would a student with a grade of 75 have to forego in order to raise his math score by 10 points?

Consider the four points of Figure 3. Since 
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 is greater than 
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, the slope of the line that connects these two points is positive. That is, the slope of the line 1 to 2,
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Conversely, the line that connects points 1 and 4 has a negative slope because [image: image26.wmf]1
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 is negative while 
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The line that connects points 3 and 4 on Figure 3 has a zero slope, as 
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 is equal to 0. A slope of zero indicates that the two variables are unrelated. Baseball diamonds and fields for field hockey often look flat and appear to not be sloping, but they often have an unnoticeable slope that will allow rain water to run off. Strictly speaking, the slopes are not zero, but the ball player or field hockey player believes the field lacks a slope.

The line that connects points 2 and 3 on Figure 3 has an infinite slope. As [image: image30.wmf]2
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 is equal to 
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 is zero, and division by zero yields an infinite slope. A denominator of zero indicates that the relationship between Y and X is undefined because only one value of X has been used and it requires two different values of X to begin to define a relationship. To feel confident in the relationship, the two values of X should be quite different.
Mental Math:  If you looked at the line that connects points 1 and 4 in Figure 3 through the back of the page, how would the slope of the line be different?


Not all relationships are linear. Figure 4 shows a nonlinear relationship between Y and X. Note that the slope changes in sign and varies in magnitude. The slope is negative for X less than 2. The slope is shallow near X values of 2 and 10. The slope is greatest at an X value of 8. If Y is the speed of a car and X is time, the car is slowing down, i.e., decelerating, from time 0 to time 2 and then accelerates after t = 2. 
Problems
1. A baseball player hits 4, 8, 12, 16, and 20 homes runs in each of his first 5 years in the major leagues. (a) What is the rate of increase per year? (b) If the trend continues, how many home runs would you expect the player to hit in his seventh year in the majors? (c) If he continues to increase at the same rate as during the first five years until the end of the eighth year and then declines in home run productivity at twice the rate of his increase, at the end of what year will he not have hit any home runs?
2. A 45-ft high electricity transmission line is built 2000 ft from the end of a runway. What slope will the pilot need to angle the airplane in order to avoid hitting the transmission line? If the airplane rose 15 ft in the first 900 ft after taking off. At what slope would the plane need to be flying in order to fly above the transmission line?
3. A football coach wants his players to run up hills during the summer as part of their conditioning activities. The coach recommends that the slope of the hill be between 20% and 40%, with 25% being the ideal slope. A six-foot tall player knows of many hills in the neighborhood but doesn’t know their slopes. The player has a carpenter’s level that he can use to determine a horizontal sighting. How far from the hill would the player need to be to measure slopes of 20%, 25%, and 40%? Assume that he takes horizontal sightings. Why would it be necessary to assume that the slopes of the hills are relatively constant (i.e., linear)?
4. Stream erosion increases with slope. To estimate channel erosion a geomorphologist needs an estimate of the stream slope. She paces along a stream during a dry period. After 26 paces, with each pace being about 3 feet, she notes the difference in elevation using a topographic map of the area. Compute the slope of the channel if the difference in elevation was 1.5 feet.
5. Estimate the slope at X = 1.5 and at X = 7.5 in Figure 3. 
Activities 
1.
Locate a handicapped access ramp that is located adjacent to a stairway. Measure the elevation difference between the bottom and top of the stairway (the ramp should have the same vertical drop as the stairway). Measure the length of the ramp and the horizontal distance between the base of the stairs and the front of the top step. (a) What is the slope of the staircase? (b) What is the slope of the handicapped access ramp? (c) Is the lower slope of the ramp relevant to the reason that handicapped access ramps are built? (d) If instead of the length of the ramp you measured the horizontal length of the ramp, would the slope of the ramp be different?
2.
Materials Required:
12-inch ruler; 6 caps from 2-Liter plastic bottles; masking tape; a photocopy of the ruler; 

Pre-Measurement Activities:
1. Cut the photocopy of the ruler and tape the photocopy to a table.

2. Use the masking tape to tape 3 of the caps into a stack; tape 2 of the caps together into a second stack.

3. Place a book or other heavy object at the zero-mark of the paper tape. This will act as a stopper to prevent the ruler from slipping.

4. Measure the height of the single, double, and triple cap stacks.

Measurements:
1. Place a single cap so that the leading edge of the cap is at the 10-inch mark of the paper ruler. Use the height of the cap and the paper ruler measurement to compute the slope of the inclined ruler.

2. Move the leading edge of the 1-cap stack to the 5-inch mark. Compute the slope of the ruler. Compare 
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, and the slope with the values of step 1. Discuss the values.

3. Place the leading edge of the triple-cap assembly at the 9-inch mark on the paper ruler. Place the end of the ruler at the stopper and on top of the caps. Compute the slope.

4. Using the 3-cap assembly of step 2, place 2-cap stack next to the 3-cap stack but closer to the stopper (see Figure 5). Then move the 2-cap stack toward the stopper until its leading edge just makes contact with the ruler. Read the location on the paper ruler between the stopper and the leading edge of the 2-cap stack. Compute the slope. Compare the slopes from steps 2 and 3. Develop a general rule illustrated by these two measurements 
GLOSSARY

Abscissa:  the distance from the y-axis

Ordinate:  the distance from the x-axis

Inverse relationship:  one variable increases as a second variable decreases

Slope:  the rate of change of one variable to change in another variable 

Nonlinearity:  deviates from a straight line

Infinity:  uncountably large; unlimited in spatial extent.
FIGURE 1.   Positive Slope 



FIGURE 2.   Negative slope

FIGURE 3.   Positive, negative, zero, and infinite slopes

FIGURE 4.   Nonlinear Function with varying slopes 

FIGURE 5.   Experimental Set-up
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