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SOLVING SYSTEMS OF EQUATIONS USING ELIMINATION
OBJECTIVES:  
•
To find the value of two variables that are related by two 
linear equations
· To present rules for solving systems of equations 
· To provide a graphical representation of systems of 
equations
GENERAL FORM:   Elimination will be used to solve two linear equations of the form:





ax + by = c





dx + ey = f

where the coefficients ( a, b, c, d, e, f) are known but values of the variables x and y are not known.

CASES:  Three cases will be considered.

Case A:
 Pairs of equations where at least one pair of coefficients for a variable have the same numerical value, i.e., 
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Examples:

3x + 2y = 7


4x – 2y = 6

3x – y = 1


3x + 2y = 8



(note: a = d)


(note: 
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Case B:
When one coefficient is an integer multiple of the coefficient in the other   equation for the same variable.

Examples:

2x – y = 3


  3x – 2y = 4
4x + y = 9


- 2x + 6y = 2
(note: d = 2a)


(note: e = (3
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)
4x – 2y = 2


4x – 6y = 2

  x + 3y = 4


3x - 2y = 4

(note: 4d = a)


(note: 
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Case C:
When neither coefficient in an integer multiple of the coefficient in the other equation for the same variable.


Example:


3x – 2y = 4

2x + 5y = 9

note: 3 is not a multiple of 2 

5 is not a multiple of 
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Case A is the primary case. The process of elimination uses a couple of rules to transform Cases B and C to Case A before eliminating one of the variables.
RULES:
Several rules are useful for solving a system of linear equations using elimination:


Rule 1:   Any equation can be multiplied by – 1 

Example:   Multiplying 
3x – 2y = -3
by -1 
yields
 – 3x + 2y = 3

Rule 2:
All terms in an equation can be multiplied by any number without changing the equation (Note: Rule 1 is a special case of Rule 2).

Example:   Multiplying
3x + 2y = 5 
by 3

gives 
9x + 6y = 15

Rule 3:
When the coefficients for one variable are the same in both equations, apply Rule 1 to either one of the equations and add the two equations.

Example:   Given 3x + 2y = 7




     3x  –  y = 1

Multiply the second equation by -1 which yields 

3x + 2y = 7

-3x + y = -1

Adding the two equations gives 

       3y = 6 

which can be solved for y, with y = 2.
Rule 4: 
When the coefficients for one variable have the same magnitude but differ in sign, add the two equations.

Example:   Given: 4x – 2y = 6

3x + 2y = 8 

Since b and e have the same magnitude (2) but differ in sign, the two equations can be added, which yields:

7x        = 14

which can be solved for x, with x = 2.
Rule 5:   When neither coefficient is equal to or an exact multiple of the coefficient for the same variable in the other equation, multiply each of the equations by the coefficient of the other equation (Note, this rule uses Rule 2)
Example:   Given:
3x - 2y = 4






2x + 5y = 9

Since 3 is not an integer multiple of 2 and 5 is not an integer multiple of 2, then multiple the first equation by 2 and the second equation by 3, which yields
6x – 4y = 8

6x + 15y = 27

Now rule 1 can be applied to either equation, which yields

-6x + 4y = -8

 6x + 15y = 27

and then the two equations are summed to give:

19y = 19

which can be solved for y, with y= 1. 
ELIMINATION:  Note that in each example, the addition of the equations eliminated one of the variables; thus, the addition produced one equation with one unknown.
GRAPHICAL UNDERSTANDING OF ELIMINATION:   The rules outlined above may be better understood if we examine graphically just what elimination represents. If two equations are graphed, the solution for x and y are the coordinates of the intersecting point. Eliminating x is essentially the movement of the x axis to the point of intersection, with the value of y being the point where the line intersects the y axis. Elimination of y is essentially the movement of the y axis to the right until it meets the point of intersection of the two lines.

Example:   Consider the following equations:
2x+ 6y = 24 

2x + y = 6
This is an example of Case A. If x is chosen to be eliminated, Rule 3 can be applied, which yields the equation:
5y = 19 
which when solved yields y = 19/5 = 3.8. Note the horizontal dashed line that coincides with the intersection point; it passes thorough the y axis at 3.8. This value of y can be substituted into either of the two original equations to solve for the value of x, which equals 1.2.

If we has chosen to eliminate y first, then we could use Rule 2 and multiply the second equation by 6, then apply Rule 1, and add the two equations:

   2x + 6y =  24

-12x – 6y = -36
-10x         = -12

which yields x = 12/10 = 1.2. Graphically, this is equivalent to moving the y-axis to the right till it matches up with the intersection of the two lines (see vertical dashed line in figure). The dashed line intersects the x-axis at 1.2.
EXAMPLE:
A manufacturer can provide two products, p1 and p2, at the plant. Both products can be made from two raw materials, m1 and m2, and these are available at the plant for each period. Product # 1 requires u1 units of raw material 1 per product produced and u2 units of raw material 2 for each unit of p2 produced. Product # 2 requires w1 and w2 units of the two raw materials. This then yields the following general model:
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Note that each of the two equations relates to the specific raw material. If p1 units of product 1 and p2 units of product 2 are manufactured, then all m1 units of material # 1 will be used. Similarly, all of raw material m2 will be used by manufacturing p1 and p2 units of products 1 and 2, respectively.

Assuming values for the coefficients (u1, u2, w1, w2) and the stipulations (m1 and m2) gives:
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Case B applies to this system of equations, as 3 is a multiple of 1 and 2 is a multiple of 1. Rule 2 can be applied by multiplying the first equation by -2, which yields:
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We can then add the two equations to get:
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Solving for p1 yields p1 = 2. The value of p2 can be obtained from either of the original equations. Using the first equation yields:
3(2) + p2 = 9
Therefore, p2 = 3. Checking both of the original equations shows that the solution p1 = 2 and p2 = 3 is the correct solution.

EXAMPLE:
An environmental engineer must schedule the treatment of polluted wastewater between primary and secondary treatment methods. The allocation depends on the cost of the two treatments per unit of water treated and the time required to treat each unit of water. Assume that the tax base will allow $ 41,000 per 16 hours for total treatment costs. The treatment time is limited to 16 hours. Primary and secondary treatment costs $5000 and $8000 per unit treated, respectively. Primary and secondary treatment takes 4 hrs and 
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hr per unit of wastewater, respectively. Given the cost and time constraints, how should the wastewater be allocated to the two treatments? Can you formulate and solve the problem?

To solve such a problem, the first step is to define the two variables. Let U1 and U2 be the units or primary and secondary treatment, respectively. One equation will be devoted to cost, with the second equation used for the time constraint. For the cost equation, the cost per unit is multiplied by the number of units and then summed:
5000 U1 + 8000 U2 = 41000

Using Rule 2, we can multiply the cost equation by 0.001 to give:


5 U1 + 8 U2 = 41

For the time equation, the time required per unit of treatment is multiplied by the number of units:
4 U1 + 
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 U2 = 16

These two equations represent Case C. Thus to eliminate U1 the cost equation is multiplied by 4 and the time equation by 5, which produces
20 U1 + 32 U2 = 164

20 U1 + 
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40

 U2 = 80

Using rule 1, the time equation can be multiplied by -1, which yields

20 U1 + 32 U2 = 164

-20 U1  - 
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 U2 = -80

Adding the two equations gives:
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56

 U2 = 84

Solving for U2 gives U2 = 4.5 which indicates 4.5 units are given secondary treatment. Substituting this into the cost equation gives:

5 U1 + 8(4.5) = 41

Therefore, U1 = 1. The wastewater gets 1 unit of primary and 4.5 units of secondary treatment.
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