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· Materials

1 sheet thin cardboard (e.g., cereal box)

4 simulation boards per group of 2 (see attached)

stapler

scissors

· Objectives
1.
To distinguish between a population and a sample
2. To use simulation to generate random numbers
3. To calculate means and variances of a population and sample
4. To illustrate the Central Limit Theorem
· Background

After receiving a graded test, the first piece of information that students want to know is the class average.  Knowing the class average gives a student a sense of how he or she ranks in comparison to the other students as a group.  The class average is a measure of the central tendency of the grades.  The average may also give a measure of the difficulty of the test.  

The Mean

The mean is a measure of the center, or central tendency, of a sample of data.  It is computed as:
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(1)
in which 
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 is the mean of the set of values xi and n is the number of values in the set 

(n is usually called the sample size).


While students are always interested in the average of the grades, they should also be interested in the dispersion of the grades.  For example, if Kaye gets a 60 on a test that had a mean of 50, she will be happier if the grades ranged from 40 to 60 than she would be if the grades ranged from 10 to 90.  In the first case, her grade was the highest; in the second case, it was only slightly above the mean.  Thus, if Kaye wants to make a decision on how well she did on the test in comparison with her classmates, she needs more information than the mean provides; she must know something about the dispersion of the data, i.e., how the data vary about the mean.

The Standard Deviation

The standard deviation, which is the most useful measure of the dispersion in a data set, is computed by:
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(2)
in which S is the standard deviation.  The equation indicates that the standard deviation is a measure of the deviation of the values about the mean.  The equation presumes that 
[image: image4.wmf]x

has already been calculated.

Population and Samples 
In statistical analyses, it is necessary to distinguish between the concepts of population and sample.  The general framework for statistical analysis is to collect a sample (e.g., 10 measurements of water pollution from a stream) and use the measurements to identify a population (e.g., the pollution in the stream is normally distributed). Then the population is used to make probability statements or decisions (e.g., the pollution in the stream is very likely to cause public health problems).  Except in cases like flipping a coin or rolling a die, we never know the population.  We can only propose a model (e.g., assume pollution is normally distributed) and then use the model.  When the term population is used, it refers to all possible outcomes of the random event (e.g., all possible rolls of a die).  The sample is a randomly drawn subset of the population.

Polls conducted just prior to elections are often based on a sample of 1600 randomly identified people.  In addition to the mean proportion (e.g., candidate A is projected to get 52% of the popular vote), the report of the poll indicates that the projection is accurate to 3%.  It seems obvious that a more accurate estimate could be made if the sample size were increased.  Unfortunately, the accuracy of a computed mean increases only with the square root of the sample size, so it is not always beneficial to take excessively large samples because the required effort and cost are not accompanied by a significant gain in accuracy.

Distribution of the Mean
The mean is a random variable and thus follows a probability distribution.  Knowing the underlying distribution of the mean enables probability statements to be made about the occurrence of values of the mean.  While the sampling distribution of the mean is normal when the parent population is normal, the Central Limit Theorem is widely used in statistical applications because it enables the normal distribution to be applied even when the random variable is non-normal. The Central Limit Theorem is as follows:


For any population with mean  and finite variance 2, the sampling distribution of the mean approaches a normal distribution with mean  and variance 
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 as the sample size (n) increases without limit.
Probabilities based on the Central Limit Theorem are obtained by making the standard normal transform:
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in which 
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 and  are the sample and population means, respectively;  is the standard deviation of the population, n is the sample size, and z is the standard normal variate with mean 0 and standard deviation 1.  The denominator 
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is the standard error of the mean, which is the standard deviation of many means drawn from the same population.  A large positive or large negative value of z would suggest that the sample is unlikely to have been drawn from the same population, rather it is from another population.  The Central Limit Theorem is important because it states that the random variable x does not necessarily have to have been drawn from a normal population.


· Pre-Laboratory Questions
1.
What are all possible outcomes for flipping a fair, two-sided coin?  What is the probability of each outcome?

2. If a six-sided fair die is tossed, what is the probability distribution, the mean, and the variance of the possible outcomes?  This is referred to as the population.

3. If you rolled a six-sided die 12 times, would you get exactly two of each of the six numbers possible? Explain.

4. If the average on a test administered to 25 students is 60 out of 100, is it very likely that a student scored a 100? Explain.

5. Just prior to an election, a news organization reports the results of a poll concerning the projected voting percentages, e.g., candidate A is projected to receive 52% of the vote.  What is the population?  What is the sample?  They often report that the numbers are accurate to +/- 3%.  What does this mean?

6. In terms of statistics (i.e., distribution, mean), what is the effect of gamblers who use loaded dice?

7. A class of 10 students includes the 6-ft, 11-in. center for the basketball team.  Would the student skew the mean and variance of the heights of the class?  Explain. Would the effect be different if the class included 60 students, rather than 10?  Explain.

· [image: image50.wmf] 

Preparation










1.  Cut two pieces of cardboard from the sheet the same size as Figure 1.  Staple the two teardrop pieces together with the staple placement as indicated in Figure 1. 

2. Detach the simulation board papers from the back of this packet.

· Experimental Procedure
1. This activity is performed using a team of two persons.  One person acts as the dropper of the simulator while the other person acts as the recorder.

2. Worksheets A, B, C, and D correspond to the respective-lettered simulation boards that follow.  For each simulation board, hold the cardboard simulator 4-5 inches above the center of the board.  The tip of the simulator is referred to as the drop point.  Drop the simulator vertically with the drop point facing the ceiling.  The number on which the drop point lands is the random number generated, which is recorded on the appropriate worksheet.  Note: If the piece lands off of the board or paper, or on one of the lines between the squares, repeat the drop.

3. For each simulation board, generate ten numbers and record the numbers in the spaces provided on the correct worksheet.

· Computational Analyses
1. For each worksheet, record the ten numbers generated in step 1. After the ten numbers have been generated, count how many times each number occurred (i.e., the frequency) and record the frequencies in step 2.

2. For the generated sample of 10, compute the values of s1, s2,
[image: image9.wmf]x

, s2, s, and the standard error of the mean, as indicated in steps 3 and 4 of the Worksheet.
3.
For each worksheet record the frequency of the population for the respective simulation boards in step 5 (all numbers on each board).

4. For each population, compute the values of S1, S2, , 2, and as indicated 

(steps 6 and 7)
5. Compute the z statistic for each board (step 8).

· Post-Laboratory Questions
1. For each simulation board, how much does the generated sample mean (
[image: image10.wmf]x

) vary from the population mean ()? Why do the two means differ? What could be done as part of the experimental procedure to increase the likelihood that the sample mean would be closer to the population mean?  

2. Using the values from step 5 of the Worksheets, construct bar graphs for the population simulation boards A and D.  Based on these graphs, which would you expect to have the larger standard deviation?  Does this agree with your values computed for worksheets A and D?  Explain the results.

3. For the frequency data in Experiment C, draw a single bar graph that shows both the sample and population frequencies from step 2 and 5 of the Worksheet, respectively. Discuss the similarities and differences.

4. If the activity involves more than one 2-person team, collect the data for Experiment A from all groups.  Make the following bar graphs:

a)
A plot of the cumulative of all 1, 2, 3, 4, and 5 frequencies for all samples combined. 
b)
A histogram of the means for all groups.

c)
A histogram of the following statistic: 
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Discuss what each plot demonstrates.

5.
Collect the z statistics from all experiments and all teams.  Analyze the resulting values and discuss how the values differ or are similar for each experiment.

· Design Problem
1. For rivers and streams, water in different areas of the cross section tend to flow at different speeds largely due to frictional forces.  An example schematic could be the following:
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The water has a higher velocity near the surface because friction is less. It is lower along the perimeter of the river. A hydrologic engineer is interested in the velocities at different parts of the cross-section.  The engineer made 20 velocity measurements with a standard current meter.  Measurements were also made using a new sensor system, with each measurement representing a small portion of the cross-section.  The data are as follows:

	Velocity (ft/s)
	Current meter frequencies

(i.e., the sample)
	Sensor frequencies

(i.e., the population)

	1
	8
	832

	2
	5
	515

	3
	4
	390

	4
	2
	172

	5
	1
	  91


a)
What is the sample mean, standard deviation, and standard error of the mean when using the current meter?

b)
Using the sensor data, what is the population mean velocity and standard deviation?

c)
 Compare the two mean values, sample vs. population.  Does the current meter provide a good approximation of the average channel velocity? Discuss the results
d)
What do the standard deviations of the sample and population indicate about surface channel flow?  Would a high standard deviation be an indication of the degree of friction created by the streambed?  Explain.

Worksheet A

Sample:  n = 10


1.  Insert generated number:



_____  _____  _____  _____  _____  _____  _____  _____  _____  _____


2.  Count the frequency of 1s, 2s, 3s, 4s, and 5s:



 f1 = _____    f2 = _____    f3 = _____    f4 = _____    f5 = _____


3.  Compute s1 and s2:

s1 = (1* f1) + (2*f2) + (3*f3) + (4*f4) + (5*f5) =  ___________

s2 = (1* f1) + (4*f2) + (9*f3) + (16*f4) + (25*f5) =  ___________


4.  Compute sample mean (
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), variance (
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Population:  N = 25

5.
Count the frequency of 1s, 2s, 3s, 4s, and 5s on the simulation board.


F1 = _____    F2 = _____    F3 = _____    F4 = _____    F5 = _____


6.
Compute S1 and S2:


S1 = (1* F1) + (2*F2) + (3*F3) + (4*F4) + (5*F5) =  ___________



S2 = (1* F1) + (4*F2) + (9*F3) + (16*F4) + (25*F5) =  ___________


7.
Compute the population mean (), variance, and standard deviation ().

 =  
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8.  Compute the z statistic:  
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Worksheet B

Sample:  n = 10


1.  Insert generated number:



_____  _____  _____  _____  _____  _____  _____  _____  _____  _____


2.  Count the frequency of 1s, 2s, 3s, 4s, and 5s:



 f1 = _____    f2 = _____    f3 = _____    f4 = _____    f5 = _____


3.  Compute s1 and s2:

s1 = (1* f1) + (2*f2) + (3*f3) + (4*f4) + (5*f5) =  ___________

s2 = (1* f1) + (4*f2) + (9*f3) + (16*f4) + (25*f5) =  ___________


4.  Compute sample mean (
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), variance (
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Population:  N = 25

5.
Count the frequency of 1s, 2s, 3s, 4s, and 5s on the simulation board.


F1 = _____    F2 = _____    F3 = _____    F4 = _____    F5 = _____


6.
Compute S1 and S2:


S1 = (1* F1) + (2*F2) + (3*F3) + (4*F4) + (5*F5) =  ___________



S2 = (1* F1) + (4*F2) + (9*F3) + (16*F4) + (25*F5) =  ___________


7.
Compute the population mean (), variance, and standard deviation ().

 =  
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8.  Compute the z statistic:  
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Worksheet C

Sample:  n = 10


1.  Insert generated number:



_____  _____  _____  _____  _____  _____  _____  _____  _____  _____


2.  Count the frequency of 1s, 2s, 3s, 4s, and 5s:



 f1 = _____    f2 = _____    f3 = _____    f4 = _____    f5 = _____


3.  Compute s1 and s2:

s1 = (1* f1) + (2*f2) + (3*f3) + (4*f4) + (5*f5) =  ___________

s2 = (1* f1) + (4*f2) + (9*f3) + (16*f4) + (25*f5) =  ___________


4.  Compute sample mean (
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), variance (
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Population:  N = 25

5.
Count the frequency of 1s, 2s, 3s, 4s, and 5s on the simulation board.


F1 = _____    F2 = _____    F3 = _____    F4 = _____    F5 = _____


6.
Compute S1 and S2:


S1 = (1* F1) + (2*F2) + (3*F3) + (4*F4) + (5*F5) =  ___________



S2 = (1* F1) + (4*F2) + (9*F3) + (16*F4) + (25*F5) =  ___________


7.
Compute the population mean (), variance, and standard deviation ().

 =  
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8.  Compute the z statistic:  
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Worksheet D

Sample:  n = 10


1.  Insert generated number:



_____  _____  _____  _____  _____  _____  _____  _____  _____  _____


2.  Count the frequency of 1s, 2s, 3s, 4s, and 5s:



 f1 = _____    f2 = _____    f3 = _____    f4 = _____    f5 = _____


3.  Compute s1 and s2:

s1 = (1* f1) + (2*f2) + (3*f3) + (4*f4) + (5*f5) =  ___________

s2 = (1* f1) + (4*f2) + (9*f3) + (16*f4) + (25*f5) =  ___________


4.  Compute sample mean (
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), variance (
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), standard deviation (s), and standard error of the mean:




[image: image41.wmf]x

 =  
[image: image42.wmf]n

s

1

  = ______      s2  =  
[image: image43.wmf]1

2

1

2

-

-

n

n

s

s

 = ______      s  =  ______    
[image: image44.wmf]n

s

 =  ______

Population:  N = 25

5.
Count the frequency of 1s, 2s, 3s, 4s, and 5s on the simulation board.


F1 = _____    F2 = _____    F3 = _____    F4 = _____    F5 = _____


6.
Compute S1 and S2:


S1 = (1* F1) + (2*F2) + (3*F3) + (4*F4) + (5*F5) =  ___________



S2 = (1* F1) + (4*F2) + (9*F3) + (16*F4) + (25*F5) =  ___________


7.
Compute the population mean (), variance, and standard deviation ().

 =  
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8.  Compute the z statistic:  
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Simulation Board A:

	2
	1
	5
	4
	3

	4
	5
	3
	1
	2

	3
	4
	1
	2
	5

	1
	3
	2
	5
	4

	5
	2
	4
	3
	1


Simulation Board B:

	5
	2
	4
	1
	5

	4
	5
	3
	5
	4

	3
	2
	5
	4
	3

	4
	5
	3
	5
	4

	5
	2
	4
	3
	5


Simulation Board C:

	3
	1
	4
	2
	3

	2
	3
	5
	3
	4

	3
	4
	3
	2
	3

	2
	3
	4
	3
	1

	3
	5
	2
	4
	3


Simulation Board D:

	4
	5
	2
	5
	1

	5
	1
	2
	1
	4

	1
	4
	5
	3
	2

	2
	1
	4
	1
	5

	4
	5
	1
	5
	2
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