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A STRATEGY FOR SOLVING WORD PROBLEMS
ENGAGEMENT
The student will learn the following:
· rules used in analyzing word problems 

·  a strategy for solving word problems 

· how to transfer word problems into algebraic statements
EXPLORATION
1. The total number of points (P) for one team in a football game is equal to the sum of the following: (a) the number of touchdowns (T) multiplied by 6; (b) the number of extra points (E) made following a touch down; (c) the number of 2-point conversions (C) made following a touchdown times 2; (d) three times the number of field goals (G) made; and (e) two times the number of safeties. Use the information to write a general equation to compute P.

2. Create a word problem statement such as that for Activity # 1 above that describes scoring in a basketball game. Then transform it from words to an algebraic equation.

EXPLANATION
Introduction 

When tackling a word problem, just the paragraph it is composed of can seem intimidating. It is important for each student to learn how to attack word problems and transform them from paragraph form to a list of given quantities that will make it much easier to solve the problem at hand. This requires a strategy, or a game plan if we use sports lingo. The team with the best game plan wins the Super Bowl, and the student with the best strategy for problem solving will successfully turn the word problem into algebraic equations and then find a solution. The easiest way to gain confidence in your strategy is by doing many problems, whether for homework or as practice. The purpose of this tutorial is to outline a basic strategy in the form of a set of rules and steps that will help you be successful in solving word problems. After developing a set of rules, a step-by-step procedure will be presented.
Rules
Six rules that are important in the solution of word problems are as follows:

Rule # 1:  Look at the numbers, but concentrate on the words
When solving word problems, uncovering the solution will require you to act like a detective; you will need to look for clues, and the clues are usually in the words. Be sensitive to the words but keep in mind that not all words are important.
Rule # 2:  Look for clue words that identify mathematical operations
Table 1 shows some of the words that might suggest specific mathematical operations. For example, “the number of cars is 2 less than the number of police officers.” The words “less than” suggests “minus 2”, or the operation of subtraction. 
	A TABLE OF CLUE WORDS

	Mathematical operation
	Words  

	Addition
	total, sum, and, combined, more than, together, all, aggregate, whole, larger, increased by 

	
	

	Subtraction
	less, difference, smaller, minus, reduced by, have left, gave away, remainder, take away, removed, how many more, diminished by, decreased by

	
	

	Multiplication
	product of, multiplier, proportional, time, fraction of, by 

	
	

	Division 
	quotient, divisor, factor into

	
	

	Inequality
	greater than or equal to, less than or equal to, less than, greater than

	
	

	Proportion
	ratio, percentage , portion, fraction, segment of 


Try this! For each of the following, identify the mathematical operation and transform each of these word statements into an algebraic equation:
(a) Joe has three CDs more than Bill.

(b) Mary, the star basketball player, scored six points less than all of her teammates combined.

(c) Sara’s average was 15% higher than Sam’s average.


Rule # 3:  Look at the units of the variables and quantities identified in the statement
For example, dollars per piece and number of pieces suggest multiplication. As another example, miles per gallon might suggest that you should look for the number of gallons (multiplication) or the number of miles (division). These examples illustrates that the units can suggest both the types of variables and the mathematical operations involved.
Mental Math:  A homemaker wants to make three apple pies. Each pie will require 1.75 lbs of apples, which sell for $1.40 per pound. Approximately how much will it cost? In this word problem, identify the variables, the units of each variable, and the mathematical operations needed to solve the problem.


Rule # 4:  Look at descriptive words that might suggest a relationship
A relationship can be indicated by a single word or a phrase. For example, the words, “the area of a rectangular plot” might suggest the multiplication of length and width. Similarly, “the time required to travel 110 miles” identifies two variables (time and distance) which might suggest velocity as a relationship between the time and distance. The relationship might be an indicator of the type or form of an equation that will be needed to solve the problem.
Language Arts:  What type of relationship is suggested in each of the following: (a) only 2 students out of 23 in the class failed the test; (b) the baseball player had 16 hits in his last 27 at bats; (c) the airliner traveled the 2650 miles between Seattle and New York City in 5 hours and 50 minutes.

Rule # 5:  Look for indicators of variables and when they are evident, assign a name and a notation to them
Length and width are easily represented by L and W. Notation that is easily associated with the quantity is preferable to nondescriptive notation. Yes, x could be used for the length and y for the width, but a user of the equation A = LW is more likely to recognize this as the equation for computing the area (A) of a rectangle than with equation z = xy.
Mental Math:  In each of the three statements in the “Try This” exercise above, identify the variables and assign notation that could be used to form algebraic equations.



Rule # 6:  Know where you want to end up 
Look for the word that will tell you when you have solved the problem. For example, if the word statement asks, “What is the cost of Jane’s apples?” then you should recognize that you will need a variable to represent cost and ultimately you will likely have one equation where all terms are in cost units.

Six rules have been presented. The term word problem is usually descriptive. The individual trying to work out a solution has a problem with the words because she or he may be focusing on the numbers, not the words. The solution is hidden in the words and the ‘word detective’ must use the words as clues and organize the clues so that the crime can be solved.
A STEP-BY-STEP STRATEGY

Once all the clues are identified, then a systematic procedure is necessary to efficiently solve the problem. A few examples will be used to illustrate one possible procedure. Now let’s begin to develop a plan by solving a simple example:


PROBLEM # 1 

Peter has three apples, Gina has two more apples than Peter, and Michael has one less apple than Gina. How many apples does Michael have?

Step # 1: Make a list of the quantities about which information is given and the quantities that we want to find.
quantities available for use: 
no. of apples Peter has

no. of apples Gina has relative to Peter
no. of apples Michael has relative to Gina

the quantity that we want to find: no. of apples that Michael has 
Step # 2: Associate these quantities with numbers and other quantities in the list.
list of quantities:

Peter’s apples……………………………………………………3

Gina’s apples…………………………………………………….2 more than Peter’s

Michael’s apples…………………………………………………1 less than Gina’s

Note the simplifications that are being made. The simplifications make it easier to assign a symbol to each of the quantities, which in turn will help us see the relationships more clearly:
Step # 3: Assign shorthand notation to each quantity
For this example, p, g, and m are used to denote Peter, Gina, and Michael:

Peter’s apples (p)………………………………………………3

Gina’s apples (g)……………………………………………….2 more than Peter’s (p)

Michael’s apples (m)…………………………………………..1 less than Gina’s (g)

Note that by simplifying the names to single letters, the basis for algebraic equations begins to become apparent. Also note that the notations are symbolic of the names; this keeps the algebra closer to the word problem. Note that in two of the relationships, variable names appear on both sides of the equations ( g and p on line 2 and m and g on line 3). Now it’s time to transform these relationships into mathematical equations using the symbols for shorthand notation:

Step # 4: Develop mathematical relationships that reflect the word relationships
Note that the equations follow the form of the information given in Step 3. 

p = 3

g = p + 2

m = g – 1

This example has three equations and three unknowns. The word problem of step 1 has been reduced to a set of three equations.

Step # 5: Solve the equations of Step 4 for the variables
The first equation yields 


p = 3

Substituting p = 3 into the second equation yields:


g = p + 2 = 3 + 2 = 5

With the value of g, we can substitute it into the third equation, which yields the value of m:

m = g – 1 = 5 – 1 = 4
The question asked, How many apples does Michael have? In step 3, we assigned this quantity the symbol m. Therefore, Michael has m = 4 apples.

Summary of Steps 

Before going to a harder problem, it is important to review this example and begin to see a strategy for problem solving. This problem involved five steps, with the following purposes:

1. Using phrases rather than complete sentences summarize the given information and identify the objective (i.e., quantity wanted) of the problem;

2. Develop a list of quantities and associate them with the given numbers;

3. Assign short-hand notation and begin to develop relationships between the quantities;
4. Reduce the relationship to algebraic equations; and 

5. Solve the equations for the needed value or values.

It is important to note that each of these steps represents a simplification. The complex problem statement is analyzed for the important information, which is then simplified to statements of relationships, which are then transformed to a set of equations. Note also that the process was not one giant step, but a series of small systematic steps. Most touchdowns are not scored on just one play; instead, a series of 4 to 8 yard gains are used. The same is true for solving word problems:
ELABORATION
PROBLEM # 2
Now, a harder problem will be given to see if the strategy will lead to a solution:

Laura wants to plant 5 different kinds of plants in her back yard. She has $25 to spend on the plants. If she buys two geraniums for $2 a piece, two packs of tulip bulbs for $4 a pack, an azalea shoot for $5, and a rose bush for $8, how many packets of forget-me-not seeds can she buy, if each packet costs $0.89. Tax is 5% on all purchases.
1. 
quantities available for use:
total money






cost of geraniums/piece






number of geraniums bought






cost of azaleas






cost of tulip bulbs/pack






no. tulip bulb packs bought






cost of forget-me-nots/packet






tax


quantity wanted: 
no. of forget-me-not packets (?)

An important thing to note here is that the 5 referring to the kinds of plants is a useless number in this problem and can be considered extraneous information.

2. 
list of quantities and associated numbers:


total money available……………………………………………………..$25.00


cost of geraniums/piece…………………………………………………..$2


number of geraniums bought……………………………………………..2


cost of azaleas…………………………………………………………….$5


cost of tulip bulbs/pack……………………………………………………$4


number of tulip bulb packs bought………………………………………..2


cost of forget-me-nots/packet……………………………………………..$0.89


tax…………………………………………………………………………5%


number of forget-me-not packets…………………………………………(?)

Since some of these quantities can be combined to simplify the list, the simplifications can be done at this step. The number of geraniums bought can be multiplied by the cost per geranium to obtain the total cost for the geraniums, $4. Similarly, the total cost for the tulip bulbs can be found to be $8. It is critical to note that we are not losing any important information here because the problem is concerned with the total price of all of the items put together. Combinations should not be made if important information would be lost.

3. list of quantities with shorthand notation assigned:


total money available (m)………………………………………………..$25.00


cost of geraniums (g)……………………………………………………..$4


cost of azaleas (a)..……………………………………………………….$5


cost of tulip bulbs (b).……………………………………………………$8


cost of forget-me-nots/packet (c).………………………………………..$0.89


tax (t)..……………………………………………………………………5%


number of forget-me-not packets (f)..……………………………………(?)

Note that the shorthand notation uses symbols/letters that reflect the quantity, e.g., t for tax and b for bulbs. Use of obvious abbreviations makes it easier to understand the algebraic equations once they are developed.

4. mathematical relationships:

This problem really has only one relationship—that between the total money available and the costs of the individual items bought. Since the MAXIMUM amount of money that can be used is $25, but not necessarily that much must be used, the relationship is an inequality. Specifically, we can use less than $ 25 but not more.


m ( g + a + b + c*f  + t*( g + a + b + c*f  )

Some factors to note in this equation: (1) The costs of the individual items are summed to get the total. (2) The tax has to be applied to all the items bought, not just the known quantities. (3) The price of the forget-me-not packets is not combined because one of the two terms is unknown. (4) The variables g, a, and b have units of dollars. The variable c has units of dollars per packet. Since each term in an equation must have the same units, it is necessary to multiply c by the number of packets so the product 
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 has the same units, dollars, as the other three terms: g, a, and b.
5. Now we can insert the numerical values from step 3 into the relationship of step 4 and solve for the unknown: 

4 + 5 + 8 + 0.89f + 0.05*(4 + 5 + 8 + 0.89*f) = 17 + 0.89f + 0.05*(17 + 0.89f) < 25 
We now have one equation and one unknown (f), but the equation is an inequality. If the sign were an equal sign rather than a less-than-or-equal-to sign, then f would equal 7.65. Any number greater than 7.65 would be unacceptable, so 
f  ( 7.65

Since it is not possible to buy part of a packet, Laura could have bought at most 7 packets of forget-me-nots. Since she can only buy seven packets, she will have some money leftover. How much?
Note that the same five steps were used to solve problems #1 and #2. Yet, the problems had some notable differences. The statement of Problem #1 lead to three equations, while the statement of Problem #2 required only one equation. In Problem # 1, all equations were equalities, while in Problem #2 , the equation was an inequality. The two problems also differed in the number of variables (3 vs. 7). The three mathematical equations of Problem #1 involved only addition and subtraction. While the mathematical equation of Problem #2 also included multiplication. Even with these differences, a strategy of progressive simplification enabled the dissimilar problems to be solved.
PROBLEM #3
Now, a more challenging problem:

A train leaves Minneapolis for Chicago at 4:15pm, traveling at a constant speed of 75 mi/hr. Another train leaves Chicago for Minneapolis at 5:10pm, traveling at a constant speed of 82 mi/hr. If the distance between Chicago and Minneapolis is 354 miles, at what time will the trains pass by each other?

1. quantities available for use:
time train leaves Minneapolis
time train leaves Chicago

speed of train leaving Minneapolis

speed of train leaving Chicago

distance between Chicago and Minneapolis

quantity to be found: 

time that the trains meet (?)

2. list of quantities:

time train leaves Minneapolis……………………………………………4:15pm

time train leaves Chicago………………………………………………...5:10pm

speed of train leaving Minneapolis………………………………………75 mi/hr

speed of train leaving Chicago…………………………………………...82 mi/hr

distance between Chicago and Minneapolis……………………………...354 miles

time that the trains meet…………………………………………………………?

3. list of quantities with shorthand notation assigned:

time train leaves Minneapolis (tm)………………………………………4:15pm

time train leaves Chicago (tc)……………………………………………5:10pm

speed of train leaving Minneapolis (sm)…………………………………75 mi/hr

speed of train leaving Chicago (sc)………………………………………82 mi/hr

distance between Chicago and Minneapolis (d)..………………………...354 miles

time that the trains meet (t)………………………………………………………?

Note that some of these variables use two letters rather than one to symbolize the quantity. While it is preferable to use just one letter, it is more important to use notation that is descriptive. Thus, sc tells the reader that speed is the variable and Chicago is the city. Also note that the notation simplifies the quantities, e.g., t for time and m for Minneapolis yields tm.

4. mathematical relationships:

For this problem, the relationships are not immediately visible. In order to get closer to finding the unknown quantity (?), more quantities need to be calculated. Working backwards, in order to find a time that the trains meet, it means that we need to know the relationship between the time and distance from a certain spot for both trains. When the distances from that spot are the same for both trains, that means the trains have met. Therefore, it is important to relate all distances to some quantity of time.

Note that the problem involves three variables: time, distance, and speed. These are related by distance = speed times time. Given any two, we can solve for the third.
First, calculate the time it takes both trains to travel the distance of 354 miles:

Train from Minneapolis to Chicago: travel time = distance/speed = 354 mi/ 75 mi/hr = 4.72 hr.

Train from Chicago to Minneapolis: travel time = distance/speed = 354 mi/ 82 mi/hr = 4.317 hr.

Second, convert the times of departure to decimals,

4:15 = 4 + 15/60 = 4.25 o’clock

5:10 = 5 + 10/60 = 5.167 o’clock

Finally, we are ready to find the relationship between the time and distance from a certain spot. Let’s choose that spot to be Chicago. Therefore, we need to find the distance of both trains from Chicago at any given time during their trip. This requires us to develop a couple of equations.
For the train leaving Chicago, that distance is 0 at 5:10pm or 5.167 o’clock, and it’s 354 mi after 4.317 hours or at 5.167 + 4.317 = 9.484 o’clock. Again, the problem will be simplified by using notation. Let dcc represent distance of the Chicago train from Chicago or dcc. Since we assumed that speeds were constant (75 or 82 mph), then the relationships between distance and time will be linear. To create the linear relationship, we rewrite this using relational equations, and solving for the unknown in a linear relationship. Since two points are needed to define a straight line, we can use the following two points:
dcc =     0 @ t = 4.167
dcc = 354 @ t = 9.484

The linear equation between distance and time is:

dcc = At + B

Substituting the known values into the general equation gives:
0 = A(4.167) + B

and

354 = A(9.484) + B

Solving these two equations for the two unknowns yields:
A = 66.579

B = -277.434

Therefore, the distance of the Chicago train from Chicago at time t is:
dcc = 66.579t – 277.434

which is valid between the times of 4.167 and 9.484 hr.

We also need two points to define the relationship between distance and time for the Minneapolis train. For the train leaving Minneapolis, the distance from Chicago is 354 at 4:15pm or 4.25 o’clock, and it’s 0 mi after 4.72 hours or at 4.25 + 4.72 = 8.97 o’clock. The notation used here is dmc, or the distance of the Minneapolis train from Chicago. To create the linear relationship, we rewrite this using realtional equations, and solving for the unknown in a linear relationship:

dmc = 354 ( t = 4.25

dmc = 0 ( t = 8.97

dmc = Ct + D

354 = C(4.25) + D

and

0 = C(8.97) + D

C = -75

D = 672.75

which yields the general equation 

dmc = 672.75-75t

which is valid for times from 4.25 to 8.97 hr.

Now we have two equations that use one common time variable, and define the relationship between the time and the distance of each train from Chicago. As stated before, when those distances are the same, the trains have met, therefore, we can equate the two relationships to each other:
-75t + 672.65 = 66.579t – 277.434

Note that this is one equation with one unknown

5. Solving for the unknown:

t = 6.711 hours or  6hr+0.711 (60 minutes), which is about 6:43pm.

Summary
As a math student, you will encounter many types of word problems (a wider range than could ever be covered in a single tutorial). That is why skilled problem solvers are those who develop a problem-solving strategy and then do many problems for practice.  This is just like the Super Bowl team that develops a sound game plan and then practices each play in the plan many, many times. So here are a few guidelines to help you in becoming a better word-problem solver:

1. List all of the quantities that are given to you in the problem statement along with any value(s) you are trying to find. Examine these carefully and begin thinking about how to get from the given to the unknowns. 

2. Working with your list, add in the values that are given, and also any relationships that are given between the unknowns and the knowns.

3. If any values can be immediately combined with other values to give only one needed value without losing any important information in the problem, then perform those calculations.

4. Once you have a narrowed down list of quantities, assign shorthand notation for each one (if possible, use only one letter per quantity unless it will cause confusion).

5. Again, look at the value asked for and determine its units. Try to express all the other values as functions of the value asked for. Look for specific relationships, whether they are linear, quadratic, or of some other type, and try to compile equations that involve all of the information given. Watch out for problems that give redundant or extraneous information. Learn to recognize when to throw out such information.

6. Solve the equations you have formulated to describe the relationships between the knowns and the unknowns.

It would be a good idea to review the three problems and relate the above six guidelines to each problem. While doing this, keep in mind the progressive simplification that accompanies each step. An attempt to jump from step 1 directly to step 5 generally leads to problem-solving inefficiency, often failure.

EVALUATION
1. Transform each of the following word statements into algebraic equations:

(a) Joe had $ 8.50 less in his wallet than Sam had in his wallet.
(b) Tanya had twice the number of A’s on her report card as did Bill.

(c) A student’s grade point is equal to the number of As, Bs, Cs, Ds, and Fs multiplied by 4, 3, 2, 1, and 0, respectively, divided by the total number of grades.

(d) The magnitude of a flood is equal to the product of the drainage area, the rainfall intensity, and a coefficient that indicates the type of land use.

(e) The power input required to pump water is equal to the product of the specific weight of water, the flow rate of the water, and the hydraulic head divided by the efficiency of the pump.
2. Indicate the math operations (A = addition, S = subtraction, M = multiplication, D = division) to which each of the following words  relate: (a) decreased by; (b) into; (c) summed; (d) less; (e) proportion of.
3. Transform each of the following algebraic equation into a word problem:

(a) C = number of CDs bought


N = number of tapes bought


T = total cost (including tax)



( $15 C + $6 N) * 1.05 = T

(b) T = travel time (minutes)


Mi = miles traveled on the interstate


Mr = miles traveled on the rural roads
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