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ENGAGEMENT 
The student will be able:

· To demonstrate methods for extracting knowledge from measurements on a single random variable.

· To demonstrate the use of the extracted knowledge for engineering design.

EXPLORATION

1. The following five values of a car’s speed were made with five radar guns: 54, 55, 56, 56, 66. What are your impressions of the data?

2. A state agency that monitors the accuracy of laboratory assessments obtained from independent laboratories in the region sends six water quality samples that contain exactly 50 mg/l of a pollutant to a laboratory. The laboratory returns the following assessments: 44, 46, 44, 45, 45, 44 mg/l. Comment on the reliability of the laboratory to produce accurate assessments of the pollutant.

EXPLANATION 


You are hired as a technical expert witness in a legal case between an environmental group and a chemical company. Semiannual measurements of a toxic waste spill are available for the period from 1980 through 1989. How would you present the information to the jury? Plotting the data is one possibility. Figure 1 shows the concentration as a function of time. Will the plot communicate the same information to the environmental group as it would to a chemical company executive? Or would each interpret it differently? Would an environmentalist see an increasing trend in the toxin with time? Would the chemical company executive see only the significant scatter and the downward trend from 1987 through 1989? You don’t want the jury to make a subjective decision based on emotion. You want to help them make a systematic decision based on a rational analysis of the data.

Consider another case. A union hires you to evaluate the level of noise in a manufacturing plant where the union believes the noise is above the legal limit. Anything less than 85 decibels (dB) is legally acceptable; a value of 85 dB or greater is a violation of the limit. You make seven measurements in the plant, with the following results: 82, 81, 93, 82, 77, 90, and 87 dB. You input these into your computer to compute the mean. Since the software package automatically prints five digits after the decimal point, the mean is printed as 84.57143 dB. In your written report to the union, what value would you show as the mean: 84.57143? 84.6? 85? How would the union interpret each of these. Do the first two values suggest that the legal limit is not exceeded? Would the third value support the union’s claim that the noise level exceeds the allowable limit?

These examples indicate that communicating technical data does have important consequences. Properly presented data can be the deciding factor in legal cases and can affect public health. Furthermore, individuals in technical fields must interpret the data and present the results in a way that provides the basis for a rational decision. The method of analysis should be systematic and unbiased. Care must be taken to ensure that the method of presenting the results communicates the proper results to those with conflicting interests; it should be presented in a way that minimizes conflict and maximizes the understanding of all stakeholders.


Statistical methods facilitate the communication of technical data and simplify the characteristics of complex information. Statistical methods enable cause-and-effect relationships between variables to be identified. This can reduce conflicts in decision making, thus enhancing communication between the parties involved. Using statistics, observed differences can be tested for significance to determine whether or not they reflect expected variation or out of the ordinary ranges.


One purpose of statistics is to provide for a systematic treatment of technical data so that decisions can be agreed upon. This is true whether the material is communicated in a written report or verbally, as in a court of law. A statistical analysis will facilitate decision making based on technical data because it removes some of the opportunity for subjective assessments. 

Technical decisions are often based, at least in part, on quantitative data. Very often, the database is voluminous and must be summarized before it is useful for decision making. Statistical characteristics, which are single-valued indices, enable many numbers to be replaced by one or a few numbers, thus facilitating interpretation. In other, cases, decision making is complicated when data are characterized by excessive scatter, leading people to draw different conclusions about relationships between technical variables. The graph of Fig. 1 is an example in which the scatter of the points makes it difficult for people to agree on the presence or significance of a trend in data. Statistical methods enable relationships to be reduced to a form that is easier to understand. The methods allow two or more people who review both the data and the results of statistical analyses to reach the same assessment.
TABLE 1.
Maximum Daily Ozone Concentration (ppb)
	Rank 
	Ozone
	Rank 
	Ozone
	Rank 
	Ozone
	Rank 
	Ozone

	1
	121
	11
	79
	21
	51
	31
	36

	2
	109
	12
	76
	22
	50
	32
	36

	3
	106
	13
	75
	23
	46
	33
	33

	4
	101
	14
	71
	24
	46
	34
	32

	5
	97
	15
	66
	25
	44
	35
	30

	6
	92
	16
	66
	26
	43
	36
	28

	7
	91
	17
	63
	27
	42
	37
	24

	8
	91
	18
	59
	28
	42
	38
	23

	9
	86
	19
	54
	29
	39
	39
	20

	10
	85
	20
	53
	30
	37
	40
	19


Graphical Analysis of Sample Data


The old saying, “A picture is worth a thousand words,” is true in the statistical analysis of data. If the data consist of values of a single random variable, such as the data of Table 1, the data can be reduced using a frequency histogram, which is a figure of tabular summary of the frequency of occurrence in selected intervals of the random variable. A histogram indicates the central tendency of the data, the spread of the data, the presence of extreme events, and the distribution of the data. A moderate sized sample is necessary for a histogram to provide useful information. For small to moderate sized samples, the selection of the bounds of the intervals is important. This can be illustrated using the data Table 2. The 36 values are used to form three histograms:
	Histogram 1
	Histogram 2
	Histogram 3

	cell
	frequency
	cell
	frequency
	cell
	frequency

	120-124
	2
	120-129
	7
	115-124
	2

	125-129
	5
	130-139
	7
	125-134
	7

	130-134
	2
	140-149
	7
	135-144
	9

	135-159
	5
	150-159
	9
	145-154
	6

	140-144
	4
	160-169
	6
	155-164
	12

	145-149
	3

	150-154
	3

	155-159
	6

	160-164
	6


The first two histograms show a uniform pattern to the ordinates; the third histogram, which appears skewed towards the larger speeds, is not uniform, thus suggesting a different distribution of the data. The first histogram, because of the relatively small interval, shows more random variation of the ordinates in comparison with the relatively constant frequency shown by the second histogram. In spite of these problems, which are due to the small sample size, the histograms indicate that the speeds are uniformly distributed, with no extreme events and a central tendency at about the center of the histogram (i.e, 145).
Central Tendency 


After receiving a graded test, the first piece of information that students want is the class average. Knowing the average gives them a sense of how well they did in comparison to the remainder of the class. The class average is a measure of the central tendency of the grades. The average also gives a measure of the difficulty of the test.

The mean is a measure of the center, or central tendency, of a sample of data. It is computed as:
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in which 
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 is the mean of the set of values xi and n is the number of the values in the set (n is usually called the sample size).

To understand the concept of the mean, consider a seesaw in which cinder blocks are placed along its length, as shown in Fig. 2. At what point should the fulcrum be placed for the seesaw to balance? Since the blocks are not located symmetrically about a point, the solution may not be obvious. If we performed an experiment in which the fulcrum was moved until the seesaw balanced, we would find that a balance was achieved when the fulcrum was at point 9 in Fig. 2. The downward force of the five cinder blocks to the left would just offset the downward force of the five cinder blocks to the right of the fulcrum. It turns out that the mean is a statistical concept that indicates the center of a distribution of data just as the center of gravity is the center of a physical system. In this sense, the mean is a statistical center of gravity.
TABLE 2.
Winning Speeds (mi/hr) for the Winners of the Indianapolis
	Year
	Speed
	Year
	Speed
	Year
	Speed
	Year
	Speed

	 1949
	 121
	 1958
	    134
	 1967
	    151
	 1976
	    149

	50
	124
	59
	136
	68
	153
	77
	161

	51
	126
	60
	139
	69
	157
	78
	161

	52
	129
	61
	139
	70
	156
	79
	159

	53
	129
	62
	140
	71
	158
	80
	143

	54
	131
	63
	143
	72
	163
	81
	139

	55
	128
	64
	147
	73
	159
	82
	162

	56
	128
	65
	151
	74
	159
	83
	162

	57
	136
	66
	144
	75
	149
	84
	164



Maximum daily ozone concentrations for 40 days are given in Table 1, with the data ranked form largest to smallest. The mean of the values 
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(2)

Since the mean has the same units as the random variable, then the mean of the ozone values has units of parts per billion (ppb). What does the mean indicate? It indicates that, on the average, ozone concentrations will be about 59 ppb. But the values of Table 1 indicate that a concentration of 59 ppb occurred on only one of the 40 days, and on many days the concentration was either much larger or much smaller than 59 ppb. The mean might be useful if it were compared to some standard, such as the ozone concentration that represented a health hazard. Then the sample mean would suggest whether or not there was, on the average, a problem.

In other cases, the comparison of two means may communicate important information. The means of the pollutant concentrations of Fig. 1 for the 1980-84 and 1985-89 periods are 21.2 ppb and 43.64 ppb, respectively. This suggests that, on the average, the toxic concentration increased by 100% from the 1980-84 period to the 1985-89 period. The decision maker must decide whether or not this is a significant increase in central tendency.

For small samples that contain an extreme value, the mean can be misleading measure of central tendency. Consider the sample of 5 measurements: 0.12, 0.037, 0.203, 0.546, and 96.4. The mean of the sample is 19.44, which is considerably larger than four of the five values.
Standard Deviation


While students are always interested in the average of the grades, they should also be interested in the dispersion of the grades. For example, if Kaye gets a 60 on a test that had a mean of 50, she will be happier if the grades ranged from 40 to 60 than she would be if the grades ranged from 10 to 90. In the first case, her grade was the highest; in the second case, it was only slightly above the mean. Thus, if Kaye wants to make a decision on how well she did on the test in comparison with her classmates, she needs more information than the mean provides; she must know something about the dispersion of the data, i.e., how the data vary about the mean.

The standard deviation, which is the most useful measure of dispersion in a data set, is computed by:
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(3b)
in which S is the standard deviation. Equation 3a indicates that the standard deviation is a measure of the deviation of values about the mean. Equation 3b is more useful for computation since it does not require the prior calculation of the mean.


The sample of five measurements given in Table 3 can be used to compute the 

TABLE 3.
Calculation of the Sample Standard Deviation
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	  12
	-10
	100
	144

	
	  18
	  -4
	  16
	324

	
	  22
	    0
	    0
	484

	
	  23
	    1
	    1
	  529

	
	    35
	   13
	  169
	   1225

	Sums
	110
	    0
	286
	2706


standard deviation with Eqs. 3. For the mean square calculation of Eq. 3a:
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(4)

and for the computational formula of Eq. 3b:
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(5)
For this data set, three of the five values of x lie within the range from 
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, which indicates that the standard deviation reflects the spread of the data.


Previously, the question was asked, Is the difference between the 1980-1984 and 1985-89 means of Fig. 1 important? The standard deviations of the measurements may provide some insight into the question. The standard deviations are 14.1 ppb and 14.2 ppb for the two periods, respectively. These indicates that there is considerable scatter in two samples and the difference in means of 22.4 ppb seems less important than was suggested by the change in means of 106%. Thus, the standard deviations have enabled us to better interpret the difference in means.

The standard deviation of the locations of the cinder blocks on the seesaw of Fig. 2 equals 5.0. If the seesaw were allowed to rotate about the mean (9), then the standard deviation reflects the distance from the mean where a force would have to be applied to keep the seesaw from rotating. If five cinder blocks were located at point 3 and the other five blocks at point 15, the standard deviation would be 6.3. This larger standard deviation reflects the fact that none of the cinder blocks are close to the center of gravity.
Normal Distribution

When plotting a histogram of sample data, such as the grades on a test, the data often appear as a bell-shaped curve or distribution, with many values near the mean but only a few values at the extremes. It is often assumed that such data have a normal distribution, which is a commonly used probability function. The normal distribution is popular becasue the histograms of many data sets have the characteristic bell-shaped form and much of statistical theory assumes that the data are normally distributed. If a histogram of the logarithms of the data plot with a bell-shaped curve, then the random variable may have a log-normal distribution, which means that the logarithms are normally distributed.

To compute normal probabilities for a random variable x, which has a mean 
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 and standard deviation S, the following transformation to a new random variable z can be made:
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where z has a normal distribution with a mean of 0 and a standard deviation of 1. Values computed with Eq. 6a are often called z scores. Equation 6a can be rearranged to compute the value of x for a given value of z:
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Values of the cumulative normal distribution p(z < zo) are given in Table 4; more complete tables can be found in statistics books. To find the probability P(z > zo), the value of Table 4 can be subtracted from 1:  P(z > zo) = 1 – P(z < zo).

If a histogram of sampled data appears bell shaped, then the probability of any value of the random variable being equal or exceeded can be obtained using Eq. 6a and Table 4.

TABLE 4.
Values for p(z < zo) of the Cumulative Normal Probability Function 


for Selected Values of the Standard Variate z

	z
	p
	z
	p
	z
	p
	z
	p

	-3.0
	0.001
	-0.60
	0.274
	0.05
	0.520
	0.7
	0.758

	-2.5
	0.006
	-0.50
	0.309
	0.10
	0.540
	0.8
	0.788

	-2.0
	0.023
	-0.45
	0.326
	0.15
	0.560
	0.9
	0.816

	-1.8
	0.036
	-0.40
	0.345
	0.20
	0.579
	1.0
	0.841

	-1.6
	0.055
	-0.35
	0.363
	0.25
	0.599
	1.2
	0.885

	-1.4
	0.081
	-0.30
	0.382
	0.30
	0.618
	1.4
	0.919

	-1.2
	0.115
	-0.25
	0.401
	0.35
	0.637
	1.6
	0.945

	-1.0
	0.159
	-0.20
	0.421
	0.40
	0.655
	1.8
	0.964

	-0.9
	0.184
	-0.15
	0.440
	0.45
	0.674
	2.0
	0.977

	-0.8
	0.212
	-0.10
	0.460
	0.50
	0.691
	2.5
	0.994

	-0.7
	0.242
	-0.05
	0.480
	0.60
	0.726
	3.0
	0.999

	
	
	 0.00
	0.500
	
	
	
	


ELABORATION 


Thirty tests are made in a small wind tunnel to compute the drag coefficient for a cylinder of diameter D and length L, with the following values computed:


0.86
0.96
1.01
1.06
1.11
1.16


0.92
0.96
1.02
1.06
1.11
1.17


0.92
0.97
1.03
1.07
1.13
1.18

0.94
0.99
1.03
1.09
1.14
1.18


0.95
0.99
1.05
1.10
1.16
1.92

Analyze the data by performing the following computations:

1. Construct a histogram of the 30 values. Discuss the characteristics of the sample data.

2. Compute the sample moments (mean and standard deviation) for all 30 values and for the first 29 values (omit 1.92).


for n = 29:
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 = 1.046
Sc = 0.0893


for n = 30:
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 = 1.075
Sc = 0.1822

3. Check the sample for significant outliers; censor extreme events that are shown to be outliers.

4. Extensive measurements in several wind tunnels suggest that the drag coefficient should be 0.7. Test whether or not the small wind tunnel used for collecting the above data produces biased estimates of the drag coefficient.

5. What estimate of the drag coefficient would you use for design. Assess the accuracy of the estimate.

EVALUATION

1. Engineers are required by law to limit the amount of eroded soil that leaves a construction site by way of storm runoff; this is intended to prevent excessive amounts of soil from entering streams and rivers, which could be detrimental to aquatic life in the streams. To plan for erosion control at future construction sites, an engineer measures the volume of eroded soil at eight construction sites and computes the following rates based on the size of the site and prorated over a year: 62, 224, 137, 166, 94, 208, 77, and 150 tons/acre/year. What rate should the engineer use in planning for erosion control at a proposed development site that is similar to the eight sties that were studied? Would it matter if the proposed site were near a trout stream versus being near a large parking lot? What estimates would you use in these two cases? Justify your responses.
2. Develop an outline of the steps that an engineer could use to collect and analyze data from rivers related to some water quality parameter such a pH, dissolved oxygen, or the concentration of lead.
3. A student gets 37 out of 65 on a test. What interpretations can be made from this data? What additional information would help the student provide a more complete interpretation? Discuss how the additional information would be used. A second student received a grade of 41 on the same test. Can we conclude that the second student had better mastery of the subject matter than the first student did? Explain.

4. The last five times that you drove to the airport requires times of 47, 61, 55, 62, and 38 minutes. You are setting up your schedule for a day on which you will be going to the airport. How much time will you allow for the trip to the airport. Would the time allotted differ if you were going for the purpose of picking up a friend who is arriving on an incoming flight versus catching a flight yourself for a vacation trip? Explain. In these two cases, how much time would you allow?
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