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Proportional Relationships
Objective:  Students will learn the types of algebraic relationships so that they may recognize the relationships between different variables in an equation.  
ENGAGEMENT:
Have students give their definitions for the words direct, inverse, and proportional.
**Students are given workspace to try this problem   
*ANSWER: suggested definition relating to mathematics

Direct: Varying in the same manner as another quantity, especially increasing if another quantity increases or decreasing if it decreases. 

Inverse: One of a pair of elements in a set whose result under the operation of the set is the identity element, especially: 
a. The reciprocal of a designated quantity. Also called multiplicative inverse. 

b. The negative of a designated quantity. Also called additive inverse
Proportional: Properly related in size, degree, or other measurable characteristics.

EXPLORATION: 

1) One week you go to the grocery store and buy 4 apples, 1 loaf of bread, and 1 dozen eggs.  The following week you go to the grocery store and buy 6 apples, 2 loaves of bread, and 2 dozen eggs.  Assuming that the prices of the items remain the same for both weeks, which week do you expect to spend more money on groceries?  How do you know this is true?  

**Students are given workspace to try this problem   
Reasoning:  This is a directly proportional relationship.  The more you buy of something, the more the total amount of money spent will be.  As quantity increases so does the total cost. 
2) Each spring you plant 60 carrot seeds in your vegetable garden.  Not all of the carrots survive until the end of the season because they are eaten by a rabbit that also lives in your garden.  Therefore, by the end of the season you usually harvest around 45 carrots for eating.  The following year you notice that the rabbit in your garden has had babies.  Do you think the amount of carrots will increase or decrease with the increased number of rabbits in your garden?
**Students are given workspace to try this problem   
Reasoning: This is an inversely proportional relationship.  The more rabbits in the garden the greater the number of carrots eaten.  Therefore, the MORE rabbits in the garden then LESS carrots there will be to harvest at the end of the season.  
EXPLANATION:
Directly Proportional Relationships
For linear equations, those with the form, y = kx, the y and x variables are said to be directly proportional to one another, and k is a proportionality constant which has the units of y divided by the units of x . For example, if x is the pounds of beef in a package at the butcher shop and y is the cost of the package in dollars, then k is the cost per pound. This equation shows that as the value of x increases, the value of y also increases. For each unit change in x, the value of y will change by k. If y is graphed against x, the straight line will have a slope of k. If we take five packages of beef from the meat compartment and plot the cost (y-axis) versus the weight (x-axis), then all of the five points should fall on a straight line with the slope being the cost per pound as shown in the plot below.

	Weight (lbs)
	Cost (dollars)

	0.5
	3.495

	1
	6.99

	3
	20.97

	 4.5
	31.455

	6
	41.94
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Example:

Engineers involved in the design of irrigation systems need to know the relationship between evaporation rates (E in mm/day) and air temperature (T, °C). Assume that for a given geographic location, the following equation applies:






E = 0.25 T




(1)
What does this equation indicate? If E were plotted against T, what type of plot would result?

Solution:
The equation indicated that values of E can be estimated for given values of T. The equation also indicated that E changes by 0.25 mm/day for each 1°C change in T. Therefore, E would increase with an increase in T, which makes these two variables DIRECTLY proportional.  Since E has units of mm/day and T has units of °C, then the constant, 0.25, has units of mm/(day-°C) or mm/day/°C. At a temperature of 25°C, the evaporation rate is 6.25 mm/day while at 30°C, the rate is 7.5 mm/day. Because Equation 1 is linear, it appears as a straight line graph as shown in the plot below. Evaporation will change by (7.5-6.25) = 1.25 mm/day for 5°C change in temperature, which corresponds to change of 0.25 mm/day for each unit change in T.

	Temperature (oC)
	Evaporation Rate (mm/day)

	20
	5

	25
	6.25

	30
	7.5

	35
	8.75
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Another way of looking at this is by solving the equation y = kx for the proportionality constant k.  This gives the equation k = y/x.  Since you know that k is a constant, which means that it will always be the same number, you can see that in order for the fraction y/x to stay the same you would either have to increase y with an increase in x or decrease y with a decrease in x.    

Example: 

If k = 6 in the equation y = k, then, y = 6x.  Solve this equation for the k value and find x and y values that makes this equation true.  Then find another set of x and y values that also make this equation true.  What do you notice about the relationship between the two sets of x and y values?  

Solution:  

y = 6x  goes to  6 = y/x.  

If y equals 6 and x equals 1 then this equation would be true:   6 = 6/1

If y equals 12 and x equals 2 then this equation would also be true:  6 = 12/2

Therefore, the relationship between these two equations is that as the y value increases from 6 in the first equation to 12 in the second equation, the x value also increases from 1 in the first equation to 2 in the second equation. The fact that one variable increases with the increase of the other variable is what makes the x and y values DIRECTLY proportional. 
NOW YOU TRY!

The cost of land is $7500 per acre. Write an equation that shows the total cost of the land (C) for a given acreage (A).  Is the relationship between the total cost and the area of a piece of property directly proportional?  Explain why. 

**Students are given workspace to try this problem   
*ANSWER:  C = 7500A, where C is the total cost and A is the number of acres being bought.  The relationship between the total cost and the area of a piece of property is directly proportional because, as A increases, the value of C will also increase.  
Inversely Proportional Relationships
For equations of the form y = k/x, the y and x variables are said to be inversely proportional to one another, and k is again a proportionality constant. This means that as the value of x increases, the value of y decreases. If y is graphed against x, the slope is not constant; the graph will be curved with a negative slope. This equation is sometimes written as y = kx -1 where the -1 exponent indicates that y and x are inversely proportional.

Example:  
Ecologists are interested in relationship between the size of fish (and other aquatic life) versus the population density of the fish i.e., the number of fish per unit volume of the pond. As the number of fish increases, the food supply per fish decreases and so the average size of the fish decreases. In one study, the maximum length of one-year old haddock (L in cm) was related to a dimensionless density index (D) by:




L = 122/D
for 2 < D < 5




(2)

What does this relationship indicate?

Solution:
At a density index of 2, the average length is expected to be 61 cm. At a density index if 5, and average length of 24.4 cm is expected. Limits of 2 and 5 are placed on the index because the equation might give unrealistic lengths for values of D less than 2 or greater than 5.

Another way of looking at this is by solving the equation y = k/x for the proportionality constant k.  This will give you the equation k = yx.  Since you know that k is a constant, which means that it will always be the same number, you can see that for the value of k to stay the same, the value of y must increase when the value of x decreases.  The opposite is also true, namely that u will decrease when x is increased.
Example: 

If the value of k = 6 in the equation y = k/x, then, y = 6/x.  Solve this equation for the k value and find x and y values that makes this equation true.  Then find another set of x and y values that also make this equation true.  What do you notice about the relationship between the two sets of x and y values?  

Solution:  

y = 6/x  goes to  6 = yx.  

If y equals 6 and x equals 1 then this equation would be true:   6 = 6×1

If y equals 3 and x equals 2 then this equation would also be true:  6 = 3×2

Therefore, the relationship between these two equations is that, as the y value decreases from 6 in the first equation to 3 in the second equation, the x value increases from 1 in the first equation to 2 in the second equation. The fact that one variable increases with the decrease of the other variable is what makes the x and y values INVERSELY proportional. 
NOW YOU TRY!
A teacher compiled data on the number of hours that students played videogames or watched TV during the week of their mid-term exams and compared the values to the test scores the students got on the test.  For approximately 1 hour of TV/games, students had an average of a 94.  For approximately 10 hours of TV/games, students had an average was 67.  How do test scores vary with the hours spent watching TV or playing videogames?  What type of relationship exists between the two variables? Explain.  

*ANSWER:  As the hours of TV/games increased, the test scores decreased, so the relationship is inverse.  However, the value of k can be estimated because values are available.  The grades decreased by 27 points (94-67) as the TV watching increase by 9 hours (10-1).  Therefore, an estimate of k is:
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(3)

The negative sign only indicates the inverse relation that exists between N and G:
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(4)

For someone who watched TV and played games for 6 hours, his or her grade probably decreased by 15 points compared to what they would have scored had they only watched TV or played games for 1 hour.  

Jointly Proportional Relationships
Example:

If you visit the supermarket and look at canned food isle, it should be evident that they come in many different sizes, both in height (h) and diameter (D).  The volume of a can is:
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(5)

A can that is 4.5 inches high and 2.5 inches in diameter has a volume of:
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(6)
Does this mean that the volume of a can 6 inches high must have a greater volume? 

Solution:

No, because the volume also depends on the diameter.  A can with a diameter of 2.165 inches and a height of 6 inches would have the same volume as the can in Eq. 6.  Notice as the height increased, the diameter decreased in order for the volume to remain constant. 
A jointly proportional relationship means that a variable is dependent on more the one other input or variable. For equations such as:

 y = kxw




(7)

The variables y, x, and w are said to be jointly proportional to one another, with k as the proportionality constant. Note that y can increase as either one or both of x and w increase. Also, y could increase as x decreased as long as the increase in w was much more significant than the decrease in x.  Equation 5 is an example of the general model of Eq. 7.  The constant 0.1963 is the proportionality constant, k. 
Example:   
The velocity of rain water flowing across the surface of a highway is important to traffic safety engineers in their design of highway drainage. The velocity (V in m/sec) is dependent on the depth of the flow (d in m) on the highway surface and the slope of the surface (s in m/m). For slopes of about 1%, or 0.01 m/m, and depths of about 0.01 m, the velocity can be approximated by:



V = 3570 d S





(8)

What does this equation indicate?

Solution:
Equation 8 indicates that V will increase as either or both d and S increases. The rate of increase per unit increase in the product d S is 3570. Note that this constant has units of per second, or sec -1. This is an approximation that is accurate only near the stated conditions: impervious surface, depths of about 0.01 m, and slopes of about 1 m/100m. For a slope of 0.9 m/100m and a depth of 0.012 m, the velocity is 0.386 m/s. If the depth increased to 0.014 m, the velocity would increase to 0.450 m/s. Since S remained constant, the change in d of 0.022 caused a change in V of 0.064.

NOW YOU TRY!

Would the relationship y = kx/w be considered jointly proportional? Explain.

**Students are given workspace to try this problem   
*ANSWER:  the equation y = kx/w would be considered jointly proportional because the value of y is dependent on both the value of x and the value of w. Even though the equation indicates both directly proportional and inversely proportional variables, the equation is still jointly proportional.
ELABORATION:

Engineering Problem:      

The weight (Wc) of a canoe and people in the canoe must be balanced by the buoyant force (Fb) of the water. As more weight is added to a canoe, the canoe sinks and displaces more water. The buoyant force equals the product of the specific weight of the fluid (
[image: image7.wmf]g

) and the volume (V) of water displaced by the canoe. Write an equation that relates the volume of water displaced 
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dV

 as a person who weighs
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)

dW

Newtons gets into the canoe. What volume of water is displaced when a person who weighs 625 N gets into a canoe?

**Students are given workspace to try this problem   
*ANSWER:

The two equations are Wc = Fb and Fb = 
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V.  From these two equations you can say that    
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, which is read as the change in buoyant force equals the specific weight of the fluid multiplied by the change in volume.  By substituting the value of Wc into the equation for Fb  you get the new equation   
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.  This equation is read as the change in weight of the canoe and people in it is equal to the specific weight of water multiplied by the change in volume.  From this equation you can solve for 
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 to get 
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.  By then plugging in the value for 
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 of 625N, you get that 
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Multiple Relationships:

A remote island does not have a currency; instead, it uses good as the means of making transactions, with the following exchange rate: 

     50 bananas = 20 coconuts
     30 coconuts = 12 fish
     100 fish = 1 hammock. 

Set up an equation that relates bananas to hammocks.  How many bananas does it take to purchase 1 hammock? 
BONUS!!!  

Come up with other amounts of items by which you could purchase 1 hammock.  

**Students are given workspace to try this problem   
*ANSWER:  B stands for bananas, C for coconuts, F for fish and H for hammocks.

H = 100F,

represents the relationship between hammocks and fish.  
12F = 30C,

represents the relationship between fish and coconuts.  

50B = 20C,

represents the relationship between bananas and coconuts. 

By solving for coconuts in the last equation you get the relationship, 
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By taking this value for C and substituting it into the equation relating fish and coconuts you can get a relationship for fish in terms of bananas with the equation,     
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By simplifying this equation you would get,
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Finally, by substituting the above value for F into the equation you can get the equation relating hammocks to fish in terms of hammocks and bananas, which is our original goal of the problem.  Therefore, by this equation,
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you are able to solve for hammocks in terms of bananas and vice versa.  Therefore, 1 hammock equals 625 bananas. 
BONUS ANSWERS WILL VARY:
Example answers include 1 hammock = 50 fish + 80 coconuts + 112.5 bananas.

EVALUATION:
1. Which of the following variables are directly proportional to y, and which are inversely proportional? Only k is a constant.
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**Students are given workspace to try this problem   
*ANSWER:

The variables x, w, t, and m are all directly proportional to y, if you increase the value of one or more of them, y will also increase in value.

The variables z, q, and r are all inversely proportional to y, if you increase the value of one or more of these variables, y will decrease in value. 

2. The volume of a sphere is given by; V = (4.189)(r3). Are V and r directly or inversely proportional?

**Students are given workspace to try this problem   
*ANSWER: 

V and r are directly proportional.  An increase in r will lead to an increase in V as well. 
3. Bridges deflect (i.e., bend) when subjected to a heavy load (e.g., a fully loaded 18 wheeler). The amount of the deflection is inversely proportional to the depth (i.e., thickness) of the bridge. Write an equation between deflection and depth. What factors do you think would affect the value of the proportionality constant? Would you expect all bridges to have the same plot? Explain.

**Students are given workspace to try this problem   
*ANSWER:
A possible equation would be d=k/t, where d is deflection and t is thickness of the bridge.  The k value could be influenced by characteristics of the particular material used to build the bridge such as material strength.  Not all bridges will have the same plot because with a variation in the type of material the k values with vary and therefore the proportional constant will be different for each bridge. 
4. Pressure (p) increases with the depth (h) of the fluid according to
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where
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 is the specific weight of water. The specific gravity of the fluid depends on the fluid and the temperature. A diving bell is subjected to greater pressure as it descends to the floor of the ocean. Is this relationship an example of a jointly proportional relationship? Explain.

**Students are given workspace to try this problem   
*ANSWER:  Yes, this example is a jointly proportional relationship. As the values of γ and h change the value of p will most likely change.  This equation may not seem to have proportionality constant; however, the value of the proportionality constant in this equation is simply 1 and therefore does not need to be written into the equation as a k.
5.  Is the height (H) and weight (W) of football players proportional? Explain.

**Students are given workspace to try this problem   
*ANSWER: Height and Weight are generally directly proportional to one another.  As a person's height increases, his or her weight is expected to increase as well.
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