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Suppose ¢ : Wr — "G is an L-homomorphism. There is a close rela-
tionship between the L-packet associated to ¢ and characters the component
group of the centralizer of ¢. This is reinterpreted in [2], see also [1], in
part to make it more canonical and a bijection. This involves a number of
changes, including using the notion of strong real form, several strong real
forms at once, and taking a cover of the component group. This cover is not
necessarily a two-group, so the values of the character may not be just signs.

Over the years a number of people have asked me how to relate an L-
packet of discrete series to characters of S, in this language. While this is
a special case of [2] and [1], it isn’t so easy to extract it. In these notes I
work out this case, and give some details in the case of SU(p, ¢) and U(p, q).
There are no proofs; see the references for more details.

Besides the basic references cited above, I make some use of [?].

If you want to cut to the chase the main result is Proposition 4.4. Also
see Propositions 3.3, 7.3 and 8.2.

1 Basic Setup

We fix a pair (G, ) consisting of a reductive, algebraic (or complex) group
and an outer automorphism of GG. This corresponds to an inner class of real
forms of G. We are interested in discrete series representations of real forms
of G. A real form in this inner class has discrete series representations if and
only if v = 1, so we assume this.

The extended group is a semidirect product G' = G x I' where I' =
Gal(C/R). Since v = 1 it is a direct product, and we may safely drop I' from
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the notation. The constructions of [2],[1],[?] involving the “twist” simplify
in this setting.

We fix Cartan and Borel subgroups H and B of G. Let GV be the
dual group, and fix Cartan and Borel subgroups HY and BY of GY. By
construction we have canonical identifications

(1.1) X*(H) = X,(H"), X.(H)=X*(H")

where X* and X, denote the character and co-character lattices, respectively.
Let R(G,H), P(G,H),RY(G, H) and PY(G, H) be the root, weight, coroot,
and coweight lattices of G with respect to H. Recall

P={)eX" (H)oQ|\a")yeZ forala’eR"}

(1.2) PV =W eX,(H®Q|(a,y") €Z forall a € R}

and these are lattices if and only if G is semisimple. We abbreviate these
R,P,RY and PY. Define R(GY,H") etc. similarly. Then, for example
R(G,H) = RY(GY,HY). Let W = W(G, H) be the Weyl group.

Write GY', instead of LG, for the L-group of G. This is a semidirect
product G¥ x I.

2 Strong real forms

A strong real form of G is an element z € G satisfying 22 € Z (Z is the
center of G) (recall we are assuming v = 1), and two such elements are said
to be equivalent if they are conjugate by GG. A real form of G is an involution
0 € Int(G) (this is the Cartan involution), and equivalence is conjugation by
G. The map x — int(z) defines a surjection

(2.1) {strong real forms of G}/ ~— {real forms of G}/ ~ .

If G is adjoint this is a bijection.
Every strong real form z is conjugate to an element of H. Let

(2.2) X ={hec H|h c Z(GQ)}.

If G is semisimple this is a finite set. The Weyl group W acts on X7, and
there is a bijection

(2.3) {strong real forms of G}/ ~<—5 Xy /W.
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Let & be a set of representatives of X;/W.

For ~¥ € PY let z(y) = exp(mivyY) € X, and z(v") = exp(2miyY) € Z.
This gives an isomorphism X; ~ PY/2X,.

The element z(p¥) = exp(mip”) plays a special role (p" is one-half the
sum of the positive co-roots). The corresponding real form is quasisplit. The
element z(p") = z(p¥)? is independent of the choice of positive roots.

It is often convenient consider only those x with z? fixed. So fix z € Z
and let

(2.4) Xzl={veH|2*=2}, X[]={reX|x*=2}

3 L-parameters

Suppose ¢ is an admissible homomorphism of the Weil group of R into GVI.
Associated to x € X} and ¢ is a finite set I1(z, ¢), the L-packet for the strong
real form x corresponding to ¢. This may be empty. We have Il(z,¢) =
II(2', ¢) if and only if x is equivalent to 2/, i.e. 2’ = wz for some w € W.
Define

(3.1) I(¢) = [ (=, ¢),

zEX]

the L-packet associated to ¢.

Unless G is adjoint these sets are often larger than necessary. For one
thing if G is not semisimple they are infinite. Secondly, multiple strong real
forms corresponding to the same real form can occur. See the examples.

For these reasons it is sometimes helpful to fix an element z € Z, and
define

(3.2) M(z,¢) = [ T ¢).

z€X] [x]

(If we think of z € Z as an element of Z or &) then II(z, ¢) has two possible
meanings; hopefully this will not cause any confusion.)

These sets are finite, and the number of strong real forms mapping to
single real form is small, and often 1. On the other hand for a fixed z some
real forms may fail to occur. See the examples.

Let A be the infinitesimal character for G determined by ¢. For the
purposes of this discussion this infinitesimal character is not important, and
we can take it to be p, the infinitesimal character of the trivial representation.
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Proposition 3.3 Suppose ¢ is a discrete series L-parameter for G. There
are natural bijections

(3.4) X 5 11(g) = [] T, ¢)

and

(3.5) Ml Tz 0) = [ Hx.9).
zEX][2]

This proposition practically proves itself. Write the infinitesimal charac-
ter corresponding to ¢ as A € h*, dominant with respect to the fixed choice of
Borel subgroup B. Associated to z € X is a real form with Cartan involution
6, = int(x) and (complexified) maximal compact subgroup K, = Centg(z).
Associated to x is a discrete series representation, which we denote m,(\) of
this real form, with Harish-Chandra parameter \. The key point is that if
2’ = wx with w € W, there is a natural way to identify the representation
Twz(A) with 7, (w™N). See [?].

4 Characters of 5

Fix a discrete series L-homomorphism ¢ and let Sy = Centgv(¢). This is
a two-group. The theory of Langlands and Shelstad relates the elements of
II(¢) to characters of Sy.

In [3] S, is replaced by a certain cover of it, denoted :S’\;, and defines a

canonical bijection between II(¢) and :9\;7 Unlike Sy, however, S, is not
a two-group, and if G is not semisimple is not even finite. This version of
the theory has the advantage that it is canonical, but it is also somewhat
unsatisfying, and harder to relate to the classical theory.

For this reason we fix an element z € Z, and work with X;[z] ~ II(z, ¢).
Fix zy € X)[z]. The map x — xx," defines an isomorphism

(4.1) Xi[z] = Hy ~ X, /2X,,

the elements of order 2 in H.
The lack of a canonical choice of zy € X[z] is problematic. The case of
z = z(p¥) is an important one, for which there is a canonical such choice. In



this case we can take xy = z(p”) = exp(mip”). The corresponding (strong)
real form is quasisplit, and zy in the bijection of Proposition 3.3 x, will
corresponds to a generic discrete series representation of the quasisplit form.

The strong real forms x € X;[z(p")] are called pure [4]. (In [4] these are
given by 22 = 1; the difference is due to the fact that we defined GT with
respect to the maximally compact real form, instead of the quasisplit one.)
Not every real form is represented by a pure strong real form. For such real
forms a choice is necessary. See the examples.

Let X4 pure = X4 [2(0")] and &, = X/[2(5")].

Now consider S,. Without loss of generality we may assume ¢(C*) C H".
Then ¢(j) normalizes H" and (since this is a discrete series parameter) acts
on HY by h — h~!. Then it is easy to see

(4.2) Sy =HY ~ X,(H")/2X,(H") ~ X*/2X*.

Write s() for the element of S, corresponding to p € X*.
For x € &) let x, be the corresponding character of Sy, i.e.

(4.3) Xo(s(p)) = p(z) (neX).

The natural pairing between these X, /2Xx and X*/2X* gives:
Proposition 4.4 Suppose ¢ is a discrete series L-parameter. Forx € X pure
let
(45) Te = Xaa(pV)—! = X:L‘X;(lp\/)

Then the map x — 7, induces a canonical bijection

(4.6) [T H@e) 5,

{IE‘X{,pure}

In this bijection the trivial character of S, corresonds to a generic discrete
series representation of a quasisplit (strong) real form.
More generally fix z € Z and xy € Xy[z]. The map

(47) T — Tg = me;ol = X:c:cal
induces a bijection
1-1 5~
(4.8) [T 1,¢) «— 3,
{zeX][2]}

depending on the choice of xg.



The left hand side of (4.6) is the disjoint union, over various strong real
forms of G, of a classical L-packet for the corresponding real form. For
any real form of GG in this inner class there may be a pure strong real form
mapping to it, and if so there may be more than one. The pure strong real
form z(p) is quasisplit.

Every real form occurs in (4.8) for some z.

We make these maps explicit. For z € &) ;. we have

(4.9) (i) = plzx(p’)™h)  (n € X*/2X7).
More generally given xy € X;[z] we have
(4.10) ruli) = plawy?) (e X*/2X).

Alternatively write zq = (7 ); recall 7y = p" in the case of pure strong
real forms. Then

(4.11) Xer) (5(01)) = (~1)2" 780

5 Example: Strong Real forms of SU(p,q)

Let n=p+q.

First assume n is odd. Then z(p¥) = I and x = diag(%1,...,+1) with
an even number of minus signs. There is a bijection between real forms and
strong real forms. For example if n = 5 we have SU(5,0),SU(3,2) and

SU(1,4).
Suppose n = 2m is even. Then z(p") = —I, and
(5.1) Xy [2(p")] = diag(eri, . . ., €,1)
m m
withe; = +1 and [J¢; = (—1)™. In particular z(p¥) = diag(z, ..., 1, —i,..., —1)

and this corresponds to the quasisplit form SU(m,m). The strong real
forms in X 4. correspond to real forms SU(p,q) with p = ¢ (mod 2);
the non-quasisplit ones each occur twice. If m is even we can think of
these as SU(2m,0),SU(2m — 2,2),...5U(0,2m). If m is odd we have
SU(2m —1,1),SU(2m —3,3),...,SU(1,2m — 1).

For example if n = 2m = 4 we can think of the strong real forms as
SU(4,0),SU(2,2) and SU(0,4). If n = 2m = 6 we get SU(5,1),SU(3,3)
and SU(1,5).



In this case not every real form occurs. To get all real forms we must
choose another element z. The most convenient such choice is z = [ if m is
odd, or z =il if m is even.

Suppose m is odd. Let z = I. Then the elements x = diag(+£1,...,+1)
with and even number of minus signs give the groups SU(2m,0), SU(2m —
2),..., SU(0,2m); each real form occurs twice. For example for n =2m =6
we have SU(6,0),SU(4,2),SU(2,4) and SU(0,6).

Now assume m is even. Then take z = il and let & = e™/*. Then
x = a(£l,...,£1) with an odd number of minus signs. We get each
SU(p,q) with p,q odd counted twice. For example if n = 2m = 8 we have
SU(7,1),5U(5,3),SU(3,5) and SU(1,7).

The following table summarizes the situation. The number of groups
in the row labelled by z is the number of inequivalent strong real forms
corresponding to z. The occurence of two groups SU(p,q) and SU(q,p)
means that the map from strong real forms to this real forms is two to one.
If only one of these groups occurs it is one to one.

(a) z=2z2(pY)=—1: SU(4,0),5U(2,2),SU(0,4)
(b) = =il: SU(3,1),SU(1,3)

(a) z=2(pY)=1: SU(5,0),SU(3,2),SU(1,4)

(pV) = —I: SU(5,1),SU(3,3), SU(L,5),
. SU(6,0), SU(4,2), SU(2,4), SU(0,6)

—~
-
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N
I
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It isn’t entirely necessary, but to be precise below we specify names for
strong real forms of SL(n,C). Let a = 1,7 or e™*, and let SU(p, q) be the
strong real form defined by

p q

(5.2) r=diag(t,...,a,—a,...,—a).

(assuming this has determinant 1).

6 Example: Strong Real Forms of U(p,q)

Since G is not semisimple the theory is complicated if we allow all strong real
forms. On the other hand if we fix z = z(p") the situation is quite simple.

Let n = p+ q. We have z(pY) = I if n is odd, and —1I if n is even.

Suppose n is odd. Then x = diag(£1,...,+£1) with any number of minus
signs. Write U(p, q) for the strong real form defined by = where 1 is an
eigenvalue of multiplicity p and —1 has multiplicity ¢q. Note that the strong
real forms U(p, ¢) and U(q, p) are not equivalent; they map to the same real
form.

Suppose n is even. Then z(p¥) = —I, and we take x = i(£1,...,£1).
Write U(p, q) for the strong real form defined by z with :"~! having multi-
plicity p and —(i"!) having multiplicity ¢. (The exponent isn’t critical, and
is included for the sake of Proposition 7.3). If p # ¢ the strong real forms
U(p,q) and U(q,p) are inequivalent, and both map to the same real form,
which is therefore counted twice. There is unique quasisplit strong real form
denoted U(m,m) mapping to the quasisplit real form.

In each case the strong real forms are labelled U(n, 0), U(n—1,1),...,U(0,n).

7 Discrete series of U(p, q)

Let G = GL(n,C) and suppose ¢ is a discrete series L-parameter. Then

Sy >~ Z/27", and E; is in bijection with a set of discrete series representations
of various strong real forms of G. We make this more explicit.

We fix 2 = 2(p¥) = (—1)""1. Let

2 =2(p") = (-1)""1

(7-1) xo = x(p¥) = i"diag(l, —1,...,(=1)"1)



Write Sy, = {diag(*1,...,%£1)}. For ¢, = %1 let x(€1,...,€,) be the
corresponding character of S,. Then x(ey,...,€,) = x, with

xr = diag(eq, . .., €)X
(72) _ . mn—17: n—1
=1 dlag(ela —€2,€3, —€4,..., (_1) En)‘

The upshot is this.

Proposition 7.3 Let G = GL(n,C) and suppose ¢ is a discrete series L-

parameter for G. There is a canonical bijection between g; and the discrete
series representations of the strong real forms {U(p,q) |0 < p,q < n,p+q =

Fiz a character x(ey, ..., €,) and let
(74) V= (61, —€9,€3, —€4,..., (_1)n—1€n).

Then x corresponds to a representation of the strong real form U(p,q) where
p is the number of 1's in v, and q is the number of —1's.

For example the trivial character goes to the quasisplit strong real form
U(m,m) or U(m + 1,m).

Note that each real form U(p,q) occurs twice, as the strong real forms
U(p,q) and U(q,p), unless p = q. The total number of discrete series repre-
sentation of U(n,0),U(n —1,1),...,U(0,n) is 2™ = |Sy|.

8 Discrete series of SU(p,q)

This case is a bit more complicated than U(p, ¢). Write Sy = {diag(£1,...,£1)}
with and even number of minus signs, and write x(e, ..., €,) accordingly.

If n is odd things are reasonably straightforward. Recall (Section 5) the
map from strong real forms to real forms is a bijection.

In this case

2(p’) =1
2(p¥) = (=1)"T diag(1,—1,...,1).

Proposition 8.2 Let G = SL(n,C) with n odd. There is a canonical bi-

jection between 3’; and the discrete series representations of the real forms,
equivalently strong real forms,

(8.3) {SU(p,q) 10 <p,qg<n,p+q=n,q even}.

(8.1)
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Let

n—1

(84) v = (_1) 2 (617_€2>€3a"'7_€n—176n)-

Then x corresponds to the real form SU(p,q) where p is number of 1's in v,
and q the number of —1's.

Suppose n is even. Recall not every real form occurs in Xj . in this
case, and the map from strong real forms to real forms is not bijective.

Proposition 8.5 Let G = SL(n,C) with n = 2m. Let zo = z(p"). There is

a canonical bijection between S, and the discrete series representation of the
strong real forms

n
(8.6) {SU(]%Q)|OSP,QSn,p+q:n,quE5 (mod 2)}.

These are the pure strong real forms.
Let

(8.7) v=(€1,—€,€3,...,€_1,—€p).

Then x corresponds to the real form SU(p,q) where p is number of 1's in v,
and q the number of —1's.

If m is even let a = e™/* and 2y =il. If m is odd let o = 1 and 2y = I.
Choose

(8.8) xo = adiag(dy, . .., 0,)

with §; = +1. Then % = zy, and there is a bijection between S’; and the
discrete series representations of the strong real forms

(8.9) {SU(I?,Q)|0§p,QSn,p+q=n,quEg+1 (mod 2)}.
Let
(810) V= (61617---75n€n)-

Then x corresponds to the real form SU(p, q) where p is number of 1's in v,
and q the number of —1's.
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We mention just one example of the group :S”;, Let G = SL(2,C). Then
S¢ = Z/27 and :S;; = Z/AZ. There is a natural bijection between the discrete
series representations of the strong real forms SU(2,0), SU(0,2) and SU(1,1)
and characters of :S;;

The two characters of :S;; of order 2 factor to Sy; these correspond to the
two discrete series representation of the (pure) strong real form SU(1,1) as
before. The trivial representations of SU(2,0) and SU(0,2) correspond to
the two characters of :S”;, of order 4. Via the non-canonical choice of (8.10)
these also correspond to the two characters of :S’\; of order 2, or equivalently
the two characters of Sy.
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