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Abstract. Effective shape functions for the Generalized Finite Element Method should reflect the available
information on the solution. This information is fuzzy because the solution is, of course, unknown, and typically
the only available information is the solution’s inclusion in various function spaces. It is desirable to select
shape functions that perform robustly over a family of relevant situations. Quantitative concepts of robustness
are introduced and discussed. We show, in particular, that in one dimension, polynomials are robust when the
available information consists in inclusions in Sobolev-type spaces that are z-independent.
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1. Introduction. The h,p, and hp versions of the finite element method employ local
polynomial approximating or shape functions. These approximating functions, and the finite
element methods based on them, are effective in many situations. In certain other situations,
non-polynomial approximating functions have been used, and have been shown to be effective.
We mention pullback polynomials (see e.g., [4]), the “quarterpoint” elements [7, 12], or the
enrichment of the finite element spaces by special functions. Recently, the generalized finite
element method, and its various meshfree methods versions, have been developed and analyzed.
These methods also make flexible use of non-polynomial shape functions. They are often very
effective; see e.g., [1, 2, 3, 8, 10, 11, 16, 17, 18, 20, 22, 23].

Polynomials have been studied for many years, starting in the 19th century, and they have
been shown to have mostly good approximation properties. Nevertheless, they are not “good
for all seasons”. In [5] it was shown that for differential equations with rough coefficients, the
finite element method using polynomial shape functions can lead to arbitrarily “bad” results.

Hence the following questions arise: What kinds of approximating functions should be used
in various situations? In which situations are polynomials preferable? It is clear that the answer
to these questions depends on the available information on the function to be approximated.
This information can be of a priori or a posteriori type. In both cases the information has a
fuzzy character, because the functions to be approximated is typically the unknown solution of
a boundary value problem. In this paper we will address these questions in the one dimensional
setting. The higher dimensional case will be addressed in a forthcoming paper.

To illustrate the issues we have raised, consider the problem

_”():f( )a EI:(_]-)]-)
(1.1) { wzu—lavz w(1;7:51(7) ’

which has the variational formulation: Find w € H}(I) satisfying

(1.2) B(w,v) = F(v), for all v € Ha(I),
where
(1.3) B(w,v) = /1 w'(z)v'(z) dz,
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(1.4) F@)z[ﬂﬂ@d@d@

(1.5) Hy(I) = {u suly = /11 [u'(z)|? dx < oo, u(£l) = 0}.

We then approximate the solution of (1.2) by the Galerkin method. Toward this end we assume
we have a set of basis functions, 11,72, ..., in Hg(I), and define the approximate solution by:
Find w, = >)_, axny, satisfying

(]..6) B(w,n,n‘j) = F(’r}])7 f()rj = ]_7. ..7n_

wy, is called the Galerkin approximation to w determined by the basis functions {n;}. We now
consider, as examples, two specific sets of basis functions {n}:
A) The sine functions,

(1.7) mi =sinTh(e+1), k=1,2,;
B) The polynomial functions,
(1.8) 77,1: =(1- :L'Z):ckfl, k=1,2,---

Each of these families is linearly independent and complete in Hg(I). We note that the
span{n}, j = 1,2,---,n} = span{[* Lj(x)dz, j = 1,2,---,n}, where L;(x) is the Legen-
dre polynomial of degree j. We then denote by wl and wl the approximate solutions using n
trigonometric and n polynomial basis functions, respectively.

Is it better to use the trigonometric function or the polynomials? To begin to answer this
question, let

(19) CZ’:U]—’U}Z, 65 :w—wz:
(1.10) r_leali e _ lenh
" w1’ " |wl|y

be the errors and relative errors in the approximate solutions.
Let us examine EL and EF for the following 2-parameter family of functions (exact solution
of (1.2)):

B [ A+2)f(x—-05)", -1<z<05
(1.11) W= Wpy _{ (1-2)%(z—05), 05<z<l,
where 8 > 1 and v > 1 are integers. Note that the function wg, given in (1.11) is analytic (in
fact, is a polynomial) in each of the intervals —1 < z < 0.5 and 0.5 < z < 1. Also, ‘g’w:—l_'f is

dw

continuous on [—1,1] and %

has a jump discontinuity at the point 0.5.



In Table 1.1 we give EX and EF for 1 <n < 20 and for several values of 3 and 1.

B=1~v= B=T~v= =3, v=4

n || ET EF ET EF ET EP

1 9872 9712 9388 9576 9091 9156
2 8830 7809 9009 9442 6055 7545
3 6911 4360 6899 8180 6048 7387
4 5163 1370 4519 7330 3455 3805
5 3998 | .1270e-1 3485 6114 1308 2782
6 3198 | .5787e-2 || .1131 4489 || .9576e-1 | .1759
7 2625 | .1901e-2 || .8238e-1 | .3808 | .6176e-1 | .3819e-1
8 2197 | 4510e-3 || .4301e-1 | .2224 | .3409e-1 | .3118e-1
9 1878 | .4305¢-3 || .1920e-1 | .1896 | .2797e-1 | .2031e-1
10 || .1621 | .2651e-3 || .1683e-1 | .9754e-1 || .1858e-1 | .9381e-2
11 || .1424 | .1026e-3 || .1193e-1 | .7511e-1 || .1294e-1 | .9257e-2
12 || .1258 | .9308¢-4 || .6343e-2 | .4556e-1 || .1113e-1 | .6397e-2
13 || .1126 | .6883e-4 || .4524e-2 | .2538e-1 || .7387e-2 | .3778e-2
14 | .1012 | .3384e-4 || .4243e-2 | .2311e-1 || .6159¢-2 | .3771e-2
15 || .9188e-1 | .3091e-4 || .2898e-2 | .1179e-1 || .5076e-2 | .2747e-2
16 || .8361e-1 | .2469e-4 || .1672e-2 | .1036e-1 || .3739¢-2 | .1854e-2
17 || .7678e-1 | .1399e-4 || .1607e-2 | .8243e-2 || .3292¢-2 | .1854e-2
18 || .7058e-1 | .1297e-4 || .1427e-2 | .4833¢-2 || .2684e-2 | .1405e-2
19 || .6539¢-1 | .1080e-4 || .9300e-3 | .4738e-2 || .2128e-2 | .1031e-2

20 || .6060e-1 | .6728e-5 || .6753e-3 | .3606e-2 || .1947e-2 | .1031e-2

Table 1.1: The relative error when trigonometric and algebraic polyno-
mials are used. Note that for (3,7) = (1,5), algebraic polynomials perform much
better than trigonometric polynomials, especially for large n. For (8,7) = (7, 5), the
performance of algebraic polynomials is marginally worse than that of trigonomet-
ric polynomials. But algebraic polynomials perform slightly better for n > 7 when

(B;7) = (3,4).



Figures 1.1a,b show the relative errors for v = 5 and for =1 and 7.
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Figure 1.1: The relative errors as a function of n when wg , is approximated
by trigonometric and algebraic polynomials. EZ is represented by the solid
line and EZ by the dotted line. Note the same convergence rate, namely O(n~=*?),
for algebraic polynomial approximations (independent of 3) in (a), and the different
rates of convergence for algebraic and trigonometric polynomial approximations in
(b). Also note in (a) that the error for trigonometric polynomial approximation is
marginally smaller than that for algebraic polynomials in the case 8 = 7, irrespective
of the same O(n~*®) convergence.

Table 1.1 and Figures 1.1a,b show the following features:

a) The asymptotic rate of convergence of EX is O(n—(7=1/2)) which is independent of 3.

b) The pre-asymptotic performance of polynomial approximation shows dependence on 3.
In particular, we see that the function wg,, can be approximated better by polynomials
if 3=1thanif 3 =T.

c) Although the asymptotic rate for polynomial approximation is the same for § = 1 and
B = 7, the pre-asymptotic behavior clearly influences the magnitude of the errors for
large n.

d) For ET| the rate of convergence depends on both 3 and vy, with

(1.12) ET = O(n~min(r=1/2841/2)y '3 6dd

e) Trigonometric polynomials perform marginally better than algebraic polynomials for
(B,v) = (7,5), but perform much worse for (8,v) = (1,5). Also, these polynomials
perform slightly better only for low values of n for (8,v) = (3,4).

The functions we wish to approximate may have a number of features. These include:
smoothness, boundary behavior, boundary layers, oscillations, etc. Functions in higher dimen-
sion may have additional features. These features influence the approximation of these function
in both the pre-asymptotic and asymptotic range. The family wg,, has only two of these fea-
tures; namely smoothness, parameterized by 7, and boundary behavior, parameterized by 3.
Nevertheless, we have chosen this two parameter family of functions because it illustrates, in a
simple setting, the variety of features functions may have, and, in addition, the interplay of these
features. In practice, many families of shape functions are used for approximation, especially in
higher dimensions, in connection with the Generalized Finite Element Method and with Mesh-
free Methods. Nevertheless, we consider only two families of shape functions—algebraic and
trigonometric polynomials—because these families share many features with the larger class of
shape functions that are used. From the observations made in the last paragraph, we see that
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the quality of approximation of wg  depends on 3 and 7, i.e., on the available information on
the approximated function, as well as on the particular shape functions used in the approxima-
tion. An understanding of this dependence, and of the issues involved in the selection of effective
good shape functions, is not obvious.

The available information on the approximated function, typically the unknown solution of
a boundary value problem, is fuzzy. It is usually characterized by the function’s inclusion in a
family of function spaces. Effective shape functions should have good approximation properties
in all the spaces of this family. In this paper, we develop quantitative concepts for assessing and
comparing effectiveness of various families of shape functions. Using these concepts, we have
shown the following:

o If the only information on the unknown function is related to smoothness characterized
uniformly in z, the spatial variable, by inclusion in the class of Sobolev-type spaces,
then polynomial shape functions are “robust”, i.e., they perform almost optimally in
the family of such Sobolev-type spaces.

e If, on the other hand, some additional information is available, if, e.g., the function
is constrained by certain boundary conditions, then polynomial shape functions may
perform very poorly.

These results are arrived through a collection of theoretical results. These include a thorough
study of the properties of the quantitative notions mentioned above. We have also presented
detailed numerical computations, which illustrate these theoretical results.

Section 2 briefly describes the Generalized Finite Element Method, introduced to further
motivate our study. In Section 3 we describe a wide family of function spaces, and discuss
their role in understanding approximation. We also discuss the notion of “smoothness”, and
explain some of the observations made about the example in the present section. Section 4
introduces the basic concepts in term of which we assess the effectiveness of specific families of
approximating functions. In Section 5 we present the main results of the paper. In Section 6,
we present computational results and their interpretation. These computations illustrate the
results presented in Section 5. Section 7 summarizes the conclusions of this paper. Finally, in
Section 8 we present detailed proofs of the results in Section 5.

2. The Generalized Finite Element Method. In this section we briefly describe the
Generalized Finite Element Method (GFEM). Let  C R be a bounded domain with boundary
T, and denote by H'() the usual Sobolev space of functions with square integrable first deriva-
tives. Let V;,i =1,..., N, be a collection of Lipschitz functions with supports o;, respectively,
(we do not assume o; C ), and suppose that

a) YN Vi(z) =1onQ,

b) |Vi|<Cx, i=1,...,N,

C) |gra‘thL| S WG(M)J = 17"'7N7

d) There is an M such that any x € Q lies in at most M of the supports o;.
The supports o; are called patches. We then assume we are given functions 7; ;,j5 = 1,...,m(3),
i=1,...,N, withn;; € H'(0;) and m;1 = 1. If 0;,p = 0;(\T'p, where I'p C T is the portion
of the boundary where (zero) Dirichlet boundary conditions are prescribed, and the measure of
o;,p # 0, then we assume the 7; ; =0 on o; p (and hence the condition 7; 1 = 1 is not imposed).
For fixed ¢, let S; be the span of n; ;,5 =1,2,.... Clearly

(2.1) Vimijla € HY(Q),i=1,...,N,j=1,...,m(3),
where V;n; j|o denotes the restriction of V;n;; to . We denote by S the span of all the
Vinij,i=1,...,m(i),i =1,...,N. For w € H'(Q), it can be shown [2, 3, 20] that
N
(2:2) inf |w — X[fn @) < C 21 Jnf Jw = pli1(6,n0);
=
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where the constant C in (2.2) depends only on Cy, Cg, and M.

The GFEM is the Galerkin method using S as approximating functions. Estimate (2.2),
together with the usual quasi-optimal estimate for Galerkin methods, shows that the error in
the GFEM is directly related to the approximation properties of the systems {7; J} (’) on the
patches ;. The patches o; form a covering of €2, and are related to the basic geometry of Q.
Of course, the constants Cg and M depend on these patches. For implementational reasons it
is advantageous to use the classical “hat functions” (used in usual FEM) for the partition of
unity functions, V;. The patches, o;, are then the usual finite element stars. In this situation,
the constant Cg depends on the regularity of the triangulation.

A special form of GFEM was introduced in [2] to address problems with rough coefficients.
This method was extended in [3, 20], and called the Partition of Unity Finite Element Method
(PUFEM). For further development of GFEM, see [22, 23]. The GFEM is closely related to
meshfree methods [1, 8, 9, 10, 11, 16, 17, 18, 19].

Let us now specialize the GFEM to one dimensional problems on I = (—1,1). Figure 2.1
shows that partition of unity functions for N = 5.

Fig. 2.1 The partition of unity on I = (—1,1). Note the overlapping of the
patches.

Consider now the specific problem

—w"(z) = f(z), forz e I =(-1,1)
(2.3) w'(=1) =w'(1) =0 ;
filwdm =0

where f is a given function satisfying f_ll f(z)dx = 0. Then, if we wish to use the GFEM to
approximate the solution w, for each ¢ = 1,...,5, we need to construct asystemn; ;,j = 1,2,...,
that closely approximates the solution w on the patch o; in the H'-seminorm. This is equivalent
to the construction of a system ¢; ; = ng, ; that closely approximates w'(z) on o; in the Ly-norm.
The situation is similar for other problems. For example, for the problem

"(z) = f(z), for x € I = (—1,1)
(2.4) { EU 136 w(l) = Ooorxwl(_l) =w(l)=0 ~

we are again interested in Lo- approximation of w' because we can easily construct the approx-
imation in H' that satisfies the essential (Dirichlet) boundary conditions.
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Hence we are led to the problem of selecting a system of basis functions, ¢;; = 771'-, j» on
o; that closely approximate the derivative 4 = w' of the unknown solution w in Ls. This
is the main problem addressed in this paper. We note that generally it is not possible to
view approximations in this way. In fact, for second order boundary value problem in higher
dimension, approximations are naturally viewed in H'. Nevertheless, in this paper we restrict
our attention to approximation in Ls. More general situation will be addressed in a forthcoming
paper. As we have pointed out, the selection of effective ¢;; = ng,j depends on the available
information on the solution w on the patch o;, which is necessarily fuzzy. Without loss of
generality we can assume o; = ¢ = (—1,1). We are thus seeking approximating functions ¢;
that closely approximate w on ¢ = (—1,1) in Ly. These functions are called basis or shape
functions.

3. Function spaces and their role in approximation. In this section we define the
Sobolev-type spaces we will use in our analysis. As pointed out in the Section 1, the assessment
of the approximation properties of a specific family of basis functions depends on the available
information on the function we are approximating. We typically know that the function u of
interest is included in some function space. But it is also typical that the function is included
in many spaces, and this information provides a more complete understanding of the function.
It is thus important to have for our use a broad family of appropriate function spaces.

For k=0,1...and I = (—1,1), H*(I) denotes the kth order Sobolev space, with the norm

k
(3.1) lulli =D lul}
7=0
where
1 . 2
(3.2) |u|j:/ ‘u(])(x)‘ dx.
-1

Let a = (ag,a1,...) be a sequence of nonnegative numbers, with ap = 1, and let k£ be a
nonnegative integer or +0o. We then define the Sobolev-type space H**(I) by

k
(3.3) HO* (D) = $ u € Lo(I) : [[ul3en = D ajul? < oo
=0
With the inner product
(3.4) (u,v) gk = Zaj(u,v)j, where (u,v); = / uDol) de,
=0 -1

H2*(I) is a Hilbert space. We will often write H** for H**(I). We note that when k = oo,
(3.5) ullfroe =D ajlul; = Jim lulfZe.e-
7=0

REMARK 3.1. The sequence « introduced here does not depend on k. It will be use-
ful, however, to also consider k-dependent «, by which we mean a family of finite sequences:
a(k) = (ao(k),a1(k),...,ar(k)), 0 < k < co. The norm on the associated Sobolev space is the
natural extension of the norm defined in (3.3): [|u|3ac0 . = Z?:o aj(k)|ul;. We will speak of
k-independent « and k-dependent (k). For any k-independent a = (ag, a4, - ..), we can define
an associated k-dependent a = a(k) by letting a;(k) = a; for 0 < i < k and «;(k) = 0 for
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i > k. With this convention, H** = H**):k and k-independent o can be also be considered
as k-dependent.

REMARK 3.2. For a k-independent «, it is easily seen that
Ha’k+1 C Ha’k and ||u||Ha,1c S ||u||Ha,k+1, for all u € Ha’k+1.

This result does not hold in general for k-dependent a(k), but there are a = a(k) for which the
result does hold, i.e., a(k) for which

(3.6) ok k41— pra(k)k
and
(3.7) lll graos < ||ullgacernwsr, for all u € HEFFDk+L

or at least (3.6), hold.
We consider the following choices for « in this paper:

1)
(38) a; = 1.
2)
k .
(3.9) o = (j)’ for j <k,
where k < oo (the binomial coefficients).
3)
Lifj=0
(3.10) aj={ 0,iff1<j<k—1,
1,ifj=k
where k < oo.
4)
(3.11) a; = jl.
5)
(3.12) a; =1/j!.
6)
(3.13) a; = 10%.
7)
(3.14) a; =107%.

REMARK 3.3. Choices 1), 4), 5), and 7) are k-independent, whereas choices 2) and 3) are
k-dependent. (3.6) holds for both of these k-dependent choices; (3.7) holds for choice 2), but
not for choice 3).

The inclusion u € H** provides information on u and its derivatives that depends on a.. We
now examine this information for the choices for « given above. With a asin 1) and with k < oo,
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we have the usual Sobolev space H*: H%* = H* and ||u||ge.r = ||ullx; if K = 0, we have L and
the usual Ly-norm. The norm ||ul| gives equal weight to all of the seminorms |u|;,j = 0,1,...,k.
Suppose we know that [lul|x < 1. Then we know that |u|; < 1,7 =0,1,...,k; but we have very
little additional information on the |u;.

The choice of « in 2) arises if we define the Sobolev norm on (—o00,00) via the Fourier
Transform. This choice gives higher weight to derivatives of orders approximately midway
between 0 and k. From the information that ||u||ga.» < 1, we would know that

&\ /2
(3.15) i< (B)

which is more restrictive for j approximately midway between 0 and k, and less restrictive for
j near 0 or k.

The choice of a in 3) gives equal weight to u and u(¥), but 0 weight to u?), for j = 1,...,k—1.
From the information [|u||ga«+ < 1, we know that |ulo < 1 and |u|x < 1; but the |u|;,1 < j <
k — 1, are nearly unconstrained. There is, however, some information on |u|; because there is a
constant C}, such that

(3.16) ul; < Cr(luld + [ufz)/?,1<j <k,

but Cj is very large. In fact, letting u = P;_1, the normalized Legendre polynomial of degree
k — 1, and using Stirling’s formula, we see that

(2k — 1)!

~ (k—1)F1.

For choices of a in 4) and 6), ||u||g=.» weights the higher derivatives much more than the
lower derivatives. From the information ||u||ge.+ < 1, we know that

lul; < ()72, for choice 4),
lu|; <1077, for choice 6).

For choices of « in 5) and 7), ||u|| g+ weights the lower derivatives much more than the
higher derivatives. From the information ||u|| g+ < 1, we have

lul; < (41)'/2, for choice 5),
lul; < 107, for choice 7).

REMARK 3.4. The reason for the choices 1)—7) for a will become clear in Section 6. We
note that j! > 10% for large j, i.e., a; in (3.11) is greater than «; in (3.13) for large j. This
fact will be relevant in explaining certain computational results in Section 6.

For all the k-independent choices 1), 4)-7), functions u € H** are entire functions, i.e.,
they have analytic extensions to the entire complex plane. To see this, first note that u € H*>
implies that ajlul < |[u|}a. < 00, and hence

(3.18) jul < Iellzre=
V&

Now for « as defined as in choices 1), 4)-7) we have

3.19 > !
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(3.19) holds for j > 0 for choices 1), 4)-6), and for choice 7) it holds for j sufficiently large as
pointed out in Remark 3.4. Thus from (3.18) we obtain

(3.20) lul; < ||ul| e /5!, for j sufficiently large.
Since
(3.21) WO (@) < 2Au@lly, for —1<z <1,

from (3.20) we have

9 ()] < 2¢/5 + 2v/ullpra.eo

for —1 < z <1 and j sufficiently large. It follows immediately from Taylor’s formula that w is
entire.

In addition to H** we will use the following spaces:

(3.22) H%E = {u e H** .49 (1) =uW (1) =0,0<j<k—1,j even}
and
(3.23) oY = {u € Hob (1) =W (1) =0,0<j <k—1, odd} ,

where we assume k < co and ay # 0. On these spaces we use the H**-norm:
0l ey, = e and full o = lulles.

With « as in choice 1) above (a; = 1), we often write k for the superscript o, k on these spaces.

The spaces H% and Hoo‘ds impose constraints at the end points of the interval I.

We introduce still additional spaces. Let

k
(3.24) VHI) = u € Lo(I) : ||ull}e = z |u|f/; <00 g,
=0’
where
1 . .
(3.25) ul?) = /_1(1 — )i [ P da

The seminorms |u|,; are called Jacobi seminorms. If, as above, o = (ag, s, ..) is a sequence
J
of nonnegative numbers, with ag = 1, and 0 < k < oo, we define

k
(3.26) VORI = Qu € Lo(I) : [[ullfan = Y ajlufy; < oo
§=0 ’
With the inner product
(3.27) (Uy V) ok = Zaj(u,v)v_j, where (u,v); = / (1 — 22Dy de,
3 3 -1

=0
Vek(I) is a Hilbert space. We will often write V¥ for V*(I). With « as in choice 1) above
(aj = 1) and with k < 0o, we have [|u|yer = |Jullyx and V*(I) = V(I).
10



We see that H** C V®k, The major difference between the spaces H** and V®F is
that derivatives of a function u are suppressed in ||u||y«.» by the multiplicative weight function
(1—2?)7, and thus functions u € V®* are permitted to have singular behavior at the endpoints
+1 of the interval I. We note that the smoothness of the functions in H** is characterized
uniformly in z, i.e., the weight function in |u|; is 1 (¢f. (3.2)). On the other hand, the smoothness
of the functions in V'®* is not characterized uniformly in  because of the presence of the weight
function (1 —z?)7 in |u|,;. In this paper, we will not consider spaces with norms incorporating

other z-dependent weighé factors.
In Section 1 we considered the Galerkin approximation of the exact solution, w, of (1.1), by
linear combinations of the functions 7] (z) = sin 5j(z + 1) introduced in (1.7):

(3.28) wl(2) = 3 awnf (z)
k=1
(3.29) BwT,nf) = F0]) = B(w,yl), i =1,...,n;

and we measured the error in H} (¢f. (1.9) and (1.10)). As pointed out in Section 2, approx-
imating w by w!, and measuring the error in H{, is equivalent to approximating w' by [wl]’,
and measuring the error in Lo. From (3.29) we have

1
(3.30) / (w' — [T dz =0, j=1...,n.

-1

Thus [wl] is the orthogonal projection of w' onto span{[ni)’,...,[n]'}. Hence [wl] is the best
Ly-approximation of w' in

(3.31) span{cos g(w +1),...,cos gn(x +1)}
T

i.e., [w;,]" is the nth partial sum of the Fourier-cosine series for w'. In a similar way we see that

[wl]" is the best Ly-approximation to w' in

(3.32) span{z,...,z"};

i.e., [wl]" is the nth partial sum of the Fourier-Legendre series for w'.

The quality of approximation by a specific basis depends on the properties of the approx-
imated function, and these properties are determined through the information we have on the
function. Typically, this information consists of function space inclusions, which may include
boundary conditions. Let us examine this information for two of the functions introduced in
Section 1, and show how it can be used, in conjunction with results from Section 5, to explain
certain aspects of the computational results presented in Table 1.1 and Figure 1.1. The two
functions are:

(3.33) w(z) = wr5(z) = { El +2)7(z—05)5, —-1<z<05

1-2)"(x—05)% 05<2<1. 7
and

(3.34) w(z) = wi5(x) = { 8 tigg _ 8?;2 a; i : i .

We easily see that wj 5 € H*(—1,1) and wj 5 € H*(—1,1), and hence both w} 5 and w4
belong to V*(—1,1). w} s and wy g are also in H** and V** for other values of a, but, for
the sake of simplicity, we consider here only « as in (3.8). We also see that w175 € H!,, and
w5 € Hygge
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Consider first the approximation of w} 5 and wy 5 by cosines. Using (5 50) in Section 5 with
k =1 and k = 4, together with the information that w5 € Hlyy and wh 5 € H?, ., we have

(3.35) Wﬂ:@ﬂﬂ&<{(mlmwﬁmmwmmﬁw:wm@)

'l Ol gs, [l 3 w = wr.5(2)

Next consider the approximation of w] 5 and wy 5 by algebralc polynomlals Using (5.49) in
Section 5 with k = 4, together with the information that w, 5, whs € VH(—1,1), we have

I_
5.36) o — o _ s l'llve

for w = wy 5 or wrs.
llw'llz. llw'l|L,

REMARK 3.5. For the sake of simplicity, we are using Sobolev-type spaces with integer
orders. For sharper error estimates, we have to use Besov spaces with fractional order. Using
these spaces, it is possible to establish the rates of convergence, O(n’(”"l/ 2)), for algebraic
polynomial approximation, and O(n~ min(y—1/2,6+1/ 2)), for trigonometric approximation. These
orders were seen in Figure 1.1 and were stated in items a) and d) near the end of Section 1.

Smoothness of a function involves more than just function space inclusions; it also involves
the sizes of the norms of the function. We have noted that both wj 5 and wy 5 belong to
H*(-1,1), and hence to V*(—1,1). But from Table 1.1 we see that E! for wry is much
larger than the EF for wy,5 for the same value of n. To understand this difference, we report

|w'|| e /[|w'[lo and [Jw'||y»/||w'||o, for k =0,---,4, in Table 3.1, with w = wy 5 and wy 5.
B=1v=5 B=Tv=5
k||l Lz /llw'llo | [l llve/llw'llo || 1w [[zre/[lw'llo | llw'[lve/llw'[lo
0 1.0000 1.0000 1.0000 1.0000
1 7.9912 3.4847 6.0699 5.8676
2 39.237 12.172 46.027 43.048
3 132.13 41.266 421.78 375.68
4 313.39 126.21 5372.7 4113.5

Table 3.1. The seminorms ||w'||5«/||w'||o and ||w||y«/||w’|lo of the function
defined in (1.11) for 8 = 1,7 and v = 5. Note that ||w'||y+/||w|jo for (8,7) =
(1,5) is much smaller than for (8,7) = (7,5). Also the ratio of ||w'||gx/||w’|lo to
[[w']ly+ /||w'|lo for (B,7) = (1,5) is larger than that for (8,7) = (7, 5).

We see that the V*-norms (normalized) of wy 5 are larger than the corresponding V*-norms

of wy 5 for k > 1; spemﬁcally, llwy sllvw/llw'llo < ||w7 sllve/l|w'|lo- Therefore we say that wl 5 18

“smoother” than wy 5, even though they belong to the same space V*4(—=1,1). Hence, w} 5 can
be better approxunated by algebraic polynomials than can wy 5.

For a further qualitative understanding of this issue, we show the graphs of wgﬂ, normalized
by [lwg , llo, for (8,7) = (1,5) and (8,7) = (7,5) in Figures 3.1ab.
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1
B=1,y=5
0
-1
-2 -2
-3 -3
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
@) (b)
Fig. 3.1: The graphs of the functions (i) —=%—, (ii) —~2—. Note that
To, 5o o] 510

the singularity at £ = 0.5 is not visible in these figures. Further note that in the
case (3,7v) = (7,5) the derivatives are large in the middle of I, whereas in the case
(B,7) = (1,5) they are large near the left end of I.

We first note that the singularites of wz 5 and wj 5 at z = 0.5 (their fourth derivatives
are discontinuous) are not visible in Figure 3.1. We next note the region of sharp change for
these functions—near the end point z = —1 for wj 5, and near the midpoint z = 0 for wy 5.
The Jacobi norm, i.e., the V*-norm, allows singular behavior of a function near the end points
of the interval, and thus the V* norms are smaller for wj 5 than for w4, and polynomial
approximations are more accurate for w§’5.

We also note that in classical finite element analysis, function inclusions are usually con-
sidered in H*, and the H*-norm does not allow singularities at the endpoints of the interval
of definition. Therefore, the error estimate for polynomial approximation of a function with
end-point singularities, considered in H¥, can be large, as compared to an error estimate with
the function considered in V*. In fact, we see from Table 3.1 that the ratio of ||w'|| g+ /||w’||L, to
llw'[|v+/[|w'||L, for w = w} 5, which has an end point singularity, is greater than for w = wy 5,
which does not. This suggests that it is better to consider a function in V* when assessing
approximation by algebraic polynomials.

We end this section with a comment on the error estimate (5.50), which we used to establish
(3.35). In Section 5, (5.50) is discussed in connection with n-widths and eigenpairs, specifically
the eigenpairs of (5.3), with V = Hfd’s. We now briefly sketch an alternate way to understand
(5.50). Suppose the approximated u € H*(—1,1), and consider the even periodic extension @ of
u of period 4. @ is constructed by extending w, which is defined on (—1,1), symmetrically with
respect to 2 = —1, and then extending the resulting function, which is defined on I = (=3,1),
periodically to R = (—o0, 00). If we then consider the Fourier series (in term of both cosines and
sines) for @, and restrict it to the interval I = (—1,1) we will obtain the Fourier-cosine series
for w, since @ is even. Thus, the accuracy of cosine approximations, .e., the accuracy of the
Fourier-cosine partial sums, can be assessed from the accuracy of the Fourier approximation for
U, 4.e., the accuracy of the Fourier partial sums. As is well-known, the accuracy of the Fourier
approximation to @ is determined by the smoothness of @ on (—o00, 00), and it is easily seen that
@ € H*(—00,00) if and only if u®(~1) = u®(1) =0 for 0 <i < k—1, i odd, i.e., u € H:E.
Proceeding in this way we obtain (3.35).

Now it is easily seen that wy 5 has higher order zeros at = +1 than does wj 5, and thus the
even periodic extension of wy 5 is smoother that that of w] 5. Hence wy 5 can be approximated
more accurately by cosines than can wj 5.

If we try to use this same device to understand approximation by algebraic polynomials, i.e.,
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approximation by the Fourier-Legendre series, we don’t succeed. This is because the Fourier-
Legendre series for @, the antisymmetric extension of u to the interval I = (=3,1), i.e., the
expansion of 4 in terms of Lj(mzil), the Legendre polynomials on the interval I, is completely
different than the series obtained by expanding u directly on I in terms of the Legendre poly-
nomials.

4. Assessment of the effectiveness of approximating functions. In this section we
define the basic concepts in terms of which we will assess the effectivity of specific families of
basis functions.

Suppose the function we wish to approximate is included in a Hilbert space V, with norm

| - |lv,and we wish to measure the approximate error in the norm || - ||z, where H is a Hilbert
space that contains V. We will consider sequences
(41) (I):(¢1)¢2a"')
of approximating shape functions in H, and assume & is a basis, i.e., is linearly independent
(¢1,. .., ¢n is linearly independent for each n) and complete (¢ is linearly dense in H).
We let
(42) S((I)a ’I’L) = Span(¢1a B ¢ﬂ)7
and then define
4.3 ¥(®,n,V,H)= su inf u— @||m.
(43) ( )= sup int g
llullv <1

We will refer to ¥(®,n,V, H) as the sup-inf for the basis ®. It follows directly from the definition
of ¥(®,n,V,H) that
(4.4) inf |lu—9|lg <Y(P®,n,V,H)|u|ly, for all u € V.

PES(P,n)
This is the fundamental estimate for the best H-approximation of an arbitrary u € V by
¢ € S(®,n). Note that U(®,n,V, H) measures the approximability of the function in the V-
unit ball that is most difficult to approximate.

Given two families ®! and ®? of basis functions, we will compare them by considering the
ratio

U(®! n,V,H)

1 2 — sy 10y ¥y

(4.5) K(®, 9%, n,V,H) = —\II(CI>2,n,V,H)'

For fixed V, let

(4.6) k=k(®, 0% V,H) = inf k(®,,®s,n,V,H)
1<n<oo

and

(4.7 E=r%(®,0%,V,H)= sup x(®',&%*n,V,H),
1<n<oco

and then let & = k&. If & is near 1, say 8 < k < 1/8, where, e.g., 8 = 1/2, we have no reason
to prefer one of ®' or ®2 over the other. On the other hand, if % is much smaller than 1, say
& < f3, then we prefer ®!; while if & is much larger than 1, say & > 1/, then we prefer ®2.

Since most computations are in the pre-asympotic range, it is useful to modify the definitions
of k¥ and ® to account only for low values of n:
(4.8) By = 6, (@', @7, V,H) = min s(®', 2% n,V,H)

1<n<ng
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and

(4.9) Rng = Rng (<I>1,<I>2,V, H) = max fe(<I>1,Q>2,n,V, H),
1<n<ng

where ny is a fixed, moderate sized number, say ng = 10. Then we define
(410) R’no = ﬁnoﬁnoa

and use the inequalities § < £p, < 1/8,%n, < B, and 1/8 < &y, as criteria for considering
&', 2 comparable, for preferring ®!, or for preferring ®2, respectively.

The above criteria compare the bases ®! and ®2. Tt is also informative to compare & = !
with all other bases 2, and thereby obtain a more absolute assessment the approximability
properties of ®. This can be done with notion of n-width, introduced by Kolmogorov ([15]).
Let d,(V, H) denote the n-width of the V-unit ball in H:

4.11 dn(V,H) = _inf inf [lu— ¢l
(4.11) V.H) = nf ~— sup  inf [lu—9lln

dim Xn=n ]|y <1

We can also express d,,(V, H) as follows:

(4.12) dn(V.H) = inf  ®(Xn,n,V, H)
dim X,=n
= inf U(®,n,V, H).
G150 €EH

linearly independent
An n-dimensional subspace X,, = X,,(V, H) of H is said to be optimal if

(4.13) do(V,H) = sup inf |lu—o||g =¥ (X,,n,V,H).
ueV ¢peX,
llully <1

Given a specific basis ®, we will assess its effectiveness by considering the ratio

U (®,n,V,H)
dn(V, H)

_ U(®,n,V,H)

© ¥(Xn,n,V,H)

A=A@,n,V,H) =
(4.14)

We see that the ratio A compares & with the optimal subspace, and A > 1. We define

(4.15) A=A(®,V,H) = 1<inf A(®,n,V,H)
<n<oo
and
(4.16) A=A(®,V,H)= sup A(®,n,V,H),
1<n<oo

and then define A = AA. Note that A > 1.
Again, since most computations are in the pre-asympotic range, it is useful to modify the
definitions of A and A to account only for low values of n:

(4.17) A, =A, (8, V,H) = min A(®,n,V,H)

o 1<n<no
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and

(4.18) Rng = Ay (®,V,H) = max A(®,n,V,H),

1<n<ng
where ny is a fixed, moderate sized number. Then we define

(4.19) Ang = Ay Args

and use A, to assess the effectiveness of the basis .

We now discuss a situation we will return to in Section 5. Let V = {V'} be a family of spaces
V c H. Tt follows immediately from the definition of n-widths that A(®,n,V, H) > 1 for any
V CV, and it is likely that A(®,n,V, H) > 1 for any particular V because the functions ¢; € ®
are not likely to be optimal in V. Suppose, however, that A(®,n,V, H) is almost bounded in
the sense that for each 0 < o < 1, there is a constant C'(c) such that

_ ¥(@n,V, H)

(4.20) Ao =Z T hies

<C(o) foralln=1,2,... and forall V € V.
In this situation we expect the ¢; € ® to be effective for approximating any u € V for any
V € V. We say that the basis ® is almost uniformly optimal with respect to V.

In the rest of this paper, we will use H = Ly(—1,1), and will suppress H in d,(V, H) and
U (®,n,V,H), i.e., we will write d,(V) and ¥(®,n,V) instead of d,(V,H) and ¥(®,n,V, H),
respectively.

For the space V we will use H**(—1,1), V&*(—~1,1), H%%(~1,1), or H%E.(~1,1), i.e., one
of the spaces defined in Section 3. We will consider several specific bases ®:

P={l,z,2° ...},
C= {l,cosg(x +1),cosm(z +1),...},

S= {sing(x +1),sinw(z +1),...}.

We note that S(P,n + 1) = P, the space of polynomials of degree n.

Typically, the effectiveness of finite element methods is assessed by comparing their per-
formance on a small set of benchmark problems. This could lead to misleading conclusions,
unless these benchmark problems represent a more-or-less clearly defined class of problems.
The families of spaces we have considered, i.e., V = {V}, where V. = H®k Vak H;"(is, or
H%k | represent well-defined large classes of solutions of boundary value problems. The various
notions—k, A, A,, etc.—introduced in this section will be used to understand and compare the
performance of various bases ® in the family V. We finally note that the concepts defined in this
section are not only relevant for one dimensional problems; they will also be used to understand
higher dimensional problems in a forthcoming paper.

5. Results on n-widths and sup-infs. In Section 4 we introduced the n-width, d,,(V, H),
and the sup-inf, ¥(®,n,V, H); these quantities are of fundamental importance in assessing the
approximation properties of bases ® in H. The motivation for our study is the development of
criteria for the selection of effective shape functions for use in the GFEM in higher dimensions.
Nevertheless, for the one dimensional problems we are elaborating on, as pointed out in the
last paragraph of Section 2, we can view the approximation in Ly—using the notation of that
paragraph, we approximate u = w' in Ly. Thus, throughout this section, we will let H =
Ly(—1,1). If we write d,(V) or ¥(®,n,V), it will be understood that H = Ly(—1,1), that
V C La(-1,1), and d,,(V) = dn(V, Ls) and ¥ (®,n,V) = ¥(®,n,V, Ly).

In this section we will present several results on d,, and ¥. They include: (a) characterization
of d,, and P in terms of eigenvalues of certain variational eigenvalue problems; (b) dependence
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of dy(V) on n and k for V.= H%F(=1,1), H®¥(=1,1), or V**(=1,1); and (c) dependence of
U(®,n,V) onn and k for V. = H**F(—1,1) or V**¥(-1,1) and for & = P or C. Other main
results of this section are Theorems 5.23, 5.24, and 5.25. Theorem 5.23 shows that algebraic
polynomials are effective in approximating functions in a wide family of Sobolev-type spaces.
Theorems 5.24 and 5.25 show the limitations of algebraic polynomials in approximating functions
in certain other Sobolev-type spaces with restrictive boundary conditions. These results explain
the computational results presented in Section 6. We suggest this section be read together with
Section 6. Proofs of the results in this section are given in Section 8.

Some of the theorems presented in this section are classical (e.g., Theorems 5.1 and 5.2),
and some (e.g., Theorems 5.6, 5.7, 5.15, and 5.18) are observations that follow directly from
relevant definitions or other results in this paper. Nevertheless, we have highlighted them as
theorems for completeness, and for the ease of discussion of certain other results presented in
this section.

We begin with the properties of d,,(V, H); we will later discuss properties of ¥(®,n,V, H).

Characterization of d,(V,H)

Suppose H and V are two Hilbert spaces with inner products and norms (u,v)y and |Jul|yv,
and (u,v)m and ||u|| g, respectively, and assume

(5.1) V C H, compactly
(5.2) [|lullg < Cllullv, for all u € V.

Then the n-width d,,(V, H) and the corresponding optimal subspace X,, can be characterized in
terms of the eigenpairs of the following eigenvalue problem:

(5.3) AeRueV,u#0
’ (u,v)y = A(u,v)g, forallveV.
Since V is compact in H, problem (5.3) has eigenvalues and eigenvectors

0<A S A <-oe S 00

UL, U2, .-,
and the eigenvectors (can be chosen to) satisfy
(54) (ui,u]')v = Az(uqu)H = /\iéi,j.

As a consequence of (5.2), we have C—1/2 < ;.
We first state a fundamental theorem on n-widths.
THEOREM 5.1. Suppose V' and H satisfy (5.1) and (5.2). Then, forn=1,2,...,

(5.5) dn(V, H) = X},
and
(5.6) X, = span {u1,...,un}

is an optimal subspace for d,(V, H).

REMARK 5.1. Kolmogorov ([15]) introduced the notion of n-width and proved Theorem
5.1; see also [21]. It is known ([14, 13]) that there are optimal subspaces other than the ones
given in (5.6).

The eigenvalue problem (5.3) is written in variational or weak form. In certain situations it
is possible to write it in strong form. For basic results on eigenvalue problem we refer to [6].
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Theorem 5.1 can be used to determine d,(V, H) numerically. The numerical values of
d,(V, H) presented in Section 7 were computed via the eigenvalues of Problem (5.3).

We next state a general property of n-widths. This result is given in Theorem 1.1 in [21];
we include it here for the sake of completeness.

THEOREM 5.2. Suppose V and H satisfy (5.1) and (5.2). Then

(5.7) dny1 (V, H) < dn(V, H).

In this subsection, we characterized n-widths and optimal subspaces in terms of the eigenval-
ues of a certain eigenvalue problem, and stated a result showing that that spans of the eigenvectors
are associated optimal subspaces.

We now state certain properties of dn(H:C;{;), d,(V*), and d,(H**). We first present the
results on dn(H;"ég). We then consider d,,(V**) and d,(H**) together, as they have many
common properties.

Properties of d,(H%E, L,)

The eigenpairs of (5.3) can be found analytically for V = Hfd’s; using these formulae we

have:

THEOREM 5.3. Suppose V = Hgds(—l,l), as defined in (3.23), where k > 1 and oy # 0.
Then, forn=1,2,...,

—1/2
k 25, 25
aky _ n=’mw
(5.8) dn(HSEY = Zajw ,
j=0
and
B '71' n—1
(5.9) X.= span {cos(%(m+1))} = S(C,n)
7=0

is an optimal subspace for dn,(H%Y).

We now consider the dependence of d,, (Hg;g) on n. We note that d,(V, H) decreases as n
increases, as stated in Theorem 5.2. The next result is an asymptotic estimate for dn(Hfdg),
which shows that dn(H;’éS) — 0asn — oo.

THEOREM 5.4. Suppose V = H;‘d’ﬁ, where k > 1 and ay # 0. Then, for fized k,

(5.10) dn(HZGh) < Ck)n™",

where C(k) = ak’l/z%:—.

We next consider the dependence of dn(Hgd’s) on k.
THEOREM 5.5. Let o be k-independent. Then, for fixed n,

(5.11) dn(Hogq ™) < du(Hgg)-

REMARK 5.2. Recalling that @ = «(k) may depend on k, if we are more precise, (5.8)
would read
~1/2
n2iq2i

k
(5.12) dn(Hogn) = | 3 0 (k) =55~



From (5.12) we see that for a fixed n, dn(H:d’s) is decreasing in k provided «; (i) < a;(i + 1),
which is true for « as defined in (3.9). But this hypothesis is not satisfied by the « defined in
(3.10); nevertheless, examination of (5.12) shows that dn(H;’d’s) decreases in k in this case.

THEOREM 5.6. Let a be k-independent. Then, for fized n,
(5.13) Jim d,,(Hggg) =0
if and only if
2j 23

n . .
(5.14) Zajw is divergent.

=0

REMARK 5.3. We note that (5.14) is satisfied for all n for the choices of « given in (3.8),
(3.11), and (3.13). Thus dn(ngg) — 0 as k — oo for all n for these choices of a. We further
note if the series in (5.14) converges, then dn(Hoo‘ds) > C(n) > 0 for all k. For « as in (3.12),
the the series in (5.14) converges for all n, and hence d,(H%Y) > C(n) > 0 for all k and n
for this a. For a as in (3.14), the infinite series in (5.14) converges for n < 6 and diverges
otherwise. Hence, for this choice of a;, we have dn(Hfds, Ly) > C(n) > 0 for all k¥ when n < 6,
and dn(H:Ci;:,Lz) —0as k — oo whenn > 7.

REMARK 5.4. When « is k-dependent, we see from (5.12) that
Jim d,,(Hog) =0
if and only if

n2i g2

(5.15) lim Zaj(k)w = o0.

The condition (5.15) is satisfied for all n by both of our k-dependent choices of a given in (3.9)
and (3.10). Hence d, (H(‘)’d’z) — 0 as k — oo for both these choices of a. We further note that if

Z?:o a; (k) "22127521 is bounded in k for k-dependent a, then d, (H:ds) > C(n) > 0 for all k. We

note however that neither of our k-dependent a satisfy this hypothesis.

REMARK 5.5. Let V = H% (—1,1), where k > 1 and o) # 0. Then, similar to Theorem
5.3,

k —-1/2
n2ir2i
(2 u
even - 22]' ’

and

X, = spam{sm(J2 (:E-i—l))}n =5(S,n)

=1

is an optimal subspace for d,,(H%E ).

We found explicit formulae for n-widths, d, (Hde) and d,(H%E ). We also indicated that

even
the cosines are optimal shape functions with respect to H:d’g, and the sines are optimal shapes
functions with respect to H%F | for any choice of a and k. Thus we see that the trigonometric
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polynomials are “ideal” shape functions for any o and k; but it should be stressed that they
are ideal only for functions satisfying the boundary conditions (restraints) that inclusion in the
a,k a,k ;
spaces H ;, of HZ;7, entail.
We showed that for fized n, dn(H:(iS) decreases in k. Also, as expected, d, (Hféﬁ) decreases

i n for fixed k.

Properties of d,(V**, L) and d,(H**, Ly)

We first state a result comparing d,(V**) and d,(H*¥).
THEOREM 5.7. For any a, k, and n we have

(5.16) dn(H*F) < dn(VEF).

Next, the eigenpairs of (5.3) can be found analytically for V = V*¥; using these formulae
we have:

THEOREM 5.8. Suppose V =V ®k(—1,1), as defined in (3.26), where 1 < k < co. Then

min(k,n) (n+j)! —1/2
(5.17) dp (Vo) = ;0 % ) ,
and
(5.18) X, = span{Lo(x),...,Ln_1(x)} = S(P,n)

is an optimal subspace for dn,(V**) (L;(z) is the jt" degree Legendre polynomial).

REMARK 5.6. Theorem 5.8 shows that V¥ are natural spaces for understanding approx-
imation by polynomials.

REMARK 5.7. We note that for k-dependent a, the formula (5.17) in Theorem 5.8 should
be written as

min(k,n) (n +,7)' —1/2
(5.19) dn (V) = j:ZO a; (k) (n—j)!

REMARK 5.8. With V as in Theorems 5.3 and 5.8, we see that the optimal subspaces are
independent of V, i.e., they are independent of o and k in H:d’s and V**. Specifically, from
Theorem 5.3, we see that S(C,n) is optimal for d, (H:d’;“) for all @ and k, and from Theorem
5.8, S(P,n) is optimal for d,(V®*¥) for all & and k. We note that these are very exceptional
situations. Usually optimal subspaces depend very strongly on the space V.

We now consider the dependence of d,(H**) and d,(V**) on n. We again note that
d,(V, H) decreases as n increases, as stated in Theorem 5.2. The next theorem gives an asymp-
totic estimate for d,,(V**) and d,,(H**), which show that they approach 0 as n — oc.

THEOREM 5.9. Suppose V = H**(—1,1) or V¥*(—1,1), where ay, # 0. Then, for fived k,
(5.20) dn(H**) < d,(V**) < C(k)n™*, for n >k,

where C(k) = oy, /2 (%)’c
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THEOREM 5.10. Suppose V = H*k(—1,1) or V**(=1,1), where a is as defined in (3.9),
(8.11), (3.12), (3.13), or (3.14). Then, for n < k, we have

((2n)) 172, for o as in (3.9)
(n!(2n)1)~1/2] for a as in (3.11)
(5.21) dn(H¥*) < d,,(VoF) << ((2n)!/n!)~1/2, for a as in (3.12)
(10%"(2n))~Y/2,  for a as in (3.13)
(10727(2n))"Y/2, for a as in (3.14)

showing that the rate of decrease of d,(H**) and d,(V**) with respect to n is higher than
exponential, for large k.

REMARK 5.9. The result of Theorem 5.10 shows the pre-asymptotic dependence of
d,(H**) and d,(V*F) on n for fixed k. This result is valid only for n < k, and not for
all n. But, when k is large, the rate of decrease of d,(H**) and d,(V**) is o(C~") for any
C > 1, i.e., higher than exponential rate as long as n < k.

We next consider d,,(V**) and d,,(H**) in their dependence in k.

THEOREM 5.11. Suppose V = H¥*(=1,1) or V**(=1,1), where a is k-independent. Then,
for fixed n,

(5.22) dn (HO*YY < d, (H*F)
and
(5.23) dn (VOEYY < g, (Vo).

REMARK 5.10. (5.22) holds also for k-dependent «, where a = a(k) is such that
(5.24) Ha(k+1)’k+1 C Ha(k)’k and ||u||Ha(k),k S ||’U/||Ha(k+1),k+1-

It is easily seen that « given in (3.9) satisfies (5.24), and hence (5.22) holds for this «. Likewise
(5.23) holds for any k-dependent o = a(k) satisfying

(5.25) Va(k+1)’k+1 C Va(k)’k and ”Ullva(k),k < ||U||Va(k+1),k+1.

It is easily seen that (5.25) holds for a given in (3.9), and hence (5.23) holds for this a. We
further note that the hypothesis imposed on k-dependent « in Remark 5.2 implies conditions
(5.24) and (5.25).

REMARK 5.11. Conditions (5.24) and (5.25) do not hold for a = a(k) defined in (3.10).
A careful examination of (5.19) for this a shows that d,(V**) decreases in k and is less than
1 as long as k < n, and d,(V®*) = 1 for k > n. The dependence of d,,(H**) on k for this
a is similar. From computational results in Section 6 (cf. Table 6.4(c)), we see that d,,(H**)
decreases in k and is less than 1 for £ < n. The result for k¥ > n is given in the next theorem.

Eigenpairs of (5.3) can be found analytically for V = H** for a given in (3.10) when k > n;
using these formulae we have:

THEOREM 5.12. Suppose V. = H**(—1,1), with o as in (3.10) and k > 2. Then, for
k>n,

(5.26) dn(H*F) =1,
and
(5.27) X, = span{Lo(x),...,Ln 1(x)} = S(P,n)
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is an optimal subspace for d,(H*F).

THEOREM 5.13. Suppose V. = H**(—1,1) or V®*(—1,1), where a is k-independent. Then,
for fized n,

(5.28) lim d,(H**) = d,(H**®) >0
k— oo

and

(5.29) lim d,(V**) = d, (V) > 0.
k—o00

REMARK 5.12. The results of Theorem 5.13 is not generally true for k-dependent a. For
one of our choices of k-dependent a, namely for « as in (3.9), one can easily show that, for fixed
n’

(5.30) lim d,(V**) =0;

k—o0

and from Theorem 5.7 and (5.30),

(5.31) lim d,(H**) = 0.

k—o0

But, for a defined in (3.10), we have

(5.32) lim d,(V) =1

where V = H®F or Vook,

We derived explicit formulae for d,,(V**), and indicated that the Legendre polynomials are
optimal shape functions with respect to V. Thus the relation of the Legendre polynomials to
the spaces VF is similar to relation of the trigonometric polynomials to the spaces H:d’g and
H%k . Nevertheless, the general features of the Legendre polynomials and the trigonometric
polynomials are very different. For the spaces H®* such ideal shape functions—ideal in the
sense that one family of shape function is simultaneously optimal for all o and k—do not exist.
However, as we will see later, algebraic polynomial are “almost ideal” with respect to these
spaces.

We have shown that for fized n, dn,(V), with V = V** or H**  generally decreases in k.
But it can also increase in k for some «, and thus k dependence of d,,(V) is different from that
of dn(H:ég). Also, the rate of decrease of d,(V') in m, for fixred k, is faster than exponential in

the pre-asymptotic range, which is not true for dn(H:CiS).

So far we have discussed several properties of d,(V,H). We now consider ¥(®,n,V, H),
defined in (4.3), where V and H satisfy (5.1) and (5.2), and S(®,n) is defined in (4.2). We
will consider the spaces V = V®*(—1,1) and H**(—1,1). Some of our results will be for the
specific bases ® = P and C, which were defined near the end of Section 4.

Characterization of ¥(®,n,V,H)

We will characterize ¥(®,n,V, H) in terms of the eigenvalues of a certain eigenvalue prob-
lem. Let m, be the H-orthogonal projection onto S(®,n) = span{¢y,...,d,}. Consider the
eigenvalue problem

ueV
(5.33) { (u,v)y = :\((I —mp)u, (I —mp)v)m, forallv e V.
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(5.33) is a well-posed eigenvalue problem with eigenvalues
0<5\n+1 Sj\n+2 S

The smallest eigenvalue, :\n+1, of this problem is characterized by

(5.34) Any1 = inf ﬂ.
weV ||lu — mpull%

In addition to the variational characterization (5.34), An41 has another variational charac-
terization, which we now describe. Towards this end, let 7' : H — V be the operator defined

by

TfeV
(5.35) { (Tf,v)v =(f,v)g, forallveV.

T is self-adjoint and positive definite on H, so T"/2 is well-defined and maps H onto V. Ani1
is characterized by

(5.36) Anp1 = inf ”q”%/,
€V llall%
(¢9,¢:)v=0,1<i<n
where (51' = T1/2¢i, 1<i<n.
We now present theorems relating ¥(®,n,V, H), Apy1, and A, 1, where A\, ;1 is the (n+1)t*
eigenvalue of (5.3).

THEOREM 5.14. If A,y is the smallest eigenvalue of (5.33), then

(5.37) T(®,n,V,H) =X, 11,

and the variational characterization of A1 is given by (5.86) as well as by (5.34).

THEOREM 5.15. If A\yqy is the (n + 1)t eigenvalue of (5.3) and M4y is the smallest
eigenvalue of (5.83), then

(5.38) Antt > Anits
which is equivalent to

(5.39) d.(V, H) < ©(®,n,V, H).

The next result characterizes ¥(®,n,V, H) as an optimal error bound.
THEOREM 5.16. Suppose each u € V can be approzimated by ¢, € S(P,n) so that

(5.40) lu — ¢ullr < Q(@,n,V, H)llullv.
Then
(5.41) ¥(®,n,V,H) < Q®,n,V,H).

REMARK 5.13. In classical approximation theory, e.g., in the finite element method, we
typically construct a ¢, (e.g. by interpolation) and estimate the error with Q(®,n,V, H). We
note that d,,, ¥, and Q(®,n,V, H) are related by

(5.42) dn(V,H) < ¥(2,n,V,H) < Q(®,n,V, H);
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thus ¥(®,n,V, H) is an optimal error bound for estimates of type (5.40).
Our next result concerns the dependence of ¥(®,n,V, H) on n in a general setting.

THEOREM 5.17. For any V and H satisfying (5.1) and (5.2), and for any basis ® in H,
we have

(5.43) U(®,n+1,V,H) < U(®,n,V, H).

The sup-inf, ©(®,v,V, H), was characterized in terms of the eigenvalues of a certain eigen-
value problem. Two variational characterizations of these eigenvalues were presented, and used
to establish the relation between d,,(V, H) and ¥(®,v,V, H). This relation follows immediately,
of course, from the definitions of the n-width and the sup-inf.

Properties of ¥(®,n,V,H) for V =V>k or H** with specific bases

We will present results for ¥(®,n,V, H) that are analogous to the results in Theorems 5.9,
5.11, and 5.13. We first note from the definition of ¥(®,n,V, H) and (5.18) that

(5.44) T(P,n, VEF) = dy(VOF).

The next result compares ¥(®,n, V**) and ¥(®,n, H**) for any basis .
THEOREM 5.18. For any «, k, and n, and for any basis ® in Lo we have,

(5.45) T(D,n, H¥*) < T(D,n, VEF).

We now consider the dependence of ¥(P,n,V) on n for V =V** or H**, From Theorem
5.17, we know that ¥(®,n,V) decreases as n increases. The next result gives an asymptotic
estimate for ¥ with ® = P, which shows that ¥(P,n,V) — 0 asn — oo for V. = V®* or H*F,

THEOREM 5.19. Suppose V.= H**(—=1,1) or V¥k(—1,1), where oy, # 0. Then, for fized
k, we have

(5.46) U(P,n, H¥*) < U(P,n, VF) < C(k)n %, n>E,

where C(k) = a;1/2 (%)k

REMARK 5.14. From (5.44) and (5.45) with ® = P, it is clear that for n < k, the estimate
(5.21) in Theorem 5.10 is also valid for ¥(P,n, H**) and ¥(P,n,V**). In other words, we can
replace d,,(H**) and d,(V**) in (5.21) by ¥(P,n, H**) and ¥(P,n, V**), respectively.

We now consider the dependence of ¥(C,n, H**) on n.

THEOREM 5.20. Suppose V.= H*¥(—1,1), with ay # 0, and let ® = C. Then, for k =1,
there are positive constants C1(a1) and Ca(ay), which depend on oy but are independent of n,
such that

GO < g(e,n, mory < 2L

(5.47) - -

For k > 2, there are positive constants Cy(a, k) and Cy(a, k), which depend on o and k but are
independent of n, such that

62(05, k)

a,k
<¥(C,n, H*") < iz

él (a, k)

(5.48) —
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REMARK 5.15. From Theorems 5.18 and 5.20 it is clear that

B(C,n, VoOk) > % for k =1

and

Cl (k, Oé)

a,k

, for k> 2.

REMARK 5.16. Using (4.4) and Theorems 5.8 and 5.9, we obtain an estimate for the error
in the best Ls-approximation by ® = P of functions in V**:

(5.49) inf  |lu—xllz, < CENn"F||ul|yar, forall u e VEF
X€S(P,n)
where C(k) = a;1/2 (%)k Using (4.4) and Theorems 5.3 and 5.4, we obtain an estimate for the

error in the best Lo-approximation by & = C for functions in H?d§=

. _ k
(5.50) nf =Xz, < Cn Hfull e, for all uw € HEGE,

where C(k) = o/ (%)Ic Estimates (5.49) and (5.50) explain certain computational results in
Section 1; ¢f. (3.35) and (3.36).

We now consider ¥(®,n, H**) and ¥(®,n,V*F) in their dependence in k.

THEOREM 5.21. Suppose V.= H**(—~1,1) or V®*(—1,1), where o is k-independent. Let
D be a basis in Ly. Then, for fized n,

(5.51) T (D, n, H) < T (D, n, H¥F)
and
(5.52) T(D,n, VEFHL) < T (B,n, VEF).

REMARK 5.17.  This theorem is also valid for any k-dependent « provided a = a(k)
satisfies (5.24) and (5.25). These conditions are true for the k-dependent a defined in (3.9), as
mentioned in Remark 5.10. Therefore (5.51) and (5.52) hold for a defined in (3.9).

REMARK 5.18. It was mentioned in Remark 5.11 that conditions (5.24) and (5.25) are
not valid for a = a(k) as defined in (3.10). For this « and for ® = P, it is clear from (5.44)
and Remark 5.11 that ¥(P,n, V®*) decreases in k and is less than 1 as long as k < n, and
T(P,n,V**) =1 for k > n. Also, from (5.39) with V = H** and H = L, and Theorem 5.12,
it is clear that ¥(P,n, H**) > 1 for k > n, for this & and & = P. In fact, ¥(P,n, H**) = 1
for k > n. From computational results in Section 6 (cf. Table 6.8(c)), we see that ¥(P,n, H**)
decreases in k and is less than 1 for £ < n.

THEOREM 5.22. Suppose V.= H**(—-1,1) or V®*(—1,1), where o is k-independent. Let
® be a basis in Ly. Then, for fixed n,

(5.53) Jlim U(®,n, H**) > ©(®,n, H*®) >0
—00
and
(5.54) lim (®,n, VeFr) > (&, n, Vo) > 0.
k—o0
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REMARK 5.19.  The results of Theorem 5.22 are generally not true for k-dependent a.
For a as defined in (3.9), it is clear from (5.44) and Remark 5.12 that ¥(P,n,Ve*) — 0 as
k — oo for a fixed n. Using this fact in (5.45) with ® = P, we also see (for the same «) that
U(P,n, H**) — 0 as k — oo. For a as defined in (3.10), it is clear from Remark 5.18 that
limg oo ¥(P,n, V) =1, for V. =V&Fk or H¥F,

We have shown that k dependence of ¥(P,n,H**) for fivred n, and n dependence of
U(P,n, H**) for fizred k, are similar to the corresponding k and n dependence of d,(H*F).
We have noted before that there does not exist an ideal basis, independent of k and «, with
respect to H**; but we see that polynomials behave almost like an ideal basis with respect to
these spaces. We have also shown that cosines perform much worse than algebraic polynomials
with respect to HYF,

We also stated the dependence of ¥ (®,n, H**) on k for fived n for any basis ®; in particular,
we stated the limiting behavior as k — oo. This limit statement shows that for fized n the
difference between the approrimation errors for “reasonably smooth” functions (k of moderate
size) and for “very smooth” function (k = oc0) is not large.

We now present one of the main results of the paper.
Near-optimal performance of ® =P in H**

We know from Theorem 5.8 that the performance of the basis & = P is optimal in the space
V =Vek with H = Ly. We now show the effectiveness of ® = P for V = H%*F with H = L,.
To assess this effectiveness, we use the ratio A(®,n,V, H) introduced in (4.14), with & = P,
V = H** and H = Lo:

\Il(,Pa n, Ha’ka L2)
dn(Ha,kJ L2)

A(Pa n, Ha,k: LQ) =

It is clear from the definition of n-widths that A(P,n, H** Ly) > 1, and it is likely that
A(P,n, H** L,) > 1, since it is unlikely that the polynomials are the optimal shape functions
in any of the space H**. For the rest of the results of this section, we consider a class of
k-independent « satisfying a; < a;j11. In the following theorem we show that A(P,n, H**, L,)
is almost uniformly bounded in the sense defined at the end of Section 4.

THEOREM 5.23. Suppose V. = H**(—1,1), where a is k-independent and satisfies a; <
ajq1, and H = Ly(—1,1). Then, for each 0 < 0 < 1, there is a constant C(o), which depends
on o but is independent of n and k, such that

a,k
Y(P,n, H*", L,) < C(o), for alln and k.

(555) dn(Ha’k,LQ)l_U =

REMARK 5.20. Because of (5.55), we say that algebraic polynomials are almost uniformly
optimal with respect to the family H**. We thus expect the algebraic polynomials to be effective
for approximating any v € H** for any k and for « as stated in Theorem 5.23.

We presented one of the main results of the paper, namely, that algebraic polynomials are
almost uniformly optimal with respect to the family H®*. This uniformity is with respect to
k=1,2,... and o satisfying a; < ajy1. Thus, polynomials are robust; they are effective in the
GFEM for a larger class of problems. This feature is also valid for higher dimensional problems.

We now present the other main results of this section.
Limited performance of ® =P in Hfd’g
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We commented in the beginning of Section 1 that polynomials are not “good for all seasons”.
The following results show that polynomials do not perform well in the space H;"d’s. We first

recall from Theorem 5.3 that ® = C is optimal when V = H;’és. To assess the effectiveness of
®="Pin H, d, we again consider the ratio A:

U(P,n, H:E Ly)

7k J—
A(,PunaH:ddaL2) - d (Hak Lz)
odd?

Our next result establishes a lower bound for A(P,n, Hg‘és, L,).

THEOREM 5.24. Suppose V = H:dg( 1,1), where « is k-independent and satisfies oj <

ajy1. Then, for each n, there is a positive constant C(n), which depends on n but is independent
of k, such that

a,k
Y(P,n,H ;) S C(n)nk.

(5.56) Zodd! >
dn(Hod’s)

REMARK 5.21. From Theorem 5.24 it is clear that A(P,n, H dd,Lg) is large when k is
large, for a fixed n. Thus polynomials of a fixed degree do not perform well when the underlying
space is Hffiiﬁ with large k, and where « is k-independent satisfying o; < aj41-

THEOREM 5.25. Suppose V = H:é;(_l’ 1), where a is k-independent and satisfies a; <
ajs1. Then, for each 0 < o < 1, there is a positive constant C(c), which depends on o but is
independent of n and k, such that

T(P,n, H:dﬁ)

(5.57) -
dn (2

<C(o), fork<n.

REMARK 5.22. Theorem 5.25 shows that for a fixed k, the polynomials are nearly optimal
in H dd in the asymptotic range, i.e., when n > k. Thus, comblmng Theorems 5.24 and 5.25,
we see that for fixed k, the polynomials perform badly in H d in the pre-asymptotic range, i.e.,
for n < k, and the performance in this pre-asymptotic range gets worse with increasing k.

We presented two results showing that algebraic polynomz'als are not recommended for pre-
asymptotic approrimation of functions in the spaces b py dd, which satzsfy restrictive boundary
conditions. Thus, algebraic polynomials are not “good for all seasons”

6. Numerical results and their interpretations. In the previous sections, we have
addressed the major theoretical issues involved in the selection of shape functions for the GFEM,
where the approximation was considered in Lq, as pointed out in Sections 2 and 5. In this section,
we present detailed numerical results. These results illustrate the theoretical results presented
in Section 5, and the results in 5 explain the numerical results presented here.

In the Table 6.1, we report values of the n-width, d,(H®*), for a; = 1, as given in (3.8).
These values were computed using Theorem 5.1; see the remarks at the end of this section.
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n
k 1 2 3 4 ) 6 7 8

1| .537 | .303 .208 157 .126 .106 .906e-1 | .793e-1
2 | .503 | .150 | .613e-1 | .323e-1 | .197e-1 | .133e-1 | .953e-2 | .717e-2
3| .501 | .130 | .272e-1 | .898e-2 | .391e-2 | .203e-2 | .118e-2 | .747e-3
4 | .501 | .129 | .222e-1 | .363e-2 | .103e-2 | .387e-3 | .176e-3 | .909e-4
5| .501 | .128 | .217e-1 | .282e-2 | .383e-3 | .958e-4 | .323e-4 | .132e-4
6 | .501 | .128 | .217e-1 | .274e-2 | .285e-3 | .334e-4 | .757e-5 | .232e-5
7| .501 | 128 | .217e-1 | .273e-2 | .275e-3 | .239e-4 | .249e-5 | .517e-6
8 | .501 | .128 | .217e-1 | .273e-2 | .274e-3 | .230e-4 | .172e-5 | .161e-6

Table 6.1: The values of the n-width, d,(H*"), for a; = 1. We make several
observations: (a) For fixed n, d,(H*"*) decreases in k, i.e., decreases as the smooth-
ness of the functions increase, and converges to a positive limit. For k& > n + 1,
dn(H**) is essentially constant in k. (b) For fixed k, d,(H**) decreases in n, and
the higher the &, the more rapid the decrease in n. This is the effect of the smoothness
of the approximated functions.

We see that for fixed n, d,,(H**) decreases as k increases, i.e., the n-width decreases as the
smoothness of the functions increase. But the decrease of d,,(H%*) with respect to k is visible
only up to about k = n + 1, after which d,(H**) appears to reach a positive limiting value:
limg_ 00 dn (H**) > 0. This behavior is confirmed in Theorem 5.13.

The values in Table 6.1 also reveal that for fixed k, d,,(H**) decreases as n increases, and
the larger the k, the more rapid the decrease in n. This is the effect of the smoothness of the
approximated functions. That d,,(H**) is decreasing in n for fixed k, is confirmed in Theorem
5.2. Figures 6.1a,b are log-log plots of d,,(H**) versus n, for k = 2 and k = 7. For k = 2 we see
that the slope is —2 for n > 2. Thus for k¥ = 2 the graph is in the asymptotic range when n > 2,
and the order of convergence is O(n~2), which is algebraic. This rate is confirmed in Theorem
5.9.

Figure 6.1b reveals additional features of d,,(H®*). The graph first decreased sharply and
is concave down, then at about the point n = k = 7 (marked with an *), the sense of concavity
changes and the magnitude of the slope begins to decrease. This means that d,,(H**) has not
reached the asymptotic range at n = 8, but the change in concavity suggests that it will reach
the asymptotic range for higher values of n, as was established in Theorem 5.9. Because of
this change in the concavity, the curve is referred to as S-shaped. That the graph is sharply
decreasing and concave down in the pre-asymptotic range is partially explained in Theorem 5.10
and Remark 5.9. To see this we need only to note that any of the expressions on the right side
of estimate (5.21) in Theorem 5.10 are sharply decreasing and concave down in n. Based on
Remark 5.9, we say that d,(H**) is decreasing faster than exponentially. Figure 6.1a shows
similar, but much less striking, behavior; in this graph, the * marks the point n = k = 2. Thus,
the convergence of d, (H®*) has two phases. In the pre-asymptotic phase (n < k), the decrease
is faster than exponential; whereas in the asymptotic phase (n >> k), the rate is algebraic.
Such S-shaped curves also occur in the convergence of the error in the p-version of FEM ([24]).
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Figure 6.1: The graphs of the n-width, d,(H**), for a; =1, and k = 2 and
k =7. The * indicates the point (n,d,) for n = k. (a) In Fig. 6.1(a), the graph is in
the asymptotic range when n > 2, and the rate of convergence is 2 (algebraic); in Fig.
6.1(b), the graph is eventually in the asymptotic range, and the rate of convergence is
7 (algebraic). (b) In Fig. 6.1(b), the decrease of d,, (H*") is higher than exponential
in the pre-asymptotic range (n < 8).

In Table 6.2 we present the n-width, d,,(V**), for a; = 1. These values were computed
using Theorem 5.8.

n

k 1 2 3 4 ) 6 7 8

1| .577 | .378 277 218 .180 .152 132 17
2| .577 | 180 | .867e-1 | .512e-1 | .339e-1 | .241e-1 | .180e-1 | .140e-1
3| .577 | 180 | .342e-1 | .136e-1 | .690e-2 | .401e-2 | .255e-2 | .172e-2
4 | 577 | 180 | .342e-1 | .468e-2 | .161e-2 | .730e-3 | .383e-3 | .222e-3
5 | .B77 | 180 | .342e-1 | .468e-2 | .499e-3 | .155e-3 | .637e-4 | .307e-4
6 | .577 | .180 | .342e-1 | .468e-2 | .499e-3 | .438e-4 | .124e-4 | .473e-5
7| 577 | 180 | .342e-1 | .468e-2 | .499e-3 | .438e-4 | .327e-5 | .860e-6
8 | .B77 | .180 | .342e-1 | .468e-2 | .499e-3 | .438e-4 | .327e-5 | .212e-6

Table 6.2: The values of the n-width, d,(V*"*), for a; = 1. (a) The qualitative
behavior of d,(V*¥) is very similar to that of d,(H**). (b) We have d,(H**) <
d (V®F), but the difference between d,,(V**) and d,(H**) is not large.

We see from the Table 6.2 that n-widths for V** have the same features as those for H**,
although the functions in V** are less smooth near the boundary. This is explained by the fact
that Theorems 5.9-5.11 and 5.13 are valid for both H** and V**. Also from Theorem 5.7 , we
have d, (H**) < d,(V*F), but we see that the differences between d,,(H**) and d,(V**) are
not large.

Next, in Table 6.3, we present the values of dn(Hfd’s), which were computed using Theorem

5.3. We note that inclusion in Hg’d’s, in contrast to inclusion in V®*, constrains boundary
behavior, relative to inclusion in H**,
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k 1 2 3 4 5 6 7 8

1 537 .303 .208 157 .126 .106 .906e-1 | .793e-1
2 .323 .961e-1 | .440e-1 | .250e-1 | .161e-1 | .112e-1 | .824e-2 | .631e-2
3 202 .306e-1 | .934e-2 | .398e-2 | .205e-2 | .119e-2 | .749e-3 | .502¢-3
4 127 973e-2 | .198e-2 | .633e-3 | .261e-3 | .126e-3 | .681e-4 | .400e-4
5 | .808e-1 | .310e-2 | .421e-3 | .101e-3 | .332e-4 | .134e-4 | .620e-5 | .318e-5
6 | .514e-1 | .986e-3 | .892e-4 | .160e-4 | .423e-5 | .142e-5 | .563e-6 | .253e-6
7| .327e-1 | .314e-3 | .189¢-4 | .255¢-5 | .538e-6 | .151e-6 | .512e-7 | .201e-7
8 | .208e-1 | .999¢-4 | .402e-5 | .406e-6 | .685e-7 | .160e-7 | .466e-8 | .160e-8

Table 6.3: The values of the n-width, d.(H%Y), for a; = 1. The quantitative
and qualitative character of this table is different from those of Tables 6.1 and 6.2.

Here, for fixed n, we see that dp(

Table 6.3 shows that the values of dn(H:d’s) are qualitatively different than the values of
d,(H%*) and d,,(V**); we mention two such differences. For fixed n, dn(HaaéZ) —0ask — oo.
This is explained in Remark 5.3. For fixed k, the order of convergence of dn(Hfés) is O(n=*), as
indicated in Theorem 5.4. But, in contrast to d,(H**) and d,,(V**), the decrease in dn(H:éZ)
is not faster than exponential in the pre-asymptotic range, and the plot of d,(H*¥) is not
S-shaped. This is illustrated in Figures 6.2(a) and 6.2(b), where we have plotted d,, (H:d,?i) and

o,k
Hodd

) — 0 as k increases.

odd

dn(Hg‘d’Z). These plots should be compared with Figures 6.1(a) and 6.1(b).
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Fig. 6.2: The graphs of the n-width, dn(Hg‘d’S), for aj =1, and k = 2 and
k = 7. The rate of convergence of d, (Hs‘d’s),aj =1is O(n™"). The decrease is not
faster than exponential in the pre-asymptotic range.

Other properties of dn(H:d’S), which can be derived from (5.8), are similar to those of

d,(H**) and d,,(V**).

Table 6.4 reports values of d,,(H**) for the other choices for a introduced in Section 3.

These values were computed using Theorem 5.1; see remarks at the end of this section.

30




k = k &
2 5 8 2 5 8
115 .141e-1 | .508e-2 2 | .186 | .275e-1 | .101e-1
.972e-1 | .396e-4 | .122e-5 5| .164 | .272e-2 | .133e-3
972e-1 | .282e-4 | .909e-9 8| .164 | .208e-2 | .167e-4
a: d,,(HF) b: d,, (H**)
aj = j! aj = 1/3!
) n L n
2 5 8 2 5 8
176 | .200e-1 | .720e-2 2 133 | (195e-1 | .T14e-2
1.00 | .449e-3 | .134e-4 5 | 439e-1 | .268e-3 | .122e-4
1.00 | 1.00 .186e-6 8 | .269e-1 | .365e-4 | .978e-7
c: dp(H**) d: d,(H**)
ag=1, a =1,a; =0for j #1,k a,-:(’;),jgk
k - k =
2 5 8 2 5 8
.178e-2 | .200e-3 | .720e-4 2].951 | .721 | .464
149e-2 | .449e-8 | .134e-9 51 .950 | .679 | .293
149e-2 | .319e-8 | .186e-14 81.950 | .674 | .245
e: d,(H¥F) f: d, (HF)
a; = 102j aj; = 1/102j

Table 6.4a-f: The values of the n-width, d,(H*"*), for various values of a.
(a) The values of n-width depend significantly on a. (b) The qualitative features of
these tables are similar, except in the case of the Table 6.4c where the n-width does
not decrease as k increases; in fact, it can increase.

We make the following observations based on Table 6.4 and also give the rationale for our choices

of a’s.

(a)

From Theorem 5.11 and Remark 5.10, we have d,(H***1) < d,,(H**) for all choices
of a except (3.10), which corresponds to Table 6.4(c). That d,,(H**) is decreasing in k
is clearly seen in all tables except Table 6.4(c); in this table we see that d,(H**) can,
in fact, increase in k. That d,,(H**) = 1 for n < k in Table 6.4(c), was confirmed in
Theorem 5.12. The reason for choosing the a given in (3.10) was to show that d,, (H®*)
may not be decreasing (in fact may increase) in k for certain a.

For all choices for a, Theorem 5.9 shows that d,(H**) = O(n~*) for large n (in the
asymptotic range). Whereas, for all values of a, the tables show that d,, (H**) decreases
with n, we do not see this asymptotic rate because we have only used small values of n,
i.e., we are in the pre-asymptotic range. Specifically, d,,(H**) hardly decreases with n
in Table 6.4(f). We chose the a given in (3.14) to show that the decrease in d,,(H%*)
with respect to n may be extremely slow for small n.

If a; > B3, then H** ¢ HP* and ||ul|grer < 1 implies ||u||gs.x < 1, so higher weights
correspond to smoother functions and smaller weights correspond to less smooth func-
tions. Also, by the definition of n-widths, we have d,,(H**) < d,,(H?*). So n-widths
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are smaller for spaces with smoother functions, as noted following Table 6.1. Now, the
weights in Tables 6.4(a), (d), and (e) are larger than those in Tables 6.4(b), (c), and
(f), respectively. So we should expect the n-widths in Tables 6.4(a), (d), and (e) to be
smaller than those in Tables 6.4(b), (c), and (f), respectively. We readily observe this.
We chose these values of a also to show the relationship between the smoothness of the
functions in the underlying spaces and the magnitude of a, and the corresponding effect
on the n-widths.

(d) Since j! >> 10% for large j (see Remark 3.4), we would expect d,,(H**) to be much
smaller for a; = j! than for a; = 10%7, based on the arguments given in item (c). We
see, however, just the opposite in Tables 6.4(a) and 6.4(e). This is not a contradiction,
because j! ¥ 10% for the values of j relevant to the values of k used in these tables
(i.e., j < k < 8). We chose a as in (3.11) and (3.13) also to illuminate this apparent
contradiction.

(e) Using the argument in item (c), we would expect d,(H**) to be much smaller for
a;j = 10727 than for a;; = 1/j!. But comparing Tables 6.4(b) and 6.4(f) we see just the
opposite behavior. This is again not a contradiction, and can be explained by following
the arguments in item (e). « as in (3.12) and (3.14) was chosen to illuminate this point.

(f) This principle does not strictly apply to Table 6.4(a) and Table 6.4(d) because the
weights in Table 6.4(a) are not larger than those in Table 6.4(d) for all j. But they are
larger for large j, and we see that the n-widths in Table 6.4(a) are smaller than those
in table 6.4(d) for n > 2, but the differences are not large. So the principle does hold
in this extended sense.

(g) From these tables it is clear that d,(H**) depends strongly on the choice of a.

In Table 6.4, we have presented the values of d,(H*F). Table 6.5 reports the values of
d,(V**). These values were computed using Theorem 5.8.

n n
k 2 5 8 k 2 5 8
135 | .242e-1 | .992e-2 2 | .229 | 4T71e-1 | .196e-1
135 | .474e-4 | .283e-5 5 | .229 | 451e-2 | .324e-3
135 | [474e-4 | .108e-8 8 | .229 | .451e-2 | .343e-4
a: d,(VeF) b: d,(VFk)
a; = j! a; =1/j!
n n
k 2 5 8 k 2 b) 8
.200 | .345e-1 | .141e-1 2 .164 .333e-1 | .13%e-1
1.00 | .525e-3 | .310e-4 5 | .607e-1 | .421e-3 | .296e-4
1.00 1.00 .219e-6 8 | .372e-1 | .660e-4 | .175e-6
c: d, (VoF) d: d,(VFk)
a0 =1, =1,0; =0,j # 1,k ajz(’;),jgk
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n n
k 2 b} 8 k 2 b} 8
204e-2 | .345e-3 | .141e-3 2| .970 | .850 | .671
.204e-2 | .525e-8 | .310e-9 5| .970 | .843 | .591
204e-2 | .525e-8 | .219e-14 8 | .970 | .843 | .585
e: d,(VoF) f: d, (Vok)
aj; =10% a; =1/10%

Table 6.5a-f: The values of the n-width, d,(V**), for various values of a.
The qualitative features of Tables 6.4 and 6.5 are similar.

Comparing Tables 6.4 and 6.5 we see that their qualitative features are similar, and the
observations made following Table 6.4 are also valid for Table 6.5.

Table 6.6 presents results for dn(Hfés). These values were computed using Theorem 5.3.

k & k =
2 5 8 2 5 8
697e-1 | .114e-1 | .447e-2 2| .130 | .226e-1 | .890e-2
295e-3 | .305e-5 | .291e-6 5 | .268e-1 | .352¢-3 | .344e-4
522¢-6 | .344e-9 | 80le-11 8 | .122e-1 | .130e-4 | .315e-6
a: dn(Hogq) b dn(Hogq)
aj = j! a; =1/j!
k = k =
2 5 8 2 5 8
101 | .162e-1 | .633e-2 2 | .920e-1 | .160e-1 | .629e-2
327e-2 | .335e-4 | .319e-5 5 | .257e-2 | .321e-4 | .314e-5
8 | .105e-3 | .691e-7 | .161e-8 8 | .716e-4 | .648¢-7 | .157e-8
¢ dn(HERE) d: dn(HSH)
ao=Lag=1,0;=0,j # 1,k aj=(5), i<k
k - k =
2 5 8 2 5 8
101e-2 | .162e-3 | .633e-4 2| .950 | .706 | .444
327e-7 | .335e-9 | .319e-10 5| .949 | .637 | .200
105e-11 | .691e-15 | .161e-16 8 | 949 | 623 | .982¢-1
e: dy(Hysl) £ dn(Hygs)
Oéj = IOQJ Oej = 1/1023
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Table 6.6a-f: The values of the n-width, d, (Hg‘(’i’é), for various values of a.
In all the tables, except Table 6.6(f), dn(HféZi“) — 0 as n increases.

We know from Remarks 5.3 and 5.4 that d, (H:d’;“) — 0 as £ = oo for all choices of a in
Section 3 except a; = 1/j! and a; = 107% (for n < 6) . The values in Table 6.6 illustrate
this. The values in Table 6.6(f) for n = 8 do not show this feature (i.e., dn(H;’Li’S) — 0 as
k — o0) clearly because, while the series in (5.14) in Theorem 5.6 diverges, the coefficients

aj = 107% are very small and Z?:o o ”22jZ7§2j grows slowly as k increases. Also from Table

6.6(b), we see that the values of dn(H(‘;‘ng) are decreasing with k, but they do not indicate that
limy oo dn(Hoa(iS) > C(n) > 0. We note that one has to take large value of k to see this effect.
Thus, not all the observations made in item (a) following the Table 6.4 are valid for the values

in Table 6.6. However, the observations made in items (b) through (g) are valid for the values
in Table 6.6.

So far we have addressed the n-widths, i.e., the performance of the best possible shape
functions. In Table 6.7 we report the values of the sup-inf, W(P,n, HY*, Ly) = ¥(P,n, H*F),
for a; = 1, which indicate the approximability of polynomials in the spaces H¥*. We will
comment on the computation of ¥ at the end of this section.

n
k 1 2 3 4 5 6 7 8

1] .537 | .303 215 .170 141 121 .106 .946e-1
2 | .503 | .150 | .617e-1 | .349¢e-1 | .230e-1 | .165e-1 | .124e-1 | .973e-2
3| .501 | .130 | .272e-1 | .911e-2 | .438e-2 | .251e-2 | .159e-2 | .108e-2
4 | .501 | .129 | .222e-1 | .365e-2 | .105e-2 | .444e-3 | .228e-3 | .131e-3
5 | .501 | .128 | .218e-1 | .283e-2 | .386e-3 | .985e-4 | .377e-4 | .176e-4
6 | .501 | .128 | .217e-1 | .275e-2 | .286e-3 | .337e-4 | .781e-5 | .274e-5
7| .501 | .128 | .217e-1 | .274e-2 | .276e-3 | .241e-4 | .251e-5 | .535e-6
8 | .501 | .128 | .217e-1 | .274e-2 | .276e-3 | .231e-4 | .173e-5 | .163e-6

Table 6.7: The values of the sup-inf, ¥(P,n, H**), for a; = 1. (a) The
qualitative and quantitative features of this table are very similar to those of the
Table 6.1. (b) We note that dn, (H**) < ¥(P,n, H**). (c) Also ¥(P,n, H**+1) <
U(P,n, H*).

Comparing Tables 6.7 and 6.1, we see that their qualitative and quantitative features are
very similar. We observe from these two tables that d,(H**) < ¥(P,n, H**) which was
indicated in (5.39) of Theorem 5.15 with V = H*¥ H = L, and & = P. We also observe
that ¥(P,n, H¥**1) < U(P,n, H**), which was confirmed in (5.51) of Theorem 5.21. Figure
6.3(a) and (b) are log-log plots of ¥(P,n, H**) versus n for k = 2 and k = 7 respectively.
For k = 2, we see that ¥(P,n, H*?) is in the asymptotic range and the rate of convergence is
O(n~?), which was confirmed by the (5.46) in Theorem 5.19. Figure 6.3(b) reveals that the rate
of decrease of ¥(P,n, H*") is faster than exponential in the pre-asymptotic range, as suggested
in Remark 5.14 (see also Remark 5.9). So in this case we also have an S-shaped curve. We note
that (P, n, H*7) has not yet reached the asymptotic range for n < 8. The features in Figure
6.3 are similar to those in Figure 6.1.
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Fig. 6.3: The graphs of the sup-inf, ¥(P,n, H**), for o; = 1, and k = 2
and k = 7. (a) In Fig. 6.3(a) we see that the rate of convergence of ¥(P,n, H*?)
with respect to m is O(n~2); (b) In Fig. 6.1(b) we see that the rate of decrease
of W(P,n, H*") is higher than exponential in the pre-asymptotic range, and that
¥(P,n, H*") has yet not reached the asymptotic range.

Table 6.8 reports the values of ¥(P,n, H**) for various values of a.

n . n
k 2 5 8 2 5 8
115 .164e-1 | .690e-2 2 | 186 | .320e-1 | .137e-1
972e-1 | .397e-4 | .162e-5 5 | .164 | .285e-2 | .183e-3
972e-1 | .282¢-4 | .909e-9 8 | .164 | .216e-2 | .192e-4
a: U(P,n, H*F) b: ¥(P,n, H¥F)
Q; = ]' a; = 1/3'
n n
k 2 5 8 k 2 5 8
176 | .234e-1 | .979e-2 2 133 227e-1 | .967e-2
1.00 | .449¢-3 | .178¢-4 5 | .43%-1 | .275e-3 | .168¢-4
1.00 1.00 .186¢-6 8 | .269¢-1 | .366e-4 | .105¢-6
c: U(P,n, H¥F) d: O(P,n, H*F)
ag=1, ap =1,a; =0for j #1,k a,-:(’;.),jgk
n . n
k 2 5 8 2 5 8
178e-2 | .234e-3 | .979e-4 2 | 951 | .744 | .540
.149e-2 | .449e-8 | .178¢e-9 5| .950 | .707 | .387
.149e-2 | .319e-8 | .186e-14 8 | .950 | .703 | .343
e: ¥(P,n, H¥F) f: O(P,n, H¥F)
aj = 10% aj =1/10%
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Table 6.8a-f: (a) The values of the sup-inf, ¥(P,n, H**), for various
values . The values of W(P,n, H**) are sensitive to the choice of spaces.
(b) The values of ¥(P,n, H**) are very similar to d,(H*"*). (c) We see that
dn(H**) < U (P,n, H**) for all a. (d) In all the cases, except the case (c), we
have ¥(P,n, H** 1) < O(P,n, H*F).

Comparison of Tables 6.8 and 6.4 shows that d,(H%*) < ¥(P,n, H**) as expected for all
our choices of a. But the values of d,(H%*) and ¥(P,n, H**) are quite similar. We also note
that the observations made after Table 6.4 are also valid for the values in Table 6.8.

The Tables 6.1, 6.2, 6.4, 6.5, 6.7, and 6.8 show that the values of d,(V) and ¥(P,n,V) de-
pend strongly on the spaces V = H®* or V®F_ Therefore, the performance of a family of shape
functions ® should be assessed relative to the performance of the optimal shape functions for V.
Hence A(P,n, H**, Ly) = U(P,n, H**)/d,(H**), as well as the associated A(P, H**, L,) and
Ano (P, H** L), introduced in Section 4, are effective measurements of the performance of poly-
nomials in the spaces H**. Likewise, A(P,n,V®*, Ly), A(P,V** L,), and A, (P,V®*, L)
are effective measurements of the performance of polynomials in the spaces V®*. Since the
polynomials are optimal shape functions for the spaces V**, as shown in Theorem 5.8, we have

(6.1) AP, n, Vk Ly) = AP,V Ly) = Apy (P, VF Ly) = 1.

We know from Theorem 5.23 that A(P,n, H** Ly), A(P, H** L), and A, (P, H** L,)
are “almost bounded” in k£ and n provided a;; < aj11. Theorem 5.23 has been proved for o > 0;
but we note that for o = 0, the expression on left hand side of the estimate in Theorem 5.23 equals
A(P,H%* L,). From Tables 6.4 and 6.8 we see that A(P, H**, L) is reasonably bounded for
all our choices of . Thus we see that the polynomials are very robust shape functions relative
to the spaces H**. And, of course, they are effective in V** because polynomials are optimal
in Vk,

We now consider the performance of the trigonometric polynomials, i.e., we consider the
basis C = {cos(iw(z + 1)/2),i = 0,1,---} in the space H**. Table 6.9 reports the values of
U(C,n, H**) for a; = 1.

n

k 1 2 3 4 5 6 7 8

1] .537 | 303 .208 157 .126 .106 .906e-1 | .793e-1
2| .503 | .150 | .811e-1 | .418e-1 | .319e-1 | .199e-1 | .175e-1 | .119e-1
3| .501 | .130 | .646e-1 | .355e-1 | .256e-1 | .173e-1 | .143e-1 | .106e-1
4| .501 | .129 | .631e-1 | .353e-1 | .253e-1 | .173e-1 | .142e-1 | .106e-1
5| .501 | .128 | .629e-1 | .353e-1 | .253e-1 | .173e-1 | .142e-1 | .106e-1
6 | .501 | .128 | .629e-1 | .353e-1 | .253e-1 | .173e-1 | .142e-1 | .106e-1
71 .501 | .128 | .629e-1 | .353e-1 | .253e-1 | .173e-1 | .142e-1 | .106e-1
8 | .501 | .128 | .629e-1 | .353e-1 | .253e-1 | .173e-1 | .142e-1 | .106e-1

Table 6.9: The values of the sup-inf, ¥(C,n, H**), for a; = 1. (a) For large
n and k, the values in Tables 6.7 and 6.9 are quite different. (b) For fixed n, the
values ¥(C,n, H**) are nearly independent of k for k > 3. (c) The basis C performs
worse than the basis P for n, k > 3, and much worse for n, k large, but for k =1, C
performs better than P.

The values in Table 6.9 are quite different from those in Table 6.7. We see that for fixed
n, ¥(C,n, H**) is nearly independent of k for k > 3, a feature not observed in Table 6.7. In
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Figure 6.4(a) and (b), we have plotted ¥(C,n, H**) versus n for k =1 and k = 5. For k = 1
we see from Figure 6.4(a) that the order of convergence of ¥(C,n, H*') is O(n~!), whereas, for
k = 5, the order of convergence of ¥(C,n, H*®) is O(n"1:5) as shown in Figure 6.4(b). These
orders of convergence were confirmed in Theorem 5.20. Moreover, we note that these plots do
not have the S-shape that we saw in Figure 6.3(b), which means that the rate of decrease of
U(C,n, H*F) is not faster than exponential in the pre-asymptotic range for a fixed .
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Fig. 6.4: The graphs of the sup-inf, ¥(C,n, H**), for a; = 1, and k = 1
and k£ = 5. (a) In Fig. 6.4(a) we see that the rate of convergence of ¥(P,n, H*?)

with respect to n is O(n™"); (b) In Fig. 6.1(b) we see that the rate of decrease of
W(C,n, H*%) is O(n~ ).

We also see, comparing Tables 6.7 and 6.9, that the basis C performs worse than the basis P
for n, k > 3, and much worse for n, k large. In fact, using Theorems 5.19 and 5.20, one can show
that x(C,P,n, H**) — oo as n — oo for our choices of a and for k > 2; so &(C, P, H**) = cc.
Also from the Tables 6.7 and 6.9 we have x(C,P,n, H**) = 1 for a; = 1, and hence & = cc.
Therefore, based on the recommendation in Section 4, the basis P should be preferred over the
basis C for k > 2 when a; = 1. We note that , K, £, and & were introduced in Section 4. For
k = 1, we have k(C,P,n, H**) < 1, because C is the optimal basis for k£ = 1; hence kg = 1.
And we see from Tables 6.7 and 6.9 that kg =~ 0.84, and thus kg = .84. Therefore, as indicated
in Section 4, we have no reason to prefer the basis P over the the basis C or vice versa in the
pre-asymptotic range (e.g., n < 8) when k = 1. We note however that for large n, & for k =1
will become smaller, and we should prefer the basis C over the basis P.

In the Table 6.10 we report the values of ¥(C,n, H**) for various values of a.

n n
k 2 b) 8 k 2 b) 8
115 .283e-1 | .102e-1 2 | 186 | .377e-1 | .155e-1
972e-1 | .242e-1 | .889e-2 5 | .164 | .287e-1 | .134e-1
8 | .972e-1 | .242e-1 | .889e-2 8 | .164 | .287e-1 | .134e-1
a: ¥(C,n, HF) b: ¥(C,n, H*F)
aj = j! a; =1/j!
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n n
k 2 5 8 k 2 5 8
176 | .535e-1 | .194e-1 2 133 .272e-1 | .110e-1
.999 .065 .362 5 | .438e-1 | .122e-1 | .449e-2
999 999 .848 8 | .269e-1 | .965e-2 | .354e-2
c: U(C,n, H*F) d: ¥(C,n, H>F)
og=1, ap =1, =0for j #1,k aj:(’;),jgk
n n
k 2 5 8 k 2 5 8
.695e-2 | .277e-2 | .102e-2 2| .951 | .722 | .468
.693e-2 | .276e-2 | .101e-2 5| .950 | .680 | .334
.693e-2 | .276e-2 | .101e-2 8| .950 | .676 | .310
e: U(C,n, H*F) f: U(C,n, H¥F)
aj; = 10% aj; =1/10%

Table 6.10a-f: The values of the sup-inf, ¥(C,n, H"’k), for various values of
a. Comparison of this table with Table 6.8 shows that the trigonometric polynomials
perform much worse than the algebraic polynomials except in the case aj = 1/ 10%,
where trigonometric polynomials perform slightly better.

Comparison of Tables 6.8 and 6.10 shows that algebraic polynomials perform slightly better
that trigonometric polynomials when % is small (k = 2), and algebraic polynomials perform
much better when k is moderately large (kK = 5 or 8)—except when a; = 1/10%J. In this
case we see that U(P,n, H¥*) ~ ¥(C,n, H**) for k = 2, 5, 8. Furthermore, we note that
for all other a, ¥(P,n, H**) sharply decreases with increasing k, but ¥(P,n, H**) is nearly
constant in k when a; = 1/10%. This difference in behavior of ¥(P,n, H**) can be explained
as follows. ¥(®,n,V) measures the approximability of ® for all functions in the V-unit ball.
For V = H*F with «; very small, as when a; = 1/10%, functions in the unit ball may have
very large derivatives, and hence be unsmooth. Thus the values of ¥(P,n, H**) for moderate
sized k are about the same as ¥(P,n, H*?), explaining why ¥ (P, n, H*¥) is nearly constant in
k for small to moderate sized k, for this a. One might expect the same for the case a; = 1/j!.
But 1/;! is not nearly as small as 1/10% for moderate sized j (j < k < 8), and this effect does
not so clearly show up in the values in Table 6.8(b).

We now consider the performance of polynomials, i.e., & = P, in the spaces Hg[is, where
oj = 1. We note that the functions in these spaces are restricted at the boundary, and & = C
is the optimal basis for these spaces, as indicated in Theorem 5.3. In Table 6.11 we report the
values of ¥(P,n, H%%) for a; = 1.
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n
k 1 2 3 4 5 6 7 8

1 .b37 .303 215 .170 141 121 .106 .946e-1
2 .323 .961e-1 | .574e-1 | .348e-1 | .230e-1 | .165e-1 | .124e-1 | .973e-2
3 .202 .306e-1 | .25Te-1 | .911e-2 | .437e-2 | .251e-2 | .159¢e-2 | .108e-2
4 127 .154e-1 | .154e-1 | .274e-2 | .100e-2 | .443e-3 | .228e-3 | .131e-3
5 | .808e-1 | .973e-2 | .973e-2 | .859e-3 | .364e-3 | .984e-4 | .376e-4 | .176e-4
6 | .514e-1 | .618e-2 | .618e-2 | .272e-3 | .205e-3 | .271e-4 | .757e-5 | .274e-5
7| .327e-1 | .393e-2 | .393e-2 | .128e-3 | .128e-3 | .827e-5 | .238e-5 | .535e-6
8 | .208e-1 | .250e-2 | .250e-2 | .816e-4 | .816e-4 | .260e-5 | .127e-5 | .136e-6

Table 6.11: The values of the sup-inf, ¥(P,n, H:j;)’ for a; = 1. (a) For a fixed
n, ¥(P,n, Hg‘d’S) decreases as k increases. (b) For large n and k, the values in Tables
6.11 are much bigger than the corresponding values in Table 6.3. (c) The system P
performs worse than the system C, which is optimal, for large values of n and k.

We observe from Table 6.11 that for fixed n, lI!(P,n,Hgd’s) decreases in k. As expected,
comparing the Tables 6.11 and 6.3, we see that the values in Table 6.11 are greater than the
corresponding values in Table 6.3 for all n, k. Also, by a simple calculation, one sees that
A(P,n,Hg‘[is,Lz) increases in k for fixed n, as suggested in Theorem 5.24 and Remark 5.21.
A careful calculation of A(P,n,H:ds,Lg) (which we have not included here) shows that for
fixed k, A(P,n, H:ésv L,) first increases, then decreases, and again starts to increase slowly with
increasing odd values of n. The same is true also for n even. This shows that the polynomials do
not perform well in Hﬁféﬁ in the pre-asymptotic region, as indicated in Remark 5.22. The slow
increase of A(P,n,H(‘fég,Lz) with respect to n also indicates the necessity of the assumption
o > 0 in Theorem 5.25. Thus polynomials are not “good for all seasons”.

We did not discuss the performance of the basis & = S in the space Hg‘d’s as its performance
is very similar to ® = C in the space H:fd’g; see Remark 5.5. Also, we have not discussed the
performance of the basis ® = S in the space H*¥.

From the Tables 6.1 — 6.11 we can draw the following conclusions:

(a) Algebraic polynomials perform almost as well as the optimal shape functions in the
spaces H** and hence they are robust. In other words, A(P,n, H**) is almost uni-
formly bounded in n and k provided a; < aj41, as was proved in Theorem 5.23 for
a; = 1.

(b) Trigonometric polynomials perform much worse than algebraic polynomials if the ap-
proximated function belongs to H**, with k > 2. For 0 < k < 1 (more precisely
for 0 < k < 1.5), trigonometric polynomials perform marginally better than algebraic
polynomials. In fact, trigonometric polynomials are the optimal shape functions when
k =1, and hence they are comparable with polynomials only when & = 1, and are not
comparable for k > 1.

(¢) Polynomials do not perform well in the spaces Hfd’s in the pre-asymptotic range.

(d) These conclusions are valid for spaces that are uniform in z, or have certain singularities
in the neighborhood of z = £1, as allowed by the Jacobi weights.

(e) The above conclusions are not necessarily correct when the underlying spaces are not
uniform in z, e.g., in spaces with norms (Zf:o a;llpj (x)u||2)1/2, where p;(x) are
weight functions.

Hence the question that we posed in the introduction of this paper can be answered as

follows: If the only available information about the function to be approximated is uniform
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throughout I = (—1,1), i.e., its inclusion in usual Sobolev-type spaces, then polynomial shape
functions are recommended. This may not be the case if additional information is available;
e.g., restrictive boundary conditions, as with the space H?dﬁ-

Finally, we return to the functions wg , introduced in (1.11). As indicated in (4.4) we can
estimate EL (defined in (1.10)) using ¥(P,n,V, H), with H = Ly and V = H** or V** with
a; = 1:

w, a
(6.2) EP(wg,) < ¥ (P,n+1, H¥F, Lz)w
lwg Iz,
and
P k ||w;3 ,Y”Va,k
(6.3) E, (wgy) SU(P,n+ 1,V Ly) = 2im—,
llws |z
for n = 1,2,.... Here n is the degree of the polynomial approximating w’ﬁ’,y, and n + 1 is the

dimension of the space of polynomials of degree < n. Now the expression on the right-hand side
of (6.2) can be calculated from of Table 3.1 and Table 6.7; and the right-hand side of (6.3) can
be evaluated using Table 3.1 and Table 6.2 (note that ¥(P,n +1,V*F) = d, ., (V*F)). These
values are reported in Table 6.12.

k 1 2 3 4 ) 6 7

11242172 (136|113 | 97| .85 | .76
2589|242 |137| 90 | .65 | .49 | .38
31172359120 .58 | 33| .21 | .14
41404 |6.96 | 1.14 | 33 | .14 | .072 | .041

a: Estimate of E} (wg,,) for 8 = 1,7 =5 using ¥(P,n+ 1, H**), a; =1.

n
k 1 2 3 4 5 6 7
1] 184 | 131 1.03 | .86 | .73 | .64 | .57
21690 | 284 | 161 | 1.06 | .76 | .57 | .45
3| 548 | 11.5 | 3.84 | 1.85 | 1.06 | .67 | .46
41693.1 | 119.3 | 19.61 | 5.64 | 2.39 | 1.22 | .70

b: Estimate of E} (ws ) for 3=7,7y=5 for ¥(P,n+1,H**) a; = 1.

n
k 1 2 3 4 5 6 7
11135| 97 | .76 | 63 | .53 | 46 | 41
21219106 | .62 | .41 | .29 | .22 | .17
3| 743|141 | .56 | .28 | .17 | .11 | .071
4227|432 .59 | .20 | .092 | .048 | .028

c: Estimate of E (ws,) for =1,y =5 for ¥(P,n+1,V**), a; = 1.
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n
K 1 2 3 4 ) 6 7
1] 222 | 163 | 1.28|1.06 | .89 | .77 | .69
2| 7.7 | 3.73 | 220146 | 1.04 | .77 | .60
3] 676 | 128 | 511 | 259 | 1.51 | .96 | .65
4 | 7404 | 140.6 | 19.3 | 6.62 | 3.00 | 1.58 | .91

d: Estimate of Ef (wg ) for f = 7,7 =5 using ¥(P,n+1,V**), a; =1.

Table 6.12: The Estimates of E} (wg,,) for 8 =1,y =5 and § = 7,y = 5 using
U(P,n+1,H**) and ¥(P,n+1,V**) with a; = 1. Note the large overestimates
for many of the function space inclusions for wg ..

The values in Table 6.12 reflect various function space inclusions for wy . Specifically, wj .,
can be viewed as belonging to H** or V** for various k with a; = 1, each inclusion providing
an estimate for EX’ (wg,,). The values in Table 6.12 should be compared the values for EX (wgs )
reported in Table 1.1. We see that many of the estimates are very pessimistic, although in a
certain sense they are optimal (see Remark 5.13). They are pessimistic because there are other
functions in the spaces H** or V** with the same norm as wg,,, but which are more poorly
approximated by P. This shows that an error estimator that uses the value of a particular
norm as the only available information on the approximated function can be very pessimistic.
Nevertheless, such estimates provide the correct rate for approximation errors.

Furthermore, from these tables we see that for a given n, there is an optimal space—H®F*
with a certain k or V®* with a certain k, with a; = 1—which leads to the best available
estimate. Usually the magnitude of higher order derivatives are larger than that of the lower
order derivatives. Hence a priori error estimates for low n should be based on spaces where the
size of the higher derivatives is not taken into account, i.e., we should choose functions space
inclusions with low k.

We will now briefly comment on our methods for computing the values in Table 1.1 and
the values for d,(H®*) and ®(®,n, H**), with & = P or C, and ¥(P,n, H*%), that have
been presented in this section. For the values in Table 1.1 we computed the elements of the
stiffness and mass matrices in (1.6) exactly using MAPLE. We did not use numerical software
because many of the elements involve integrals with highly oscillatory integrands, and are thus
extremely sensitive to quadrature errors. The associated linear systems were also solved exactly
with MAPLE. Floating point approximation was used only in the final step to report the errors
E,? and E,}: .

From Theorem 5.1 we know that

_1
dn(Ha’k) = )‘n-ﬁlv

where A\, is the (n + 1)* eigenvalue of the problem (5.3), with V.= H** or H = L,. We
approximated A,y by calculating the eigenvalues of a suitable discretization of (5.3); specifically
by calculating the eigenvalues of

M
uM = ZaiLi(:c), M eR
=0

k2
1k 1
/ a[uM|OLY dz = ,\M/ WMLjdz, 0<j<M,
—1 1=0 -1
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where L;(z) is the j'" degree Legendre polynomial. This (M + 1)-dimensional generalized
eigenvalue problem can be written as

Aa = )\MDa,
where the matrices A and D (a diagonal matrix) are given by
k 1 1
(6.4) Ay = 2/1Q,L591L;l11 dr, Di= /1 L? jdox, 1<ij<M+1,
1=0 7~ -
and a = (ag,a1,---,am)’. We used M = 30. The elements of the matrices A and D were com-
puted exactly with MAPLE, and then the eigenvalues were found by solving the characteristic

equation with the MAPLE command fsolve, with Digits:=20.
We next discuss the computation of

U (P n, HVF) = su inf u — .
@)= s it ol
lull o, <1

From Theorem 5.14 we know that

(6.5) O(®,n, HYF) = 3712,

where~5\n+1 is the smallest eigenvalue of (5.33). We first consider the case ® = P. We approxi-
mate A,y by calculating the smallest eigenvalue of a suitable discretization of (5.33); specifically
by calculating the smallest eigenvalue of

M
uM = ZaiLi(m), M eR
=0

k

where 7, is the Ly projection onto S(P,n). This can be written as an (M + 1)-dimensional
generalized eigenvalue problem

Aa = \MDa,

where a = (ag, a1,---,an)?, A is as defined in (6.4), and D is an (M + 1) x (M + 1) diagonal
matrix with D;; = fjl L? drforn+1<i<M+1 and 0 otherwise. We used M = 35, and
computed the elements of A and D exactly with MAPLE, and then found the eigenvalues by
solving the characteristic equation with fsolve, with Digits:=20.

Similarly, with ® = C, in which case 7, is the Ly projection onto S(C,n), we can show that

T(C,n, H¥F) m \~1/2,
where X is the smallest eigenvalue of the (M + 1)-dimensional generalized eigenvalue problem
(6.6) Aa = \(TTDT)a.

Here A is as defined in (6.4), D is a diagonal matrix with D;; =1forn+1<i< M +1and 0
otherwise, and T is defined by

1
(6.7) T., = / cos((i — V(e + 1)/2)L;1 (x) de, 1<i,j < M+1.
1
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Finding the smallest eigenvalue of (6.6) by solving the characteristic equation turned out to be
unstable, so instead we found the largest eigenvalue of the problem

A~Y(TTDT)a = jia,

using the MAPLE command Eigenvals, which is based on the QR algorithm. We used M = 40,
and all the matrices were computed exactly using MAPLE.

Finally, we discuss the computation of \I!(P,n,Hg”d’S). From Theorem 5.14, we know that
U(P,n, HEE) = X;}r/f, where A, is the smallest eigenvalue of (5.33) with V = H*% & =P,

and 7, equal to the Ly projection onto S(P,n). A,4+1 was approximated by calculating the
smallest, eigenvalue of

M
uM = ZaiCi(z’), A eR
=0

,

=0

k 1
[0 CWV dg = M / (L = m)u™[(I — ma)Cy]dz, 0 <j < M,
1

where Cj(z) = cos(Z(z + 1)). This leads to the (M + 1)-dimensional generalized eigenvalue
problem

Ca = \M(TDT7)a,

where C is a diagonal matrix with C;; = 2, C;; = Ef:o al(W)l for2<i<M+1,Dis
diagonal matrix with Dy; =2/(2i—1) forn+1 <i < M +1 and 0 otherwise, and T defined by

2

-1 -
T ;= 5 [1 Cij-1(x)Li1(z)dx, 1<i,j<M+1.

Instead of computing the smallest MM we computed the largest eigenvalue i of the problem
CcH(TDT)a = jia,

using the MAPLE command Eigenvals with M = 40.

Some of these eigenvalues were also checked with MATLAB. The values of M used in these
calculations were carefully chosen to ensure the accuracy of the displayed digits in all of the
values reported in this section.

7. Conclusions. This is the first in a series of papers addressing the problem of selection
of shape functions for the GFEM. The shape functions should have good approximation proper-
ties relative to the available information on the approximated function, typically the unknown
solution of a boundary value problem. We focused on the principles that should govern the
selection of effective shape functions, and elaborated in detail the one dimensional case.

The available information on the approximated function is necessarily fuzzy. It is usually
characterized by inclusion in a family V of function spaces V. The function spaces V could be,
e.g., H¥* Hk Hoad’s, or V®k_the spaces introduced in Section 3. The smoothness of the

even’

functions in the spaces H**, H%k or H(‘j‘d’;c is characterized uniformly in the space variable z,
i.e., the definitions of the norms in these spaces use only constant weight functions. We note,
however, that the characterization of smoothness may be non-uniform in z, i.e., the definitions
of the norms may employ non-constant weight functions, which permit the included functions
to have various types of singularities in the interior or on the boundary of the domain. For

example, the spaces V¥, which use the Jacobi weights, permit singularities at the boundaries
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of the domain. We also note that the available information on the approximated function may
include its boundary conditions, as with H%k or Hg‘ds.

As pointed out previously, we can view the approximation in Ls. Thus the spaces V we
consider are subspaces of Ly. The shape functions (basis) ® C Lo, selected to approximate the
unknown functions, should have good approximation properties relative to the entire family V),
i.e., they should be robust in V. A good measure of the effectiveness of ® in V is given by
A(®,n,V, Ls), introduced in Section 4, which is the ratio of the worst possible approximation
error in Ly of functions in the unit ball in V using @, and the same error using the “best” choice
®(V) = X,.(V, H) of shape functions in the sense of n-widths. Then the sizes of A(®,n,V, Ls),
for all V € V, is a measure of the robustness of ® relative to V.

The main conclusions of this paper are:

e If the only available information on the unknown function is related to smoothness
characterized uniformly in z by inclusion in the class V of Sobolev-type spaces, H®¥,
polynomial shape functions are robust, and they perform roughly as well as the “best”
shape functions, in the sense of n-widths, as determined by the spaces V = H**. Hence
polynomial shape functions are recommended for approximation of such functions.

e If, on the other hand, some additional information is available, if, e.g., the function is
constrained by certain boundary conditions, polynomial shape functions may perform—
in the sense of robustness—very poorly in the pre-asymptotic range, and some other
shape functions should be used. We have shown this for V = Hféﬁ-

We have also observed that polynomial shape functions perform optimally in the sense of n-
widths when the approximated functions are in spaces V®*. The characterization of smoothness
of the functions in this space is non-uniform in z. We note that, we have not studied any other
class of function spaces with this feature.

These recommendations are based on the rigorous theory presented in Section 5. We have
also presented detailed numerical computations in Section 6. These computations illustrate our
theoretical results; and our theoretical results explain the observed features of our numerical
computations.

In future papers the framework of this paper will be used to explore the problem of selection
of shape functions in higher dimensions.

8. Appendix: Proofs of the results in Section 5. In this appendix we present detailed
proofs of the theorems in Section 5. As in Section 5, throughout most of this section, H =
Ly(-1,1). If we write d,(V) or ¥(®,n,V), it will be understood that H = Lo(—1,1), i.e.,
V C Ly(-1,1) and d,,(V) = d,,(V, L2) and ¥(®,n,V) = ¥(®,n,V, L,).

THEOREM 5.1. Let V and H satisfy (5.1) and (5.2). Then, forn=1,2,...,

(8.1) da(V, H) = \17°
and
(8.2) X, = spanfus,...,u,}

is an optimal subspace for d,(V, H).
Proof. This result is an application of Theorem 2 in Chapter 1 in ([21]). O

THEOREM 5.2. Suppose V and H satisfy (5.1) and (5.2). Then

(8.3) dny1 (V, H) < dn(V, H).

Proof. This is a general property of n-widths; see Theorem 1.1 in [21]. The result follows
directly from the definition of n-width. O
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THEOREM 5.3. Suppose V = Hfd’s (-1,1), as defined in (3.23), where k > 1 and ay # 0.
Then, forn=1,2,...,

[N

o 2]7r2]
(84) Hods Z OG5 92j ’
and
B - n—1
(8.5) X, = span {cos(%(w + 1))} =S(C,n)
j=0

s an optimal subspace for dn(Hg‘d’S).
Proof. With the choice of V and H, the eigenvalue problem (5.3) is

(8.6) ue HY:
' E?:o aj fil uDo@ dg = )\fil wvdz, for all v € HYE.

We find the strong form and the eigenpairs of (8.6), first for £ = 2 and a as in (3.8), i.e., a; = 1.
The general situation will then be clear.
We first note that

(8.7) H%2 = {u € H? : o/ (£1) = 0}.

Integrating by parts in (8.6) we obtain

1

1 1
/ u® —u® +yu)vdr — u(3)v‘ = )\/ wvdz, for allv € H%,
—1 - -1

from which we get the strong form of the eigenvalue problem:

4) — (2 - _
(8.8) {u u® 4+ u = A, l<z<l

u'(£1) = u®(£1) =0

Note that the boundary conditions u/(£1) = 0 are essential, whereas u(®)(+1) = 0 are natural.
The eigenpairs of (8.8) are

TL47I’4 n 7T

+ 20 4, un()zcos%”(ﬁl), n=0,1,....

A= o
2t T

If we consider k = 2 and a general «, with as # 0 (recall ag = 1), then the strong form of
our eigenvalue problem is

au® —oqu® +agu =M, -l<z<l
o' (£1) =u® (1) =0

The eigenfunctions are same as for £ = 2 and the eigenvalues are

nirt n2m?

An=a22—4+a12—2+a0,n:0,1,....

For general a, k, with ag, ar # 0, proceeding in a similar way we get

k 25, 2j
n=m nmw
/\n:_Z;)aj 927 ,un(x)=c057(w+1), n=0,1,....
J:

45



Since (5.2) holds with C' = /ap and since Hfd’;“ is compact in Ly, we can apply Theorem 5.1.

Note that it is natural to denote the first eigenvalue here by )y, and thus we have d,, = )\_1/ 2

Hence

—1/2
2] 2j
@, k ™
d (Hodd 1/2 ZQJ 22_7 )
and
B - n—1
X, = span {cos('%(w + 1))} =S(C,n)
7=0

is an optimal subspace for d,(H, dd) as desired. [

THEOREM 5.4. Suppose V = H:ds, where k > 1 and ay, # 0. Then, for fized k,
(8.9) dn(HZGh) < C(k)n™",
where C(k) = akfl/zi—:.

Proof. We first consider the sum in (8.4) of Theorem 5.3, and note that

k n2i 7r23 n2k 2k
Z o925 = Yk ook

Now using the above inequality in (8.4) of Theorem 5.3 we get,

’I’L2kﬂ'2k

dn(H:és) < [akZT] =C(k)nF,

where C(k) = a;~"/ er—l,z, which is the desired result. O

THEOREM 5.5. Let a be k-independent. Then, for fized n,

(8.10) dn(HGEH) < dn(HG).

Proof. The proof is immediate from (8.4). O
THEOREM 5.6. Let a be k-independent. Then, for a fized n,
3 7k —
(8.11) lim d, (H338) =0
if and only if

n2i 71-21
(8.12) Z o ——— 1s divergent.

Proof. The proof is immediate from (8.4). O
THEOREM 5.7. For any given k, n, and o we have

(8.13) dn (H**) < d,,(V*F).
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Proof. We first note that H** C V** and |Jul|yar < ||u||ger. Now, from the definition of
n-widths, we have

dn(Ha,k) — inf sup inf M
XnCL2 yecHek 9€EXn ||u||chk

dim X,=n
llu — ¢llL,

< inf sup inf ———=
XnCL2 yeyoak 9EXR ||u||V°“”c
dim X,=n

= dn(va’k)a

which is the desired result. [
THEOREM 5.8. Suppose V = V**(—-1,1), as defined in (3.26), where 1 < k < co. Then

wiy | "m0+ ) o
(8.14) dn (V) = ;0 T ,
and
(8.15) X, = span{Lo(x),...,L, 1(z)} = S(P,n)

is an optimal subspace for dn,(V**) (L;(x) is the jt" degree Legendre polynomial).
Proof. We first prove the result for finite k. The proof consists of two parts. First we show
that

N )
(8.16) (Ln,v)ys = EZ +';;' / L,vdz, forallveV?, for jn >0,
2 - . —1

with the understanding that % =0ifn < j.

We will prove (8.16) for j = 2; the pattern of the proof for general j will then be clear.
We note that the derivatives of Legendre polynomials can be expressed in terms of the Jacobi
polynomials:

(8.17) L) (g) = R

Tmpn—k(mak)a

where P, (k) is the Jacobi polynomial of degree n — k with weight (1 — 22)*. Using (8.17)
and the Rodriguez formula for P, (x, k) and for L,(z), we have

(n+2)!

LA (z) = P P, _2(z,2)
- (”2;‘”?)! 2n(2—(rll)j 2)!(1 — 22 dcf:z (1- 2",
and hence
6.18) (1-apre = CI Ry
TE
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Multiplying (8.18) by an arbitrary v € V2 and integrating, we get

1 (2) (n+2)! [t
— »2)27(2) — L
(8.19) [1 (1 -2°)°L;; vdx (n—2)] [1 U dT

We now integrate by parts the left hand side of above equation to get

1 (2) 1
(8.20) / (1-2%)2L?  ydz = / (1—2%)2LPv® dg
-1 -1
L 1

!
+ (1-22’L® v - (1-2*)2LP

. =
We will show that the boundary terms are 0. Since v € V2, we have
(1 —22)w® = h € Ly(—1,1).

Thus, for —1 < z <0,

0
v'(z) = —/ 1h_( )2 d +4'(0),

and hence

(8.21) W'(2)] < (/0 B2 d )1/2 (/0 (1_‘i72)2)1/2 +1v'(0)

0 d 1/2
< Pl a1, (/ m) + [ (0)]

1
< ||h||L2(—1,1)ﬁ + [v'(0)].

Multiplying the above inequality by (1 — 22)? we get
(1= &) (@)] < [|hllza(-1,) (1 +2)*2(1 = 2)* + ['(0)|(1 — 2%)?,
and hence

(8.22) lim (1 —2%)%'(z) = 0.

z——1
In a similar way, one can show that

(8.23) lim (1 — 2%)%v'(2) = 0.

z—1

Using (8.22) and (8.23), we see that the second boundary term in (8.20) vanishes.
To handle the first boundary term, we again suppose —1 < z < 0 and use (8.21) to get

0
wwn=|—/1m>d+vmn

O (Il pa(—1,1) ,
sé(fﬁff+w@0d+ww

< 2||Aflpy(=1,1) + [0 (0)] + [v(0)],
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which shows that v(z) is bounded for —1 < z < 0. Similarly, one can show that v(z) is bounded
for 0 < z < 1. Hence,

(8.24) lim (1 —2%)v(z) =0,

z— 1

which shows that the first boundary term in (8.20) is also 0. Using (8.23) and (8.24) in (8.20)
we get

1 1
(8.25) / (1-2%)2L?) ® vdr = / (1—22)2LPv® dg, forallve V2.
1 —1
Clearly, (8.16) for j = 2 follows from (8.25),(8.19) and the definition of (Ly,v)yz2. The proof of
(8.16) for general j is similar. The derivation of (8.16) is valid for n > j, but (8.16) is valid for
n=1,...,7 — 1 since both sides are equal to 0.

We next derive formula (8.14). We first suppose a;; = 1. Then the eigenvalue problem (5.3)
can be written as

u € Vek
(8.26) (U V) yar = E?:o(u’“)vi = )\fil wvdz, for all v € V.

Combining (8.26) and (8.16) we get

1

(8.27) (Ly©)yk = Ao / Lyvdz, forallv e VFE,
-1
where
min(k,n) .
(n+j)!
2 "= iy
(8.28) Ak, Z )
Jj=0

From (8.27) and (8.28) we see that (M, L) are the eigenpairs of (8.26). Now since V* is
compact in Ly and (5.2) holds with C' = 1, we can apply Theorem 5.1 to get

min(k,n) —1/2
aky C(n+g)!

=0

and
X, = span{Lo,...,L, 1} = S(P,n)

is an optimal subspace for d,,(V¥). This completes the proof for finite k.
To prove the result for k = co, we observe that it follows from (8.26) that (Ann, Ly),n =
0,1,..., are the eigenpairs of

u € Vo®
(8.29) { (U, V)yace = Z‘I;:O(U,'U)V:j = )\f_ll uv dzx, for all v € V™.

It now follows from Theorem 5.1 that

—1/2
(n+j)!
(n —j)! ’

dn (V) =
=0
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which is (8.14) with k = co. We also see that X,, = span{Ly,...,L,} is optimal for d,(V®>).
Finally, for general a, proceeding similarly we get

min(k,n) (n+g)‘ -1/2
dn<va”“>=< > ‘”m-m) -

Jj=0

The eigenfunctions remain the same, so S(P,n) is an optimal subspace for d,(V**). This
completes the proof. O

THEOREM 5.9. Suppose V.= H**(—1,1) or V**(—1,1), where ay, # 0. Then, for fived k,
(8.30) dn(H**) < dp(V**) < C(k)n™*, for n >k,
where C(k) = ap, /2 (%)k

Proof. We first prove the inequality (8.30) for d,(V®*). From Theorem 5.8 with %k fixed
and n > k, we have

(8.31) d,, (Vok) mi%km) (n+4)! o
. n ’ = O ————
o T (n-j)
e
8.32 = @ v
( ) J;O J (TL _ J)!
(n+ k)17 Y/2
. <
(8.33) < [ak =)
1/2
_ ~1/2 [(n — k)!
(8.34) = o CEwAL
By Sterling’s formula,
(n—Fk)! o € W/n
(n+k)! — 2

Combining these two estimates and recalling that n > k, we obtain

k2 /n
(8.35) dn (VF) <ap'/? g nk

_1/2 € k
(8.36) < ot/ 5

which is the second inequality in (8.30), with

k
Cky=a;"* £ 7
2
the first follows from Theorem 5.7. O
THEOREM 5.10. Suppose V. = H**¥(—1,1) or V**k(—=1,1), where a is defined in (3.9),
(8.11), (3.12), (3.13), or (3.14). Then, for n < k, we have

(@)=, for a as in (3.9)
(n!(2n)N)~1/2, for a as in (3.11)
(8.37) dn(HY*) < d,,(V*F) << ((2n)!/n!)~1/2, for a as in (3.12)
(10?*(2n)) 12, for a as in (3.13)
(10°27(2n)) "2, for a as in (3.14),
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showing that the rate of decrease of d,(H**) and d,(V*F*) with respect to n is higher than
exponential, for large k.

Proof. From (8.14) we immediately get
~1/2

W) = ZJZ“-_ < (an(2m)) 2, for n < E.

The result for d,(V**) then follows by substituting the values of a;, given in (3.11), (3.12)-
(3.14). The result for d,,(H**) follows from Theorem 5.7. O

THEOREM 5.11. Suppose V = H®k(—1,1) or V¥*(—1,1), where « is k-independent. Then,
for fized n,

(8.38) dp (HO* Y < d, (H*F)
and
(8.39) dp (VR < d, (Vo).

Proof. We first prove (8.38). Since « is k-independent, we know that
(8.40) H** ¢ H*" and ||ul|ga.r < ||ul|gan+1, for all u € H¥F,

Therefore, from the definition n-width,

dn(H*F1) = inf sup  inf Jhu = éllz,
XnCL2 4 cpgo,k+1 €EXn ”’LL”Ha k41
dim X,=n
Il = oIz,

< inf sup inf

XnCL2 =y : L PpeEX, ”U”Ha,k
dim X,,=n

= dn(Ha’k)a

which is the desired result. The proof of (8.39) is similar. O
THEOREM 5.12. Suppose V = H**(—1,1), with a as in (3.10) and k > 2. Then, for k > n,

(8.41) dn(H**, L3) =
and
(8.42) X, =S(P,n)

is an optimal subspace for d,(H*F).
Proof. With this choice of space H**, the eigenvalue problem (5.3) can be written as

(8.43) { u € Hel

Zf 0 [1 uDvD de = X [ wvde, for all v € HOF.

Using integration by parts, we obtain the strong form of (8.43) as

(8.44) { (—1)FuC®) 4+ u = Au, “l<z<1
: (4)

u@(£1) =0, j=Fk,...,2k—1
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For A\ = 1, the solutions of the differential equation are all the function in S(P,2k) = Pog_1. It is
easily seen that u € Pap_1 satisfies the boundary conditions in (8.44) if and only if de ee(u) <
k—1, ie., u € Pp_1. Thus XA =1 is an eigenvalue of (8.43) of multiplicity k, i.e., \y = --- =
At =1, 1 < Agy1. The corresponding eigenspace is Pr—_i.

We now apply Theorem 5.1 to get

dn (H*F) =1,
and
X, =S(P,n)

is the optimal subspace for d,(H**) forn =1,2,...,k—1. O

THEOREM 5.13. Suppose V = V**(—1,1) or V¥¥(—=1,1), where a is k-independent. Then,
for fixed n,

(8.45) lim d,(H**) = d,(V®*®) >0
k— o0

and

(8.46) lim d,(V**) = d,(V*>) > 0.
k—o0

Proof. We first prove (8.46), i.e., we suppose V = V%F_ Tt follows from Theorem 5.8 that

(8.47) d,(VOF) = d,, (V) for all finite k > n,
and hence
(8.48) lim d,(VF*) = d, (Vo).

k—o0

Since V** is infinite dimensional, we see that d,(V*°) > 0. This completes the proof of
(8.46).

Now we turn to the proof of (8.45), i.e., we suppose V = H**. We begin by making another
assumption on a; namely, that o # 0 for all j. After proving (8.45) under this assumption, we
will comment on the proof for general a

From Theorem 5.11 we see that d,,(H®*) is decreasing in k. By essentially the same proof
we see that

(8.49) dn(H*F) > d,,(H**), for any finite k.
Hence limy_, oo d,, (H**) exists, and

lim d,(H*"*) > d,(H*>).

k—o0

Since dim(H**°) = oo, we have d,,(H**) > 0. So,

lim dp,(H**) > d,(H*>) > 0.

k— oo

It remains to show that

(8.50) lim d,(H**) = d,(H**), forn =1,2,....

k—o0
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Condider the eigenvalue problems

ak
(8.51) { ?u,eyia,k = AMu,v)r,, for all v € H¥F
and
(8.52) { ?ufvi;w = Au,v)L,, for all v € H**®,
and let
An(e, k) = Aa(H), up(o, k) = un(H**), n=1,2,...
and

An(@,00) = An(H®™), tn(,00) = un(H**), n = 1,2, ..

be the eigenpairs of (8.51) and (8.52), respectively. From Theorem 5.1 and the fact that d,, (H**)
is decreasing in k, we see that A, (w, k) is increasing in k; and from Theorem 5.1 and (8.49) we
see that

(8.53) An(a, k) < Ap(a, 00), for any finite k.
Hence limy_, o, A\ (a, k) exists, and

(8.54) lim A, (a,k) < \,(a, ).
k—o0

We will show that

(8.55) lim A\, (a, k) = Ap(a,0), n=1,2,...;

k—o0

(8.55), together with Theorem 5.1, implies (8.50); (8.50) and (8.55) are, in fact, equivalent.
Assume the eigenfunctions of (8.51) and (8.52) are normalized in Ly = H*? : ||u,(a, k)|, =
1, [lun(a, 00)||z, = 1. Then, from (8.51) and (8.53),

(8.56) ||tn(a, k)||gar = vV Anla, k)||un(a, k)|, = vVAn(a, k) < /An(a,o00), for all k.
We first prove (8.55) for n = 1. Using (8.56) with n = 1, we have

(8.57) llui(a, k)|| gan < [|ur(a, k)l gar < v/ Ar(a, 00), for k> 1,
(8.58) llui(a, B) || gee < [Jua(e, k)| ar < v/ Ar(a, 00), for k> 2,
ete. Let uy 1 = ui(a,1),u1,2 = u1(a,2),.... Using (8.57), we see that uy  is bounded in H*?,

and hence there is a subsequence of us j, of ur  that converges in H*?; denote the limit by w.
Using (8.58), we see that us  is bounded in H*?2, and hence there is a subsequence u3 i of uz i
that converges in H*!; denote the limit by w’. It is easily seen that w = w', so w € H®?!,
and us j, converges to w in both H*% and H*'. Continuing in this way we get {u;;}3>, with
the property that {u;x}72, is a subsequence of {u;_1,5}3,, and {u;x}3>, converges to w in
H*I72 a3 k — oo, for each j. Let w; be the diagonal sequence: wy = uy1,ws = u2,.... It is
easily seen that w; is a subsequence of ui(a, k), and that

(8.59) w; — w in H*!, for each finite .
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From (8.59) we have
(8.60) lwjl|gra. — ||w|| g, , for each finite .

Write w; = ui(a, Nj). Then, using (8.56), we have

8.61)  |wjllge = llua(e, Nj)llge < lur(a; Nj)llge 5 < Aia, Nj) < v/di(a, 00),

for < Nj.
Estimates (8.60) and (8.61) show that
(8.62) [lw||gar < v/ A1(e, 0), for each finite 1.

Using the definition of ||w||ge. and (8.62), we see that

[e%S) !
2 _ 2 _ 15 2 _ 1 2
869 i~ =3 astol} = fim 32 oslu = fim Iulfye. < VAGH) <o
J= J=

showing that w € H**.
Finally, using the minimum characterization of A (e, 00), the definition of ||w||ge., (8.60),
(8.61), and (8.54) we have

(8.64) A (a,00) = 7”u”fq°°°
' ’ weH*=>  |lullg
llwl|3ra.00

l|lwl|3
i
k=00 [|v]|3
gl
i—oo  |Jwjll3
lim A¢(a, Nj)

J—00

IA

IA

= lim A;(a,m)
m—o0

S )\1 (Oé, OO)

Examination of the chain of equalities and inequalites in (8.64) shows that it is a chain of
equalities. (8.64) thus establishes (8.50) for n = 1. We also see that w = uq(w, 00).

We next turn to the proof for n = 2. In the proof for n = 1 we showed there is a subsequence
w; = ui(a, N;) of ui(a,k) that converges to uj(a, 00) in H*! for each finite . Now consider
the eigenpairs

)\Q(Q,Nj), UQ(QJNJ)'
From (8.56) we have

(8.65)  [lua(er, Nj)llge < lluz(a; Nj)llge 5 < Aaa, Nj) < /Ae(a,00), for < Nj.

Proceeding as above we get a subsequence ; of ua(a, N;) anda € H* such that ; converges
to in H®! for each finite . Write ; = ua(a, Na,), and replace w; = ui(a, Nj) by w; =
u1(a, Npg;). Then, writing Ny, = Lj, we have
(8.66) w; = ul(a,Lj), ji= ’U,Q(Oé,L]‘)
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and
(8.67) [|lui(a, Lj) — ui (o, 00)|| e, — 0, ||uz(a, Lj) — ||ge. — 0, for each finite .
The eigenfunctions of (8.51) are orthogonal in Lo:
(8.68) (u1 (e, Lj),uz(e, Lj)p, = 0.
Let j — oo in this equation and use (8.67) to get
(8.69) (u1(e,0), )L, =0.
The eigenfunction u; (a, 00) satisfies
(u1 (@, 00), V) Haro = A1 (a2, 00)(ug (e, 00),0)L,, for all v € H®™
(cf. (8.52). Letting v = and using (8.69) we obtain
(8.70) (u1 (@, 00), e = (ur(a, ), )L, =0;

i.e., up(@,00) and are orthogonal in H**. Thus z is an admissible test function in the
minimum characterization of \2(a, 00). Using this characterization, the definition of ||v||ge.c,
(8.67), (8.65), and (8.54),we have

2
(8.71) Aa (@, 00) = inf ”u”i;o
(S lJullg

[ 7o
Il 113

[l

IN

= lim
k—oo || I3

112
]
oo 1418

IN

hm )\2 (Ot, LJ)
j—o0

= lim A2(a,m)
m—r0o0

< Aa(a, 00).

Examination of the chain of equalities and inequalites in (8.50) shows that it is a chain of
equalities. We thus have proved (8.55) for n = 2. We also see that = uz(a, 00).

We next sketch the proof of (8.50) for n = 3. In the proof for n = 2 we showed there is a
subsequence w; = uy(a, L;) of uj (a, k) that converges to uj(a,oc0) in H*! for each finite , and
a subsequence ; = uz(a, L;) of us(a,k) that converges to us(a,o0) in H*! for each finite .
Now consider the eigenpairs

)‘3(a7LJ')a u3(a7Lj)'

From (8.56) we have

8.72)  lus(e, Lj)lla=. < llus(a, Nj)llge 5 < Asle, Lj) < v/ Aa(a, 00), for < Nj.

Proceeding as above we get a subsequence ; of us(a, L;) and a € H** such that ; converges
to in H®! for each finite . Write ; = us(a,L ,), and replace w; = ui(e, L;) and ; =
55



ua(a, Lj) by wj = ui(e, L ;) and by ; = ua(a, L ), respectively. Then, writing L , = R;,
we have

(873) wj; = ul(a,Rj), j= UQ(CM,RJ'), j= U3(OL,R]')
and
lui(a, R;) — ui(a, 00)|| e — 0,
lluz (e, Lj) — uz(, 00) || =, — 0, and
llus(e, Lj) — ||ge. — 0, for each finite .
With an argument similar to that showing that is orthogonal to u;(a,c0) in H**, we
can show that is orthogonal to u1(a,00) and us(@,00) in H*»*. So is an admissible test

function in the minimization characterization of Az(a@, c0). With a chain of inequalities similar
to (8.71) we find that

(8.74) lim A3(a, 00) = A3(a, 00),
k— oo
which proves (8.50) for n = 3. And we also see that = wz(a,00). The proof for general n

should now be clear.

So far we have proved (8.45) under the assumption that a; # 0, for all j. This assumption
implies that H**+1 is compactly embedded in H**, for all k¥ > 0, and this compactness allowed
us to choose the subsequences in the way we did. We need a slight modification in the general
case. First suppose a; = 0, for all large j, say j > ko. Then H** = H*J_ for jo < k < 0o, and
hence d,,(H**) = d,,(H*%), for jo < k < co. So (8.45) is true in this case. Lastly, suppose
that there are arbitrarily large indices j for which a; # 0, but we do not assume that a; # 0, for
all j. To be concrete, suppose for example, a;; # 0 for j =4,7,11,..., and o; = 0, for all other
j . Then H®* = H*0 = Ly k =1,2,3; H** = H** k = 5,6, H** = H*" k = 8,9,10,....
Thus H®* k = 1,2, 3, are not compactly embedded in Ly, but H** is. Likewise H** k = 5,6
are not compactly embedded in H® , but H*" is. To carry out the above argument in this
situation we would not choose the first subsequence from u1(a, 1), and the second from us(a, k),
but we would choose the first subsequence from u4(a, k), and the second from u7(a, k). We see
that we can carry out all of the above arguments in this more general situation. [

We next analyze the sup-inf, ¥(®,n, V, H), defined in (4.3), where V and H satisfy (5.1) and
(5.2), @ is an approximating sequence in H, and S(®,n) is defined in (4.2). We will characterize
U (®,n,V, H) in terms of the eigenvalues of a certain eigenvalue problem. We begin by deriving
another formula for ¥(®,n,V, H).

Recalling that 7, is the H-orthogonal projection onto S(®,n) = span{¢s, ..., }, we obtain

8.75 U(®,n,V,H)= su inf ||lu—
875 @0 V)= sup ot flu= gl
lluflv <1
_ e lu = mrull
=sup —————
ueV ||u||V
~1/2
B P 2
ueV ||lu — mpully
Thus
(8.76) T(@,n,V,H) =X},
where
B 2
(8.77) Any1 = inf Ml

weV ||u — mpull%
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An+1 is the smallest eigenvalue of the problem

(8.78) { uev

(u,v)v = M(I = m)u, (I — 70,)0) g, for all v € V.
(8.78) is a well-posed eigenvalue problem with eigenvalues
0<Ant1 S Apga <oov

(8.77) is a variational characterization of Ayi1. 3
In addition to the variational characterization (8.77), A,+1 has another variational charac-
terization, which we now derive. Let T': H — V be the operator defined by

TfeV
(8.79) { (Tf,v)y =(f,v)g, forallveV.
T is self-adjoint and positive definite on H, so T'/? is well-defined. T'/? is self-adjoint and
positive definite on H. T'/? maps H onto V, T-'/? maps V onto H, and T"/? is also self-
adjoint on V. It is easily seen that

(8.80) (f, Ym = TY2f,T? )y.

Using (8.77), (8.79), and (8.80), and recalling that 7, is the H-orthogonal projection onto
S(®,n), we have

A= sup [lu—maully
uevV
llullv <1
2
U — Tl
= sup sup %
uev eH 1%
llullv<i ( ,¢i)p=0,1<i<n
2
u
= Sup Sup ( ) ZH
ueV €H ” ||H
lullv<1 ( ,¢:)p=0,1<i<n
2
Uu
= sup sup (u, gH
€H wev 7
( ,0:)r=0,1<i<n |lullv<1
w, T )2
€ uev || ||H
( ,¢0:)p=0,1<i<n ||u||v<1
1T 115
= sup
eH 1%
( ,¢:)E=0,1<i<n
Therefore
(8.81) Ang1 = inf &
' " en TR

( ,¢:)r=0,1<i<n
For € H,write ¢=T'? € V. From (8.80) we get

() = (TY? [ TY2¢))y = (q,0i)v,
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where ¢; = T'/2¢;. Hence

(8.82) ( ,0)r =0,1<i<n if and only if (¢,¢;)y = 0,1 < i < n.
Thus, combining (8.80), (8.81), and (8.82), we obtain
_ T-1/242 2
(8.83) Anp1 = inf % = inf ”q”2V .
g€V llall% eV llall%
(¢:¢:)v=0,1<i<n (¢,¢:)v=0,1<i<n

This is the desired alternative variational characterization of ;\n+1. These results are summarized
in
THEOREM 5.14. If A,y is the smallest eigenvalue of (. ), then

(8.84) U(®,n,V,H) = X\, 17,

and the variational characterization of Any1 is given by (. ) as well as by ( . 8).

THEOREM 5.15. If Anyq is the (n + 1) eigenvalue of (5.3) and Mnyq is the smallest
eigenvalue of ( . ), then

(8.85) Antt > Anti,
which is equivalent to

(8.86) dn(V,H) < U(®,n,V, H).

Proof. From the max — min principle and (8.83),

2
(8.87) Ant1 =  Sup 12‘f/ ” ”;’
b € =0, 1<i<n

2

> inf I ”3/

ev Il 1I%

( ,¢:)v=0, 1<i<n
= )\n—i-l;

which proves (8.85). The equivalence of (8.85) and (8.86) follows from (8.1) and (8.76).
We note that (8.86) follows directly from the definition of d,,(V, H) and ¥(®,n,V, H), and
hence (8.85) also follows from the equivalence of (8.85) and (8.86).0

THEOREM 5.16. Let ® be a basis in H. Suppose u € V' can be approzimated by ¢, € S(®,n)
so that

lu — ¢uller < Q(®,n,V, H)llully.
Then
(8.88) U(®,n,V,H) < Q®,n,V,H).

Proof. From the definition of ¥(®,n,V, H) we have

U(®,n,V,H)= su inf u—
( ) ue\g ¢€5(‘1>7n)|| ¢”H
lullv <1
< sup ||u_¢u||H
ueV
lullv <1
S Q(@,HJ V7 H)'
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THEOREM 5.17. For anyV and H as is (5.1) and (5.2), and for any basis ® in H, we have
(8.89) U(®,n+1,V,H) < ¥(d,n,V,H).

Proof. This result follows directly from the definition of ¥. O

THEOREM 5.18. For any given k, n and «, and for any basis ® in Ly we have,

(8.90) T(D,n, H¥*) < U(®,n, VoK),

Proof. The proof is similar to the proof of Theorem 5.7. O

THEOREM 5.19. Suppose V. = H**¥(—1,1) or V¥k(=1,1), where ay, # 0. Then, for fized
k, we have

(8.91) T(P,n, H¥F) < (P, n,V¥F) < Ck)n~*, n >k,

where C(k) = a;1/2 (%)’c
Proof. We know from Theorem 5.8 that polynomials are optimal in the space V** and

therefore d,(V*F) = ¥(P,n, V**). Thus using (8.30), we get

where C(k) = a;, '/ (%)k, which is the second inequality in (8.91). The first inequality in (8.91)
follows from Theorem 5.18. [

THEOREM 5.20. Suppose V.= H**(—1,1), with o, # 0, and let ® = C. Then, for k=1,
there are constants C1(a1) and Ca(ay), which depend on oy but are independent of n, such that
(8.92) M < W(C,n, HY*) < M_

n n
For k > 2, there are constants Cy(a, k) and Cy(a, k), which depend on a and k but are inde-
pendent of n, such that

Cz(a, k)
n3/2

él (a, k‘)

(8.93) wers

< U(C,n, H¥*) <

Proof. Suppose u € H**(—1,1) with k£ > 2, and write u as a Fourier-cosine series,

_ o(u) . Ll
(8.94) u(z) = 02 +; ;(u) cos( 5 (z +1)),
where
(8.95) () = [1u(x) cos(%(w—}—l))dm, i=0,1,... .
Then
(8.96) un() = Oéu) +; j(u) cos(‘%r(x +1))



is the best Lo approximation of u in S(C,n), and

o

(8.97) lu—unllz, = ()’

j=n

We first prove the lower bound of (8.93). Consider the specific function

(8.98) u(z) = sin(%(x +1)).

Then a direct calculation shows that

(8.99) i(u) = /1 sin(f(m +1)) cos(] (x+1))dz L
' AR SR 2 m(1 —452)

and from (8.97) we have

oo

16
2 _
(8.100) llu—unllz, = J;l 21 —422 = 72 Z 37r2n3

—n

Another direct calculation shows that

k 2\ J %
9 _ s 16a
101 Ilfes =Y (55) < 152

where @ = a(a, k) = maxo<i<k @;. Combining (8.100) and (8.101), we get

s = unllzs o Gl k)

U(C,n, H¥F) > ,
Cn B 2 Ailges. 2 072

where Cy(a, k) = L_n?

an 3a
We now prove the upper bound of (8.93). Expand " in a Fourier-cosine series,

(8.102) u'(x) = 0(:”) +j;i1 i )cos(J2 (x +1)),
where
(8.103) (") = / 11 u cos(JQ (z + 1)) da.
Then
(5.104) i, = 2 4 SNy <o
j=1
Integrating by parts, we find that
(8.105) (0 = Sl W)~ )~ )
and therefore,
(8.106) | jw)? < 7ri—;[lu'(l)l2 + W (D)7 + )]
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Thus, using (8.97) and (8.104), we have

. 48 2
(8.107) = unllF, < D7 7l (OF + ' (=D + 5(u")’]
j=n
48 ) pem 1 48 5
< F[Iu'(l)l + [u'(=1)| ]];Lj—4 + 7r4TL4IIU”IIL2-

From the trace inequality, we know that
(8.108) [ (D], [u' (=1)[ < 2(Jullz < Cllullga.r,

where C' depends on « and k. Combining (8.107), (8.108), and the fact that }°7° (1/j*) < C/n?,
we have

=1 (C?
lu—unl3, < C2llulZar Y 5 + —5 llul
— ) n
j=n
cz .
< Zlluller.
and hence
C’2(0¢ k‘)
lIJ(C,n,Ha’k) = sup)c ||u —un||L2 < 7713/; >
ueH>
llull go,e <1

where Cs(a, k) depends on a and k. This is the upper bound of (8.93).
For k = 1, we note that H*! = Hfd’;, and inequality (8.92) can be directly obtained from
Theorem 5.3. O

THEOREM 5.21. Suppose V = H**(—1,1) or V*(—1,1), where a is k-independent. Let
D be a basis for Ly. Then, for fized n,

(8.109) T(®,n, H¥*) < U (D,n, HF)
and
(8.110) T(D,n, VErL) < T (D,n, VEF).

Proof. The proof is similar to the proof of Theorem 5.11. [0

THEOREM 5.22. Suppose V. = H**(—1,1) or V¥k(—1,1), where a is k-independent. Let
® be a basis in H. Then, for fixed n,

(8.111) lim ¥(®,n, H**) > ¥(®,n, H**®) > 0
k—o0

and

(8.112) klim T(D,n, VEF) > T(D,n, V) > 0.
—00

Proof. Theorem 5.21 shows that ¥(®,n, H**) is decreasing in k. The proof of Theorem
5.21 also shows that

T(D,n, H**) > ©(®,n, H*>), for all finite k.
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Since dim(H*>) = oo, we have ¥(®,n, H**) > 0. Hence lim_, o, ¥(®,n, H¥*) exits and

lim ¥(®,n, H**) > ¥(®,n, H**, L) > 0,

k—o0

which is (8.111). The proof of (8.112) is similar. O

THEOREM 5.23. Suppose V. = H*¥(—1,1), where a is k-independent and satifies a; <
ajq1, and H = Ly(—1,1). Then, for each 0 < o <1, there is a constant C(o) such that

U Ha,k L
(Pana ’ 2) < C(o’)’ fo'l“ all n and k.

11
(8.113) do(HoF Ly)l0 =

The proof of this theorem is based on the following four Lemmas; it will be given after
Lemma 4. In Lemmas 1, 2, and 4, we consider k-independent a, with a; < aj4q, in the
definition of H**.

EMMA 1. For all n and k, we have
1
>0 1Pl an

(8.114) dn(H*F) >

where Py, Py, ... are the normalized Legendre polynomials (|| Pj|lo = 1).

Proof. Let  : Ly = P, = S(P,n + 1) be the orthogonal projection of Ly onto P,. Let X,
be the optimal subspace for d,,(H%*), and let X,, = X,. Since dimP, =n+1 > n > dim X,
we know that X, is a proper subset of P,. Note that X,, may not contain all the polynomials
of degree < n — 1 even if dim X,, = n.

From the definition of d,(H**), we know that

(8.115) inf ||u—@llo < dn(H*F)||u||gor, for all u € H¥*,
peX

n

in particular for any polynomial of degree < n. Hence, setting u = P;, j < n in the above
inequality we have

¢in)g I1P; = ¢llo < dn(H*®)||Pjl| o, 0<j<m.
€eXn

Let ; € X, be such that inf,c ¢ [P — ¢llo = [|P; — jllo; then we have
(8.116) 15 = jllo < du(H*")||Pjllgan, 0<j<n.
Hence,

1B = sllo=1l (Bi= illo <P = jllo < da(H**)||Pjl e,
which implies

(8.117) inf (1P, = llo < da(H**)|Pyllsre, 0<j <.

Let v; € X, be such that inf ¢x, ||P; — |lo = ||P; — ¥;llo. Then we have

(8.118) 1P = villo < du(H¥F)||Pjl| e, 0 < j <.
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Now suppose that o, 71, - --,Yn—1 form a basis for X,,, and write

n—1
Y= %
j=0

Then from (8.118), with j = n, we get

n—1
1Pa =3 5%5ll0 < du(HO)]|Pallges,
j=0
and hence,
n—1 n—1
(8.119) 1Pn=>" iPillo = 11> (v — Pllo
7=0 7=0
n—1 n—1
<N(Pu=> iP) i = Pi)llo
7=0 7=0
n—1
=P =" il < dn(H®)|| Pyl o
j=0

Since the P;’s are normalized Legendre polynomials, we have

n—1 n—1
(8.120) 1P =" jPillo=0+> '
=0 j=0

Also, using (8.118) with 5 =0,1,...,n — 1 we see that

n—1 n—1
(8.121) 1Y i =Pllo < Y1 5lllv — Pillo
Jj=0 j=0
L 1/2 1/2
< 2 >l = Blls
7=0 7=0
1/2 1/2
n—1
< 2 n(H**) Z 1P e

<.
i
o

Combining (8.119), (8.120), and (8.121) we obtain

- - 1/2 1/2
1+ D DV < du(HOM)|Pall o + dn(H*) H D NP l1a e ;
Jj=0 j=0 j=0
and hence
(8.122) dn(H**) > a+ Z%‘i DY 7
1Pallzres + 520 5 5o 1Pillgas
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Now, using this inequality and minimizing the expression
(1 + 2)1 /2

1/2
-1
1 Pallgas + 22550 1P 113

with respect to , we get

-1

(1+X55 )2 N 1

no1 5 /2 1 ) 12 = n ) 1/2°
1Pl e + 32520 5 > i=0 1P llFra > i=0 1Bl e

dn(Ha,k) 2

which is (8.114) under the assumption that vo,v1,---,Yn—1 form a basis of X,,.

Now suppose that 9,71, -.,¥n—1 do not form a basis of X,,. Then they are linearly depen-
dent and one of the v;, 0 < j <n —1, can be written as a linear combination of the others. By
reordering Yo, V1, - --,Yn—1 W€ Can assume

n—2
Yn—1 = Z ivi
7=0

Therefore from (8.118), with j =n — 1, we get

n—2
1Pa-1 =Y j7illo < du(H") | Paci |l e
=0
Note that we have also reordered Py, P, ..., P,_1 according to the reordering of vo, V1, - - -, Yn—1-

Now proceeding in the same way as before, we get

1

-1
iz 1P |Fre s

d'ﬂ(Ha’k) Z 1/27

which implies (8.114). O

EMMA 2. There are constants § > 1 and C > 1, which are independent of n, such that

(8.123) 1Pl e < Cal/26™| Py, forn=0,1,....

Proof. Suppose n =2 is even, and consider the well-known formula

!
Py (z) = Z 21(25) 2% %7,
—

J

where
. 4 4+1  (-1)7(4 —2j)!

8.124 2(2j) = )
(8.124) 21(2)) 2 2512 — )12 —2))!
Therefore,

L (2 =2))! i

12 P (z) = 9y 2~ mesies _gq 9.

(8 5) 21 (.'L') ZO 21( J)(2 _2]-_ )! x ) Oala 32
2jis§2l
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For =2, we have

P (@) = 2(0)2)L

and hence
(8.126) |Pal2e = V2| 2(0)](2)!-
Let us assume
(8.127) a2 2 < 1 aole)

where the constant  is independent of , j, and . Then for —1 < z < 1, we have

PPl ¥ | a2 < | a1,

—9i— N =
s 25— )!
2j+s<21
and hence, using (8.126),
o 1/2
| Potll oo =Y asl Pl

s=0
1/2 '

<ay V22 +1)(+1) | 2(0)]2)

< a2 +1)*? | Pula

< Ca;l/252llp2l‘2l:
for appropriate C' > 0 and § > 1. This is the desired result for n = 2 .

It remains to check (8.127). A straight calculation using (8.124) for j > 0, 2j + < 2,
shows that

| 2oty _ 4 —2j)12)! _ @ —2) @)
| 2(0)[(2)! JTE =N -2 )N~ @)y @2-jr

fot 1 > 0,25+ < 2. Now using Stirling’s formula, we have

(8.128)

(4 —2j)! ()1 _ (4 = 2)H-2H1/2 o~ (172) (9 )21/2 o2l ooy oty
(4 )! (2 _j)! = (4 )4l+1/2 e—4l (2 _j)217j+1/2 e—(21—j)

(2 — ')2l7j
< el/129=2j i (7
<e e @)

< 61/12 (2 )72j <

€
4 — )
where = e!/'2. Using the above inequality in (8.128) we get (8.127). This proof is valid for

> 1;for =0, (8.127) is immediate.
The proof for n =2 + 1 odd is similar. O

EMMA 3. If P,(x) is the nt* degree normalized Legendre polynomial, then

2n)!
Pln=vV2n+1 ﬂ, forn=0,1,....
2nn!
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Proof. For n = 2, this result is a direct consequence of the formulas (8.124) and (8.126).
The proof for n =2 + 1 is similar. O

EMMA 4.
. -1/2
min(n,k) .
(n+ j)!
T(P,n, H*F) < aj ,
( ) = J;O J (n _ ])!

Proof. The proof is a direct consequence of Theorems 5.8 and 5.18. O

Proof of the Theorem 5.23. We first assume n < k. From Lemma 2, with n = j, we have

n n n
Y MPilFran =Y IPi e <Y CPa;6% |y,
=0 =0 i=0
Since |Pj|; < |Pp|n for 0 < j < n, we have

n n
S IR e < CPan a2 6%

j=0 7=0
2 2 52

<C ozn|Pn|n(52 —1

< 28, |Py3,

()"

where the constant = C2§2/(6% — 1) is independent of n and k. Combining this estimate and
Lemmas 1 and 3, we have

1 _ 2" n!
na?|Pal,  O"om!/2V2n+1(20)!

n!

(2n)!’

(8.129)  dn(H™*) > > Ef"a;,'/?

where E =1/ and f=1/§ < 1. Also, from Lemma 4, with n < k, we have
-1/2

!
(n+)! < a;%(Qn)!f .

(n —j)!

[N

n
U(P,n, H¥F) < Zaj
=0

Therefore, for 0 < o < 1, using (8.129) we obtain

U(P,n, HO¥) _ an”*[(2m)]5 7

1 .
(8.130) dn(HoR) =0 = Fl-ogn(i-0) (ph)i-o

Now using Stirling’s formula, we have

[(2n) )27 _ [@n)?"+he?n(2m)beti] b7
(nh)t=o = [nntae—n(2r)T|l-0

(2n)n72na'+ }1 -3 efn+2n0'

nn7n0'+§ -3 e—n+na’

_2%75 91-20 0 n 1
- no n1/4’
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where we used the fact that e'/48/(27)'/4 < 1. Using this inequality in (8.130) and the fact that
an’’? < 1, we get

U(P,n,H*) (217200 \" 1 23—z
(8131) dn(Hk)l_a- = ,81_‘77740 n1/4 El o S C( )
since, for a fixed o > 0,
) 21720'60 n 1
(8.132) i (ﬁ) o = 0
(8.131) is the desired result for n < k.
We now consider n > k. From Lemma 4, we have
k —1/2 1/2
* (n+)! 12 ((n+ R\
Using Stirling’s formula and the fact that n > k we get
2
(n —k)! Lok € —op € K
AT = < - .
n+k)l =" 2 "3
Using this inequality in (8.133), we get
k
(8.134) (P, n, HY*) < a;Pnk &

2

Now since Hfd’g C H** from the definition of n-width and Theorem 5.3 we obtain

~1/2
k nmw 2J _1/20Vn272 —4 nm —(k+D)
dn(H®®) > d (HOE) = Za, o >a, P — & :
Combining this estimate with (8.134) we get
U(P,n, H¥F) a, "*n=k ek 2=k

8.135 e
( ) dp(Hok)1=0 = (272 _ 4)%5— (pg)—(k+1)(1—0) 2k(1—0)

1= _ k
—o)2 n27r2 3 671'1 o
= e — -
k n2w2 — 4 22— o

Since 0 < 0 < 1, for k fixed, the expression

2,2 i 1 k
nmw 2 em 7
n?n? —4 22-one

is decreasing in n, and since n > k, we have

(136) X n2m2 i enl—o k_ k272 i enl—o k
: ma\ner? — 4 2-opo ) ~ \k2r2—4 P—ofo )

And, since
B2r2 \ T /el \*
lim (— 1 °r ) _
et <k27r2 - 4) (220 k") 0



we conclude from (8.135), (8.136), and the fact a;J/ ? < 1, that there exists a constant C(c)
such that

lIl('P,n,H""k)
AN )«
dn(Ha,k:)l—a = C(a),

which is the desired result for n > k. O

THEOREM 5.24. Suppose V = Hg‘dg( 1,1), where o is k-independent and satisfies o;j <

ajy1. Then, for each n, there is a positive constant C(n), which depends on n but is independent
of k, such that

U(P,n, HSF

8.137
(8137 dn(Hyg)

C(n)n*.

Proof. Consider the specific function u(z) = cos(”(””H)) € H%F where is chosen such
that [|u||o,x = 1. Then

(8.138) 2= iaj (?)j < ay i (%Q)j — o (”(27{24/):;1_—1 1. wﬂ;ki (%Z)k.

=0

Therefore,

(8.139) ®(P,n,H%E) > inf |ju(z) — ¢llo

$€S(P,n)
. w(z +1)
= £ Sl B
seif [l cos(=——) = 4llo
2 g\'? r2\* m(z +1)
>q 2 (T2 z i Y bl
Z Ok ( = ) (W> seinf leos(=——) —dllo

From Theorem 5.3 we see that

(8.140) dn(HSE) = [Z a; (

Combining (8.139) and (8.140) we get
Ha,k:
2P Hodd) 5 cnynt,
d (Hodd)

s, 1/2
where C(n) = T34 infyesp,n I cos(@) — ¢||o, which is the desired result. O

THEOREM 5.25. Suppose V = H:d';( 1,1), where a is k-independent and satisfies o; <
ajt1. Then, for each 0 < o < 1, there is a positive constant C(c), which depends on o but is
independent of n and k, such that

U(P,n, H*F)

(8.141) . odd’ < (o), fork <n.
dn(Hodq)

l-0 —

68



Proof. Using Theorem 5.3 and 5.8 we have

¥(P,n, Hyjg) _ U(P,n,VoF)

(8.142) ak 1—0 — a.k 1—0
dn(Hoéd) d”(Houid)
. —1/2
min(k,
B ZJZO( " a ET?;
- —(1-0)/2
k n2x2 J
>0 (")
S 1/2
k 2 2 J
by ] 1
B min(k,n)  (n4j) i a/27
[Ea:o i (n=3) J Ym0 i (")
We note that
& . k . n?n? k+l 1 k
n2r2\’ n2r2\’ 4 — agn’n? [ n’n?
(8-143)Zaj< 1 ) Sakz< 1 ) T T Sn27r2—4< 4 )
7=0 Jj=0 4
and
k 2 2\ J 2,2\ k
nemw nem
(8144) P 2%} < 4 ) Z 677 ( 4 )

Moreover, using the inequality (n — k)!/(n + k)! < n=2k(e/2)2¥*/7 which follows for Sterling’s
Formula, for n > k, we get

min(k,n) . k . 2k2
(n+j)! (n+j)! (n+k)! ok € ~m
8.145 Qa; = = Qa; = > > agn = .
BUE) 2 i T A Mg 2 Mk 2

Now, using (8.143), (8.144), and (8.145) in (8.142) , for 1 < k < n we have

auky 1/2 _ k
(8.146) (P, Hodd w2 =% 1
- d Ha k TL2 2 _ 2270'n0' aka'/2
odd
2 m % k
w2 —4 22—0fo

m ml=oe \*
(7‘{'2 4> Sup (W) = C(O')

IN

IN

Since

m=oe\*
lim (2 ) =
Pl (22‘7k‘7) 0,
for each 0 < 0 < 1, we see that C(o) is finite for each o, and hence (8.146) is the desired result.
O
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