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Abstract— Grassmannian frames are frames satisfying a min-  Fix d and N with N > d. Our goal is to constructN
max correlation criterion. We translate a geometrically intuitive  element unit norm frame§{é\’, with smallest maximum cor-
approach for two and three dimensional Euclidean spaceR> and relation, M., (X(JiV)’ i.e., unit norm frames that are maximally

R?) into a new analytic method which is used to classify many . . -
Grassmannian frames in this setting. The method and associated spread apart. To this end we make the following definition.

algorithm decrease the maximum frame correlation, and hence Definition 1.2. Let N > d. A sequencé]é\’ _ {Uk}iv C R4
2. > d. = Uk S C

give rise to the construction of specific examples of Grassmannian of unit ectors | N d)-Grassm ian f giti
frames. Many of the results are known by other techniques, unit norm vectors is afiN, d)-Grassmannian framé it is

and even more generally, so that this paper can be viewed as@ frame and if
tutorial. However, our analytic method is presented with the goal Ny - N
of developing it to address unresovled problems irl-dimensional Moo (Ud ) = inf {Moo (Xd >} ) (1.2)

Hilbert spaces yvhlch serve as a setting for shenca] ches, eragur \ here the infimum is taken over all unit normy-element
channel modeling, and other aspects of communications theory frames forR¢

A compactness argument shows that Grassmannian frames
. INTRODUCTION exist (see Appendix A), but constructing Grassmannian ésm
A finite frame{z;}IY_, C R?, whereR? is d-dimensional is challenging [4], [S], [6]. As is described in [2], the capt
Euclidean space, is characterized by the property thapés s of Grassmannian frames is related to several other areas of
is R?, see [1]. The norniiz|| of z € R? is the usual Euclidean mathematics and engineering, for example, packings ingsras
distance. Given a finite frame fdR¢ with N elements, we mannian spaces, spherical codes and designs, the coiwstruct
would like to measure the correlation between frame elesper®f equiangular lines, strongly regular graphs, and redootif
and in particular to decide when the correlation is small. Wesses associated with packet based communications s/stem
consider the following metric which is similar to & norm such as the Internet, [7], [8], [9].
[2]. In this paper we give an analytic construction of Grass-
L N N mannian frames iR?, whend = 2, 3. The first treatment of
DEf'QIt'qn 1. Let N > d and Ieth_ = {2k tim b.e asukj)vset this construction problem in the cade= 3 is found in [10].
of R W'E\r) each|jz;[| = 1. Themaximum correlatiorof X3°,  rhare are extensive computational and theoretical resuits
Moo (Xd ) is defined as [4] which approach this construction problem from a sphere
Ma (lev) = max |(zx, 1) - packing point of view. Tk_le relevance of such cor)stryctions
k#l was brought to the attention of the frame community in [2].

Note that because we consider the absolute value of theé\ter stating some technical preliminaries in Section Ig w
inner product rather than just the inner product, if the angfharacterize all(V, 2)-Grassmannian frames in Section IIl.
between a pair of vectors is closerdo®, then the pair is less N Section IV we state and prove a modest generalization
correlated, while if the angle is closer 6 or 180° then the ©f @ theorem, given in [2], which provides a lower bound
pair is more correlated. Thus, we are measuring the smalfef Mo (X;'). Section V is devoted to the construction of

angle between the lines (one dimensional subspaces) Sm(.:m(ﬁte3)—Grassmannia.m frarr_1es from first principles rather than

by these vectors. We could instead consider’are?, or ¢¢- Using the theorem in Section IV. Convexity arguments arel use

type norm to measure correlation, i.e. in Section VI to construct examples 5, 3)-Grassmannian
frames. In Section VII, we construct @, 3)-Grassmannian

1/p frame using the theorem in Section IV. The techniques used
My (X)) = [ D ae, z)[” : (I.1) inthe constructions of Sections V, VI, and VIl were devekbpe
k#l in part to fathom the geometrical ideas of FejedhT[10].

Our presentation is technical, and, we believe, necegsaril

. Some of the technicalities are routine, but they areidesd

since going from one step to the next without exhibiting them
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and Lemmas VI.5 and VI.6. Our notation is standard, but we A Bessel sequenceX is a frame for H if there exist
do mention that ‘== " means “implies” and “— " means constants4, B with 0 < A < B < oo such that, for any

“if and only if”. y € H,
2 2 2
Ayl <> Hyza)? < Bllyl*.
II. PRELIMINARIES neZ
In this section, we collect some definitions and theorenddus, given any frame, we have four natural mapsL*, S,
used in the sequel. andG. If the indexing setl is finite thenX is called afinite

Thetransposeof a vector or matrix4 is denoted byd”; and frame Also, if A = B then X is called atight frame or, if
the Hermitian transposef a vector or matrix3 with complex Wwe wish to emphasize the bound, drtight frame
entries is denoted bys*, the conjugate transpose &, i.e., Throughout this paper we shall use that fact that any finite
B* — B, A d x d matrix U with real entries iorthogonal set of vectors forms a frame for its span with the frame
if the columns ofU are orthonormal, i.el/7U = I,;, where bounds being the largest and smallest eigenvalues of theefra

U7 is the transpose dff and I, is thed x d identity matrix. OPerator. Since any finite set of vectors automatically fras a
If U is orthogonal, i.e.]l/ € SO, then for anyx,y € R4, upper frame bound by Cauchy-Schwarz, the fact that any finite

[Uz| = ||| and (Uz, Uy) = (z, ). set is a frame for its span is a consequence of the following
Thetorusis T», = R/(27Z). We take any fixed half-open result.

interval of length2r to be a representative . Proposition 11.2. The following three statements are equiva-
The unit spherein R? is St = {z e R?: [|z]| =1}. A |ent:

set{xy,...,zy} of unit norm vectors iequiangularif there i. {xz,}Y_, is a frame forR%;

; . nfn= ’

is ana € [0, 1] such that|(z, z;)| = a whenk # L. ii. span{z,}Y_, = R% iii. 3A > 0 such thatvy € RY,

A d x d matrix A with real entries isymmetridf A7 = A.

The spectral theorem for symmetric matrices is the follow- Al ”2 - ZN: K )2
ing, see [11]. We use it in Theorem IV.2. g = — Ys Zn
Theorem 1.1 (Spectral theorem). A d x d symmetric matrix
A overR has the following properties: [1l. TwO DIMENSIONAL GRASSMANNIAN FRAMES
i. A hasd real eigenvalues counting multiplicities. We classify all(V,2)-Grassmannian frames. The idea for

ii. The dimension of the eigenspace for each eigenvaltlee following proof is illustrated in Figure 1. In fact, inaer
X equals the multiplicity of\ as a root of the characteristic to maximize the minimum angle between pairs of vectors, the
equationdet(A — A\I) = 0. vectors we must be equally spaced.

iii. The eigenspaces are mutually orthogonal, in the SeNnse corem 111 ((N,2)-Grassmannian). Let X — XV —
that eigenvectors corresponding to different eigenvalaes {22}, be .a coIIe7ction of NV unit vectlors NR2. Thgn we

orthogonal.
iv. A is orthogonally diagonalizable, i.e., there is anhave the lower bound
orthonormal basis of eigenvectors fak. cos(m/N) < Muo (X).

We now state some basic definitions of frame theory [12furthermore, X is an (V, 2)-Grassmannian frame if and only
[3], [13], [14], [1]. Let ® be a separable Hilbert space, anif there is P € SO, and a sequencée;}_, c {+1}" such
let X = {z, :n€Z} C H whereZ is a countable indexing that
set. Consider the following map associated with the’set

, P(eX) = {P(epay) : 7 € X3’} (11.2)
L:H— (1) [ (cos(mk/N) o N
y =y, 20 e - “\ \sin(nk/N) ) " T o (e
If Lis a well-defined linear map, i.e., ¥, .7 |(y, zn)|* < o0 Proof: Let §; = (1,0)T and lets, = (0,1)7. Since
for any y € H, then L is a Bessel mamnd X is a Bessel |(z,y)| = |(x,—y)|, we note that changing the sign of any
sequenceThe adjoint of L is the map xr € X does not effect the value oM. (X). Thus, by
* .2 changing the sign om; when necessary, we may assume
L*:2(I) = H f . .
xp € {v € S*: (v,02) > 0}. Also, since rotations preserve
{c[nl}, ez — Zc[n]ﬂfw inner products, applying a rotation to all the vectorsXn
nel does not effectM . (X). Thus, rotating by—¢, where¢ =
If L is a Bessel map, the correspondingme operatoris the minj—i, .. xcos™'({zx,4d1)), and reordering if necessary, we
map S : H — H defined asL* L. Thus, for anyy € H, may assumer; = 6, = (1,0)”, and
S(y) —I* (L(y)) _ Z <y7$n> T 1> <l‘2,$1> > <$3,.’E1> > ... > <J,‘N,.’171> > —1. (|||2)
nel Fork = 1,...,N — 1, let 6, be the angle betweem;

As suchy =3, (y,x,) S~ x,. The Grammian operator and zx,1, and letfy be the angle betweemy and the
is the mapG : ¢*(Z) — (*(Z) defined asG = LL*. Both S negative z-axis, i.e., 0, = cos™! ((zry1,2)) and Oy =
and G are positive, and hence self-adjoint operators. cos~! ((=81,2y)), see Figure 1 for an example whah= 6.



Let v = ag,,., and, forj = 1,..., N, define the

sequencedy; as

151 — - ak'm

% ag; +5- forj=1,...,m,
1l % i Br; =S ok, — 5 for j =m +1,
Q; forj=m+2,...,N.

0.5

1 Now the new set,

2 5]91 :ﬁkz :"':61%” S/Bk'rn+1 S"'Sﬁkz\m
o * ¥ X ) has a strictly larger minimum angle than the original sinme f
j=1,...N,
. 14
st 1 i o = agy < tg = Br, < ;-
-15 = o5 0 o5 1 15 We see that the originaks do not maximize (I11.3). So by

contraposition we have that if thes maximize (111.3), then
they must all be equal. Finally, if is the common value,
thenY»_ ax = Na = , and thereforex = 7/N. Thus,

7/N > ming—; . n 0k, and therefore

Fig. 1. An example of the reordering induced by the inequsitn the inner
products in (111.2) forN = 6.

Then, because of the above reorderidg, > 0 for k£ = cos(m/N) < COS( min 9K> = My (X).
1,...,N,andYr_, 6 = 7. Thus, forl <1<k < N, N

PR

Next we prove that anyN, 2)-Grassmannian frame is, up

k-1 to a sign change, the firé{ adjacent vertices of a regulan -
g, an)| = |eos | Y05 ||, gon. If X is an (N, 2)-Grassmannian frame, then, using the
7=t above argument, we see that we can chosg c {+1}"
k-1 and P € SO, so that the frame
where _ min 0, < 0; <m—0On.
k=1,...N—1 - P(eX) = {P(erxy) : 71 € X}

is in the closed upper half plane with one of the vectors being

Furthermore| cos(#)| has a maximum o), 7| atd = 0, and (1,0)"; and

6 = w, and|cos(6)| is monotone decreasing df, 7/2] and
monotone increasing ofr /2, ]. Hence,

[RRRE)

M (X) = Moo (P(eX)) = cos (k_I{linN 9k> ,

k—1
Moo (X) = max |cos 29_ where ;. is the angle between theth and (k + 1)st adja-
e oy l J
=

cent vectors inP(¢X) (reindexing may be necessary). Since
an (N, 2)-Grassmannian frame minimizes the-correlation
Cos( min 90‘} M (X), the above argument also shows tiat= ... =
k=L V=1 Oy = w/N. Therefore, the angle between adjacent vectors in
cos ( min 9k>‘ . P(¢X) is /N, and we have proved the forward direction of
k=1,..,N the equivalence.
To show the reverse implication we note that if

= max {|cos (mr—6n)],

Therefore, in order to minimizéM .. (X) we must choose

N positive numbersyi, . .., ay which sum tor and which P(eX) = {(CQS(Wk/N)) k=1, .,N},
minimize |cos(ming—1__x )|, and, hence, which maximize sin(mk/N)
the expression then
k_qlinNak. (n.3) Moo (X) = Mo (P(eX))
] ) o = cos( min Hk) = cos(m/N).
Now we claim that ifay,...,ay maximize (Ill.3) then k=1,..,N
ap = ... = ay. We prove this implication by contraposition,jence, X is (IV, 2)-Grassmannian since it achieves the lower
i.e., assume it is not the case that= ... = ay. Then there poynd. Q.E.D.

isanm € {1,2,...,N — 1} so that if we lista; < ... < ay
by size, then only the first: are equal, and them +1)stis  Notice that forN odd, if we change the sign on the théh
strictly larger than thenth, i.e., roots of unity below the real axis, then we obtain the frame
described in the above claim with, = 1, i.e., with all vectors
Uy = gy = oo = Ok, < gy Soe S Qe in the upper half plane, and a common anglerdN between



adjacent vectors. Hence foF odd, theNth roots of unity are 06 ‘ ‘ _
(N, 2)-Grassmannian. Furthermore, fdreven, theNth roots
of unity do not form an(N, 2)-Grassmannian frame because osy
¢ and —( are bothNth roots. If we identify( and —¢ then
we obtain an(/N/2, 2)-Grassmannian frame.

0.4

0.3f

IV. A LOWER BOUND FORM

02f Xx=3
It is more difficult to construct a Grassmannian fram&ih
for N > 3 than inR?. Thus, we first derive a lower bound il /
for the maximum correlation between frame elements of an ol
N-element frame folR?, see [2], [15] for superb treatments, U
although we have felt compelled to spell-out all detailsctsu ) 10 20 0 40 s e 70

lower bounds are useful in coding theory [16], and we first
learned of them in [2].

. . o,
The proofs of the following lemma and theorem are found® 2 The functionf(z) = cos™(r/z) — 555 Ty on[2,70]
in Appendix B.
Lemma IV.1. Let H,, be then x n matrix with 1 on the main
diagonal and3 elsewhere, and le€,, be then x n matrix HENCE,
defined by 1 z \2
() >0 < sin(2r/z) > — < > .
o 2 p =00 Azl
"7\ [H,)i;, otherwise, For z € [3, 6],
where[H,,); ; is the (4, j)th entry of the matrix,,. Then Sm( > - £ 9 > 1 ( x )2
det(H,) = (14 (n - D)1~ 4" (V) 2ot
and sof(x) is increasing forz € [3,6]; and, sincef(3) = 0,
and we have thatf(z) > 0 for x € [3,6]. Furthermore, forr €
det(Cy) = B(1— )", (V2) [6.00), 42 > & (5% . Also, sin () > 22 if and only
Theorem IV.2. Let N > d, let X}’ be an N-element subset it o
of 541, and letdy = dim (span (X}')). Then = sin L (22) <27.172.
N N —d, Thus, f(x) is increasing forz € [3,27], and, hence, it is
Moo (X3') = do(N —1) (IV.3) greater that zero on that same interval. We also note that for
x>1,
where equality holds irflV.3) if and only if 1 1 z \?2
a. xY is equiangular, and _ om Som\zo1) -
b. xY¥ |s a tight frame for its span with frame bounds
A=B= Further,sin (22) < ;L when
do T T
Furthermore, if N > (d“ , then X% is not equiangular, 2
hence equality cannot hold |ﬁV3) T2 sin— 1 (%) > 39.310.

Remark: Theorem IIl.1 shows thatMa. (X2ZIVV) 2 Hence f is decreasing on the intervali(, ~), and since
cos (m/N), while Theorem V.2 showsMo (X37) >y, f(z) = %, we have thatf(z) > % for 2 € [40,00).

,:% Using standard calculus techniques, we can shdwinally, we check thatf” < 0 on the interval[27,40] and
t

at the equality in Theorem 1.1 is an improvement over thé(27), f(40) > 3; thus, f(z) > 4 on [27,40]. In summary

bound in Theorem V.2 for allV > 3. Let we have shown thaf( ) > 0 on (3,00) and thatf(z) > 1

z—9 on 27, 00). Therefore,
f((E) = COSQ(’]T/ZL') — ﬁ
T —
. _
(see Figure 2), so that cos (N) = 2(N — 1) for N >3,
f(z) = T sin <2_7T) S and we see that Theorem Ill.1 is an improvement over Theo-
z? x 2(z — 1) rem IV.2 in the casel = 2, see Table I.
and In light of Theorem I1V.2, we make the following definition,

g 2w (7 or\ | . (2w 1 Definition IV.3. Let N,d € N with d < N < %D | gt
Fiw)=—5 | ;o8 +sin + (z—1)3" X7 ={x}_, be a frame foR? with ||z = 1. We call



N  Optimal bound  Bound from Theorem Ill.1

=,/ % cos(m/N)
3 0.5000 0.5000
4 0.5774 0.7071
5 0.6124 0.8090
6 0.6325 0.8660
7 0.6455 0.9010
8 0.6547 0.9239
9 0.6614 0.9397
10 0.6667 0.9511
TABLE |

IMPROVEMENT OF THE OPTIMAL BOUND DERIVED INTHEOREMIV.2 FOR
THE CASE OF (N, 2)-GRASSMANNIAN FRAMES.

N  Optimal bound  Grassmannian bound

N-3 :
=/ 3N=D) = min Moo (X2V)
3 0 0
4 0.333 0.333
5 0.4082 0.4472
6 0.4472 0.4472
TABLE I

BOUNDS FORN-ELEMENT FRAMES INR3 WITH POTENTIAL OF BEING
OPTIMAL GRASSMANNIAN.

XY an optimal Grassmanniarframe if XV satisfies (1V.3)
with equality, i.e.,
N —d

Moo (X7') = AN=1)

In R?, sinced = 2 andd(dT“) = 3, only frames with\V = 2

consider the fact that th&-norm is convex() is convex, and
C' is the set of extreme points @j.

Lemma V.1. Leta € R?, and let{vy, v, ..., v} C RY. Set

d
Q= a—l—Zsjvj:sj € [0,1]
j=1

d
C= a+25j1}j:5j€{0,1} ,

j=1

and choose: € C such that|c| = max {||¢] : ¢ € C} where
l=1,...,2% Then, for any € Q \ C, |lv|| < ||||.

Lemma V.1 is used in the proof of Lemma V.2.

Lemma V.2. Let {b,y1,y2,y3} C S* If [(b,y1)], [(b,y2)l,
and [{b,y3)| are not all equal, then there is a constructible
c € R? such that

max {[(b,yr)| : k =1,2,3}

c
> max{’<—,yk>
llell

Furthermore |( ey 1) | = | (i 12)| = (i o)

Proof: Case 1.{yi,y2,y3} C S? is linearly dependent.
Then there isu;, as, a3 € R? with at least one (actually two)
ay # 0 such that

(V.1)

:kj:l,2,3}.

aiyr + azy2 + asys = 0.
Thereforedim (ker Y') > 1, whereY is a3 x 3 matrix with
columnsy;. Hence,dim (spanY’) = rankY < 2. We can
choosec € (spanY)", so that

)

VE—1,2,3 <b,yk>|>o=‘<ﬁ,yk>

and N = 3 elements can be optimal Grassmannian. Sinééce by assumption we know that th, y:)| cannot all be

cos(m/2) =0=/(2—2)/(2(2 — 1), andcos(r/3) = 1/2 =

V(3-2)/(2(3 1), both (2,2)- and (3,2)-Grassmannian

equal, and hence cannot all equal zero.
Case 2.{y1,y2,y3} C S? is linearly independent.

frames are optimal. The same phenomenon does not happek@h?” be the3 x 3 matrix whose columns arg;. Theny™”
three dimensions. Table Il lists the Grassmannian boundtwhi$ invertible. Letcy, ..., ¢, be the columns of the following

will be proven below and the optimal bound f&r = 3,4, 5, 6,

(the only Ns with the possibility of being optimal). By
inspecting Table Il, we notice th&s, 3)-Grassmannian frames
,3) and (6, 3)-Grassmannians

are not optimal, whil€3,3), (4
are optimal.

V. (4,3)-GRASSMANNIAN FRAMES

In this section and the next two, we shall derive the bounds, = (YT)71 1| = (YT)71

for three dimensional Grassmannian frames with= 3,4, 5

and 6. First note that ifV = 3, and if X is any orthonormal
basis forR?, then0 < M, (X) = 0. Hence, any orthonormal

basis is Grassmannian and, in facf, is trivially optimal
Grassmannian.

3 x 4 matrix product
o e
{01 c2 c3 04} =" |11 -1 1], (V2
e 11 1 -1
see Figure 3. Notice that
1 -1 1 1
1) 4+ |—-1| + 1
1 1 1 -1
=cC2 +c3+c4.
Let ¢ € {e1,...,ca} have the property that|c| =
max {||c1||, ..., |cal|}. We now show that this procedure of

Next considerN = 4. We need the following two lemmasmatrix multiplication followed by taking the maximum gives

which are necessary to rigorize Fejeéti’'s ideas in [10].

rise to a vectorc € R3 which satisfies the conclusion of

In particular, Lemma V.1 is intuitively elementary when wé.emma V.2.



Fig. 3. An example showing the pointscy, & = 1,...,4, and their
relationship to the vectorg, , y2, y3. Note,y2 lies on the plane with vertices
{c1,c2,—c3,ca}.

Forj =1,2,3, definev; = cj41 — c1, and, set

Q

3
c1 + ZSj’Uj 185 S [07 1]
j=1

and
3

C= 61+Z€j1}j:€j€{0,1}

j=1

Identify a point inC' with a vector(ey,e9,3). For example,
if (e1,e2,e3) = (1,0,1), thenw c1 + v1 + vg. Observe
that sincec; = ¢y + c3 + ¢4, We have the following bijection
betweenC and {£c;, +co, tc3, 24 }:

(0,0,0) «— ¢
(1,0,0) «— Co
(0,1,0) «— 3
(0,0,1) «—— ¢4
(1,1,0) «— —c4
(1,0,1) «—— —c3
(O7 1, 1) — —C2
(1,1,1) «— —ci.
In particular,||c|| = max {||¢'|| : ¢ € C}.

Now, if

H={veR: |[(v,ys)| <1fork=1,23}

ie., <y1,02> = -1, <y2702> = 1, and <y3702> = 1, and
similarly for the otherc;.
Q C H: Letv € @. Then

3 3

(i) = (e ) + D sy (inued| = |1+ Y 55 (v, 00)

Jj=1 Jj=1

whereas

1-1,
—1-1,

if k=7,
if k7.
Thus, [(vj, yk)| = |1 — 2s,|, and sos;, € [0,1] implies that
1 —2s, € [—1,0], and, hence|(v,,yx)| <1

H C @Q: Equivalently, we prove the inclusiof) c H¢
of complements. Let ¢ Q. First, v1,v9,v3, are the images
of (=2,0,0)7,(0,-2,0)7, (0,0, —2)T, respectively, under the
transformation(YT)_l. Hence,{v, v, v3} is a basis foiR3.
Thus, there are unique elements s,, s3 € R? such that —
C1 = S1V1 + S2v2 + S3V3, i.e.,

(v, Uk) = (cjt1 — 1, Yk) = {

V=1 + S1V1 + SoVy + S3V3.

Because of the uniqueness of thgs, v ¢ @ implies there
is a jo € {1,2,3} such thats;, ¢ [0,1]. Now, |(v,y;,)| =
|1 — 2s;,|, and so s;, ¢ [0,1] implies

1—2s;, € (—oo0,—1) U (1,00).

Thus,|(v,yj,)| > 1, and sov ¢ H. Therefore, we have proven
HCQ.

We complete the proof of Lemma V.2 as follows. For the
set{b,y1,92,y3} C S, let

(0, yk, )| = max {[(b, y1)[, [(b; y2)| , [(b, y3)[}
and set\, = (b, yx,). Then, for anyk = 1,2, 3,

<ﬁ >‘ _ Gyl 1o ym|

Y Yk )| = > =
Ab |<b7 ykb>| |<ba ykb>‘
and so% € Q. Now v € C implies that the elements of
{[{v,yx)| : K =1,2,3} are all equal. By the contrapositive of
this implication, we see that the assumption that the elésnen
of {[(b,yx)|: k =1,2,3} are not all equal implie% ¢ C.
Thus, we have showrﬁ’; € Q\ C. Therefore, by Lemma V.1,

|; and, hence) € S? implies

1
o bl = H

we haveHAiH <|le
b

L
|Ab]

We conclude that

b

<lc|| -
| < et

max {[{b,yr)| : k =1,2,3} = |\p]

ax{ <i,yk>’ k= 1,2,3},
el

> — =m
el

then@ = H. To see this, we check both containments, but 3nq so Lemma V.2 is proved. Q.E.D.

first note that (V.2) withj = 2 implies

-1 e -1
YTCQ = 1 - ngQ = 1 R
1 ydes 1

We can now prove the following theorem.

Theorem V.3 ((4,3)-Grassmannian).Let U =
{u1,ug,u3,us} C S? C R3.If U is (4,3)-Grassmannian,



then U is equiangular, i.e.|{ug,u;)| = 8 € [0,1] whenever

k£ 1.

Proof: We show the contrapositive of the above impli- i
cation, viz., we prove that it/ is not equiangular, then there
is a 4 element seX C S? such that osl

Meo(X) < Muo(U).

Hence,U does not have minimal maximum correlation, and
therefore it is not(4, 3)-Grassmannian.

SupposeU = {uy,us,us,us} IS not equiangular. Then
there is anm; € {1,2,3,4} such that, ifkq, ko, k3 are the
remaining indices, we have

max{|<u77l1auk1>| ) ‘<um1auk’2>| ’ |<um17uks>‘} = MOO(U)

and
[y s Wiy )| s [{Umy s ko )| 5 | (U, » uig )| @re not all equal. o5l

Applying Lemma V.2 withd = wu,,, and {y1,y2,ys} =
{up, , u,, ur, }, there isc € R? such that

maX{KumNuki) Z = 172a37} -05}
> max{‘<c,uk,i>‘ 1= 1,2,3,}.
el
Let z,,, = H_EH see step 2 in Figure 4. Since we have only I 05 o o5 N

moved the point,,, to x,,,, the remaining correlations are
unaffected since they do not involvg,,,. Thus

Moo (U) = max {[{(tm,, ur, )| : 1 =1,2,3,}
1=1,2,3,} =1 a. (V.3)

> max {|{Tm,, uk,)

Now either Moo ({Zm, s Uky » Uk, Uky }) = v, OF there is an of
mo € {1,2,3,4} \ {m1} such that ifmy,j;,jo» are the
remaining indices, then

Moo (U) = max {[{wmy, wji )| s [(umy, ugo) |} (V4)

and

[(Ums s Ty )| 5 [ (Winy s uj1>| ) |<u’m27uj2>| are not all equal,
(V.5) W}

where (V.5) follows from (V.3). In this case we apply Lemma
V.2 10 b = uy, and {y1,y2,y3} = {uj,,uj,, Tm, }. Thus,
there is ac’ € R? such that

max {[(tmy s oy )| 5 [{Umas wj) |5 [y s ;) [}

= max{|<umz>uj1>‘ ) |<um27uj2>|} “osl
c c c
>ma"{‘<||c’||’x/’”*> ’ <||c"“J’1>H<||c/||’“j2>’}'
Let z,,, = 1%y, See step 3 in Figure 4. Thus T R

o Fig. 4. An example of the four steps in proving Theorem V.3. Anber next
Moo (U) = max {[(tmy wjy )| 5 [{ngs wjn) [} to an edge represents the inner product of the two boundantspof the

> max{|(xm2,xm1>| ) |<$m2’uj1>| ) ‘<$m2’uj2>|} (V6) edge.

!
=l Q.



Therefore, (V.3) and (V.6) imply | (wa,ws) (wa,wa) (ws,wa) |

case 1 @ @ «a impossible
Mo (U) case 2 —a « a a = 1/\/5
3| - - =1
s widls (@m0 josod| B S Db/ e
> max ‘<mm2’ mml)l ) |<xm2’ uj1>| ) (V-7)
[(Tmas s TABLE IlI
= max {a, '}, FOUR MAIN CASES IN THE PROOF OFTHEOREM V.4.

becausej, j2 € {k1, k2, ks3}.
So either Mo ({@m,, Ty, wjy, uj, 1) = max{a, '} or

else Moo (U) = |{ujy, uz)| Therefore, we have

In the latter case, (V.6) implies that
|<uj17uj2>‘ ) ‘<U‘j17mm1>| ) |<Uj1,l‘m2>‘ are not all equal, wy = (0,0, 1)T
and so we apply Lemma V.2 tob = w;, and 5 T
{y1,92,93} = {wjp: @y, ¥, }. Thus, there isc” € R w2 = (V1= a%0,0)
such that ws = (3,3, )"
wy = (24,y4,)7. (V.10)

max [y T )| 5 ({05 Tma) |5 [ (g, w,) [}
= [(uj,, uj, )| We now have four cases (see Table IIl) where both case 2 and
3 have three subcases which, by relabeling, can be reduced to

> max ‘<HgTH’$ml> ' <m’xm2> ’ (V.8) the considered case.
ﬁﬂ‘j»’ ' ' Case 1 Fork = 3,4, (ws,w;,) = a implies
/" a—a? 11—«
. _ , =279 a2 V.11
I(\?;;;Z;]d (V”8C,,|¥mapr:3 let X = {Z,, Ty, Tmg, Uj, b Then Tk N “ira (V.11)
Then (V.11) an 2 =1 impl
2
|<xm37$m1>|a |<xm37xm2>|7 <xm3auj2>|7} —:l: M
> max Yr = 4/ . (V.12)
{|<l’m2,l‘ml>|, |<$m2’uj2>|7 |<$m17uj2>| I+«
= M (X). In addition, (V.11) andws, w4) = a imply
a(l —«
Q.E.D. Yz s = ol —a) (V.13)

1+«

Next we show that if a four element set is equiangular thé&ombining (V.12) and (V.13), we have
the vectors are parallel to the diagonals of a cube or to four 9
1+a—2a a(l —a)

of the diagonals of an icosahedron. = — 222 +1=0
1+« 14+«

Theorem V.4. If uy,uz,uz,uy € S% and |{ug, ;)| = o for — acC\R;
k,le{l,...,4} with k # [, then

hence, case 1 is impossible.

o Yoras b Case 2.Now (ws, ws) = o implies
3 \/5 o — 042
Proof: Since sign changes and rotations do not effect T3 = Vi—a? (V.14)
inner products, letP be an element ofSO3; which rotates q imoli
ui 10 63 = (1,0,0)T. Fork = 1,2, 3, 4, let and (ws, wy) = —o implies
; —a—a?
€ = S1gn <P$k753>7 Ty = ﬁ7 (V.15)
and let @ € SOz so that@ fixes d3 and @) rotates and (V.14), and (V.15) imply
erPxo to the positivexz-plane, i.e.,(Qe, Pxo,d1) > 0 and
(Qe Py, 8,) = 0. Then, fork # [, Ys - ys = Q. (V.16)
2 .
o = [{up, w)| = (erQPus, c1QPw)| = [(wy, w;)], Then, (V.14) and|ws||” = 1 imply
2 _
wherew;, = £,QPus. By the choice ofs;, for k = 2,3, 4, y2 = _20f-0-1_ Qo+l 1), (V.17)
we have a+1 a+1
o = |(wy, wi)| = (03, wy) and (V.15) and|w,|®> = 1 imply
i i — 202 —1 200 — 1 1
so that the third component afy, is o. Also, 0 = {0y, ws), =2 ta—-1_ (Q2a—-1)(a+ ). (V.18)

andw, € S2, so that the first component af; is V1 — 2. a—1 a—1



Finally, (V.16), (V.17), and (V.18) imply There is the following relationship between extreme pgints
convex hulls, and convex sets, [20].

1
—a?=2a+1)20-1) = a=+—.
“ (20 +1)@a—1) “ V5 Theorem VI.2. A nonempty bounded convex sefRifi is the

Sincea is assumed to be positive, we have proven case 2.60nvex hull of its set of extreme points.

Case 3.For k = 3,4, (w2, wy) = —a implies We need the following two convexity propositions to prove
Lemma VI.5, which in turn is used to prove Lemma V1.6, the

2
—a — 1 . . .
T = a7a2 = -7 i i (V.19) key lemma for computing théb, 3)-Grassmannian bound in
Vi-a? @ Theorem VI.7.
2 .
Then (V.19) andjwy|[” = 1 imply Proposition VI.3. Let N > d, letY = {y1,...,yn} C
2= 202 +a—1  (2a—1)(a+1) (v:20) Sd-1 ¢ R4, and assumepan(Y) = R%. Let
k - — . .
a—1 a-—1 Q={veR: [(v,y)| <1, fork=1,...,N}

Hence, (V.19) andws, wa) = o imply and letC be the set of extreme points @f Then

a—3a? Vo1 a. ) is a bounded convex set,
Ys o= —_" " (V21) b it 4y € C then there are at least! distinct integers
Combining (V.20) and (V.21), we have ]fl"";ikd € {L,..., N} such that|(vo, yi,)| = 1 for i =
200 — 1) (a + 1 o — 3a? ’”_.7 , < (M)2d )
( az(l ):_yz:yym: o c.card (C) < (4)2¢ < o0
1 Under the same hypotheses of Proposition VI.3 we have the
- a= iﬁ’ following result, whose proof is in Appendix C.

Proposition VI.4. Let N,d,Y,Q, and C' be as in Propo-
sition V1.3, and letc € C have the property thaf/c| =
max {||c'|| : ¢ € C}. Then, for anyw € Q \ C,

and sincex is positive, we have proven case 3.
Case 4This is the same as case 3 except thaf, ws) = «
and (V.19) imply

ala+1 [oll < lell -
gy ya = 2ot D), (v.22) | | o
a—1 Following the basic geometric idea in [10], we can reduce
Combining (V.20) and (V.22), we have the correlation of a given frame. The following lemma regair
_(2a “D@a+1) L, ala+1) the previous propositions as well as Theorem IV.2.
a—1 T YT YT T T Lemma VI.5. LetU = {b,y1, 2, y3,y4} C S% C R3, and let
0 1 a = M (U). Assumg (b, y1)| < o and |(b,y2)| < . Then
“= 3 there exists: € R? such that
and we have proven case 4. c B
Therefore, the theorem is proved. Q.E.D. ‘<||C||’y’“> <a fork=1,234
: Lemma VI.6. Let U = {u,...,us} be a (5,3)-
1 _ 1 s Wh 9
By Theorgm V4, a”‘?' smc% > 3, We see that thed, 3) Grassmannian frame, and let = M, (U). Then for any
Grassmannian bound I}§ which is also seen to be optlmalj, there are distinctjy, ja, j5 € {1,...,5}\ {j} such that

by inspection.
[(uj,uj )| =a fork=1,23.

VL. (5,3)-GRASSMANNIAN FRAMES Proof: We prove the contrapositive. By relabeling if
We first introduce some ideas from convex analysis, [17)€cessary, without loss of generality, assug, u2)| < o
[18], [19]. and [(uy, u3)| < a. We use Lemma V1.5 to construct a new

setW for which M (W) < «. This showsU is not (5, 3)-
T2 € Grassmannian.
First, letb = w; and{y1,...,y4} = {ua,...,us} and apply

Definition VI.1. A set A ¢ R" is convexif for any z,
A, and for anyX € [0, 1],

Az1+ (1= N)axg € A. Lemma VI.5. Then there is & € R? such that
A point z € A is anextreme pointof A if wheneverz = ’<C—1,uk> <a fork=2345.
Azy + (1 — N)zo, where0 < A < 1 andxy, 22 € A, then llea
r =1 = z2. Given a setd C R, the convex hullof A is Second, consider the st:= {uy,...,us}. We have two
cases
Hull(A ’ . .
ull(4) Case 1.There existjo, ko € {2,3,4,5} with jo # ko, for
m U which |(uj,, ug, )| < o
= Z Ajj Z)‘j =14 >0,z;€ AmeN,. For ease in notation, by relabeling if necessary, we assume

J=1 j=1 jo = 2 and ky = 3. In this case, we can apply Lemma
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VL5 with b = ug and{y1,...,y4} = {“—1 ug, Uy, u5}, and We seek to find a contradiction. Without loss of generality,

llenll

constructe € R3 such that the setting can reduce to the following general position by
using rotations and sign changes as in Theorem V.4:
C1 C2
T <« _ T
’< lleal]™ [lezll >‘ uz = (0,0,1)
uz = (V1 —0a2,0,a)"
max{‘<c—2, Uk>’ k= ?),4:7 5} < Q. Ug, Us € {p17p27p37p4} )

ezl where

produce a frame with a strictly smaller value M . In fact,
since‘<i u3>‘ < o fori = 1,2, we letb = uz and

lleall”

T
2 2
{yl,...,y4} = {m,l‘(i—;”,U4,U5}. Then, by Lemma VI.5, = [ +/1 = a2cos (g) V1 — a2 Sin( ﬂ—) ’a> ,

there is ac; € R such that

T
’< c3 ’ Ci >’<a fori—1.2, Dy = a\/lJra \/(1204)(1+a) N
llesll ™ fle:l 1—a’ l—a
4 4 T
c3 =(v1—-a2cos|— ),V1—a?sin|—),a]| ,
max —— ur )| k=4,5p < a. 5 5
[les
Finally, apply Lemma V1.5 one last time to= u, and \/1+a \/(1—2a)(1+a) )T
—Q — «
1—a’ 1—a ’
C C Cs
{yla"'ay4}:{ ! 2 2 u}v

el Tleall” Tresll ™ 4 4 T
= (x/l — a2 cos (—g) .V 1 —a?sin <— W) 7a> ,

ini i T
Now we can apply Lemma VI.5 to the remaining points and —a [(1+2a)(1-a)
P1=\|« ) 1+a )

b3 =

and obtainc, € R? for which

Cq C; .
— — )| <a fori=1,23, T
‘<|c4|| ||cz~||>‘ by af_av‘wma)(l_a)’“)

and 14+«

4 27 21 T
||C4H’u5 <. :(\/1—a2cos<—g>,Vl—azsin(—?)ﬂ) .

Thus, if we letW = { ¢ e ca c_j”’%}, then, by Therefore, if

Texll Te2ll” Tesll> Te .

construction, for anyi,j € {1,...,4}, i # j, we have cos(2m/5)  —sin(2m/5) 0
‘<C—, C—1>‘ <a and‘<c—?,u5>‘ < a. Hence, A= {sin(2r/5)  cos(2m/5) 0O

eall* Teall lfe:ll 0 0 1

Moo(W) < a= My (U), andpy = ug, then

and soU is~ not (5, 3)-Grassmannian. This finishes Case 1. Ak(po,pl,pz,ps,m) = (pa(O),pa(1),pa<2)7pa(3)7pa(4)),

C_ase 2.U is equiangular. o wheres(n) = (n+ k)( mod 5).

SinceU has four elements, Theorem V.4 implias=1/3 If we set3 = |(u1,us)| < o, then, by changing the sign of
ora =1/v5. If a=1/3, then set uy if necessary and sincéu, || = 1, we may assume

T
6:max{‘<”2—1”,uk>‘ :k:2,3,4,5}. uy = (\/1—62cost0,\/1—ﬁ2sint0,ﬁ) ,
1

i for some fixedty € [—7, 7). Hence,
Thus, by construction of;, we haves < % and o€l )

1 1 [z, uz)| < o (V1.1)
My ({”2—1”} UU) :max{g,ﬁ} =3 — ‘\/1—@2\/1—52C08t0+aﬁ‘ <«
—a 1+7 o 1-p

whereas Theorem IV.2 wittv = 5 andd = 3 implies < costy <

TP i

1 Cl} N) 1

— <M ({77 VU | =+, 1 /1— 1 /1

NG <{||c1|| 3 e cos ! [ 2128 o < cost [ <1 [ LB
. 2\ 1+0 2
a contradiction.

Thus, o = %; and |(uy,u;)| < o for k = 2,3,4,5, and 7(8) ~2(8)
(w, u;)| = a for k # j andk, j € {2,3,4,5}. (V1.2)
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Fig. 6. Ten intervals oril2, corresponding to the pointsy = w3, and

Fig. 5. Top figure is the functions — ~1, bottom figure is the function P1,---;P4-

%(’yg — 7v1). We can see that the original function is strictly incregsin

We observe that

br — 2 if B =q,
nB =95 _ 2
{51—5237 |fﬁ:O,

Ln _An - if 3 = q,
Y2(8) = { 157, 5;,7 .
Dr=2r if B=0,
and that;5 (v2 — 1) (8) > 0 for 5 € (0, ), see Figure 5.
Thus 5T < 45(8) — 11(8) < %%, wheng € [0, ).

Hence, for a fixeds € [0, @),

6m

Y2(B) <m(B) + 15

and, fork = 1,2, 3,4, we have

a > |<U1,pk>| = |<Aiku17Aikpk>|
= (A7 u1,po)| = (A ur, us)]
where
A Ry, = ( cos (to - ?) )

VI
v/1— [32sin <t0 - @> 7ﬁ)T.

5

Therefore, by (VI.2),

a > [(ur,pr)| <= n(B) <

o — 275”“‘ < 2(8), (VI.3)

assertion can also be seen since

71(8) < to—% <72(8)
— (8 <|to— 22| < () + 7
= to € [y +ek,y+e(k+1))
Py,
U[—v+elk—1),—y+ck)

Ny,

wherey = v1(3), e = 2F, andk = 0,1,2,3,4. Thus,U}_ Py
is a disjoint cover ofT, \ [y—¢,7), andU;_, Ny, is a disjoint
cover of Ty, \ [-y +¢&,—7). Hence,t, can be in at most two
of the ten setd’., N,..

Now by assumption,|{ui,us)| = [{ui,po)] < «a
Also  |(u1,us4)] < o, and |[(uj,us)] < « where
ug,us € {p1,p2,ps,pa}. Thus, (VI.3) implies ¢y lies
in three of the ten intervals represented in Figure 6, a
contradiction. Consequentl§, cannot be equiangular. Q.E.D.

Finally, using Lemma V1.6, we have the following result.

Theorem VI.7. If U C S? C R? is (5, 3)-Grassmannian, then

_ 1
M (U) = N
Proof: Let « = M (U), and consider the graph
whose vertices are, ..., us;, and whose edges are defined

as follows: for any pair of points,,, u; € U with k # j, an
edge connects;, andw; if and only if |(uy, u;)| = . We call
the number of edges emanating from a verigx the degree
of uy, denoteddeg (uy). Then Lemma VI.6 implies that

ideg (ug) > 23 = 15.
k=1 k=1

for k = 0,1,2,3,4. These inequalities define ten intervalSince each edge connects two vertices, the sum of the degrees

on the torusTs,. If we plot these ten intervals ofiy,, we

must be an even number. Thus, at least one vesterust

note that no set of three of them overlap, see Figure 6. THiave degree 4, i.e., there isjaec {1,...,5}, such that
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1

[uj,u;,) = a for i = 1,...,4, where {j1, j2,j3,ja} = Proof: Seta = —=, and consider the sét” with vertices

{1,2,3,4,5}\ {;j}. By relabeling if necessary we may assume

[{(u1, ur)| = a for k =2,3,4,5,

%I

m,o,a>
(o )
J

T
e _\/ 142a)(1—a) N
1+a’ 1+« ’ ’

and

[(ug, ux)| = o for k = 3,4.

Furthermore, we can reduce to the general position used in
Theorem V.4, i.e., assume

U1:(0 0,1)T :(a
= Vl_ 2a05 T T
e ) T * . 1+« (1-2a)(1+a)
usz = (23,3, Q) = |-/ T ol o,
Ug = ($4ay47 )T .
us = (5,y5, )" . vy — _a\/1+067_\/(1—2a)(1—|-a)7a
11—« 1—«

We have two cases.
Case 1.[(u3,u4)| = o Note that£WW are the twelve vertices of an icosahedron. For
Then the subsel = {Uhuz, us, us} is equiangular, hence k -£ |, we compute (wy,, w;)| = \/_ Furthermore, by Theorem

Theorem V.4 impliesy = 3 or 7 However, justasinlLemma |2 if (7 is a 6 element subset &2, then

VI.6, a = 1 implies that

1 1 6—3 _L_
——MOC(U)gﬁ, Moo (U) > —3(6—1)_\/5_M°°(W)'

! ThusW is a (6, 3)-Grassmannian frame. Q.E.D.

and soa =
Case 2. \(ud,u4>\ <o
Then since each vertex must be of degree 3, we have thaNotice the(6, 3) Grassmannian arrangement is so good that
[{(us,us)| and |(uq,us)| each equalsx. Thus, if we remove when one removes a vector from it, it remains Grassmannian,
the absolute values, we have the following equations: and when one removes two vectors from it, it is still a
local minimum of M. In [4] Conway, Hardin, and Sloane
have found that there are other instances of this in higher
(ug,us) = Fa,  (ug,us) = Fa. dimensions, particularly when the symmetry group of the
This gives2? = 16 possible cases. Of these 16 cases, 7 le#@me has a large number of elements.
to contradictions, and the remaining 9 fall into 5 types; but

(ug,u3) = ta, (ug,ug) = ta,

each implies thatis, u4, us are three of the four points APPENDIXA
T
N 1-« \/(1 +2a)(1 —a) N We show that Grassmannian frames exist. First, we define
1+a’ 1+« L A the function

T
< \/1—|—a \/(1_2a)(1+a) ) Fr8tlx x84 0,1]
—« a:t , & ) v
1l —« 11—« N times

_ N
which are the positive endpoints on the remaining 4 diagonal @i, an) = Mo (fondiz)
of an icosahedron. Hence in each case; 1/v5. Q.E.D.  Next we check thalf is continuous onX := R? x ... x R

(N times). Consider the norm o defined by
The (5, 3)-Grassmannian frame is the flrst example of a

non- opt|mal Grassmannian frame si 6 Hence, by N

Theorem V.2, thg5, 3)-Grassmannian frame is the first three H{mk}deX - Z el

dimensional example of a Grassmannian frame which is not k=1

tight. let {z}}1_, € X be fixed, setR — 1 = max;, {||=]}, and

Iet € > 0 be given. ClearlyR > 1. Choose$ such that
<< V“;{’l, i.e., R%25%2 + 2R < e. Then, whenever

‘ yk}k Lz 1“ < ¢, we have that, for every ¢

{1,..., N},

VII. (6,3)-GRASSMANNIAN FRAMES

The (6,3)-Grassmannian bound can be calculated as
consequence of Theorem IV.2.

Theorem VIL.1. If U = {uy,...,us} C S? is (6,3)-

Grassmannian, then

N
i — x| < — x|l = N_ — Iz N_ < 4.
Mao(U) = 1/V5. I =51l < 3l = [y = il
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Therefore, for eacly, there is ana; € R? with |lo;|| < § and
such thaty; = x; + «;. Thus,
det(Chpq1) = Bdet(H,) —npdet(C)
.- o) = fla..o aw)] = B+ (0= DA = B~ nd*(1 - g
= max {[{wx, 2)| + {2k, 0] + [{on, )| + e, o)} — (8- 41— p)"

har @k, 2} this is P(n+1), and so the result follows by induction. Q.E.D.

< max{[{(rg,x T a a x a o
< max {[{w, 2)| + ol ol + fowll il + o]l floall} Proof: [Proof of Theorem v.2]

*I}Clifﬂ(ﬂ?k,l?lﬂ} a. First, we prove the inequality (IV.3). Since thé x N
5 Grammian matrixG' is symmetric, the spectral theorem ap-

< Iﬂif{‘<x’f’ )|} +2R8 + RS — e {¢@r, z0)[} plies, and s@ hasN eigenvalues\; counted with multiplicity

— 9R§ + RS2 < -. and ordered by size, i.e\; > Ay > ... > Ay. Furthermore,
sincerank(G) = do, only the firstd, of these eigenvalues are
Hence,f is continuous on the compact s&t~! x ... x S9! nonzero. Hence,
(V times), and sof achieves its absolute maximum and ) N N

absolute minimum on this set. Thus, we know tHaf, d)-

Grassmannian frames exist for any > d. Next V\i?e mglst DAk =TraceG =) (o an)| = ) 1=

check that ifU}’ solves (1.2), therlU} is a unit norm frame =
for R?, but this a tautology since, by compactndsg; is one Now setey = A\, — %. Then
of the frames over which we are taking the infimum.
do do N N
APPENDIXB kz_le’“_’;<)"“_d_o) _N_dod_o_o’
Proof: [Proof of Lemma 1V.1]
We proceed by induction. Le®P(n) be the statement and so
do do 2
det(H,) = (1+ (n — 1)8)(1 — B)"" SN = <ﬁ + k)
do

and k=1 kdzl . .

n—1 0 2 0 0

det(Ch) = AL =A™ — %JFZ—NZekJrZei
Forn =1, H, =1 andC; = §, and sodet(H;) = 1 and k=1 0 0 k=1 k=1
det(Cy) = f; this is P(1). N2 D , _ N?
Next assumeP(n). Using the cofactor expansion of the Ay + Zek = €
determinant, we first note that thd, 1)-cofactor of H, 1 k=1
and Cp1 is det(H,). Also note that forj = 2,...,n+ 1, with equality if and only ife, = 0 for k = 1,...do, i.e., if
the (1, j)-cofactor of bothH,, 1 and ;.41 is and only if\, = 2% for k = 1,...dy. Next, the eigenvalues of
G? are\? > \} > ... > A%, so that ifg is the kth column

_1)1+d ()
(=1)7 det (B" ) ’ of G, then by matrlx multlphcation we have

WhereB,(ﬂ') can be defined recursively as N2 do )
BT(LI) _c. g Z ¢ = Trace(G”) ng Jk (B.1)
BY) = BU~YD for j=2...,n+1, N N
5G-1) i« pG-1) . =D ok a).

and whereB,/” " is B;/” " with the jth and(j — 1)st rows =1 1=1

interchanged. Sincéet is multilinear, interchanging a row
changes the sign of the determinant. Hence

(=)' det(BY)) = —det(C,) forj=2,...n+1.

Since G is symmetric,|{xy, x;)| = |(z;, k)|, SO that by B.1
we compute

N N
2D lowsai
n+1 <33k,331 ? +Z ek, w)]? +Z| Ty, 1)

2

I /\

Using the induction hypothesis and the cofactor expansien,
compute

det(H,q1) = 1-det(Hy,) + Y (,6’- (=1t det(BﬁLj))) k=l k<l k>l
j=2 — + 2 Z | T, {L‘l
— det(H,) — nBdet(C) o
=1+ (n-1)p)(1-B)" " —ng(1-p)"" <NV -D

2
5 Iggfﬂ@k’wz)l }-

= (1+nB)(1-p)(1-p)""" (B.2)



Therefore, solving for thenax in (B.2), we have

N —d,
< Mo (XD (B.3)
do(N —1)
For future reference we note thdt> d, implies d(N 1) <
d(f\(’NdO) Hence, (IV.3) remain true when we repladewith
dy < d

b. Next we prove that equality holds in (IV.3) if and onlydim(V) =

if XV is equiangular and is a tight frame for its span.

(=) Suppose Moo (X3) = \/awn™y
becomes
ii| (xg,x)|” = N7
k> l — 7
k=11=1 do
which implies from (B.1) that
d
ZO)\2 — N_2
k=1 do

-

Then (B.2)

and, as we saw above, equality in this sum implies that

Nfork_l

.,dp. The frame bounds foKd are the Iargest

and smallest nonzero eigenvalues, and hetice N/dy =

and soX}' is a tight frame for its span.

To see thatX)' is also equiangular, we notice that (B. 2v1 a

glves
N2

N+23 o)l = -,

k<l

and, hence,

N(N —dyp)
2dg '

D Nk, @) =

k<l

—d

Our assumptionnaxy.; |(zx, z;)|” = s

forany k # [,

N —dy
do(N —1)
whereey; > 0. Thus (B.4) is

— &€kl
o)

N(N—do):Z N —dy
2d, do(N — 1
k<l

e

k<l

[k, )| = — €kl

Therefore,) ", _, ex, = 0, and, since the;,; are non-negative,

0)-

(B.4)

|mpl|es that,

D ek

k<l

we can assert that,; = 0 for & < [. Also, sinceG
is symmetric,e;, = 0 for all k& # [, and henceX} is
equiangular with) (zy,, z,)|* = 725%.

(«<=): Now assumeX' is equiangular and is a tight frame

2. Then there is an

= « for k& # I. Now since
.,do, and zero otherwise.

for its span with frame bound = B =
€ [0,1], such that|(z),z;)|*

XN is tight, A, = é\’ for k = 1

Hence (B.1) and (B 2) |mply

N2 &,
2N
k=1

k=11=1

ZZK%JOF =N+ N(N -

1.
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Thus, solving fora we see that equality holds in (IV.3).

c. Finally, to prove N > @ implies XY is not
equiangular, we prove the contrapositive using Lemma V.1
and the following argument, cf., [21]. Assundé} is equian-
gular. Let P, : R — R? be the projection ofr onto the
line spanned byry, i.e., Pro = (x,xy)x,. Let V be the
vector space of symmetric linear mappingé — R?. Then
U4t " and the map-,-) : V x V — R given by
(C, D) = Trace(CD) is an inner product of’. Since X} is
equiangular, there is am € [0, 1] such that(xy, z;) = +« for
k # 1. Furthermoreq = 1 implies N = 2, since the elements
of XV are assumed to be distinct and of unit norm. Thus, for
d > 2, we haveN = 2 < 3 < %D Therefore, we may
assumex € [0,1). Now,

1 if k=1
P- P _ 2 — )
< k> l> <'Tkaxl> {042, if k’;él
Hence, the Grammian of the sgP;,... Py} C V is
1 if k=1
Gl = [(Pg, P, =<7
(Gl = [(Pr, P}, {a{ it k21,

where[G]y ; is the(k, )th entry of the matn)G Thus, Lemma
pplies withG = Hy and 3 = a?. Consequently, if
a €10,1), then

detG = (14 (N —1)a®) (1 —a®)N "' £0.
Therefore,G is invertible and has full rank. Finally, since

rank(G) = rank(S) = N, we have that

N = rank(G) = dim (span{P,..., Pn})
1
< dim(V) = @_
We have proved that if X)¥ is equiangular, then

N < d(d + 1)/2; and so, by contraposition, we have
proven the result. Q.E.D.

APPENDIXC

Proof: [Proof of Proposition VI.4]
Let v € Q\ C. Then there is a\ € (0,1), and there are
x1,x2 € Q with 21 # x5 such thatv = Az; + (1 — N)ao.
Consider the functiorf : R — R defined by
) = Az + (1 = Mz

We first verify thatf is uniformily continuous ofR. Lete > 0
be given, and choosk< m Then, for all\y for which
A — Xo| < 4, we have
[f(A) = Qo)
[Az1 + (1 = N)az|| = [[Aoz1 + (1 = Ag)az|

S H)\.Tl —+ (1 — )\).ZQ — )\Oxl — (1 — )\O)JQH

= [[(A = 2o)(z1 — z2) |

= |A = Aol |1 — a2

<O|xy — x| <e.



Now setg(\) = f(M\)% Theng()) is also continuous ofR
and it is the parabola,

g = Ay + (1= Nz
= N [la]* 4+ 200 = A%) (w1, 22) = 2(1 = A) [|lz2]*.
We compute
g(\) =2\ |21 — @2|® + 2 (@1 — 2o, 25) ,
so thatg’(\) = 0 at

<I1 —$2,I2>

oy — zaf®

Furthermore, for all\ € R,

g"(\) = 2|z — x| > 0. (C.1)

Hence g attains a minimum ak.., and for all\ # \,, we have
g(A) > g(A.). Now if we restrictg to [0, 1], theng achieves
its maximum and minimum of0, 1]. Thus, if A, € [0, 1], then
by (C.1) and the fact thaj describes a parabola, we have

g(A) = g(A\s)

min =
Ae(0,1]

and

nax, g(A) = max {g(0),9(1)};

and if A, ¢ [0,1], then

Jmin 9(A) = min {g(0), g(1)}

and

max 9(A) = max {g(0), g(1)} -

(1]
(2]

(3]
(4]

(5]
(6]

(10]
(11]
[12]
(13]
[14]
(18]
[16]

(17]

(18]

[19]

In either case the maximum af occurs at one of the end[20]

points. Furthermore, at interior pointg,is strictly less than
the maximum value.

Now since ||[v]® =
implies

loll* = g (Ao)

< max_g(\) = max{g(0),¢(1)} = max
Ae(0,1]

g (o) for some ), € (0,1), (C.1)

2 2
{11 sl }

Thus, we have shown that
veQ\C = 3Jxe @ such that|v| < |z
and, hence,
veQ\C = |lv]| <sup{|z[: z € Q}. (C.2)

@ is a bounded closed set so that, by continuity|df,
the supremum in (C.2) is achieved @h whereas (C.2) also
shows that this supremum is not achieved@n C. Thus,

sup {[|z| : # € @} = sup {|[z[| : z € C} = [|c].

Therefore, for anyv € @ \ C we have |v
sup {[l[| : = € Q} = ¢| . QE.D.

<

[21]
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