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Introduction

These lecture notes cover the course “Numerical Linear Algebra” (MA398) given in the autumn
term 2004 at the University of Warwick. The notes are partially based on lecture notes written
by Andrew Stuart for ealier courses.

What is numerical linear algebra? Of course, we consider the same problems which are
considered in a linear algebra course. But this time the focus is different. We are interested in

e solving large problems by using a computer
e considering speed and stability of the algorithms

These large problems occur for example when continuous problems are discretised or in image
analysis. Throughout the lecture we will address three main problems.

SLE (simultaneous linear equations): given a matrix A € C™*™ and a vector b € C", find
x € C™ with
Az =b.

LSQ (least square problem): given a matrix A € C™*™ and a vector b € C™ (m > n), find
x € C™ which minimises the distance

|[Az —b].

EVP (eigenvalue problem): given a matrix A € C"*" find z € C", A € C with

Axr = x with x #0.

The lecture is structured as follows.

Chapter 1 (Linear Algebra) will start by summarising a few results from linear algebra and
provide some basic theoretical tools which we will need for our analysis.

Chapter 2 (Complexity of Algorithms) introduces measures for the cost to perform a given
algorithm and illustrates this by analysing a few simple problems.

Chapter 3 (Stability and Conditioning) examines how much the solution of a linear problem
can change when the problem is slightly perturbed, for example in the presence of rounding
errors.

Chapter 4 (SLE) compares several algorithms to solve systems of linear equations. We will
consider both the stability and the cost of these algorithms.

Chapter 5 (LSQ) introduces the least squares problem and discusses several algorithms to
solve it.

Chapter 6 (Iterative Methods) introduces another set of algorithms to solve systems of linear
equations: iterative methods only give approximate solutions but can be both faster and more
stable than the methods presented in chapter 4.

Chapter 7 (EVP) explains algorithms to find eigenvalues of large matrices.



All of this is meant to deal with really big matrices. Where do these matrices come from?
As mentioned above these occur e.g. in the area of discretised continuous problems. This is
illustrated by the following example.

Example. We want to numerically solve the following problem: given a,b € R, find a function
f:0,1] = R with f”(x) =0 for all z € [0,1], f(0) = a and f(1) =b.

Of course this problem only serves as an illustration. It can easily be solved analytically
(question to the reader: what is the result?). But there are similar problems (for example in
the two-dimensional case) where direct solution is no longer feasible and the numerical approach
becomes practical. The methods used there are exactly the same as the ones presented in this
example.

The idea is to discretise the problem: for k¥ = 0,...,N and N € N let 2, = k/N. We
consider the finite set {xg, z1,...,zy} instead of the interval [0,1] and we consider the vector
(f(z0), f(21),..., f(zn)) instead of the function f.

What should we do about the derivative 7 Using the Taylor formula we find that for large
N the approximation

flor_1) —2f(zx) + f(@ry1)
(1/N)?

J' (xg) ~ forallk=1,....N -1 (0.1)

holds. This leads to the following system of N + 1 linear equations:

f(xo) =a
N2f(xp_1) —2N2f(xg) + N2 f(zp1) =0 fork=1,...,N—1
f(.Z’N> :b.

Since we used the approximation (0.1) the result will not be exact, but if we choose N large
enough the approximation gets better and we can hope that the result is close to the exact result.
To solve this problem we need to be able to deal with large systems of linear equations.

As mentioned above this example is very simple and only serves as an illustration, but more
interesting examples lead to the same kind of linear equations. You can learn more about this
in courses about numerical solution of partial differential equations.

The course gives only an introduction in the topics of numerical linear algebra. Further
results can be found in many text books. The course is based on the following books: the books
of Lloyd N. Trefethen [TB97] and James W. Demmel [Dem97] give a good introductions into
the Topic. J. Stoer and R. Bulirsch [SB02] give a more theoretical presentation of numerical
analysis, which also contains results about numerical linear Algebra. The book of Roger A. Horn
and Charles R. Johnson [HJ85] is a good reference for theoretical results about matrix analysis.
Nicholas J. Higham’s book [Hig02] contains a lot of information about stability and the effect of
rounding errors in numerical algorithms.



Chapter 1

Linear Algebra

The purpose of this chapter is to summarise a few results from linear algebra and to provide
some basic theoretical tools which we will later need for our analysis.

1.1 Vector Norms and Inner Products

Definition 1.1. A wvector norm on C" is a mapping || - ||: C* — R satisfying
a) ||lz|| > 0 for all z € C™ and ||z|| =0 iff z =0,
b) |az| = |a|||z| for all & € C,x € C™, and
¢) =z +yll <[zl + [ly] for all z,y € C".

Examples:

e the p-norm for 1 < p < oc:

i /
lelly = (S layl) " v e e

j=1

e for p = 2 we get the Euclidean norm:

ez =

o for p =1 we get
n
lzlly = la;| Vo e

j=1
e Infinity norm: ||z||c = maxi<;<n |z;]

Definition 1.2. An inner-product on C™ is a mapping (-, -): C" x C"™ — C satisfying:

a) (z,z) e RT for all z € C" and (z,z) =0 iff z =0
b) (z,y) = (y,z) for all z,y € C"

¢) (z,ay) = alz,y) for all a € C, z,y € C™.

d) (z,y+2) = {(x,y) + (z,2) for all z,y,z € C"



Example. The standard inner product on C™ is given by
(w,y)=> Ty,  Vr,yeC (1.1)
j=1

Remark. Conditions c¢) and d) above state that (-, -) is linear in the second component. Using
the rules for inner products we get

(x+y,2) =(x,z) + (y,2) forall z,y,z € C"

and
(ax,y) =a(zr,y) forallaeC, z,y e C".

i.e. the inner product is anti-linear in the first component.

Definition 1.3. Two vectors z,y are orthogonal with respect to the inner product (-, -) iff
(z,y) =0.

Lemma 1.4. Let (-, -): C* x C™ — C be an inner product. Then ||-|: C* — R defined by
loll = Vima)  veec
18 a vector norm.

Proof. a) Since (-, -) is an inner product we have (z,z) > 0 for all z € C", i.e. /(x,z) is
defined without problems and positive. Also we get

|z] =0 <= (z,2) =0 < z=0.

b) We have

laz|| = V{az, az) = /aalz,z) = |a] - ||z]|.
¢) Note that the proof of the Cauchy-Schwarz inequality

[z, )| < llzllllyll  Va,yeC”

only uses properties of the inner product. So we can use it here even before we know that || - ||
is a norm. We get
|z +yl* = (z +y,2 +y)
= (z,2) + (z,y) + (y,2) + (Y, y)
< )l +2[¢z, y)| + llyl®
< )1 + 2]zl 1yl + llylI>
= (lell +lyl)*  Vay e Cm.

This finishes the proof. (|

We write matrices A € C™*" as

ail a2 e QAin
as1 a9 e a9on
aml Am2 ... Gmn

Definition 1.5. Given A € C™*" we define the adjoint A* € C"*™ by A* = (a_ﬂ)” (For
A e R™™ we get A* = AT)



Using this definition we can write the standard inner product as

(z,y) = 2"y.

Definition 1.6. A matrix Q € C™*"™, m > n, is unitary if Q*Q = I, i.e. if the columns of Q)
are orthogonal with respect to the standard inner-product. (If Q € R™*" satisfies Q1Q = I, we
say that the matrix @ is orthogonal.)

A matrix A € C"*" is Hermitian if A* = A (for real matrices: symmetric).

A Hermitian matrix A € C™**" is positive-definite if x* Az > 0 for all x € C™ \ {0} (positive
semi-definite for > 0) .

Remarks. 1) Unless otherwise specified, (-, -) will denote the standard inner-product (1.1).
The standard inner product satisfies

(Az,y) = (Az)"y = 2" A"y = (x, A™y)

for all z,y € C".
2) If A € C"*™ is Hermitian and positive-definite, then

(r,y)a = (x,Ay)  VYr,ycC"

defines an inner product and

lz]la = V{x,2)a Vo e C"
defines a norm on C".
1.2 Matrix Norms
Definition 1.7. A matriz norm on C"*™ is a mapping || - [|: C"*" — R with

a) A >0 forall A€ C™" and ||A|| = 0 iff A =0,

¢

)

b) [lad| = |al||A] for all a € C, A € C**",
) | A+ B| < ||A|| + || B]| for all A, B € €™
)

d) ||AB]| < ||A||||B]| for all A, B € C™*™.

Remark. Conditions a), b) and c) state that || - || is a vector norm on the vector space C"*".
Condition d) only makes sense for matrices, since general vectors spaces are not equipped with
a product.

Definition 1.8. Given a vector norm || - ||, on C™ we define the induced norm || - ||, on C"*"
by

(| Azl
Al|y = max

for all A € C™*™,

Theorem 1.9. The induced norm || - ||, of a vector norm || - ||, is a matriz norm with
[l[m =1

and
[Az|[o < |Allm||2]lo

for all A € C™"*" and x € C™.



Proof. a) ||A||;m € R and ||A||,, > 0 for all A € C™*™ is obvious from the definition. Also from

the definition we get

lAllm =0 <~
<— ||Az|l, =0Vz #£0 <= Az =0V #£0 < A=0.
b) For « € C and A € C™*" we get

odl, - JallAz],

aAl|m = ma = = |al||A
c) For A, B € C™*" we get
A B
A+ Bl = max Az + Ball
w20 |zl
< o 142+ B3l
20 ]|
[ Azl I Bl
< max max = || Al|m + || Blm-
R P

Before we check condition d) from the definition of a matrix norm we verify

I v v
1] — e 12l _ e Nl
2 el R [l
and 4yl _ |l Az]
Yllv Z||v
| All = max > va € €™\ {0}
Tolo = Nl

which gives
[Az|lv < [[Allm|z]ls Vo €C™

d) Using this estimate we find
|ABz]|.

]|

< e 1ALl Bl
o el

1AB m = max

= [[Allm | Bllm-

O

Usually one denotes the induced matrix norm with the same symbol as the corresponding

vector norm. For the remaining part of this text we will follow this convention.

Recall that x € C" is an eigenvector with eigenvalue \ € C of a matrix A € C"*" if

Ar=Xxr and =z #0.
Definition 1.10. The spectral radius of a matrix A € C"*" is defined by
p(A) = max{|A| | A is eigenvalue of A}.
Theorem 1.11. For any matriz norm || - ||, any matriz A € C"*" and any ¢ € N we have

p(A) < A% < A"

(1.3)



Proof. By definition of the spectral radius p(A) we can find an eigenvector x with Az = Az and
p(A) = |A\|. Let X € C™*" be the matrix where all n columns are equal to . Then we have
A*X = XX and thus

IASNIX N = [AX ] = XX = XD = p(A)* )X

Dividing by || X|| gives p(A)* < ||A?||. The second inequality follows from property d) in the
definition of a matrix norm. O

Definition 1.12. A matrix A € C"*" is normal if A*A = AA*.
Lemma 1.13. A € C"*" 4s normal iff it has n orthonormal eigenvectors, i.e. eigenvectors
L1y..-3Tnp with <$i,$j> = 51']' fO'I‘ all ’L,] = 17 ey n.
Theorem 1.14. If A € C™*" is normal, then
p(A) = |Al2=|Allz  VLEN.

Proof. Let z1,...,x, be an orthonormal basis composed of eigenvectors of A with corresponding
eigenvalues A1, ..., \,. Without loss of generality we have p(A) = |A].
Let x € C". Then we can write
n
Tr = Z QT4
j=1

and get
n
lzl15 =" lay .
j=1

Similarly we find

Az =Y "o;)\z; and [|Az]? =) |oyA[%

Jj=1 Jj=1
This shows

Azl (0 lainl?)
[l]|2 B (Z?:1|aj|2)1/2
< (W)W
B Z?:l |a; 2

= M| =p(A)  Vregn

and consequently || A|l2 < p(A4).
Using theorem 1.11 we get

p(A)" < [ A2 < [JA]15 < p(A)
for all ¢ € N. This finishes the proof. O

Similar methods to those used in the proof of the previous result yield the following theorem.

Theorem 1.15. For all matrices A € C"*" we have
|All2 = v/p(A*A).

With the previous theorems we have among other things identified the matrix norm which
is induced by the 2-vector norm. The following theorem explicitly identifies the matrix norm
associated to the infinity-norm.



Theorem 1.16. The matriz norm induced by the infinity norm is the maximum row sum norm:
n
[Alloc = 1?%’%2 |ai;].
j=1
Proof. For x € C" we get

|Az]| oo = Jmax |(Az);] = max Za”z]

1<i<n

< max anznm

which gives

A n
H xHOO < max Z |aij|
[#lloe ~ 1sisn =

for all 2 € C" and thus [|Aljec < maxi<i<n Y5 |aijl-

For the lower bound choose k € {1,2,...,n} such that

1@%; gl = 3 |

Jj=1
and define z € C" by x; = ay;/|ax;| for all j =1,...,n. Then we have ||z|. =1 and

|Az|lo  MAXi<i<n Y5y Gij ey

ES . 1

Al 2

This is the required result. O

Exercises
1) Show that the matrix norm induced by the || - ||;-norm on C” is the mazimum column sum
norm

1<j<n

n
[All: = max Z|%‘|-
=1

2) Show that ||A|lmax = max; ; |a;;| for all A € C™*™ defines a vector norm on the space of

n X n-matrices, but not a matrix norm.
3) Let A, B,C € C™*" with A = BC. Show that

[ Allmax < [[Blloo | Clmax

and
[[Allmax < [|B[max[|Cl1-

10



Chapter 2

Complexity of Algorithms

In this chapter we learn how to analyse how long it takes to solve a numerical problem on a
computer. Specifically we are interested in the question how the cost to perform an algorithm
depends on the input size.

2.1 Computational Cost

The computational cost of an algorithm is the amount of resources it takes to perform this algo-
rithm on a computer. For simplicity here we just count the number of floating point operations
(additions, subtractions, multiplications, divisions) performed during one run of the algorithm.
A more detailed analysis would also take factors like memory usage into account.

Definition 2.1. The cost of an algorithm is
C(n) = number of additions, subtractions, multiplications and divisions

where n is the size of the input data (e.g. the number of equations etc.).

The following definition provides the notation we will use to describe the asyptotic compu-
tational cost of an algorithm, this is the behaviour of the cost C(n) for n — oo.

Definition 2.2. For f,g: N = Nor f,g: Rt — R we write

g9(z)

g(x) = O(f(:c)) if liﬂsgpm < 00,
o) = (f() i Tmint 5 >0

g9(@) =O(f(x)) if g(n)=9Q(f(z)) and g(z)=O(f(2)).

Example. Using this notation we can write 5n? + 2n — 3 = 9(n?), n? = O(n?) and n? = Q(n).

Standard inner product algorithm.
input: z = (z1,...,2n), ¥y = (Y1, -, Yn)
output: s = (z,y)

1: s=0

2: fori=1,...,ndo

3: S =S5+ x;Y;

4: end for

5: return s

Theorem 2.3. The standard inner-product algorithm on C™ has computational cost C(n) =
O(n). Any algorithm for the inner product has C(n) = Q(n).

11



Proof. The standard inner-product algorithm above has n multiplications and n additions, i.e.
C(n) =2n =0(n).

Sketch for the proof of for C(n) = Q(n): Since each of the products z;y; is “independent” of
the others, we have to calculate all n of them. O

Remark. Giving a real proof for the lower bound in the above theorem would require a detailed
model about what an algorithm actually is. One would for example need to be able to prove
that “guessing” the result in just one operation and returning it, is not a proper algorithm. We
avoid these difficulties here by only giving “sketches” for lower bounds.

Theorem 2.4. The standard method for C™*" matriz-matriz multiplication satisfies C(n) =
O(n?). Any method has C(n) = Q(n?).

Proof. Denote the rows of A € C"*™ by aj,...,a; and the columns of B € C"*" by by,...,b,.
Since
(AB)”:afbj for all i,j:L...,n
we have to calculate n? inner products. Thus the asymptotic computational cost is C(n) =
n?0(n) = O(n?).
Sketch for the lower bound: we have to calculate n? entries of the resulting matrix and thus
C(n) > n?. O

2.2 Analysis of Matrix-Matrix Multiplication

In theorem 2.4 there is a gap between the order ©(n?3) of the standard method for multiplying
matrices and the lower bound (n?). The purpose of this section is to show that there are
actually algorithms with an asymptotic order which is better than ©(n?3).

For A, B € C"*", n even and D = AB write

A A Bi1 Bio D11 Dqo
A= B = D =
<A21 A22> ’ <B21 B22) ’ <D21 D22)
where A;;, Bij, D;; € C"/2*"/2, Then we have

D11 = A11Biy + A12Bay
Dy3 = A11Bio + A12Boo
Dy = A1 B11 + A2 Bay
Doy = Az1 B + A2 Bas.

The above method calculates the product of two n x n-matrices using eight multiplications
of (n/2) x (n/2)-matrices. There is another way to calculate the entries of the matrix D, which
looks more complicated at first but only uses seven multiplications of (n/2) x (n/2)-matrices. It
will transpire that this fact can be utilised to get an asymptotically faster method of multiplying
matrices. Using

Py = (Ay1 + Ap)(B11 + Ba2)
Py = (A1 + Az) By
P3 = Ay1(B12 — B)
Py = As(Bo1 — B1)
Ps = (A11 + A12)Bao
Ps = (A21 — A1) (B1 + Bi2)
P; = (A1a — As3)(Ba1 + Baa)

12



we can write

Du=P+P-FP+DP
Dypy=P+ P
Doy =P+ P
Dyy = Py + Ps — Py + Ds.

Algorithm (Strassen Multiplication).
input: A, B € C"*" with n = 2" for some k € Ny
output: AB € C"*"

1: if n =1 then

2:  return AB

3: else

4:  calculate P, ..., P; (using recursion)
5: calculate D11, D12, D51 and Doo

6 return D

7: end if

Remark. Recursive algorithms of this kind are called divide and conquer algorithms.

Using the Strassen-multiplication we can calculate D with 7 multiplications of § x 5-matrices
and 18 additions of § x g-matrices. Thus we find
C(n) = 7C(n/2) + 18n?/4. (2.1)
Lemma 2.5. The Strassen-multiplication has computational cost C(2%) =7 - 7% — 6 - 4% for all
k € No.
Proof. For k =0 we get C'(2°) = C(1) = 1.
Assume the claim is true for £ € Ny. Then
C(2M1) = 7C(2%) + 18n2 /4
=7(7-7F —6-4%)
=7-7F (7.6 —18)4"
=7.7"1 6. 4R
Now the claim follows by induction. O

Theorem 2.6. The Strassen-algorithm for matriz-matriz multiplication has asymptotic compu-
tational cost C(n) = ©(n'°e27).

Remark. We will prove the theorem for n = 2¥, k € Nq. If n is not of this form we can extend
the matrices: choose k € No with 2% > n > 28~1 and define A, B € 2" *2" by

= A 012 st B 012
A = B =
( 021 020 )’ ( 021 Og2 )

where 019 € C”X(Qk_"), 021 € C(ij")m and 015 € C"~M*(2"=n) are zero-matrices of appro-
priate size. The product of A and B may again be written in block form:

-~ AB 019
AB =
( 021 Oa2 >

Thus we can find the product of the n x n-matrices A and B by multiplying the 2% x 2*-matrices
A and B with the Strassen-algorithm. Since we have n < 2k < 2n, the extended matrices are at
most double the size of the original ones, and because (2n)® = ©(n®) for every a > 0 the result
for n = 2% implies C(n) = ©(n'°827) for every n € N.

13



Proof. (of the theorem) Let n = 2¥. Then we have

Tk _ 2103;2(7’“) _ gklogy 7 _ (2k)10g27 — ploga7

and
4k = (2’“)2 =n2.

Using the lemma we get
C(n)=7-7"—6-4% = Tn'°s27 _ 6. n? = O(n'°&27),
This finishes the proof. (|

Theorem 2.7. If there is a method to multiply n X n-matrices with asymptotic computational
cost O(n®) for some oo > 0, then it is also possible to invert n x n-matrices with cost O(n®).

Proof. Let A € C™*"™ be invertible. The proof consists of three steps.
1) As in the previous theorem we can restrict ourselves to the case n = 2* for some k € Nj.
If n is not of this form we extend the matrix: choose k € Ny with 28 > n > 251 and define the

matrix A € 02" *2" by
e A 012
A=
( 021 122 )

where 015 € C"*(2"=") and 041 € C2*~")*" are zero-matrices and I, is the (2% —n) x (28 — n)-
identity matrix. Then the inverse of this matrix is

A-1— A7 01
021 Joo
and we can invert A by inverting the 2* x 2*-matrix A. Since ©((2n)*) = ©(n®) the asymptotic

cost is unchanged.
2) Since A is invertible we have

¥ (A*A)x = (Az)* Az = || Az||2 > 0
for every x # 0 and thus A* A is positive definite and therefore invertible. We can write
A7l = (AT A) A

This allows us to invert A with cost C(n) = D(n) + O(n®) where D is the cost of inverting a
Hermitian, positive definite matrix and O(n®) is the cost for matrix-matrix multiplication. So
we can restrict ourselves to the case of Hermitian, positive definite matrices.

3) To determine the cost function D let B be Hermitian and positive definite:

By Bis
B =
(szBzz )

where the Bj; are § X -matrices. Let S = Bas — B’fQBl_llBlg. A direct calculation shows that

g (B + B BuST BBy —Byy BiaS
-S~1B:, B C '

(This formula for B~! is called Schur complement.)
Exercise: show that By; and S are invertible.
This method to calculate B! needs 2 inversions of £ x Z-matrices (namely of By; and of

S), a products of § x F-matrices and b sums/subtractions of § x F-matrices where a and b are

2 2 2"
independent of n. This shows that

D(n) < 2D(n/2) + O(n®) + O(n?)

14



where O(n®) is the cost for the multiplications and O(n?) is the cost for the additions and
subtractions.
From theorem 2.4 we already know a > 2, so we can simplify the above estimate to

D(n) <2D(n/2) + cn®
for some constant ¢ > 0. With an induction argument (see exercise 4 below) one can conclude

D(2") < (25)°

1—21-a

and thus we get
D(2%) = O((2%)%)

for £ — oo. This finishes the proof. |

Exercises
1) Let (i) f(n) = n?[1 +sin(n)] and (ii) f(n) = n + n?. In each case, which of the following
are true:

f(n) = 0OQ);

e f(n) =0(n);

o f(n)=0(n?);
o f(n)=Q(1);
o f(n) =9Q(n);

f(n) =6(n?).

2) Show that the standard method for matrix-vector multiplication has asymptotic compu-
tational cost C'(n) = ©(n?).
3) Show that the matrices S and Bj; in the proof of theorem 2.7 are invertible.
4) Show by induction that D(1) = 1 and
D(n) <2D(n/2) + en®
for some constant ¢ > 0 implies

D(2F) <

for all k£ € Ny.

15



Chapter 3

Stability and Conditioning

Rounding errors lead to computational results, which are different from the theoretical ones.
The methods from this chapter will help us to answer the following question: How close is the
calculated result to the correct one?

3.1 Conditioning

Definition 3.1. A problem is called well conditioned if small changes in the problem only lead
to small changes in the solution and badly conditioned if small changes in the problem can lead
to large changes in the solution.

For this chapter fix a vector norm || - || and a matrix norm || - || which is compatible with the
vector norm, that is which satisfies

1Az| < [|A]l - ||« forallz € C*, A € C™*™.
This condition is for example satisfied when the matrix norm is induced by the vector norm.
Definition 3.2. The condition number k(A) of a matrix is the number

71 . . . .
H(A):{HAHHA | if A is invertible and

400 else.

Remark. We always have ||| = [|[AA™!|| < ||A]||| A~} = x(A). For induced matrix norms this
implies x(A) > 1 for every A € C"*".

Example. Let A be real, symmetric and positive-definite with eigenvalues
)\max:)\lZ)\QZ"'Z)\n:)\min>O-

Then we have ||All2 = Amax. Since the matrix A~! has eigenvalues 1/)\q,...,1/\, we find
lA=Yl2 = Amin and thus the condition number of A in 2-norm is

Amax
K(A) = 2%

)\min
Lemma 3.3. Let Ar =b and A(z + Az) = b+ Ab. Assume b # 0. Then

| ab]
[

Proof. If A is not invertible the right hand side of the inequality is +0o and everything is clear.

Otherwise we have
ol = [|Az|| < [|Allll|l (3.1)
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and
AT'Ab= (z 4+ Az) — A 'b=2+ Azx — 2 = Az

Therefore we get

[Az|| _ JATTAD] _ [[AZH]I]AD] _py [1AY]
- < <At
] ] [l 161l
where the last inequality is a consequence of (3.1). O

The previous lemma gave an upper bound on how much the solution of the equation Ax = b
can change if the right hand side is slightly perturbed. The result shows that the problem is well
conditioned if the condition number x(A) is small. Theorem 3.5 below gives a similar result for
perturbation of the matrix A instead of the vector b. For the proof we will need the following
lemma.

Lemma 3.4. If A € C"*" satisfies || A|| < 1 in any induced matriz norm, then I+ A is invertible
and

I+ A~ <@ —[ap
Proof. With the triangle inequality we get

2] =[[(I + A)z — Az
<N+ Azl + || — Az||
<+ A)z| + A=

and thus

(I + A)zl| > (1~ [|Al) ]|

for every x € C". Since this implies (I + A)x # 0 for every x # 0, and thus the matrix I + A is
invertible.
Now let b # 0 and = = (I + A)~'b. Then

-1
[a+A-of =zl 1

il I+ A)zll — 1= [[AIl

Since this is true for all b # 0, we have

- I+ A) "] 1
I(Z + A) =] = sup < :
b£0 161l 1l A]

This completes the proof. [l
Theorem 3.5 (conditioning of SLE). Let x solve the equations

Az =10 and (A+ AA)(z+ Ax) =b.
Assume that A is invertible with | A7 ||| A|| < 1 in some induced matriz norm. Then we have

[Az] _ w(A) [AA]

ol = 1= n(a)IEal AT

Proof. We find
(A+ AA)Az=b— (A+ Ad)x = AAx

and thus (I + A7*AA)Az = A~'AAx. Using lemma 3.4 we can write
Ar=(I+A A A AAL

and we get
[ATIAA

Az < |[(T+A7TAA)7H|A™1AA < —
A < (7 + A7 AT AT Al < TR

][
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Since

AA
a4 < 4 ad) = s L]
and since the map x — x/(1 — ) is increasing on the interval [0,1) we get
IAA]
|az) _  #(A)TE
lzll ~ 1 - sy logl
This is the required result. O

3.2 Stability

Stability of an algorithm measures how susceptible it is to rounding errors occurring during the
computation. In this section we will for the first time distinguish between the computed result as
returned by a computer and the ezact result which would be the mathematically correct solution
of the problem.

Definition 3.6. Assume we want to numerically calculate a value y = f(x), but the algorithm
returns the computed result § # y which can be represented as the exact image § = f(Z) of a
different input value £. Then Ay = y — y is called the forward error and Ax = & — x is called
the backward error.

results

input data

If & is not unique then we choose the one which results in minimal ||Az||. Typically we
consider the relative backward error | Az||/||z|| and the relative forward error |Ayl/|yll-

Theorem 3.7. For the problem SLE we have
rel. forward error < k(A) - rel. backward error.

Proof. Note that in the notation of SLE the relative forward error is ||Az||/||z|| and the relative
backward error is ||Abl|/||b]|. Therefore the theorem is an immediate consequence of lemma 3.3.
O

Internally computers represent real number using only a finite number of bits. Thus they
can only represent finitely many numbers and when dealing with general real numbers rounding
errors will occur. Let F C R be the set of representable numbers and let fl: R — F be the
rounding to the closest element of F.

In this course we will use a simplified model for computer arithmetic which is described
by the following two assumptions. The main simplification is, that we ignore the problems of
numbers which are unrepresentable because they are very large (overflows) or very close to zero
(underflows).
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Assumptions. There is a parameter ¢,, > 0 (the machine epsilon) such that the following
conditions hold.

A1l: For all « € R there in an ¢ € (—ey, +em) With
filx)y =2-(1+¢).
A2: For each operation * € {4+, —,-,/} and every =,y € F there in an € € (—&y,, +&,) with
r@y=(wry)- (1+0)
where ® denotes the computed version of .

Definition 3.8. An algorithm, is called backward stable if the relative backward error satisfies

lAa] _
El

O(em).

The typical way to use this concept is in a two-step procedure called backward error analysis.
In a first step one shows that the algorithm in question is backward stable, i.e. that the influence
of rounding errors can be represented as a small perturbation Az of the original problem. In
the second step one uses results like theorem 3.7 about the conditioning of the problem (which
does not depend on the algorithm used) to show that the forward error is also small. Together
these steps show that the calculated result is close the the exact result.

Lemma 3.9. The calculated subtraction © is backward stable.

Proof. The exact result of a subtraction is given by f(x1,22) = x1 — x2, the computed result is

f(z1,22) = fl(z1) © fl(z2). Using assumption Al we get
fi(x1) =21(1+¢e1) and f(z2) =22(1 +€2)
with |e1], |e2] < em. Using assumption A2 we get
fi(z1) © fi(zz) = (A(z1) — f(z2)) (1 +e3)
where |e3] < ep. This gives

ﬂ(l‘l) (&) ﬂ(:L‘Q) = (1‘1(1 =+ 51) — 1‘2(1 =+ 52))(1 =+ 53)
= 1'1(1 + 51)(1 + 53) — 1‘2(1 + 62)(1 + 83)
= 1‘1(1 +€4) — 3?2(1 +€5)

where ¢4 = &1 + 3 + c163 and 5 = €3 + €3 + eae3 satisfy |e4], |e5] < 26 + O(e2) = O(en) for
em — 0.

Thus for the input error we can choose

_ I A $1(1+€4) oA
x—(zQ), m—($2(1+€5)), Ar =2 —=x
and we get |Az||s = \/eia? + 223 < O(em)| /2. This completes the proof. O

Remarks. 1) The above proof is a case where the & from the definition of the backward error
is not uniquely determined. But since we are only interested in the & which minimises the
backward error, we can choose any 4 which gives the result ||Az|ls < O(em)||x]|2. The “real” &
can only be better.

2) Similar proofs show, that the operations &, ® and © are also backward stable.

3) Proofs of backward stability have to analyse the influence of rounding errors and thus are
always based on our assumptions A1 and A2 about computer arithmetic. Since they tend to be

long but not difficult we omit most of these proofs in the course.
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Exercises
1) Choose a matrix norm and calculate the condition number of the matrix

e 1
= (i)
in this norm.

2) Let « be a solution of Az = b and let & be a solution of (A + AA)Z = b+ Ab. Show that

|2 — || r(A) [AA] | ||Ab]
< AT ( + )

Tl = 1=y BBA UTa] " e

3) Show that the calculated arithmetic operations &, ® and © are backward stable.
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Chapter 4

Systems of Linear Equations

In this chapter we analyse the following problem: given A € C"*™ and b € C", find an x € C"
such that Az = b. This is the problem we denote (SLE).

We present several methods to solve this problem. The common idea is to split the matrix
A into simpler matrices M and N as A = M N and to solve first the system My = b and then
Nx =y. The result is a vector x with Az = M Nz = My = b and thus we have solved SLE.

4.1 Gaussian Elimination

Gaussian elimination is the most commonly known method to solve systems of linear equations.
The mathematical background of the algorithm is the following theorem.

Definition 4.1. A matrix A € C™*" is said to be upper triangular if a;; = 0 for all ¢ > j and
lower triangular if a;; = 0 for all ¢ < j. A triangular matrix is said to be unit triangular if all
diagonal entries are equal to 1.

Definition 4.2. The j** principal sub-matriz of a matrix A € C"*" is the matrix A7 ¢ C/*J
with (Aj)kl =ay for 1 < k,1 <.

Theorem 4.3 (LU Factorisation). a) Let A € C"*" be a matriz such that A’ is invertible
for 5 =1,....,n. Then there is a unique factorisation A = LU where L is unit lower triangular
and U is non-singular upper triangular. b) If A7 is singular for one j € {1,...,n} then there is
no such factorisation.

The following picture gives a graphical representation of the LU-factorisation.

A L U

Proof. a) We use a proof by induction: If n = 1 we canset L = (1) € C'*! and R = (ay;) € C**!
to get A = LU. Since L is the only unit lower triangular 1 x 1-matrix the factorisation is unique.

Now let n > 1 and assume that any matrix A € C»~D*("=1) can be uniquely factorised in
the required form A = LU if all its principle sub-matrices are invertible. We write A € C"*" as

A= (A"*l b ) (4.1)

C Ann
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where A"~1 is the (n — 1)*" principle sub-matrix of A, and b, ¢ € €1 and a,, € C are the
remaining blocks. We are looking for a factorisation of the form

L 0 U u LU Lu
R I C T N A (42

with L € C»=D>(=1) unit lower triangular, U € C"~D*("=1) inyertible upper triangular,
¢,u € C" ! and n € C. We compare the blocks of (4.1) and (4.2).

By the induction hypothesis L and U with A”~! = LU exist and are unique. Since the matrix
L is invertible the condition Lu = b determines a unique vector u. Since U is invertible there is
an uniquely determined ¢ with U*{ = c and thus ¢*U = c¢*. Finally the condition *u+n = any
uniquely determines n € C. This shows that the required factorisation for A exists and is unique.
Since 0 # det(A) = 1-n-det U the upper triangular matrix is non-singular.

b) Assume that A has an LU-factorisation and let j € {1,...,n}. Then we can write A = LU
in block form as

(An A12> _ <L11 0 ) (Uu U12> _ <L11U11 L11Us2 )
A1 Az Ly Lo 0 Us LoyUin LoaUia + LoaUsg
where A1, L11,Up; € C7*7. We get
det(A?) = det(Ay1) = det(L11Uy;) = det(Lyq) det(Uyy) = 1-det(Uyq) # 0
and thus A7 is non-singular. O

Example. The matrix A can be converted into upper triangular shape by multiplying lower
triangular matrices from the left. Let for example

2 11
A=14 3 3
8§ 7 9

Then we can create zeros in the first column below the diagonal by subtracting multiples of the
first row from the other rows. In matrix notation this can be written as

1 2 1 1 2 11
LiA=|-2 1 14 3 3|=10 11
—4 1 8 7 9 0 3 5
Repeating this for the second column gives
1 2 1 1 2 1 1
Lol A = 1 01 1|=(o0o 11
-3 1 0 3 5 0 0 2

We have found lower triangular matrices I; and Lo and an upper triangular matrix R with
A = (LyL;)"'R. The following lemma helps to calculate (LoL;)~" = Ly 'Ly .

Lemma 4.4. o) Let L = (¢;;) be unit lower triangular with non-zero entries below the diagonal
only in column k. Then L™ is also unit lower triangular with non-zero entries below the diagonal
only in column k and we have (L~Y);, = —L;y, for all i > k.

b) Let A = (a;j) and B = (b;j) be unit lower triangular n x n matrices where A has non-
zero entries below the diagonal only in columns 1,...,k and B has non-zero entries below the
diagonal only in columns k +1,...,n. Then AB is unit lower triangular with (AB);; = a;; for
jE {1,...7]{3} and (AB)U =b;; for j € {k:—i—l,...,n}.

Proof. a) Multiplying L with the suggested inverse gives the identity. b) Direct calculation. O
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Example. For the matrices L; and Lo from the previous example we get

1 1 1
(LoL)) ' =L7'Lst =2 1 - 1 =12 1
4 1 3 1 4 3 1
Thus we found the LU-factorisation
2 1 1 1 2 1 1
4 3 3| =121 1 1
8 7 9 4 3 1 2

The technique to convert A into an upper triangular matrix by multiplying lower triangular
matrices leads to the following algorithm:

Algorithm LU (LU-factorisation).

input: A € C"™*" with det(47) #0for j=1,...,n

output: L,U € C™"*"™ where A = LU is the LU-factorisation of A
LU=AL=1
2: fork=1,...,n—1do

3 for j=k+1,...,ndo

4 ljk = ujk/ukk

5: (Uj7k, Ceey ujﬂl) = (Uj,k, A ,uj,n) — lj,k(uk,ka A ,ukm)
6 end for

7: end for

Remarks. Line 5 of the algorithm subtracts a multiple of line k from line j, causing u;; = 0

without changing columns 1, ..., k—1. This corresponds to multiplication with a lower triangular
matrix L as in the example above. Thus after the loop ending in line 6 is finished, the current
value of the matrix U is Ly - -- L1 A and it has zeros below the diagonal in columns 1,... k.

Since the principal sub-matrices A7 are non-singular and the matrices L; are unit triangular
we get
det(Ly - LiA)* = det AF1 £ 0

and thus we have ugg # 0 in line 4. Lemma 4.4 shows that the algorithm calculates the correct
entry l;;, for the matrix L = (L,,--- L)%

The last missing building block for the Gaussian elimination method is the following algorithm
to solve systems of linear equations when the coefficient matrix is triangular.

Algorithm BS (back substitution).
input: U € C"*™ non-singular, upper triangular and b € C"
output: x € C" with Uz =b

1: for j=mn,...,1do

1 n
2: Tj = —(b] — Z ujk:ck)
Ui k=j+1
3: end for

Remarks. 1) Since U is triangular we get
Ux); = uija;
j=i

:Uz‘z‘(%(bi* Z Uz’kl'k)) + Z Uij T

k=i+1 j=1+1
=b;.
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Thus the algorithm is correct.
2) The corresponding algorithm to solve Lz = b where L is a lower triangular matrix is called
forward substitution.

Combining all our preparations we get the Gaussian elimination algorithm to solve the prob-
lem SLE:

Algorithm GE (Gaussian elimination).
input: A € C"*" with det(A7) #0for j=1,...,n
output: x € C" with Ax =10

1: find the LU-factorisation of A

2: solve Ly = b using forward substitution

3: solve Uz = y using back substitution

The result of this algorithm is an x € C" with Az = LUx = Ly = b and thus the algorithm
gives the correct result.

Computational Complexity of Gaussian Elimination
Lemma 4.5. The LU-factorisation algorithm has computational cost

2 1 7
C(n) ==n*+ =n? — —n.
(n) 3" + 5"~ "
Proof. We have to count the number of floating point operations in the LU-factorisation algo-
rithm. Line 5 requires (n — k + 1) multiplications and (n — k + 1) subtractions, i.e. 2(n — k + 1)
operations. Line 4 contributes one division. Thus the loop starting at line 3 needs (n — k) (1 +

2(n — k + 1)) operations. Considering the outer loop the total number of operations is

n—1 n—1
Cn)=> (n—k)(1+2(n—k+1)) =Y 2n—k)?>+3(n—k).
k=1 k=1
The claim follows now by induction. O

Notation. For f,g: N — N or f,g: Rt — R" we write
f(x) ~g(z) forx— oo

if lim, o f(z)/g(z) = 1. This implies f(z) = ©(g(z)) but is a stronger concept since we also

compare the leading constants. Using this notation the claim of the lemma becomes C'(n) ~ %ng.

Lemma 4.6. Forward substitution and back substitution have computational cost C(n) ~ n>.

Proof. Calculating x; in the back substitution algorithm needs 2(n — j) + 1 operations. Thus
the total cost is

n n—1
Cn)=_(2(n—j)+1) =2 k+n=n(n—1)+n=n?
j=1 k=0
A similar argument applies to the situation of forward substitution. [l

Theorem 4.7 (Computational complexity of Gaussian Elimination). The asymptotic
computational cost of the GE algorithm is of order

C(n) ~ =n®.

Proof. This is an immediate consequence of the previous two lemmas. O
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Error Analysis of Gaussian Elimination

Theorem 4.8. The back substitution algorithm is backward stable: the computed solution &
satisfies (U + AU)& = b for some upper triangular matriz AU € C™*" with

|AU]|
—— = O(em).
U]l
The proof makes extensive use of assumptions (A1) and (A2) about computer arithmetic and
we omit it here. Using theorem 3.5 about the conditioning of SLE we get an upper bound on
the error in the computed result of back substitution:
£ — x| _ K(U) AUl _

. K(U)O(em).

—1_ lau] Ul
lel = 1= @) B O

Thus the backward substitution step of Gaussian elimination is numerically stable and introduces
no problem. The same holds for forward substitution.

Problem. LU-factorisation is not backward stable! The effect is illustrated in the following

example. Let
e 1
(1)

for some ¢ > 0. Then A has a LU-factorisation A = LU with

1 0 € 1
L<5_1 1>’ U<0 1—5_1)'

Now assume € < 1. Then 7! is a huge number and the representation of these matrices stored

in a computer will be rounded. The matrices might be represented as

= 1 0 ~ € 1
=(h) =6 ),

which is compatible with assumption (A1) on rounding errors. We have L = L and U ~ U. But
multiplying the two rounded matrices gives

=~ e 1 0 O
=5 o)=4+(y 1)

A small rounding error led to a large difference in the result! The example shows that for
Gaussian elimination a backward error analysis will, in general, lead to the conclusion that the
perturbed problem is not close to the original one.

Note that this problem is not related to the conditioning of the matrix A. We have

(11
A7 =(1-¢) ( 1 e
and thus k(A) = ||A||s||A7 || ~ 4 for small € > 0 and the matrix A is well conditioned.
Because of this instability the classical Gaussian elimination method is not used in numerical

methods. The next section introduces a modification of Gaussian elimination, which cures this
problem.

4.2 Gaussian Elimination with Partial Pivoting

Definition 4.9. A matrix P € R"*" is called a permutation matriz if every row and every
column contains n — 1 zeros and one one.

25



Example. If 7: {1,...,n} — {1,...,n} is a permutation, then the matrix P = (p;;) with

1 if j =x(i) and
Dij =
0 else

is a permutation matrix. (Every permutation matrix is of this form.) In particular the identity
matrix is a permutation matrix.

Remarks. 1) If P is a permutation matrix then we have

(PP = Zpkipkj = 05
=1

and thus P*P = I. This shows that permutation matrices are orthogonal and have P~! = PT.
2) If P is the permutation matrix corresponding to the permutation m, then (P~1);; = 1 if
and only if j = 771(i). Thus the permutation matrix P~! corresponds to the permutation 7—!.

3) We get

n
(PA)i; = Zpikakj = Qn(a),j
k=1
for all ¢,j € {1,...,n}. This shows that multiplying a permutation matrix from the left reorders
the rows of A. Furthermore we have

n
(AP);; = Z AikPhj = Qi r=1(j)
k=1
and hence multiplying a permutation matrix from the right reorders the columns of A.

The problem in our example for the instability of Gaussian elimination was caused by the fact
that we had to divide by the tiny number wug; = € in step 4 of the LU-factorisation algorithm. We
will avoid this problem in the improved version of the algorithm by rearranging rows k,...,n at
the beginning of the kth iteration in order to maximise the element uy;. The following argument
shows that the modified algorithm still works correctly.

We want to calculate

U=L, 1P, 1---L1 P A.

Multiplying Pj from the left exchanges rows k and i, where i is chosen to maximise the
element u;, ;. We can rewrite this as
U=L,_ - L)P,1---P A
where
=P, ...karlLkp];rl1 R

for k=1,...,n—1. Since P,,_ -+ P41 exchangesrows k+1,...,n and P, !, --- P, | performs
the corresponding permutation on the columns k + 1,...,n the shape of L} is the same as the
shape of Ly: it is unit lower triangular and the only non-vanishing entries below the diagonal
are in column k. Hence we can still use lemma 4.4 to calculate L = (L/,_; --- L})~1. The above
arguments lead to the following algorithm.

Algorithm LUPP (LU-factorisation with partial pivoting).
input: A € C"*" non-singular
output: L,U, P € C"*" where PA = LU with L unit lower triangular,
R non-singular upper triangular and P a permutation matrix
LU=AL=I1P=1
2: fork=1,...,n—1do
3:  choose i € {k,...,n} which maximises |u;|
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4:  exchange row (ug,..., Uk n) With (¢ k..., Uin)

5: exchange row (lk,h ceey lkﬁkfl) with (li,h ceey liykfl)

6:  exchange row (pi.1,...,DPkn) With (Di1,...,Din)

7. forj=k+1,...,ndo

8: ljk = ujk/ukk

9: (ujyk, ceey ’U,jyn) = (Ujﬁk, - ,Ujﬁn) — ljﬂk(ukyk, . ,ukyn)
10: end for

11: end for

Remarks. 1) The resulting matrix L has {;; <1 forall ¢,j € {1,...,n}.

2) The computational complexity is the same as for the LU-algorithm. This is trivial in our
simplified analysis since we only added steps to exchange rows to the LU-algorithm and we do
not count these operations. But the result still holds for a more detailed complexity analysis: the
number of additional assignments if of order O(n?) and can be neglected for a ©(n?) algorithm.

Gaussian elimination with partial pivoting now works as follows:

Algorithm GEPP (Gaussian elimination with partial pivoting).
input: A € C"*" non-singular
output: x € C" with Ax =10

1: find PA = LU using algorithm LUPP

2: solve Ly = Pb using forward substitution

3: solve Uz = y using back substitution

The result of this algorithm is an x € C" with Az = P~'LUxz = P~'Ly = P~'Pb = b and
thus the algorithm is correct.

Error Analysis of GEPP

Theorem 4.10 (Backward Error Analysis for LUPP). The computed result of algorithm
LUPP satisfies o B
LU = P(A+ AA)

with 1A4]
i < emp(n)gn(A)
[l All
where p is a polynomial and g, (A) (the growth factor) is defined as
max;; (Ui
Gn (A) — J | J |
maxs, |aij|

Lemma 4.11. The growth factor g,(A) satisfies g,(A) < 2"~ for every A € C™*".
Proof. We have U = L/, _,--- L} PA. For any k € {1,...,n — 1} and any matrix A € C"*" we
find
HZ;%X’(L;CA)U‘ = ij1311ax ‘Z(L;C)ilalj‘
s J=1,..m -1
< max |> (L}l Hilgx|aij|

i=1,...,n =

< 2max |a;|
2,7

and thus by applying the matrices L}, ... L] _; in order we get

max|u;;| < 2" max |[(PA);;| < 2" max|ag|.
1,] 2,7 1,7

This completes the proof. O
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Remarks. Theorem 4.10 and lemma 4.11 together show that algorithm LUPP and hence
algorithm GEPP is backward stable.

Example. Let

1 1
-1 1 1

Af 71 71 1 1 E]Rnxn'
-1 -1 -1 1

Since all relevant elements have modulus 1 we do not need to use pivoting and LU factorisation
gives
1 1
1 2

1 4
U= ) ] c ]Rnxn.

The example shows that the bound from lemma 4.11 is sharp. Thus the constant for the
backward error in theorem 4.10 can grow exponentially fast in n. We showed that GEPP is
stable but there are matrices where algorithm GEPP does not work very well! Since experience
shows that these matrices “never” occur in practice the GEPP method is nevertheless commonly
used.

4.3 The QR-Factorisation

The Householder QR-factorisation is another method to solve SLE. QR-factorisation avoids the
issues of the LU factorisation presented at the end of the previous section, but the computation
takes about double the number of operations. The method is based on the following theorem.

Theorem 4.12 (QR Factorisation). Every matriz A € C™*™ with m > n can be written as
A = QR where Q € C™*™ is unitary and R € C™*™ is upper triangular.

Remarks. The factorisation in the theorem is called full QR-factorisation. Since all entries
below the diagonal of R are 0, the columns n+1, ..., m of @ do not contribute to the product QR.
Let Q € C™*™ consist of the first n columns of Q and R € C™*™ consist of the first n rows of R.
Then we have A = QR. This is called the reduced QR-factorisation of A. The following picture
illustrates the situation.

*
*x |= Lok 0
y 0 R

Proof. Let ay,...,a, € C™ be the columns of A and ¢, ..., ¢, € C™ be the columns of ). The
proof is based on the Gram-Schmidt orthonormalisation method to construct @ and and R:

1: for j=1,... ndo
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2 e = (qk, ;)
B G5 = a; — >0 TR
4 15 =[Gl
5: if Tjj > 0 then
6 4 = qi/7i;
7. else
8 let g; be an arbitrary normalised vector orthogonal to q1,...,q;—1

9: end if

10: end for

11: choose ¢n+1,---,Gm to make qi,..., g, an orthonormal system.

This algorithm calculates the columns ¢, .. ., g, of the matrix () and the entries of R which

are on or above the diagonal. The entries of R below the diagonal are 0. For the matrices @

and R we get _ -
j -

(QR)y; = (Z rikj)i = (Z QrTrj + @j)i
k=1

k=1
and thus A = QR.

By construction we have ||gj]l2 = 1 for j = 1,...,m. We use induction to show that the
columns ¢i,...,q; are orthogonal for all j € {1,...,m}. For j = 1 there is nothing to show.
Now let j > 1 and assume that ¢i,...,¢j—1 are orthogonal. We have to prove (¢, ¢;) = 0 for
t=1,...,5 — 1. If r;; = 0, this holds by definition of g;. Otherwise we have

1 .
(gi,4;) = — (¢, dj)

Tjj
1 =

= — (g a5) + Zﬁcg‘ (airar))
"ii k=1
1 .

= — (@i, a;) — rij)-
Tjj

Thus induction shows that the columns of @) are orthonormal and that () is unitary. |

Remarks. 1) The Gram-Schmidt orthonormalisation used in the proof is numerically unstable
and should not be used to calculate a QR-factorisation in practice.
2) For m = n we get square matrices (), R € C"*". Since

det(A) = det(QR) = det(Q) det(R)
and det(Q) € {+1,—1} the matrix R is invertible if and only if A is invertible.

The following algorithm solves the problem SLE using QR-factorisation. In order to apply
it we will need a numerically stable method to calculate the QR-factorisation and we need to
calculate the matrix-vector product Q*b.

Algorithm (solving SLE by QR-factorisation).
input: A € C"*™ non-singular
output: x € C" with Ax =b

1: find the QR-factorisation A = QR

2: calculate y = Q*b

3: solve Rz = y using back substitution

The result of this algorithm is an x € C" with Az = QRx = Qy = QQ*b = b and thus the
algorithm is correct. To calculate the QR-factorisation we will use the following algorithm. We
present the full algorithm first and then analyse it to see how it works. The algorithm uses the
sign function, which is defined as follows.

. +1, if z >0, and
sign(@) = —1 else
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Algorithm QR (Householder QR-factorisation).
input: A € R™*" with m > n
output: Q € R™*™ orthogonal, R € R™*™ upper triangular with A = QR

:Q=I,R=A

2: for k=1,...,n—1do

3: U = (Tkk; R ,ka) € Rm—k+1

4 v =sign(uy)|jull2e1 + u where e; = (1,0,...,0) € Rm—F+1
5. v=0/]7]2

6:  Hyp= (Iym_ps1 — 200*) € ROP—FHDx(m—k+1)

Iy— 0
7: Qk = k-1 Hk)

0
8: R=Qr R
9: Q=0 Q
10: end for

Remarks. 1) The algorithm calculates matrices Q) with Q, = Q; for k=1,...,n — 1 as well
as R=Qn-1---Q1Aand Q =Q1--Qpn_1-

2) We will see that Qy - - - Q1 A has zeros below the diagonal in columns 1,. ..,k and thus the
final result R = Q,,—1 - -- Q1A is upper triangular.

3) The only use we make of the matrix @) when solving SLE by QR-factorisation is to
calculate Q*b. Thus for solving SLE we can omit the explicit calculation of ) by replacing line 9
of algorithm QR with the statement b = @Q);b. The final result in the variable b will then be

Qn-1--- Qb= (Q1---Qn-1)"b=Q"D.

Householder Reflections

In step 8 of algorithm QR we calculate a product of the form

Rll R12 _ Rll R12
- ( 0 Rzz) - ( 0 HkRzz) (4.3)
where Ry; € RE=DX(k=1) and Hy, Ryo € R(m—F+1)x(m=k+1) The purpose of the current section

is to understand this step of the algorithm.
If H), as calculated in step 6 of algorithm QR is applied to a vector 2 € R™~**1 the result is

Hyx =2 — 2vv*x = 2 — 2v{v, z).

Since the vector v({v,z) is the projection of x onto v, the value x — v(v, x) is the projection of
2 onto the plane which is orthogonal to v and  — 2v(v, x) is the reflection of z at that plane.
Reflecting twice at the same plane gives back the original vector and thus we find

HiH), = H Hy, = I.

This shows that the matrices Hy, and then also Qg, are orthogonal for every k € {1,...,n—1}.

The vector which defines the reflection plane is either o = u — ||ul|2e1 or ¥ = u — (—||u||2€1),
depending on the sign of u;. The corresponding reflection maps the vector u to Hyu = ||ul|2e1
or Hyu = —||ul|2e1 respectively. In either case the image is a multiple of e; and since w is the
first column of the matrix block Rgs the product HjyRge has zeros below the diagonal in the
first column. The first column of Rss is the kth column of R and thus QiR has zeros below
the diagonal in columns 1,...,k. For £k = n — 1 we find that R = @,_1--- Q1A is an upper
triangular matrix as required.

Remarks. 1) The matrices Hy and sometimes also Q. are called Householder reflections.

2) The choice of sign in the definition of u helps to increase the stability of the algorithm in
the cases u ~ ||ul|2e1 and u ~ —||u||2€1.
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Computational Cost

We considered two variants of algorithm QR, either calculating the full matrix @ as formulated
in line 9 of the algorithm or only calculating Q*b by replacing line 9 with the statement b = Q0.
We handle the different cases by first analysing the operation count for the algorithm with line 9
omitted.

Lemma 4.13. The computational cost C(m,n) for algorithm QR applied to an m x n-matriz
without calculating Q or Q*b is asymptotically

3 for m,n — oo with m = O(n).

2
C(m,n) ~ 2mn? — 3"
Proof. We count the number of operations for the individual steps of algorithm QR. From
equation (4.3) we can see that for calculating the product QxR in step 8 we only have to
calculate HyRoo = Raos — 20v* Ras. Since v = 0/||9||2 and ||7]|2 = v©*0 we can calculate this as

HiRoo = Ros — 0* Roa. (44)

v
7*5/2
Using this formula we get the following operations count:

e construction of v: 2(m — k + 1) + 1 operations (counting /- as 1).

e computing % Rgs: Since each of the n — k + 1 components of the matrix-vector prod-
uct 0% Ros needs m — k + 1 multiplications and m — k additions, the computation of v* Roo
requires (n — k +1)((m — k + 1) + (m — k)) operations.

e Calculating 7*9/2 needs 2(m — k 4+ 1) operations and dividing ¢ by the result requires
another (m — k + 1) divisions.

e Calculating (- - )(0* Re2) from this needs (m — k + 1)(n — k + 1) multiplications.
e Calculating Ros — (- --) requires (m — k + 1)(n — k + 1) subtractions.

Thus the total operation count is

1

3
|

Cim,n)=)» 5(m—k+1)+1 + (n—k+1)(4m—k+1)—1)
k=1
— i 5041 + (n—m+10)4l—-1)
l=m—n+2

2
=2mn? — gn?’ + terms with at most two factors m,n

2
~2mn? — Zn3
3

for m,n — oo with m = ©(n). O

If we need to calculate the full matrix @ we have to perform an (m —k+1) x (m —k+ 1)
matrix-matrix multiplication in step 9. Assuming that we use the standard matrix multiplication
algorithm this contributes asymptotic cost ©(m?) and so the asymptotic cost of algorithm QR
will be increased by this step. But if we apply algorithm QR only to solve SLE, we just have
to calculate Q*b instead of ). Algorithmically this is the same as appending the vector b as an
additional column to the matrix A. Thus the computational cost for this algorithm is C'(m,n+1)
and since

2 2
2m(n +1)? — g(n +1)% ~ 2mn? — gn?’

for m,n — oo with m = O(n) the asymptotic cost does not change. For solving SLE we also
have m = n and thus we find that the asymptotic computational cost of solving SLE using
Householder QR factorisation is

3

2 4
C(n) ~ 2nn® — gn?’ =3n for n — oc.
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This analysis shows that solving SLE using Householder QR factorisation requires asymp-
totically double the number of steps than algorithm GEPP does. This is the price we have to
pay for the better stability properties of the QR-algorithm.

Error Analysis
Theorem 4.14. a) For A € R™*" let R,01,...,0n_1 be the computed result of the Householder

QR-algorithm. Let
O — (T 0
P00 Lok - 200

and Q = Q1 - Qn_1. Then we have QR = A+ AA for some AA € R™*™ with

|AA|
= = Olem).
1Al )

b) Let i be the computed value for Q*b. Then
(@ +AQ)=b,  [|AQ] =O(em).

Remarks. 1) The values 01,...,9,_1 in the theorem denote the value calculated for the vec-
tor v in step 5 during iteration k. Since the matrices Q) are not explicitly calculated (we use
formula (4.4) instead), 01,...,0,—1 are the relevant computed values. For our analysis we con-
sider the matrices Q) which are exactly calculated from the vectors vj, and thus are exactly
orthogonal.

2) Note that part b) of the theorem only gives an absolute error for Q*, which seems not
very useful at first sight. The following theorem about backward stability of the Householder
algorithm shows how we can use this nevertheless.

Theorem 4.15. The Householder algorithm for solving SLE is backward stable: the computed
solution T for Ax = b satisfies

|AA]

(A+Ad)i =b, -
[|All

O(em).

Proof. Let Q, R and § be as in theorem 4.14. The final result Z is computed from Rz = § using
back substitution. From the backward stability of the back substitution algorithm we get that
the calculated  satisfies

5 L |AR|
(R+AR)z =17, &l O(em)-
This gives
b=(Q+AQ)j
= (Q+ AQ)(R+ AR)Z
=(QR+AQR+ QAR+ AQAR)i
(A+ AA)E

where AA = AA+AQ R+Q AR+AQ AR and AA is the error of the computed QR-factorisation
from part a) of theorem 4.14.

We study the four terms in the definition of AA one by one. From theorem 4.14 we know
IAA|/||All = O(em)- Since @ is orthogonal we have R = Q*(A + AA) and thus

||A+AA||
L =0(1).
1Al @)
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Therefore we also get

AQR
ISR < aq)- 01) = 0w
4]
Similarly we find } :
IGAR] _ - AR B
< Q = — =0 €m
. <1y ay = o)
and -
1AQ AR] NI
I2Y 2T A el It _ oe2),
= VAR = O
Together this shows |AA|/||A] = O(em). O

The theorem shows that the Householder method for solving SLE is backward stable. For
simplicity we did not consider the constants in the stability estimate [|AA|l/|A] = O(em). A
more detailed analysis shows that the constant here does not suffer from the exponential growth
problem described at the end of section 4.2

Exercises

1) In analogy to the back substitution algorithm formulate the forward substitution algorithm
to solve Ly = b where L € C"*" is a lower triangular, invertible matrix and b € C™ is a vector.
Show that your algorithm computes the correct result and that it has asymptotic computational

cost of order ©(n?).
1 2
A1)

2) a) Find the LU factorisation of
What is ¢, (A) in this case? b) Find a QR factorisation of the same matrix, using both Gram-
Schmidt and Householder. ¢) Find the condition number of A in the || - ||oo, || - |l2 and || - 1
norms.

3) a) Let A =a®b. Find all eigenvalues and eigenvectors of A. When is A a normal matrix?
b) Let H € R"*" be a Householder reflection. Show that H has a single eigenvalue at —1 and
an eigenvalue +1 of multiplicity (n — 1). What is the value of det(H)?

4) Determine the asymptotic computational cost of algorithm QR when calculating the full
matrix Q.

5) Let A € R™*" where n = 2*. Noting that the LU-factorisation of a matrix A can be

written as
L1 O Ui Upe
A=LU = ,
(L21 L22) ( 0 U22)

design a divide and conquer strategy which results in LU-factorisation of A in O(n®) operations
where O(n®) is the cost of matrix multiplication.
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Chapter 5

Iterative Methods

Until now we considered methods which directly calculate z = A~'b using ©(n?) operations. In
this chapter we will introduce the idea of iterative methods. These methods construct a sequence

(7x)ren With
Tp — X for k — oo.

For special matrices A the error ||z} — x| becomes reasonably small after less then ©(n?) oper-
ations.

5.1 Linear Methods

The basic idea of the methods described in this section is to write the matrix A as A= M + N
where the matrix M is easier to invert than A. Then, given x;_1 for k € N, we can define xj, by

M.Z'k :bekal. (51)
If we assume for the moment that limg_. zx = x, then the limit x satisfies
Mzx = klim Mz, = klim b— Nzxp_1=b— Nx

and thus for the limit we get Ax = b. This shows that the only possible limit for this sequence
is the solution of SLE.

To study convergence for the method we consider the error e, = x;, — x where z is the exact
solution of SLE. We get the recursive relation

Meyp = Maxy, — Mz = (b— Nzxp—1) — (A— N)z = —Neg_1
and thus e;, = —M ~'Neg_1. The method converges if e, — 0 for k — oc.

Before we settle the question of convergence in theorem 5.4 we need a few theoretical tools.
The first of these is the Jordan canonical form of a matrix. We state the result without a proof.

Definition 5.1. A Jordan block J,()\) € C**" for A € C is the matrix satisfying Ji(\)i; = A,
Je(N)iir1 = 1, and Ji(X)i; = 0 else, for ¢,j = 1,...,n. A Jordan matriz is a block diagonal
matrix J € C"*" of the form

Jnl (/\1)
an ()‘2)

Jnk (Ak)

k
where } ., nj =n.
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Theorem 5.2 (Jordan canonical form). For any A € C"*" there is an invertible S € C"*"
and o Jordan matriz J € C™*" satisfying

A=S8J57!
where the diagonal elements A1, ..., \; of the Jordan blocks are the eigenvalues of A.

Using the Jordan canonical form we can derive the following property of the spectral radius.

Lemma 5.3. Let A € C"*"™ and e > 0. Then there is a vector norm on C" such that the induced
matriz norm satisfies p(A) < || 4| < p(4) +e.

Proof. From theorem 1.11 we already know p(A4) < ||A|| for every matrix norm || -||. Thus we
only have to show the second inequality of the claim.
Let J = S71AS be the Jordan form of A and D, = diag(1,¢,€2,...,e""1). Then

Al e
€
A1
(SD.)"*A(SD.) = D;'JD, = A2 €
€
A2
Define a vector norm || - || on C" by
]l = [[(SDe) ™ |
for all x € C". Then the induced matrix norm satisfies
A
4] = mae 1221
a0 ||
I [CARY
w0 [[(SDe) ™ oo
D.)"tA(SD 0o
(8D A(SD)y|
y#0 1Yl
= ||(SD2) "' A(SD.)|| -
Since we know the || - || o-matrix norm from theorem 1.16 and we have calculated the explicit
form of the matrix (SD.)~1A(SD.) above, this is easy to evaluate. We get || A|| < max; |\;|+e =
p(R) + e. This completes the proof. O

Now we can come back to the iteration defined in (5.1). There the error e, = z) — x satisfies
ex = —M'Nej_q for all k € N and the method converges if and only if e;, — 0 for k — oco. The
following theorem characterises convergence with the help of the spectral radius of the matrix

C=-M"'N. (5.2)

Theorem 5.4. Let C € C"*", eq € C" and e, = C*ey for all k € N. Then e, — 0 for all
eo € C™ if and only if p(C) < 1.
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Proof. Assume first p(C') < 1. Then by lemma 5.3 we find an induced matrix norm with ||C|| < 1
and we get
lexll = IC*eoll < ICI*[leoll — 0

for k — oo.
On the other hand, if p(C) > 1, then there is an eg € C"™ with Cey = Aeg for some A € C
with |A| > 1. For this vector ey we get

lexll = IC*eoll = [XI*[leoll

and thus e; does not converge to 0. O

Remarks. 1) The theorem shows that the linear iterative method defined by (5.1) converges if
and only if p(C) < 1 for C = —M ~1N. The convergence is fast if p(C) is small.

2) Since || A|| > p(A) for every matrix norm || - ||, a sufficient criterion for convergence of an
iterative method is ||C|| < 1 for any matrix norm || -||.

In the remaining part of the section we will consider specific methods which are obtained by
choosing the matrices M and N in (5.1). For a matrix A € C™*™ define the three n x n-matrices

ail
a21 a22
L= a3 as2 , D= ass ,
anl Qanp2 e Qpp-—1 Ann
a2 aiz ... A1n
a3 N A2n,
U= (5.3)
An—1,n

Then we have A=L+ D + U.

The Jacobi Method

The iterative method obtained by choosing M = D and N = L+ U in (5.1) is called Jacobi
method. This choice of M and N leads to the iteration

zy =D (b— (L+U)zp_1)

for all k¥ € N and the convergence properties are determined by the matrix C = ~M "IN =
—D~7Y(L +U). Since D is diagonal, the inverse D~! is trivial to compute.

Theorem 5.5. a) The Jacobi method is convergent for all matrices A with

laiil > > laj] (54)

ji

fori=1,...,n. (This condition is called the strong row sum criterion.)
b) The Jacobi method is convergent for all matrices A with

lajil > > lai] (5.5)

i#]

for 5=1,....n. (This condition is called the strong column sum criterion.)
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Proof. a) The matrix C = —D~!(L + U) has entries

else.

H_{‘;:, if i # j, and
CU = 0

Using theorem 1.16 we find

n

1
[Cllec = max > laij).
1=1,..., n|aﬁ|j:1

Thus the strong row sum criterion gives ||C|loc < 1 which implies p(C) < 1 and the method
converges.

b) If the strong column sum criterion (5.5) holds for A, then the strong row sum crite-
rion (5.4) holds for A* and thus the method converges for A*. From theorem 5.4 we know then
p(=D~1(U*+L*)) < 1. Since for every matrix C the matrices C', C* and also D~'C* D have the

same eigenvalues we get p(—D ™' (U + L)) = p(—D~'(U* + L*)) < 1 and the method converges
for A. O

Definition 5.6. A matrix A € C"*" is called irreducible if there is no permutation matrix P

such that _ ~
A A

PTAP — 11 Az

< 0 As

where Ay € Crxp, App € CPx4a, Agy € C7%9 and 0 is a q X p zero-matrix with p + ¢ = n and
p,q > 0.

There is an alternative description of irreducibility, which is often easier to check than the
definition. To A associate the oriented graph G(A) with vertices 1,...,n and edges i — j for
all 4,5 € {1,...,n} with a;; # 0. Then the matrix A is irreducible if and only if the graph G(A)
is connected, i.e. if you can reach any vertex j from any vertex ¢ by following edges.

Example. Consider the matrix
The associated graph is
=2
| @
The matrix A is not irreducible (indeed P = I in the definition is enough to see this) and since
there is no path from 3 to 1, the graph G(A) is not connected.

= 3

Example. In continuation of the previous example consider the modified matrix

1 -1
A=|-1 2 -1
-1 1
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The associated graph is

Now the graph G(A) is connected and the matrix is thus irreducible.

Remarks. The proof of equivalence of the two characterisations of irreducibility is based on the
following observations. 1) The graphs G(A) and G(PT AP) are isomorphic, only the vertices are
numbered in a different way. 2) The block Aoy in the definition of irreducibility corresponds to
a set of states from where there is no path into the states corresponding to the block Ay,

Theorem 5.7. If A is irreducible and satisfies
lasl > Ja] (5.6)
J#i

fori=1,...,n but
lark| > lar;] (5.7)
i#k
for one index k, then the Jacobi method converges. (This condition is called the weak row sum
criterion. )

where C' = —D7!(L + U). Define the matrix |C] =

Proof. We have to show that p(C) < 1
1,1,...,1) € R™ Then we have

(lcijl)i; € R™™™ and the vector e = (

n

Cle = (X lesl 1), = (S 1) <

=1 i
where this and some of the following <-signs are to be read componentwise. Therefore we get
|IC|Fle<|Clle<---<e

for all [ € N.

Let ) = e —|C|'e > 0. Then the vectors ¢(!) are componentwise increasing. Let 7; be the
number of non-vanishing components of t(!). We will show that 7; is strictly increasing until
it reaches the value n: Assume 7.7 = 73 = k < n. Since one row of A satisfies the strict
inequality (5.7) we have |C|e # e and thus k& > 0. Then without loss of generality (since we can
reorder the rows and columns of A) we have

w_ (@ (+1) _ (b
“=5) = (o)

where a,b € R* and a,b > 0. We can conclude

b _ (4 -1
(0) =t =e—|C|"" e
> |Cle —|C"te = |C)tV

_ (ICul G|\ (e
[Co1| [Ca2|) \0) "
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From a > 0 we have |Co;| = 0 and thus Co; = 0 and C would not be irreducible. Since this
implies that A would not be irreducible, we have found the required contradiction and can
conclude 7741 > 7 whenever 7; < n. This proves t(™) > 0 componentwise.

Because of e > |C|"e we get

p(C) <NIC™ e = [IC7], < [[IC1"]], = max (IC]"), <1

=1,

and thus p(C) < 1. This completes the proof. O

Computational Complexity

The sequence (xj)ren from the Jacobi method is defined by the relation
k=-—D71(b— (L+U)xs_1).

For each iteration we have to calculate

1) the product (L + U)zg—1

2) the difference b — - - - (needs n subtractions)

3) the product D~!--. (needs n divisions because D is diagonal)
For general matrices step 1) needs ©(n?) operations and thus dominates the computational cost.
Tterative methods are most powerful if the matrix A is sparse, i.e. if it contains many zeros, since
then the matrix-vector multiplication can be performed using fewer operations.

Example. Assume that each row of A contains at most £ non-zero entries outside the diagonal.
Then step 1) requires O(¢n) operations and performing one step of Jacobi method has cost O(¢n).

The next question is of course how many steps of the method we have to perform. Given
€ > 0 we can calculate x1,...,x; until

[Azx — b||
2 <
6]

From the conditioning of SLE (lemma 3.3) we then know
< k(A)e (5.8)

and by choosing ¢ small enough we can make the relative error of the solution arbitrarily small.
Also we know that the absolute error satisfies zx — r = C¥(z¢g — x). If the matrix A is
symmetric, then C = —D~1(L + U) is normal and from theorem 1.14 we get

|l = all2 < IC*llwo = @ll2 = p(C)* [lwo — @]2. (5.9)

Thus the error converges exponentially fast to 0 as & — oo. If we know both the spectral
radius p(C) and the condition number x(A) we can combine estimate (5.9) with the conditioning
of the problem to get an upper bound on the number of remaining iteration steps until the relative
error of the result will satisfy (5.8).

Remarks. 1) If the matrix A is known explicitly, the above arguments can be used to derive
more specific results about the computational complexity of the Jacobi method.

2) For large sparse matrices A the intermediate results in the LU or QR-factorisation will
often not be sparse. If there is not enough memory in the system to store a full matrix, then it
might still be possible to use iterative methods whereas direct methods will fail.
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The Gauss-Seidel Method

If weuse M = L+ D and N = U for the matrices L, D and U from (5.3) then we still have
A =M + N and we get the Gauss-Seidel method. In this situation the iterative scheme (5.1)

has the form
(L + D)Ik =b— Ul’kfl.

Since (L + D) is lower triangular we can use forward substitution to calculate xj in each step.
The convergence properties of this method are determined by the matrix C = —(L + D)~ !U.

Theorem 5.8. Assume either

a) A satisfies the strong row sum criterion or

b) A is irreducible and satisfies the weak row sum criterion.
Then the Gauss-Seidel method converges.

5.2 The Conjugate-Gradient Method

Let A € R™ " be positive definite, c € R" and & = A~'b. Consider the norm ||z[|4 = V2T Az
and define F: R® — R by

P(2) = 3llz— 24 (5.10)

for all z € R™. The function F can also be expressed as a function for the residuals r = b — Az:
for every z € R™ we get

1

F(z) = i(z —2)TA(z — )
L7 T L7
=—2"Az—b z+ =b" Ab
2 2
1

= 5(b—A2)TA(b - Az2).

Since z is the unique minimum of F' we can solve SLE by minimising /. We will convert this
idea into an iterative method by taking this minimum over an increasing sequence of subspaces.

Idea. Given xy, find xp; with

F(zr41) = ’U‘omuhk F(xy +uoro + -« - + ugry)

where F(z) = 3||z — z||} and r, = b — Awy.
Algorithm CG (Conjugate-Gradient method).
input: A € R™*" positive definite, b € R"™, zg € R"
output: z, € R™ with z,, = A~'b

1: po :b—A.ro, ro =b— Axg

2: for k=0,1,2,...do

3:  if pr =0 then

4: return xg
5. else .
_ TETk

: ap =
6 k= pT Apx
7 Th+1 = Tk + QpPk
8: Tkt1 =Tk — akApk

T

. _ Th+1Tk+1
9: ﬁk = T
10: Pr+1 = Tkr1 + BrDr
11: end if
12: end for
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Remarks. At first sight this seems not to be a proper algorithm, since it is not clear whether
it terminates after a finite number of steps. We will later see that (in the absence of rounding
errors) we get pr = 0 for some k < n and thus the algorithm really terminates.

Lemma 5.9. Consider the algorithm CG. Let m = min{ k | pr =0}. Then for all0 <k <m
the following statement holds.

(1) rj Lp;i forall0<i<j<k
(2a) r¥r; >0 for all0<i<k
(2b) rIp; =rIr; for all0<i<k
(8) pFAp; =0 for all0<i<j<k
(4) rfrj=0forall0<i<j<k
(5) ri =b— Ax; for all0 <i <k

Proof. We use induction over k. First note that the claim (Ay) is trivially true. Assume that (Ay)
holds for some k < m. We show properties (1) to (5) for (Ag+1)-
(1) For i = k we get

rkTrk
pi Apx

Tk = (e — axApe) oK = riipe — pr Apy =ripr —riTE =0 (5.11)

where the last equality comes from (2b) of (Ay). For i < k we can use (1) and (3) to get
riapi = (1, — apApr) pi = 0.

(2a) If we had r; = 0, then we had pr = Br_1pr—1 and using property (3) we would get the
contradiction
0 < p} Apr = Br—1p}, Apr—1 = 0.

Thus we have i, # 0 and consequently r} rj, > 0.

(2b) Using (5.11) we get 17 1 prs1 = i1 (Peg1 + Bebr) = rLqThs1-
(3) Applying the definitions of r;4+1 and pi11 from the algorithm we find

P! Apis1 = pl A(risr + Bipr)
1
= ;(Ti —1it1)" Arggr + Bepl Apk
3
1
= ;(pz‘ — Bi—1pi—1 — Pit1 + Bivi) ' rrs1 + Bipi Apk.
3

For i < k the right-hand side is zero because of properties (1) and (3). For i = k we can use
the definitions of «; and () as well as properties (1) and (2) to see that the right hand side still
vanishes. Thus we get pl Apy.; for every i < k + 1.
(4) From the definition of py1 and property (1) we find 717411 = (pi — Bi—1pi—1) k41 = 0.
(5) By definition of ;41 and r;11 we get b— Axg1 = b— A(xr +agpr) = T — ap Apr = Thy1.
The claim of the lemma follows by induction. O

Remarks. 1) Since the lemma shows that the vectors ro,...,7,,—1 € R™ are non-zero and
orthogonal, we have m < n. From p,, = 0 we can conclude r% r,, = 1 p,, = 0 and thus r,,, = 0.
Therefore the algorithm terminates after at most n steps and on termination we have Ax,, = b.

2) When the computation is performed on a computer, rounding errors will cause p,, # 0
where p,, is the calculated value for p,,. In practice one just treats the method as an iterative
method and continues the iteration until the residual error ||r|| is small enough.

3) From the construction of the vectors r and py, in the algorithm we find span(rg,...,rg) =
span(po, . .., px). Define

k
D(ug, ..., ug) = F(xk + Zuipi)
=0
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for all wg,...,ur € R, where F is given by (5.10) and xj, is the value constructed in step k of
the algorithm. Since ® is positive and grows to the outside, it has only one minimum and there
the gradient is zero. We show that x; is the value which minimises ®. We get

0

k

T

5, 20, - un) = (wr + Y wips — ) Apj = —rTp;
7 1=1

where r = A(:c — T — Zle uipi) =b— Az + Zle u;p;). For (ug,uq,...,ux) =(0,0,...,ax)

we get
k

T+ E UiP; = T + QP = Th41
=1

and
r==5b-— A$k+1 =Tk+1-
Using this value of r and conditions (2b) and (1) from the lemma we also find

0
QTj(I)(UOa couk) = TP =0

for j =1,..., k. Together this shows that we really have

F(zry1) = min P(ug,...,ug).
UQ .- UK
4) From the algorithm we see pj, € span(rg, Aro, ..., A¥rg) for every k < m and thus we get

span(po, . . ., pr) = span(rg, Aro, . . ., Akro) =: K11(ro, A).

The space Kri1(ro, A) is called a Krylov subspace of R™ for the matrix A.

Theorem 5.10 (speed of convergence). The CG-method satisfies

VE(A) — 1Nk
1) el

where e, = x — x and k(A) is the condition number of A in the || - ||2-norm.

lewlla < 2(

Exercises
1) Which of the following matrices are irreducible? For which of these matrices does the
Jacobi-method converge?

421 1 3 8
2 1], 3 25 4], 4 2
1 4 1 2 1 1

2) Show that the Jacobi method for the solution of

1 1 T1 1
1 10 2 zo | = 1|2
2 1 I3 3

converges and, for the iteration starting with o = 0, give an upper bound on the number of
steps required to get the relative error of the result below 1076.
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Chapter 6

Least Square Problems

In this chapter we want to solve the following problem: given A € C™*™ and b € C™ with
m > n, find € C™ which minimises || Az — b||2.

6.1 Singular Value Decomposition

Definition 6.1. Let A € C™*"™ with m,n € N. A factorisation

A=UXV"*
is called singular value decomposition (SVD) of A, if U € C™*™ and V € C™*™ are unitary,
¥ € C™*" is diagonal, and the diagonal entries of ¥ are 01 > 09 > -+ > o0, > 0 where
p = min(m,n). The values 01, ..., 0, are called singular values of A.

Theorem 6.2. Every matrix has o singular value decomposition and the singular values are
uniquely determined.

Proof. Let A € C™*™. We prove existence of the SVD by induction over min(m,n). If m =0
or n = 0 the matrices U, V, and ¥ are just the appropriately shaped empty matrices (one
dimension is zero) and nothing is to show.

Assume min(m,n) > 0 and that the existence of the SVD is already known for matrices where
one dimension is smaller than min(m,n). Let o1 = ||Al|2 = max-o % = max|z|,=1 | Az||2.
Since the map v — Av is continuous and the set {z | ||]]2 = 1} C C™ is compact, the image
{Az | ||z]]2 = 1} € €™ is also compact. Since |-||2: C* — R is continuous it realises it’s

supremum: there is an v; € C™ with ||v1|]2 =1 and

|[Avi||2 = max ||Az|2 = o1.
llz|l2=1

Defining u; = Avy /o1 we get ||uq]2 = 1.

Extend {v1} to an orthonormal basis {v1,...,v,} of C" and {u;} to an orthonormal basis
{u1,...,um} of C™. Consider the matrices
Up = (u1,...,upy) € C™™
and

V1 = (’Ul,.. -7Un) e Ccnxm,

Then the product Uy AV; is of the form

01 w

0
S=UrAv; = | .

: B

0

43



with w € "~ ! and B € C(m—Dx(n-1),
For unitary matrices U we have

|Uz||3 = (Uz,Uz) = (z,U"Ux) = (z,2) = ||z
and thus

S]] = maxM _ maxM

= ||Alls = oy.
T el vaa], A=

On the other hand we get

2 *
o1 _ || fol Fwrw 2 « (2 « \1/2]| (o1
s (T, =1 5w, = ot +wrw= e+ ww) ) ()],

and thus ||S|2 > (67 + w*w)'/2. Together this allows us to conclude w = 0 and thus

A=U,SVy = U, (‘Bl g) Ve,

By the induction hypothesis the (m—1) x (n—1)-matrix B has a singular value decomposition

B = Uy, V5.

(1 0N (o 0) (1 0.
=y o) (5 8) (0 )v
is a SVD of A and existence of the SVD is proved.

Uniqueness of the largest singular value o7 holds, since o7 is uniquely determined by the
relation

Then

1ALz = max WOEV 2l _ o 122l
o Nl o Jale

Uniqueness of o9, ..., 0, follows by induction as above. O

Remarks. 1) Inspection of the above proof reveals that for real matrices A the matrices U and
V' are also real.
2) If m > n then the last m—n columns of U do not contribute to the factorisation A = UXV*:

A U ) V*

we can also write A as A = USV* where U € C™*" consists of the first n columns of U and
33 € "X consists of the first n rows of . This factorisation is called the reduced singular value
decomposition (reduced SVD) of A.

3) Since we have A*A = VX*U*UXV* = VE*3XV* and thus A*A-V =V - ¥*%, we find
A*Avj = o3v; for the columns vy, ..., v, of V. This shows that the vectors v; are eigenvectors
of A*A with eigenvalues o7.

4) From the proof we see that we can get the || - ||2-norm of a matrix from its SVD: we have
[All2 =01
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For the rest of this section let A € C™*"™ be a matrix with singular value decomposition
A = UXV* and singular values 0y > -+ > 0, > 0 = --- = 0. To illustrate the usefulness of the
SVD we prove a few basic results.

Theorem 6.3. The rank of A is equal to r.
Proof. Since U and V* are invertible we have rank(A) = rank(X) = r. O
Theorem 6.4. We have range(A) = span(uy, ..., u,) and ker(A) = span(vyy1,...,0,).
Proof. a) Since X is diagonal and V* is invertible we have
range(XV™*) = range(X) = span(ey, ..., e,) C C™.

This shows
range(A) = range(UXV™) = span(uy,...,u,) C C™.

b) We have
ker(A) = ker(UXV™) = ker(ZV™).

Since V is orthogonal we can conclude
ker(A) = span(vy41,...,v,) C C".
O

Theorem 6.5. If A = A*, then the singular values of A are |A\1], ..., |\n| where \1,..., )\, are
the eigenvalues of A.

6.2 The Normal Equations

In this section we will first derive a theoretical criterion to find the solution of LSQ and then we
will derive three different algorithms to solve LSQ.

Theorem 6.6. A vector x € C" minimises ||Ax — b||z for A € C™*™ and b € C™, if and only
if Az — b is orthogonal to range(A).

Proof. Let g(z) = %||Az — bl|. Then minimising || Az — b||; is equivalent to minimising the
function g.
(1) Assume that Az — b is orthogonal to range(A) and let y € C™. Then

Ay—Ax=Aly—=z) L Ax —b
and Pythagoras’ theorem gives
Ay = blI5 = [|Ay — Az} + [[Az = bl|3 > || Az — bl|3

for all y € C". Thus x minimises g.
(2) Now assume that the vector x minimises g. Then for every y € C" we have

) 1
0= 5590 +2y) = 3 (<Ay, Az — by + (Az — b, Ay)) = Re(Az — b, Ay)

and

0 T+ \iy) = %(ﬂmy, Az —b) +i(Az — b, Ay>) — i Im(Az — b, Ay).

= ag(
This shows (Ax — b, Ay) = 0 and thus Az — b L Ay for all y € C™. O

Corollary 6.7. A vector x € C™ solves LSQ if and only if

A* Az = A*b. (6.1)
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Proof. From the theorem we know that x solves LSQ if and only if Az — b L range(A). This in
turn is equivalent to Az — b L a; for every column a; of A, i.e. to A*(Az —b) = 0. O

Definition 6.8. The system (6.1) of linear equations is called the normal equations for LSQ.

We will consider different algorithms to solve LSQ. The first one is directly based on the
normal equations.

Algorithm (LSQ via normal equations).
input: A € C™*" with m > n and rank(A) =n, b€ C™
output: z € C" with minimal ||Az — bl|2

1: calculate A*A and A*b

2: solve (A*A)x = A*Db

Remarks. Calculating A*A and A*b requires asymptotically ~ 2mn? operations for m,n — oo.
Since A*A is symmetric we only need to calculate half of the entries, which can be done in
~ mn? operations. Solving (A*A)z = A*b with QR-factorisation requires 3n3 operations.

Together this gives a total asymptotic cost of order

4
C(m,n) ~mn? + §n3.
There are methods to solve SLE for symmetric matrices with fewer steps. Using Cholesky

factorisation one gets a total asymptotic cost of order C(m, n) ~ mn? + in?.

Algorithm (LSQ via QR-factorisation).
input: A € C™*" with m > n and rank(A) =n, b€ C™
output: z € C" with minimal ||Az — b||2

1: compute the reduced QR-factorisation 4 = QR

2: compute Q*b € C"

3: solve Rz = Q*b using back substitution

The result of the algorithm satisfies
A*Az = A*QRx = A*QQ*b = A*b
and thus solves LSQ. Steps 1 and 2 together have asymptotic cost Cy(m,n) ~ 2mn? — §n3, and
step 3 has asymptotic cost Cz(m,n) = O(n?). Thus we get total asymptotic cost

2
C(m,n) ~ 2mn* — §n3

for m,n — oo with m = ©(n).

Algorithm (LSQ via SVD).
input: A € C™*™ with m > n and rank(A) =n, b€ C™
output: z € C" with minimal ||Az — bl|2

1: compute the reduced SVD A = Usv*

2: compute U*b € C"

3: solve Sy = U*b

4: return x = Vy

The result x of the calculation satisfies
A Az = A USV*Vy = A*UU*b = A*b
and thus it is the solution of LSQ.
Remarks. 1) The three algorithms were presented in order of increasing stability.

2) The ratio of computational cost between the first two algorithms depends on the ratio
between m and n. The algorithm using SVD is more expensive then the other two.
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6.3 Conditioning of LSQ

As before let A € C™*™ with m > n, rank(A) = n and b € C™. From corollary 6.7 we know
that the solution of LSQ can be calculated as

x = (A*A)"1 A%
Definition 6.9. The matrix AT = (A*A)~'A* is called the pseudo-inverse of A € C"™*".
Definition 6.10. For A € C*™ define the condition number of A to be

R(A) = Al AT

Remarks. If rank(A) < n then A*A is not invertible and we set x(A) = +oo. Since for square,
invertible matrices A we have AT = A~!, the definition of x(A) is consistent with the previous
one. As before the condition number depends on the chosen matrix norm.

Lemma 6.11. The condition number in || - ||2-norm of a matriz A € C™*" is
g
K(A) = é
Proof. Using the singular value decomposition of A we find
AT = (A*A) AT = (VS TV ESTUT = V(SRR)TISRU. (6.2)
The matrix (3*X)~13* € C"*™ is diagonal with diagonal elements
1 1
7
for i = 1,...,n. Thus equation (6.2) is (modulo ordering of the singular values) a singular value

decomposition of A* and we find

1
R(A) = [Allz ATz = o1 - —.

n

O

Theorem 6.12. Assume that x solves LSQ for b and x© + Az solves LSQ for b+ Ab. Define
9 € [0,7/2] by cos(v)) = Lclz and tet n = || A][||]| /| Az|| > 1. Then we have

[Azfz _ #(A)  [[AD]|
lzllz — neos(@)  bll2

where k(A) is the condition number of A in || -||2-norm.

Proof. We have x = A*b and z + Az = AT (b+ Ab). Linearity then gives Az = ATAb and we
get

el = 2 [[Al2[|[l2

_ w(A))Abla _ K(A)  [|AD]],

[Az]2 _ AT ]l2[|Abl2 _ £(A)]Ab]2

nllAzlz neos(d)  [bll2

O

Remarks. The constant x(A)/ncos(¥) becomes large if either x(A) is large or ¥ ~ 7/2. In
either of these cases the problem is badly conditioned.
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Theorem 6.13. Let ¥ and n as above. Assume that x solves LSQ for A,b and x + Ax solves
LSQ for A+ AA,b. Then

|Az]s _

ezl —

k(A2 tan(9)\ ||AA|-2
Kk(A) 4+ .
(= + =257) T
where k(A) is the condition number of A in || - ||2-norm.
Theorem 6.14. The algorithm to solve LSQ via Householder QR-factorisation is backward
stable: the computed solution & minimises ||(A + AA)Z — b||2 for some matriz AA with

[AA]2
=0O(em)-
1Al

Theorems 6.13 and 6.14 together give estimates for the accuracy of the computed result x,
given that ¢ is bounded away from = /2.

Exercises
1) By following the proof of the existence of a singular value decomposition, find the SVD

for the matrix
1 2
-1 2).

2) You are given m data points (u(?,v") where u() € R"~! and v) € R for i = 1,...,m.
We would like to find « € R”! and 3 € R to minimise

Z laTu® + 5 — @2,
i=1

Show that this problem may be reformulated as a standard least squares problem by specifying
appropriate choices of A € R™*™ and b € R™.

48



Chapter 7

The Eigenvalue Problem

A vector z € C" is an eigenvector of a matrix A € C"*" with eigenvalue A € C if
Ax = Az, x#0.

In this chapter we will learn to solve the following problem: given A, compute the eigenvalues
and eigenvectors.

Definition 7.1. Given a matrix A € C"*™ we define the characteristic polynomial of A as
pa(z) := det(A — 21).
Theorem 7.2. A value )\ € C is an eigenvalue of the matrix A, if and only if pa(N) = 0.

Proof. X is an eigenvalue of A, if and only if there is an © # 0 with (A — M)z = 0. This is
equivalent to the condition that A — AI is singular which in turn is equivalent to det(A — zI) =
0. |

This shows that, if we can find the roots of arbitrary polynomials, we can also find the
eigenvalues of arbitrary matrices. We will now see that the two problems are even equivalent,
i.e. that for every polynomial we can find a matrix with this polynomial as the characteristic
polynomial. Let p(z) = ap + a1z + -+ + an_12""1 + 2" be given. Define A € C"*" by

0 —ap
1 —Qaq
A= : (7.1)
—Qp—2
1 —O0p—1

By induction one can show that pa(z) = det(A—2I) = (—1)"p(z). This shows that the problem
of finding eigenvalues is equivalent to the problem of finding roots of a polynomial.

Theorem 7.3 (Abel, 1824). For every n > 5 there is a polynomial p of degree n with rational
coefficients that has a real root which cannot be expressed only using rational numbers, addition,
subtraction, multiplication, division and taking kth roots.

As the computed result of a computer program will always be based on the operations
mentioned in the theorem, we find that it is not possible to find an algorithm which calculates
eigenvalues exactly after a finite number of steps. Conclusion: any eigenvalue solver must be
iterative.

Theorem 7.4. If A € C™"*" is Hermitian, then there exists a unitary matriz Q € C**"™ and
diagonal A € R™*"™ with
A= QAQ".
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Remarks. 1) The orthonormal columns of @) are the eigenvectors of A and the diagonal entries
of A are the corresponding eigenvalues.
2) The theorem shows that Hermitian matrices have real eigenvalues.

The iterative methods presented in this chapter will calculate approximations to eigenvectors.
The following consideration will help to get an approximation for the corresponding eigenvalue
from this. Given A € C"*™ and x € C" we try to find the o € C which minimises ||Azx — az||2.
If x is an eigenvector then the minimum is attained for the corresponding eigenvalue. Otherwise
we consider the normal equations: in the distance

|Az — azx||2 = ||z - o — Az||2

we consider = to be a n x l-matrix, o € C! to be the unknown “vector” and Az € C™ to be the
right hand side. Then according to corollary 6.7 the minimum is attained for

A
a=(z*z) ta*(Az) = 7<z;,;>>
Definition 7.5. The Rayleigh quotient of a matrix A € C"*" is defined by
(z, Az)

ra(z) = ——=+

(z,x)
for all x € C".

Theorem 7.6. Let A € R™"*" be symmetric and x € R™ with x # 0. Then x is an eigenvector
of A with eigenvalue X if and only if Vra(x) =0 and ra(z) = A.

Proof. The gradient of r4 can be calculated as

Vra(x) = (

0 2jn—1 zjajkzk)
0x; Z?:l :c? i=1,...,n

. ((Zk#i QikTh + Dy Tjji + 2a;;;) Di T = D TR, - 23%)
(Z;'lzl x?)Q

24z - (x,x) — 2(x, Ax) - x o
(x, 2)*
= L(Az —ra(x) as)

(13

Assume Az = Az. Then ry(x) = (z, Az)/(x,x) = A and

xT

2
Vra(z) = W(/\z —Az) =0.

If on the other hand Vr4(z) = 0, then Az — r4(x)z = 0 and thus we get Az = r4(x) - 2. O

For the remaining part of the chapter let x4, ..., z, be a orthonormal system of eigenvectors
and and Aq,..., )\, be the corresponding eigenvalues of a real, symmetric matrix A. We order
the eigenvalues such that [\1| > [Aa] > -+ > |A\,]-

Algorithm (power iteration).

input: A € R™*" symmetric with [A;| > |Ag]

output: 2 € R”, A\*) € R with z® ~ 21 and \®) ~ )\,
1: choose 2(0) € R” with |29, =1
2: for k=1,2,3,... do
3wk = Az

(k)
4: Z(k = v
[[w® 2
5. AF) = (2(0) Az (R)
6: end for
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Remarks. 1) For practical usage the method, as is every iterative method, is stopped at some
point where the result is “close enough” to the real one.

2) The algorithm calculates z(*) = AF2(0) /|| A*2(0)||y and A®) = r,(2(®)). To avoid over-
flow /underflow errors the vector z(¥) is normalised in every step of the iteration.

3) The method is based on the following idea: if we express z(?) in the basis z1,...,z, we

get
Z(O) = Z (e 7373
i=1
and

n n
ko (0) = E a; ARz, = E ai)\fzi.
i=1 i=1

For large k this expression is dominated by the term corresponding to the eigenvalue with the
largest modulus.

Theorem 7.7. Let [\i| > [Ao| > -+ > |\,| and (29, 2,) # 0. Then there is a sequence
(0" pen with o®) € {—1,+1} for all k € N such that the sequences (z*)) and (\*)) from the
power iteration algorithm satisfy

29— 0@, |, = (,AQ k) (7.2)
and N
AR~ \y| = (‘ 2 2’“) (7.3)
Proof. a) Let x1,...,2, be an orthonormal system of eigenvectors with eigenvalues A1,..., A\,
and

n
Z(O): E Q5.
=1

Since a; = (2(9, 21) # 0, we get

Akz(o)—Za)\wz—Oq)\l(lj—l—z )\ b )
1

i=1

and Pythagoras’ theorem gives

4k, Ak 2 (1 iy <l ME? SILAN 2.
450 = o (1 SR ) < ot (1 2 2()°)
Using the Taylor approximation v/1+ 22 ~ 1 + z?/2 we can conclude

HAkZ(O)H2 |a1)\k|(1+o(}/\2 2k))

Now define ¢(*) = sgn(a; A¥). Then

Ak 2(0) 2 Ak 2(0) 2 Q2 A2k
H |a1)\k B :61”2 o H al)\’f _mlHQ o 22(041) ’ (’ )
and thus
*) k,(0) Ak »(0)
n, < |y ol + g o=
[ARzO0) ]}y  Jan M| Il2 quA 2

=o(|2*) +o(I2") = o(II")
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This finishes the proof of (7.2).
b) From theorem 7.6 we know r4(c®z;) = \; and Vr(c®z;) = 0. Taylor expansion of
r4 around oMz gives

ra(z) =ra(z) + <V7’A(O'(k)1'1), z— J(k):c1> + (9(”2 - a(k>z1|\§)
=M +0+0(]]z - a<k>x1|\§).

Using (7.2) we get

AB = x| = a2 9) = a] = O(1¥ — o) = O |22/

A1
This completes the proof of relation (7.3). O

The power iteration algorithm helps to find the eigenvalue with the largest modulus and the
corresponding eigenvector. The method can be modified to find different eigenvalues of A. This
is done in the following algorithm.

Algorithm (inverse iteration).
input: A € R™*" symmetric, A € R
output: z(F) € R", A\*) € R with 2(®) ~ z; and A\(®) ~ ),
where ); is the eigenvalue closest to A
choose z(9 € R with |[z2(D], =1
2: for k=1,2,3,... do
solve (A — A)w®) = z(=1)
PR (. _w®
[w®]l
u) = (z(k),Az(k)>
6: end for

1
(k) — _—
return \ A+ PGk

—

@

o

-]

Remarks. 1) For practical usage the method is stopped at some point where the result is “close
enough” to the real one.

2) By comparison with the power iteration method we find that u(*) approximates the eigen-
value of (A — AI)~! with the largest modulus. Since (A — A\I)~! has eigenvalues y; = 1/(\; — \)
this value is pu; where ); is the eigenvalue closest to A and we get

A<’€>=A+izA+i=A+(A»—A)=A.
Q) 14 J J
Using this argument it is easy to convert theorem 7.7 into a theorem about the speed of conver-
gence for the inverse iteration algorithm.

The power iteration method only works if the initial vector z(?) satisfies the condition
(29 21) # 0. This is no problem since dim{z € R" ’ (z,x) = 0} = n — 1 < n. The probability
of hitting this hyperplane with a randomly chosen initial vector z(9) is zero if the distribution
has a density with respect to the Lebesgue measure on R™ and also at least one of the basis
vectors e, ..., e, satisfies the condition (e;, 21) # 0.

The following algorithm extends the idea of the power iteration algorithm: it runs the power
iteration method for n orthonormal vectors simultaneously, re-orthonormalising them at every
step. The result is an algorithm which approximates all eigenvectors and all eigenvalues at once.

Algorithm (simultaneous iteration).
input: A € R™*™ symmetric
output: Q¥ A ¢ Rnxn
with QW) ~ (21, 2a,...,2,) and AP ~ \; for i =1,...,n
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choose an orthogonal matrix Q(®) € R"*"

: for k=1,2,3,...do
Wk = AQ*-1
calculate the QR-factorisation W*) = Q) R(k)
A®) = Q)T Q®

end for

A R

Theorem 7.8. Let A € R"*" be symmetric with eigenvalues \1, ..., A\, satisfying Ay > -+ > \,,.
Assume <q§0),zi> #0 fori=1,...,n. Then there are sequences (ofk))keN fori=1,... ,n with
agk) € {+1, -1} for all i, k with

k
o — oM aill, = 0(Jel")

and
A x| =0(j¢*)

v

fori=1,...,n where q%k), e q,(lk) are the columns of Q%) and & = max;—1 1 |\i|/|Nit1]-

Remarks. Since the matrices R*%) are upper-triangular, the first column of Q) in step 4 of
the algorithm is a multiple of the first column of the matrix W), Thus the first column qik) of

the matrix Q®) performs the original power iteration algorithm with initial vector q§0).

Exercises

1) Give a proof by induction which shows that the matrix A from (7.1) really has determi-
nant (—1)"p(z) where p(z) = ag + a1z + -+ + an_12""1 + 2™

2) Give a proof of theorem 7.8.
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