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Intro

Itisverye�ectivetodosignalprocessingintheDigitaldomain.
YetmanysignalsareinherentlyAnalog.

Forexample,audiosignalscorrespondtofunctionsfmodelingrapidpressure
oscillations,which
�dependona\continuous"variablet
�havea\continuous"range(i.e.,arangewhich�llsoutanintervalinR.)

SowemustconverttheAnalogsignaltotheDigitalDomain,thisisabbreviatedA/D
conversion.
Ifweconsidertheaboveexample,wecanseethatA/Dconversioncanbedescribedin
twosteps:

�Sampleintime.
�Quantizetheamplitude.
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Samplingintime

Iffisbandlimited,meaningsupp(f̂)�[�
;
](alsodenotedf2PW
),thenthe
classicalsamplingtheoremsayswecanperfectlyreconstructf(t)fromappropriately
spacedsampledvalues(:::;f(�T);f(0);f(T);f(2T);f(3T);:::).

ClassicalSamplingTheorem.LetT;
>0andassume0<2
T�1.Let
g2PW1=2Tsatisfyĝ=1on[�
;
]andĝ2L1(R̂).Then

8f2PW
f(t)=T
X

n

f(nT)g(t�nT)

whereconvergenceisinL2(R)anduniformlyinR.

�

�

�

�

�

��

�

�

��

Terminology:thesamplingrate1
T=2
iscalledtheNyquistrate.Itistheminimumrate

forwhichwecanapplythereconstructionformulaabove.Ifsamplingisslower,then
aliasingresultsandwecan'treconstructusingT

P
nf(nT)g(t�nT).
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Quantizetheamplitude

Now,thesamplesf(nT)canassumeanyvalueintherangeoff(thisrangeistypically
andinterval).Therefore,thenextstepindigitizingismapping

fthecontinuumofvaluesf(nT)canassumeg!fa�nitesetofoutputvaluesg:

Wedothiswithaquantizationscheme.Inthistalk,wedescribetwoquantization
schemesforf2C
;A,where

C
;A=fh:ĥisa�nitemeasuresupportedin[�
;
];khkL1�Ag:
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Firstquantizationscheme:PCM(pulsecodemodulation)

�Assumef2C
;A,andlet2T
=1(sothesamplesf(nT)arecollectedatNyquist
rate).
�Now,foreachnconsiderthebinaryexpansionoff(nT)

f(nT)=�A+A
1X

k=0

b
n
k2

�k
whereb

n
k2f0;1g

�Toquantizef(nT),replacef(nT)with~fnwhere

~fn=�A+A
m�1 X

k=0

b
n
k2

�k
;

(thatis,wesimplytruncatethebinaryexpansionoff(nT)).
Terminology:ThisquantizationschemeiscalledPCMbecause,wereplacethevalue
f(nT)withthepulsecode(bn

0;bn
1;:::;bn

m).
Terminology:Weusethetermmodulationtodescribetheprocessoftakinginformation
containedinonesignalandencodingitinasecondsignalbyvaryingaparameterinthe
secondsignal.
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BoundonApproximationerrorusingm-bitPCM

Wecomputejf(nT)�~fnj�A2�m+1.Soifwereplacef(nT)by~fninthesampling
theorem,andapproximatef(t)withtheresultingsum,thentheerrorhasthebound,

jf(t)�T
X

n

~fng(t�nT)j�T
X

n

jf(nT)�~fnj�jg(t�nT)j

�TA2
�m+1X

n

jg(t�nT)j

�A2
�m+1

(kgkL1+Tkg
0
kL1)

=O
�

1
2m

�
asm!1:

Conclusion:Weseethattheapproximationerrordecaysexponentiallyinm=thenumber
ofbitspersample.
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Secondquantizationscheme:PDM(pulsedensitymodulation)

PCM

(
�xedsamplingrate

variablem-bitspersamplecontrolstheapproximationerror

PDM

(
variablesamplingratecontrolstheapproximationerror

�xed1-bitpersample
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Secondquantizationscheme:PDM(pulsedensitymodulation)

PDM

(
variablesamplingratecontrolstheapproximationerror

�xed1-bitpersample

OneexampleofaPDMschemeisthe��-recursion:
�Letf2C
;A,and2T
=1

m<1wherem2N.
�Toquantizef(nT),replacef(nT)withqT

n2f�A;Agusingthefollowingrecursion.
(

un=un�1+f(nT)�qT
n

qT
n=Asign(un�1+f(nT))

(��)

�Lookcloselyattheinputtothesignfunction.Ifweonlyhadf(nT)thiswouldbea
1-bitPCM.Instead,weintroduceaun�1,whichissometimescalledtheinternalstateof
thequantizer.Theun'stakeintoaccountpastsamplesaswellasf(nT).
Terminology:ThisquantizationschemeiscalledPDM(pulsedensitymodulation)
becausethepulsesqT

nhavethepropertythat
PN

n=0qT
ncloselytracks

PN
n=0f(nT).
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Exampleofthe��{recursion
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f(t)=0.7

n

sam
pled values such as f(nT

), q
nT , u

n

f(nT) sampled function 
qnT quantized values
un internal state of quantizer
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0
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Averages (when f(t)=0.7)
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es sum
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 1 to N
 of either f(nT

) or q
nT

1/N(f(1T)+f(2T)+...+f(NT))
1/N(q1T+q2T+...+qNT)

TogettheLEFT�gure,setu1=0.Notethatf(nT)=0:78n.

qT
n=sign(un�1+f(nT))un=un�1+(f(nT)�qT

n)

qT
2=sign(0+0:7)=1u2=0+(0:7�1)=�0:3

qT
3=sign(�0:3+0:7)=1u3=�0:3+(0:7�1)=�0:6

qT
4=sign(�0:6+0:7)=1u4=�0:6+(0:7�1)=�0:9

qT
5=sign(�0:9+0:7)=�1u5=�0:9+(0:7�(�1))=0:8
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Exampleofthe��-recursion
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Figure1:Anexampleofthe��-schemeusingf(t)=sin(2�tandA=1

Figure2:TheaveragevalueofqT
napproachestheaveragevalueoff(nT)
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ProofofSumTrackingproperty

Inordertoprovethesumtrackingproperty,weneedaboundontheinternalstateofthe
quantizerun.ThisisasimplepropositionintheDaubechies,DeVorepaper:

Proposition2.1.Letf2C
;A,ju0j<A,andletunbede�nedbytherecursion
(��)forn�1,thenthisrecursionde�nesunforn<0.Furthermore,junj�A
foralln.

Nowusingthisbound,theproofoftheclosetrackingissimplyrewritingthesumin
questionasatelescopingsumusingtheinternalstatesequence.Notethisrewritefollows
fromthe�rstlineofthe��-recursion

(
un=un�1+f(nT)�qT

n

qT
n=Asign(un�1+f(nT))

(��)

Sowecompute
�
�
�
�
�

NX

n=0

f(nT)�q
T
n

�
�
�
�
�

=

�
�
�
�
�

NX

n=0

un�un�1

�
�
�
�
�

=juN�u�1j�2A;

Thissumtrackingproperty,whichisequivalenttotheinternalstatebeingbounded,is
thekeypropertyofthe��-scheme.
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Comparingthedecayoftheapproximationerror
forthePCMandPDMschemes

�Recallforthem-bitPCMscheme,wehavethefollowingbitrate:
�

mBits
Sample

��
1Sample

NyquistInterval

�
=

�
mbits

NyquistInterval

�

Thisbitrategaveanexponentialdecay(O(1=2m)asm!1)oftheapproximation
error.
�Nowconsiderthe��-recursionwiththesamebitrate: �

1Bit
Sample

��
mSamples

NyquistInterval

�
=

�
mbits

NyquistInterval

�

Forthisbitratewecanboundtheapproximationerrorbyc=m.
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Comparingthedecayoftheapproximationerror
forthePCMandPDMschemes

Proposition2.2.Letf2C
;A,2
T=1=mwherem2N,andletgsatisfythe
conditionsinthesamplingtheoremabove.Let(qT

n)n2Zand(un)n2Zbede�nedby
therecursion(��),andu02(�A;A),then

jf(t)�T
X

n

q
T
ng(t�nT)j�TAkg

0
kL1=

Akg0k
L1

2
m
=O(1=m):

�Wewillproveamoregeneralversionofthistheoremattheendofthistalk.
�Noticethedecayissigni�cantlyslowerforthePDMthanforPCM.(1=mversus
1=2m.)SowhyconsideraPDM?Thetradeo�isthatthePDM/��-schemeischeaper
toimplementthanthePCMscheme.
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BlockDiagramsforPDMschemes

�The��-recursivescheme,
(

un=un�1+f(nT)�qT
n

qT
n=sign(un�1+f(nT));

(��)

isimplementedbyasimplefeed-backloopcircuitwhichisrepresentedbytheblock
diagraminFigure3.

�

�
�

�

�

�

�

�

�

�

�

�

	�


�

�


��

�

�

Figure3:ABlockDiagramforthe��-algorithm
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BlockDiagramsforPCMschemes

�Interestingly,averysimilarblockdiagramimplementsanalgorithmthat\computes"
thesuccessiveentries(bn)n�0ofthebinaryexpansionof�2(0;1).Theinputsequence
isxnwhere(x0;x1;x2;:::)=(2��1;0;0;:::).

�

�

�

�

�

�� �

�
�

	




�

�

�

�

�

�

�



�

Figure4:ABlockDiagramrepresentinganalgorithmthatcomputesthecoe�cientsofthebinaryexpansionof�whenweinputxnwhere(x0;x1;x2;:::)=
(2��1;0;0;:::)

Nowtherecursionthatisrepresentedbythisblockdiagramis:
(

~un=2~un�1+xn�~bn

~bn=sign(2~un�1+xn):
(B.E.)

15



Calculatethebk'sin�=
b0
21+

b1
22+

b2
23+:::

Nowrecursion(B.E.)doesn'tcalculatethebinarycoe�cientsdirectlysince~bn2f�1;1g,
butforabinaryexpansion�=

b0
21+

b1
22+

b2
23+:::,wehavebn2f0;1g.

Weaccountforthisbyaddingathirdlinetorecursion(B.E.):
8
><

>:

~un=2~un�1+xn�~bn

~bn=sign(2~un�1+xn)

bn=
1+~bn

2;

(B.E.2)

Nowifweuse
�xn=0forn>0
�sign(2~u�1+x0)=sign(4��2)=sign(2��1)=sign(2~u�1),
�set~un=2un�1
�eliminatethesignfunctionand~bn

Therecursion(B.E.2)becomes

Initializeu�1:=�
Forn=0;1;2;3;:::

If2un�1�1,Setbn:=1
If2un�1<1,Setbn:=0
Setun:=2un�1�bn
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Robustness

AsstatedwhenwecomparedthedecayoftheapproximationerrorforthePCMand
PDM/��-schemes,the��-schemeischeapertoimplementthanthePCM.

�

�
�

�

�

�

�

�

�

�

�

�

	�


�

�



�

�

�

�

�

�

�

�

�� �

�
�

�

�

�

�

�

�

�

�

�
�

�

Butaswecanseewhenwejuxtaposetheblockdiagramsforthetwoschemes,theonly
di�erenceinimplementationisa�2forthePCMscheme.

Howcandeletinga�2besomuchcheaper?

Theansweristhatcheaper=usinglessthanidealquantizers(thatissignfunctions).
The��-schemepossessesanabilitytocorrecterrorsmadebycheapquantizersthatthe
PCMschemedoesnotpossess.
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Imperfectquantizers

Quantizersareneverperfect,meaningthatinpracticesign(t)mustbereplacedby
sign(t+�)whereweonlyknowthatj�j<�forsome�xed�.
Thefollowingpropositionsshowthatthe��-schemeisrobusttotheseimperfections....
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Imperfectquantizers

Quantizersareneverperfect,meaningthatinpracticesign(t)mustbereplacedby
sign(t+�)whereweonlyknowthatj�j<�forsome�xed�.
Thefollowingpropositionsshowthatthe��-schemeisrobusttotheseimperfections....

Proposition2.3.Letf2C
;A],let(un)n2Z;(qn)n2Zbede�nedby
(

un=un�1+f(nT)�qT
n

qT
n=Asign(un�1+f(nT)��)

(���)

where�2[��;�]is�xed,andwhere�<A=kfkL1.Ifju0j�A��,then
junj��+Aforalln2Z.

ThisboundisallweneedtoshowthatwehaveanO(1=m)decayontheapproximation
error.....
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Imperfectquantizers

Quantizersareneverperfect,meaningthatinpracticesign(t)mustbereplacedby
sign(t+�)whereweonlyknowthatj�j<�forsome�xed�.
Thefollowingpropositionsshowthatthe��-schemeisrobusttotheseimperfections....

Proposition2.3.Letf2C
;A,let(un)n2Z;(qn)n2Zbede�nedby
(

un=un�1+f(nT)�qT
n

qT
n=Asign(un�1+f(nT)��)

(���)

where�2[��;�]is�xed,andwhere�<A=kfkL1.Ifju0j�A��,then
junj��+Aforalln2Z.

ThisboundisallweneedtoshowthatwehaveanO(1=m)decayontheapproximation
error.....

Corollary2.1.LetfbeinC
;A,let2T
=1
m,andsupposegsatis�esthe

conditionsinthesamplingtheorem.Supposethesequence(qT
n)n2Zisgeneratedby

(���),withimperfectquantizersign(t��)where�2[��;�]is�xedbutarbitrary
and�<A.Then,forallt2R,

jf(t)�T
X

n

q
T
ng(t�nT)j�

(A+�)kg0k
L1

2
m
:

20



Imperfectquantizerswith�permittedtovary

Considerthecasewhere�2[��;�]neednotbe�xed,i.e.,wherewehave
(

un=un�1+f(nT)�qn

qn=Asign(un�1+f(nT)��n)
(�n��)

with(�n)nasequencesuchthatj�nj��foralln.Wethenhaveaone-sidedboundfor
theun's,namely,aboundfor(un)n�l.

Proposition2.4.Letf2C
;A,letun;qnbede�nedasin(�n��),with
j�nj��<Aforalln.Ifjulj�A+�,thenjunj�A+�foralln�l.
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Onesidedboundint

Becausewenowhaveonlyaone-sidedestimateforthejunj,wehavetoreplacethe
esitmateinthepreviouscorollarybyaone-sidedestimateintaswell.

Corollary2.2.LetfbeinC
;A,let2T
=1=m,andletgsatisfythe
assumptionsinthesamplingtheorem.Fora�xedM,chooseCM>0suchthat

jg(t)j�CM(jtj+1)
�M�1

:

Choose�N��T�2=M.Supposethesequence(qT
n)n2Zisgeneratedby(�n��),

withimperfectquantizersign(t��n)wherej�nj��<Aforalln��N,andwith
ju�N�1j�A+�.Then,forallt>0,

jf(t)�T
X

n

q
T
ng(t�nT)j�T

�
ACM

M
+(A+�)kg

0
kL1

�

�O(1=m)asm!1:
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PCMschemeisnotrobust

Inthisexampleweshowthatthebinaryexpansionschemecannotcorrectquantizer
imperfections.
Supposewegeneratebits~bn2f�1;1gusinganimperfectquantizerintherecursion:

(
~un=2~un�1+xn�~bn

~bn=sign(2~un�1+xn��)
(�B.E.)

andweseektoquantizethevalue�=�=4byreplacing�=4withanm-bitpulsecode.
Todothis,weneedtosetx0=�,xn=0forn=0;1;:::;m�1,and2~u�1=�.Now
tobeconcrete,take�>0.Ifwewereusingaperfectquantizer,

~b0=sign(2~u�1+x0)=sign(�=4+�=4)=1:

But,theimperfectquantizermakesamistake:
~b0=sign(2~u�1+x0��)=sign(�=4+�=4��)=�1:

Nowifwekeepm-bitsanduse�m=
Pm

n=02�n~bntoapproximate�,themistakemade
atthe�rstbitcanneverbecorrectednomatterthesizeonm,becausethetail Pm

n=12�nisnevergreaterthan1.
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continued

�

�

�

�

�

���

�

�

Indetail,

�m=~b0+
mX

n=1

2
�n~bn

��1+
mX

n=1

2
�n

=�2
�m

Soj���mj=j�=4��mj=j�=4+2�mj��=4,andagainweseeincreasing
m=numberofbits,cannotfullycorrecttheoriginalerror.
Soinparticular,theoriginalexponentialdecayO(1=2m)oftheapproximationerrorfora
PCMcannotbeattainedifcheapquantizerareused.
(Themistakeillustratedinthisexamplecanbecorrectedifweuseadi�erentexpansion
ratherthatbinaryexpansions.ThisistheideaofBetaencoding.)
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ImprovingthedecayoftheapproximationerrorforPDMschemes,
Higherorder��-schemes.

Recallthatthesumtrackingpropertyofthe��-schemeisequivalenttorewriting
f(nT)�qT

nasthe�rstorderbackwarddi�erenceofaboundedsequence,i.e.,

f(nT)�q
T
n=un�un�1=:�

1
n(u)

Ingeneral,thekthorderbackwarddi�erenceofasequence(wn)n2Zis

�
k
n(w)=

k X

l=0

(�1)
j
�

k
l

�
wn�l:

Note,backwardreferstothen�l.Ifweinsteadconsiderforwarddi�erences,then�l
wouldbereplacedbyan+l.Wedenoteforwarddi�erenceby�.Alsonote,theword
di�erenceisusesincetheaboveequationcanbederivedusinginductionandtherelations

�
1
n(w)=wn�wn�1

�
k
n(w)=�

k�1
n(�

1
n(w))=�

1
n(�

k�1
n(w))

Wecomputethefollowingexampletoshowhowthebinomialcoe�cientsarise.

�
2
n(w)=�

1
n(�

1
n(w))=�

1
n(wn�wn�1)=(wn�wn�1)�(wn�1�wn�2)=wn�2wn�1+wn�2
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Higherorderdi�erences

ThefollowingpropositionshowswecanimprovetheO(1=m)decay(asm!1)to
O(1=mk)ifwecanrewritef(nT)�qT

nasthekthorderbackwardsdi�erenceofa
boundedsequence.

Proposition3.1.Letf2C
;A,2T
=1
mandsupposegsatis�estheconditionsin

thesamplingtheorem.Supposethatforn2ZwechooseqT
n2f�A;Agsothat9

aboundedsequence(vn)n2Zandk2Nforwhich

f(nT)�q
T
n=�

k
n(v):

Then8t2R,

jf(t)�T
X

n

q
T
ng(t�nT)j�T

k
kvkl1










dkg
dtk










L1(R)
=O(1=m

k
)
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ProofofProposition3.1

jf(t)�T
X

n

q
T
ng(t�nT)j=Tj

X

n

(f(nT)�q
T
n)g(t�nT)j

=Tj
X

n

�
k
n(v)g(t�nT)j

=Tj
X

n

vn�
k
n(g(t��T))j(1a)
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ProofofProposition3.1

jf(t)�T
X

n

q
T
ng(t�nT)j=Tj

X

n

(f(nT)�q
T
n)g(t�nT)j

=Tj
X

n

�
k
n(v)g(t�nT)j

=Tj
X

n

vn�
k
n(g(t��T))j(1a)

�Tkvkl1
X

n

j�
k
n(g(t��T))j

=Tkvkl1
X

n

T
k�1

j
ZkT

0
g

(k)
(t�(n+k)T+u)�k(u=T)duj(1b)
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ProofofProposition3.1

jf(t)�T
X

n

q
T
ng(t�nT)j=Tj

X

n

(f(nT)�q
T
n)g(t�nT)j

=Tj
X

n

�
k
n(v)g(t�nT)j

=Tj
X

n

vn�
k
n(g(t��T))j(1a)

�Tkvkl1
X

n

j�
k
n(g(t��T))j

=Tkvkl1
X

n

T
k�1

j
ZkT

0
g

(k)
(t�(n+k)T+u)�k(u=T)duj(1b)

�T
k
kvkl1

X

n

Z1

�1
jg

(k)
(y)j�k(

y�t
T

+n+k)dy(1c)

=T
k
kvkl1

Z1

�1
jg

(k)
(y)j

 
X

n

�k(
y�t

T
+n+k)

!

dy(1d)

=T
k
kvkl1










dkg
dtk










L1(R)
(1e)
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GeneralizingAbelSummation

Firstly,(1a)holdsbyageneralizationofAbelsummation:

Claim1.If(vn)n2Zisboundedandlimjnj!1gn=0,then8k2N,
1X

n=�1

�
k
n(v)gn=

1X

n=�1

vn�
k
n(g)

Proof.Byinduction.k=1:WehaveproventhisintheproofofProposition2.2,
namelyif(un)n2Zandgn!0asjnj!1then
P

(un�un�1)gn=
P

un(gn�gn+1)i.e.,
P

�1
n(u)gn=

P
un�

1
n(g).
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continued

k>1:Assumewehavetheconclusionfork�1andshowfork.now
X

n

�
k
n(v)gn=

X

n

�
k�1
n�

1
n(v)gn

=
X

n

�
1
n(v)�

k�1
n(g)

=
X

n

vn�
1
n�

k�1
n(g)

=
X

n

vn�
k
n(g);

Thesecondequalityfollowsbytheinductionhypothesisusingthebounded
sequence(�1

n(v))n2Z,wherek�1
n(v)kl1�2kvkl1.Thethirdinequalityfollows

byAbelSummationsince

lim
jnj!1

�
k�1
n(g)=lim

jnj!1

k�1 X

l=0

(�1)
l
�

k
l

�
gn�l=

k�1 X

l=0

(�1)
l
�

k
l

�
lim

jnj!1
gn�l=0

sincelimn!1gn=0.
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ForwardDi�erencereplacedbyanIntegral

Secondly,(1b)(whichiswheretheTk�1comesin)isaresultofRieszrepresentationand
Taylor'sexpansionwiththeintegralformoftheremainder:

Claim2.Foranyk,

�
k
n(g(t��T))=T

k�1
ZkT

0
g

(k)
(t�(n+k)T+u)�k(u=T)du

where�k=1[0;1]�����1[0;1],ak-foldconvolutionof1[0;1].
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ProofofForwardDi�erencereplacedbyIntegral

Step1.Considerthedivideddi�erencefunctional,[x0;x1;:::;xk]where
[x0;x1;:::;xk]f=AkwhereAkisthecoe�cientinfrontofxkforthedegreek
polynomialPk(x)=Pk(f;fx0;:::;xkg;x)whichinterpolatesfatthepoints
fx0;x1;:::;xkg.We�rstnotethat

[x0;x1;:::;xk]f=
k X

l=0

f(xl)
(xl�x0):::(xl�xl�1)(xl�xl+1):::(xl�xk)

:(dd)
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ProofofForwardDi�erencereplacedbyIntegral

Step1.Considerthedivideddi�erencefunctional,[x0;x1;:::;xk]where
[x0;x1;:::;xk]f=AkwhereAkisthecoe�cientinfrontofxkforthedegreek
polynomialPk(x)=Pk(f;fx0;:::;xkg;x)whichinterpolatesfatthepoints
fx0;x1;:::;xkg.We�rstnotethat

[x0;x1;:::;xk]f=
k X

l=0

f(xl)
(xl�x0):::(xl�xl�1)(xl�xl+1):::(xl�xk)

:(dd)

Thisfollowssinceifweset
(x)=(x�x0):::(x�xk),thenp(x)=
Pk

l=0
f(xl)
(x)

(x�xl)
0(xl)
interpolatesfatfx0:::xkgandisofdegreekhence(bythefundamentaltheoremof
algebra)p(x)=Pk(f;fx0;:::;xkg;x).Thenbyexpanding


(x)
(x�xl)andlookingatthexk

termwesee

Pk(x)=
k X

l=0

f(xl)

0(xl)

x
k

+(polynomialofdegreek�1orless)

So[x0;x1;:::;xk]f=
Pk

l=0
f(xl)

0(xl).
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Step2.Ifweset~g(u)=g(u+t�(n+k)T)andweuse(dd)wehave

�
k
n(g(t��T))=

k X

l0=0

(�1)
l0
�

k
l0

�
g(t�(n+l

0
)T)
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Step2.Ifweset~g(u)=g(u+t�(n+k)T)andweuse(dd)wehave

�
k
n(g(t��T))=

k X

l0=0

(�1)
l0
�

k
l0

�
g(t�(n+l

0
)T)

=
k X

l=0

(�1)
k�l

�
k

k�l

�
g(t�(n+(k�l)T)

=
k X

l=0

(�1)
k�l

�
k
l

�
g(t�(n+k)T+lT)

=
k X

l=0

(�1)
k�l

�
k
l

�
~g(lT)
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Step2.Ifweset~g(u)=g(u+t�(n+k)T)andweuse(dd)wehave

�
k
n(g(t��T))=

k X

l0=0

(�1)
l0
�

k
l0

�
g(t�(n+l

0
)T)

=
k X

l=0

(�1)
k�l

�
k

k�l

�
g(t�(n+(k�l)T)

=
k X

l=0

(�1)
k�l

�
k
l

�
g(t�(n+k)T+lT)

=
k X

l=0

(�1)
k�l

�
k
l

�
~g(lT)

=k!T
k

k X

l=0

~g(lT)
Tk(�1)k�ll!(k�l)!

=k!T
k

k X

l=0

~g(lT)
(lT):::(1T)(�1T):::(�(k�l)T)

=k!T
k

k X

l=0

~g(lT)

0(lT)

=k!T
k
[0T;1T;:::;kT]~g
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Step3.If�(f)=
Rb

afd�isacontinuouslinearfunctionalonC[a;b]whichisorthogonal
topolynomialsofdegree�k�1,(i.e.,�(p)=0ifdeg(p)�k�1),then8f2Ck[a;b]
weapply�tobothsidesofTaylor'sexpansionwithintegralformoftheremainderwhere

(X)+=

(
X;ifX�0;

0;ifX<0.

andget
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Step3.If�(f)=
Rb

afd�isacontinuouslinearfunctionalonC[a;b]whichisorthogonal
topolynomialsofdegree�k�1,(i.e.,�(p)=0ifdeg(p)�k�1),then8f2Ck[a;b]
weapply�tobothsidesofTaylor'sexpansionwithintegralformoftheremainderwhere

(X)+=

(
X;ifX�0;

0;ifX<0.

andget

�(f(x))=�
�

f(a)+
x�a

1!
f(a)+:::+

(x�a)k�1

(k�1)!
f

(k�1)
(a)+

Zx

a
f

(k)
(u)

(x�u)k�1

(k�1)!
du

�

=�

 Zb

a
f

(k)
(u)

(x�u)
k�1
+

(k�1)!
du

!

=
Zb

a

Zb

a
f

(k)
(u)

(x�u)
k�1
+

(k�1)!
dud�(x)

=
1

(k�1)!

Zb

a
f

(k)
(u)

 Zb

a
(x�1)

k�1
+d�(x)

!

du

=
1

(k�1)!

Zb

a
f

(k)
(u)�

�
(��u)

k�1
+

�
du
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Step4.BytheRieszrepresentationtheoremthefunctional�k(f)=[0T;:::;kT]f
whichiscontinuousonC[0;kT]canberepresentedasanintegrationwithrespecttoan
appropriatemeasure�k.Furthermore�kisorthogonaltopolynomialsofdegree�k�1,
sofor~g2C1�Ck[0;kT]wecanapplytheaboveargumentandget

[0T;:::;kT]~g=�k(~g)=
1

(k�1)!

ZkT

0
~g

(k)
(u)�k

�
(��u)

k�1
+

�
du

=
1

(k�1)!

ZkT

0
~g

(k)
(u)[0T;:::;kT](��u)

k�1
+du

=
1

(k�1)!T

ZkT

0
~g

(k)
(u)[0;:::;k](��u=T)

k�1
+du;

wherethelastequalityfollowsfrom

[0T;:::;kT](��u)
k�1
+=T

�k
[0;:::;k](�T�u)

k�1
+=T

�k
[0;:::;k](��u=T)

k�1
+T

k�1
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Step5.WeintroducetheB-splines�kintothisproofwiththefollowingcalculation:

B-SplineClaim.Foranyk2N,

k[0;1;:::;k](��u)
k�1
+=1[0;1]�:::�1[0;1](u)=�k(u):

Proof.LetN(u;0;1;:::;k)=k[0;1;:::;k](��u)
k�1
+.Usingthesumrulefor

di�erentiation,weseethattakingaderivativewithrespecttoucommuteswithtakinga
divideddi�erencewithrespecttoxforthefunction(x�u)

k�1
+.Nowusingthisfactand

theformula[0;:::;k]f=1
k�0([1;:::;k]f�[0;:::;k�1]f),wehave

N
0
(u;0;1;:::;k)=�k(k�1)[0;1;:::;k](����u)

k�2
+

=(k�1)
�
[0;:::;k�1](��u)

k�2
+�[1;:::;k](��u)

k�1
+

�

=N(u;0;:::;k�1)�N(u;1;:::;k)
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Now,ifwesetNk(u)=N(u;0;:::;k)forallk2N,wehave
N0

k(u)=Nk�1(u)�Nk�1(u�1).Butnotice,

d
du

�
Nk�1�1[0;1](u)

�
=

d
du

�Z1

�1
Nk�1(w)1[0;1](u�w)dw

�

=
d

du

�Zu

u�1
Nk�1(w)dw

�

=Nk�1(u)�Nk�1(u�1)

=
d

du
(Nk(u)):

SoNk(u)=Nk�1�1[0;1](u)+C.Evaluatingthisatu=k+1givesC=0,thus
inductiongivestheclaim.
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Now,ifwesetNk(u)=N(u;0;:::;k)forallk2N,wehave
N0

k(u)=Nk�1(u)�Nk�1(u�1).Butnotice,

d
du

�
Nk�1�1[0;1](u)

�
=

d
du

�Z1

�1
Nk�1(w)1[0;1](u�w)dw

�

=
d

du

�Zu

u�1
Nk�1(w)dw

�

=Nk�1(u)�Nk�1(u�1)

=
d

du
(Nk(u)):

SoNk(u)=Nk�1�1[0;1](u)+C.Evaluatingthisatu=k+1givesC=0,thus
inductiongivestheclaim.
Socollectingwhatwehavelearned,

�
k
n(g(t��T))=k!T

k
[0T;1T;:::;kT]~g

=
k!Tk

(k�1)!T

ZkT

0
~g

(k)
(u)[0;:::;k](��u=T)

k�1
+du

=kT
k�1

ZkT

0
~g

(k)
(u)

1
k

�k(u=T)du
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ALTERNATEPROOFbyinduction

Assume�
k
n(g(t��T))=Tk�1RkT

0g(k)(t�(n+k)T+u)�k(u=T)du.Now

�
k+1
n(g(t��T))=�

1
n(�

k
n(g(t��T)))

=�
k
n(g(t�nT))��

k
n(g(t�(n+1)T))

=T
k�1

ZkT

0

h
g

(k)
(t�(n+k)T+u)�g

(k)
(t�(n+k+1)T+u)

i
�k(u=T)du

Nowwecancompute
ZT

0
g

(k+1)
(t�(n+k+1)T+u+w)�1(w=T)dw

=g
(k)

(t�(n+k)T+u)�g
(k)

(t�(n+k+1)T+u)

Substitutingthisintegralintothedi�erenceoftheg(k)'s,andmakingthechangeof
variabless=u+w,wehave
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=T
k�1

ZkT

0

ZT

0
g

(k+1)
(t�(n+k+1)T+[u+w])�1(w=T)�k(u=T)dwdu

=T
k�1

ZkT

0

Zu+T

u
g

(k+1)
(t�(n+k+1)T+s)�1((s�u)=T)�k(u=T)dsdu
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=T
k�1

ZkT

0

ZT

0
g

(k+1)
(t�(n+k+1)T+[u+w])�1(w=T)�k(u=T)dwdu

=T
k�1

ZkT

0

Zu+T

u
g

(k+1)
(t�(n+k+1)T+s)�1((s�u)=T)�k(u=T)dsdu

=T
k�1

Z(k+1)T

0

Zs

s�T
g

(k+1)
(t�(n+k+1)T+s)�1((s�u)=T)�k(u=T)duds

=T
k�1

Z(k+1)T

0
g

(k+1)
(t�(n+k+1)T+s)

�Zs

s�T
�1((s�u)=T)�k(u=T)du

�
ds
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=T
k�1

ZkT

0

ZT

0
g

(k+1)
(t�(n+k+1)T+[u+w])�1(w=T)�k(u=T)dwdu

=T
k�1

ZkT

0

Zu+T

u
g

(k+1)
(t�(n+k+1)T+s)�1((s�u)=T)�k(u=T)dsdu

=T
k�1

Z(k+1)T

0

Zs

s�T
g

(k+1)
(t�(n+k+1)T+s)�1((s�u)=T)�k(u=T)duds

=T
k�1

Z(k+1)T

0
g

(k+1)
(t�(n+k+1)T+s)

�Zs

s�T
�1((s�u)=T)�k(u=T)du

�
ds

Finallysince
Zs

s�T
�1((s�u)=T)�k(u=T)du=

Z1

�1
�1((s�u)=T)�k(u=T)du

=T
Z1

�1
�1(s=T�~u)�k(~u)d~u

=T�k+1(s=T)

wehavetheresult.
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Sumtooneproperty

Thirdly,(1e)holdssince,byFouriermethods,thesuminthelargeparenthesesis1:

Claim3.For�kde�nedabove,
P

n2Z�k(t+n)=1distributionallyandasa
continuouspointwisefunctionoft.

Proof.Now
X

n2Z

�k(t+n)=1()
X

n

(��n�k)
^

=�0

()
X

n

�̂k(
)e
2�in


=�0(
)

()e
�ik


�
sin�


�


�kX

n

e
2�in


=�0(
)

()e
�ik


�
sin�


�


�kX

n

(��m)
^
(
)=�0(
)

AndthelastequivalenceistruedistributionallyafterweusePSF,sincesin�n=0for
alln6=0and(sin�
)=�
!1as
!0.
Finally1and

P
n�k(t+n)areinL1

loc\S0andthereforeareequalaslocallyintegrable
functions.Furthermore,both1and

P
n�k(t+n)arecontinuousfunctions,sotheyare

equalpointwise.
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LDC

Finally,wecanswitchthe
R

and
P

in(1d)byLDCandtheaboveclaim.Set

fN(y)=
NX

n=�N

jg
(k)

(y)j�k((y�t)=T+n+k):

ToapplyLDCwerequirethatlimN!1fN(y)exist,8y2R,andthatthereexista
h2L1(R)suchthatjfN(y)j�h(y)8y2R.Thelimitexistbythepreviousclaim.
Ifweseth(y)=jg(k)(y)jandusethefactthat�kisnonnegative,theaboveclaimalso
givestheL1boundednesssince

jfN(y)j=
NX

n=�N

jg
(k)

(y)j�k((y�t)=T+n+k)

�
1X

n=�1

jg
(k)

(y)j�k((y�t)=T+n+k)

=h(y)
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CurrentResearchDirections

ExpandthequantizernonlinearityasaFourierseries.

Higherorder1D-schemesleadtotilesoftheplane.

FramesandtheR2,Rdanalogueofbandlimited.

2D-schemesandstability.
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QuantizingvectorsinR2

WechangeourpersepectivefromthevectorspaceL2(R)tothevectorspaceR2.In
L2(R)weusedthesamplingtheoremtoexpandthevectorf(t)as
f(t)=T

P
nf(nT)g(t�nT)for0<2T
�1,

AtNyquistsamplingfg(t�nT)gnformsanorthogonalbasis.Aswesampleona�ner
grid,Tchosensmaller,thesystemfg(t�nT)gnbecomesredundant.

AnanalogofthissetupinR2istolookatexpansionsofvectorsintermsofbasisand
linearlydependentsets.
WeconsiderexpandingvectorsintermsoftheNthrootsofunity.ThelargertheNthe
moreredundantthesystem.Hencethe

fg(t�nT)ggetsreplacedbyfe
N
k=e

i2�k=N
gk;

and

f(t)=T
X

n

f(nT)g(t�nT)getsreplacedbyx=
NX

k=1

hx;e
N
kie

N
k:
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QuantizingvectorsinR2

Nexttoquantizetheexpansion
PN

k=1hx;eN
kieN

kweconsider
PN

k=1qN
keN

kwhere
qN

k2f�1g.
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2-DimensionalsignalsandSigmadelta
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Thanksforyourattention
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