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Simple, efficient, and accurate finite difference methods are introduced for
3D unsteady viscous incompressible flows in the vorticity—vector potential
formulation on nonstaggered grids. Two different types of methods are dis-
cussed. They differ in the implementation of the normal component of the
vorticity boundary condition and consequently the enforcement of the diver-
gence free condition for vorticity. Both second-order and fourth-order accu-
rate schemes are developed. A detailed accuracy test is performed, revealing
the structure of the error and the effect of how the convective terms are
discretized near the boundary. The influence of the divergence free condition
for vorticity to the overall accuracy is studied. Results on the cubic driven
cavity flow at Reynolds number 500 and 3200 are shown and compared with
that of the MAC scheme. © 1997 Academic Press

1. INTRODUCTION

The purpose of this paper is to present efficient, stable, and accurate finite
difference schemes in the vorticity—vector potential formulation for computing the
dynamics of viscous incompressible fluids. The emphasis is on three dimensions and
nonstaggered grids. Very efficient and stable second- and fourth-order accurate
difference schemes based on vorticity—stream function formulation already exist in
two dimensions [2, 3]. It is well known that there is a major difference between
two and three dimensions for vorticity-based numerical methods. Most apparent
of all is the fact that both vorticity and stream function become vector (instead of
scalar) fields in 3D. At the same time, stream function changes its name to vector
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potential. Along with this is the necessity to enforce divergence free conditions for
vorticity and vector potential. This turns out to be a major problem in designing
efficient numerical methods in 3D based on this formulation.

One way of overcoming these difficulties is to use a staggered grid [6, 8, 14, 10].
Ever ssince the pioneering work of Harlow and Welch on MAC scheme [5], staggered
grid has been a very effective tool in dealing with the numerical difficulties in
discretizing the div, curl, and grad operators. This is no exception for the 3D
vorticity-based finite difference methods. Indeed much work has been done on
staggered grids, mainly with the vorticity—velocity formulation [6, 8, 14, 10]. Never-
theless, because the variables are defined on the surfaces of two sets of mutually
dual grids (hence six different grids are involved), extending to nonrectangular
grids becomes prohibitively expensive and has never been done. In addition, since
the variables are not defined at the same grid point, accurately evaluating the
nonlinear convective terms becomes an issue.

In this paper, we introduce a second-order accurate method based on the vortic-
ity—vector potential formulation on the nonstaggered grid whose performance on
uniform grids is comparable with the MAC scheme. This appears to be the first
such method on nonstaggered grids. We will pay special attention to how accurately
the divergence-free conditions for vorticity, velocity, and vector potential are satis-
fied. We will derive the three-dimensional analog of the local vorticity boundary
conditions such as Thom’s formula. Detailed accuracy checks on smooth solutions
reveals a distinct structure for the error (see Fig. 1). Consequently straightforward
discretization of the convective terms using the vorticity boundary condition can
lead to a loss of accuracy near the boundary. In addition, when applied to the
standard test problem—the cubic driven cavity flow, most discretization techniques
for the convective terms results in a scheme that is susceptible to Gibbs-like phenom-
ena at the edges where the flow becomes singular. This in turn makes the method
essentially useless for high Reynolds number flows. We present a simple way of
circumventing this problem and compare results of our method with that of the
MAC scheme for both low (Re = 500) and high (Re = 3200) Reynolds number flows.

From a numerical point of view we follow the same philosophy as advocated in
[2, 3], namely that we will insist on discretizing the viscous term explicitly and using
local vorticity boundary conditions. Consequently this method is not intended for
use at very low Reynolds numbers for which the flow converges to a steady state.
However, as long as there is nontrivial dynamics, this method will be a very attractive
alternative to the projection method.

This paper is organized as follows. In Section 2, we will present some formulations
of the Navier—Stokes equations (both new and old) in vorticity variable and the
basic second-order finite difference methods that we will work with. Results of a
detailed accuracy test will be presented in Section 3. The error in the vorticity-
based methods has a special structure (see Fig. 1) associated with the vorticity
boundary conditions, and this has important implications on how the convective
terms should be discretized near the boundary. In Section 4 we will study the cubic
driven cavity flows at Reynolds numbers 500 and 3200. In particular we will look
at the influence of the singular behavior at the upper edges of the cavity. In Section
5 we will study the issue of divergence-free condition for vorticity by examining a
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slightly different method which enforces this condition indirectly. In Section 6 we
summarize the important aspects of the method put forward in this paper. Finally
in the appendices we present extensions to fourth-order accuracy as well as in- and
out-flow boundary conditions.

Before ending this introduction, let us mention that the interest in designing
numerical methods using the vorticity formulation goes beyond hydrodynamics. It
has an effect on understanding in general how to discretize the div, curl, and grad
operators. This is usefu fora roa spe tru ofpro e si ui eetro a e
tis iro a etissupero utiit a a etoh ro a is.
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