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Abstract. We present a fast Poisson solver on spherical shells. With a special change
of variable, the radial part of the Laplacian transforms to a constant coefficient differ-
ential operator. As a result, the Fast Fourier Transform can be applied to solve the
Poisson equation with O((NlogN)?) operations. Numerical examples have confirmed
the accuracy and robustness of the new scheme.
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1 Introduction

The purpose of this paper is to propose a simple fast solver for the Poisson equation in a
spherical shell:

ot s % e
U] p=pruin =ub(6,9), (1.1)
U] p=prmax = 1R (6,),
where Q= {pmin <P < Pmax, 0<0 <7, 0<¢$ <27}. The Poisson equation in the spherical
shell geometry is important in many geophysical and solar-physical applications [5, 14,
15].
| Equation (1.1) can be put in a more symmetric form

Jp (0*0psin®6 u) + (sinfdg)*u+d5u =p*(sin®6) f, in O
u|p:pmin :ML(G,(P), (12)
u|P:Pmax :‘[,[R(Q,(P).
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In this symmetric form (1.2), one can apply Fast Fourier Transform to both the 6 and ¢
derivatives (see section 2 for details) to obtain optimal efficiency. The major obstacle for
developing an overall fast solver is the the radial derivatives which constitute a variable
coefficient differential operator. The most popular approaches include Poisson solvers
based on FFT in two directions or spherical harmonic functions which requires a Fast
Legendre transform [1,4,6,7,9,12,13,16]. There are also other approaches using different
sets of grids such as the Cubed Sphere grid [11] and the Yin-Yang grid [17].

In this paper, we propose a simple alternative, which provides a more accessible fast
solver to (1.2) via FFT in all three variables. We propose the following simultaneous
change of dependent and independent variables:

Inp —InPmin
-, 0= u. 1.3
h’1Pmax - 11’1Pmin \/ﬁ ( )
It is easy to see that, under the transformation (1.3), the Poisson equation (1.1) now takes
the form

1
sin®6 <zxa§—4) v—i—(sineag)zv—l—aév:géps/zsinze f, (1.4)

where

o= (Inpmax —lnpmin)_z, (1.5)

with boundary data

0ls=0=0"(6,0) = /Prmin 4" (6,9), 0]s=1=0"(0,0) = \/omax u"(6,9).  (1.6)

The significance of the transformation (1.3) is that the radial part now becomes a
constant coefficient differential operator. As a consequence, the discretized operator for
(x92—1) canbe fast-diagonalized via FFT, resulting in an fast solver with total O((NlogN)?3)
operation counts. This can be done in the uniform grid setting with second, fourth, and
higher order methods. We will elaborate on them in the following sections.

To our knowledge, the transformation (1.3) is new. It should be noted, however, the
transformation only applies to spherical shells but not the whole sphere as s is not well
defined for pmin =0. In addition, it may be difficult to find similar transformations for the
modified Poisson equation cu —Au=f.

2 Fourier expansion in 6 and ¢

A conventional wisdom to avoid confusion caused by the pole singularity is to shift the
0 grids off the pole by half a mesh size. The resulting grids is given by

s;=iAs, 0<i<Nj, As=1/Ny, (2.1)
(Pk IkA(P, 1< k < N3, A(P 227T/N3. (23)



For each i, j, we can expand

Zvn Sl/ eXIzﬁgpk)/ Sl/e]’¢k Zgi’l Sl/ eXIi;;%Pk)r (24)

SZ/ ]/(Pk
with
exp(—in¢k) 5 xp(—ingy)
On(s1,0) = A Zv si, 0, Px) ~ o $n(si,0;) A¢2g si,0;,Px) T (2.5)
Substituting (2.4) back to (1.4), we have
1
<aa§ — 4) sin®00, + (sinfdg) >0, — 120, =8y, 1<n<Ns. (2.6)

From (2.5) and the identification v(s,—6,¢) =v(s,0,¢ L), it is easy to derive the fol-
lowing symmetry condition

On(s,—0)=(=1)"0u(s,0),  &u(s,—0)=(-1)"8u(s,0), 2.7)
which turns 9,(s,-) and §,(s,-) into 2N,-periodic functions. As a result, we can expand
them as

2N, exp(im(?]-) . .
51/ Z O, ( W, &n S s W/
m=

where 9':(]'—1/2)A9, —Np+1<j<N; and

2.8)

A exp(—imOj) A N exp(—imo;)
0 AB 0) ————=, s;)=A8 si,0;) ————.
mn(8i) = - ZN:zH Si ] N Smn i) ]'__%Hgn( i ]) oL
(2.9)
Using the following identities
sin?(0)exp(imf) = _T (exp(i(m—Z)G) —2exp(imb) +exp(i(m+2)0)), (2.10)
(sinfdg)*exp(imb) = % ((m—l)exp(i(m—2)9) —2mexp(imb)+ (m+1)exp(i(m—|—2)9)>,
(2.11)
one can recast (2.6) as
1 A A A A
(aag— 4) (S8) mn+ (PD) s — 1200 =G (2.12)
where S and IP are 2N, x 2N, matrices acting on the index m,
(SO)m 20020 +0mia, (2.13)
(IPD) 2 (m — )(m—Z)Um_2—2m25m—|—(m+1)(m+2)5 . (2.14)



Here the subscript n has been omitted in (2.13) and (2.14).
Let D be a discrete approximation of 92 acting on the index £. Suppose that ID can be
diagonalized by Q,
D=0Q 'AQ, (2.15)

one can rewrite (2.12) as

(((@A=iD)@8)3)  +(Pd)u—n

tmn = 8m,ns (2.16)
{,mn

>

where 9, = (Q8) ¢ s §0.mn=(Q84) ¢ mn- In other words, we end up with a tri-diagonal
system

(aAg—3)(S0)m+ (PO)— 10 = &m (2.17)
for each subscript (¢,n) which is omitted in (2.17).
With the transformation (1.3), the diagonalization ID = Q 'AQ can be achieved with

fast evaluation of the matrix multiplications Q¢ and Q!9 in several different settings.
We will explain them in details in the next section.

3 Fast diagonalization of 92 using FFT

To explain the procedure of the diagonalization (2.15) with fast evaluation of matrix mul-
tiplication by Q and Q1 it suffices to consider the 1D model problem

w”"—yw=z, in (0,1),
w(0)=wh (3.1)
w(1) =wR

where 7 is a non-negative constant. We will use this 1D model problem to demonstrate
high order finite difference methods with the uniform grids (2.1).

3.1 2nd order and compact 4th order differencing

Without loss of generality, we may assume homogeneous data w* =0=w® in (3.1). The
general inhomogeneous case only requires minor modification.
The second order scheme for (3.1) with homogeneous data wl=0=wRis given by

DYwi—yw;=z;, 1<i<N-1 (3.2)
where the reduced difference operator
—2w1 +w; .
—, i=1
(As)?
- —2wW: .
D2y = d D2w; 2 WELZ 20t Wil -y o, (3.3)

(8s)2
WN-—2—2WN -1

By



is adopted to reflect the fact that wy=0=wy are homogeneous boundary data rather than
active variables.
Note that

{(V2sin(£7sy), -,V 2sin(¢msy 1)), 1<L<N—1} (3.4)
constitutes an orthonormal eigen-basis for D '
(Dsz/sin(ﬁns)) ;= Agsin({7ts;), (3.5)
with eigenvalues

_ —4sin®*(¢rtAs/2)
Ag= (as)2 . (3.6)
We can then diagonalize p? by expanding w and z with respect to the basis (3.4)

Z Wy (V2sin(f7s;)), Z 2, (V2sin(trs;)), i=1,--,N—1, (3.7)

Z V2sin((7ts; i), €=

i=1
In other words, (3.2) can be diagonalized as

Wy =As i w; (ﬁsin(ﬁnsi)), 1,---,N—1. (3.8)

(A=1T)Qw=0Qz, (3.9)
or

-+, AN-1), and

Q= V2sin({7ts;),

Here in (3.9), A=diag(A4,-

Qij = Asﬁsin(frtsi). (3.11)
Multiplication by Q and Q!

are given by the discrete sine transform (3.7) and (3.8)
which can be evaluated via FFT with O(NlogN) operations

For inhomogeneous data wy= wk, wy=wk

L
=w", one simply replaces z; by z; —
R

w

(a9 and
zZN—1 by zny-1— (Bs) at the right hand side of (3.2), then proceed as the homogeneous
case.

The procedure for diagonalizing the compact 4th order differencing operator is simi-
lar. The compact 4th order approximation of 92 is formally given by [2]

s)2 -
8?@02( (A12) Dg) DZw+0((As)*).

(3.12)



Thus, with homogeneous data wl =0=w~, the compact 4th order difference approxima-
tion for (3.1) is given by

As)? As)?
D (148 2 = (148 2 5 g, N, (3.13)
12 12
Note that the right hand side of (3.13) involves the full difference operator D2. The eval-
uation of the source term z; and zZy_1 requires zp and zy, respectively.
Using the same diagonalizing matrices (3.11), one can put (3.13) into diagonal form

A 2

AQuw—y (11 L 152) A> Quw=Qz. (3.14)

or componentwise as

n (AS)Z n 2
Agp—y | 1+ b Ae |p=2zy 1<I<N-1. (3.15)
L wl
For inhomogeneous data wyp = wk, wy =wR, one replaces z; by z; — @ +7ﬁ and
R R

ZN-1byZN_1— @ +’y% at the right hand side of (3.13), then proceed as the homoge-

neous case.
This compact fourth order scheme can be naturally incorporated into the Navier-
Stokes solvers [3, 8].

3.2 Higher order finite difference approximation

In this section, we continue with an FFT based higher order scheme for the 1D model
problem (3.1). To achieve high order accuracy, we split the solution of (3.1) into two
parts,

the homogeneous part

W(0)=0 (3.16)

and the inhomogeneous part

L (3.17)
R



The splitting is performed in such a way that the inhomogeneous solution W can be
constructed easily and explicitly, while the homogeneous part (3.16) can be solved with
high accuracy via discrete sine transform. This calls for an additional higher order com-
patibility condition on the source term Z. For a (2v)th order scheme, this compatibility
condition is given by

Z(0)=0=2(1), Z"(0)=0=2"(1), ---, ZZH0)=0=2@"(1). (3.18)

To be definite, we shall present the 6th order scheme in the rest of this section. General-
ization to higher order scheme is straight forward.
3.2.1 The homogeneous part for the 6th order scheme

The exact solution to (3.16) can be obtained by expanding both W and Z in sine series.
Let

= ZZ(\@sin(ﬁns)) (3.19)
/=1
where )
Zy= / Z(s) (V2sin(¢ms))ds (3.20)
0
denotes the continuous sine transform of Z. Thus a solution to (3.16) is given by
Z W, (V2sin(éms))  with W, = i (3.21)
22—

The procedure can be implemented numerically by replacing continuum sine transform
with discrete sine transform. That is, we take

Z Wi ( 2sin(¢7s: )) (3.22)
where )
Who 2 3.23
¢ — —627'[2—')” ( - )
and
N-1
Zi=0s ¥ Z(s:) (\@sin(énsi)). (3.24)
i=1

The discrete L2-error of the numerical solution is given by

HW WhHL201_ASZ’W Wh Z’Wé—wﬂ
i= (=1

(v oA )

(3.25)



where we have used Plancherel’s identity in the second equality of (3.25).
Note that,

N-1 ,
As ) <W(Si)__g§7(:zl)_,y> (V2sin(47s;)) (3.26)

i=1
is the trapezoidal approximation of

1 s . ~ Z
/0 <W(s)—_4€2z7i2)_7> (V2sin(¢7s))ds = <Wg—_£27ztg_7> =0. (3.27)

Thus, to estimate ||W—W"|| 12(01) it suffices to estimate the quadrature error of the trape-
zoidal rule. This is given by the following

Proposition 1. [10] Let Ty be the trapezoidal rule approximation of I = fol f(s)ds,

Tn=As ( —|— Z f >
where As=1/N and s;=iAs. If f € C?[0,1], then
1_
I=Ty— Zj By (f2 (1) = f21(0)) + (A /0 Bo(Ns)F®)(s)ds  (3.28)
u=1 !

where the coefficients By, are the Bernoulli numbers and EQV(X> :R— R are given by

- cos(27tkx)
Bay (%) ! Z k7 (3.29)
From (3.25), (3.27) and Proposition 1,
HW WhHLZ 0,1)
2
- Z ‘AS .Z Gelsi) (3.30)
2 4 2
- z ( BT (g0)-60) - U (e -6 0) +0((89) )
where -
Ei(s)= (W(s) 62(2)> (V2sin(¢7s)). (3.31)

Then the homogeneous Dirichlet condition in (3.16) and the compatibility condition (3.18)
with v =3 translates to

W(0)=W(1)=W"(0)=W"(1)=W¥(0)=Ww® (1) =0. (3.32)



Therefore it is easy to see that

5(0)=0=¢,1), & (0)=0=¢"(1) (3.39)
thus |[W—W" HL%(O,l) =0((As)®) to leading order. A rigorous error estimate in L? and L™
norm can be found in section 5.

3.2.2 The inhomogeneous part for 6th order scheme

The homogeneous boundary condition in (3.16) and the 6th order compatibility condition
(3.18) with v=3, or equivalently the condition (3.32), gives rise to the following condition
for the inhomogeneous solution

W(0)=w(0), W(1)=w(1), (3.34)
W’ (0)=w"(0), W’ (1)=w"(1), (3.35)
W (0)=w®(0), W& (1) =w® (1), (3.36)
which also imply the following identities:
7(0)=z(0), Z(1)=2z(1), (3.37)
7" (0)=z2"(0), Z"(1)=z7"(1). (3.38)

It suffices to construct a function W (s) satisfying (3.34)-(3.36) and then generate the source
term Z from (3.17). This can be done easily by taking

W (s) =aopo(s)+bogo(s) +azpa(s) +baga(s) +aapa(s) +baga(s) (3.39)

where py,(s) and g2, (s) are elementary functions satisfying

0)=1, 1)=0;
ZZ((m):o, ZZ((l))zl; (3.40)
p2(0)=0, p2(1)=0, p3(0)=1, p;y(1)=0; (3.41)
72(0)=0, q2(1)=0, ¢3(0)=0, g3(1)=1;
Pi0=0, p()=0, PO=0 pi)=0, p’O=1 plm=0;
3(0)=0, q(1)=0, {(0)=0, gf(1)=0, ¢’(0)=0, g’(1)=1. '

The coefficients a;;, and by, can be systematically calculated as follows.
First, from (3.34), (3.39), and the first two columns of (3.40)-(3.42), we obtain

ao=W(0)=w(0)=w", by=W(1)=w(1)=wr. (3.43)
Next, we evaluate W (0) and W”(1). From (3.39), (3.35), (3.37) and the third and fourth
columns of (3.41)-(3.42), we obtain
a =" (0) —aopg (0) —bogg (0) = yw" +2(0) —aopg (0) —bogq (0),

b, =w" (1) — 1) —=bna (1) = R 1) — "1 —bog' (1 (3'44)
2 =w" (1) —aopy (1) —bogo (1) = yw" +2(1) —aopy (1) —boqo (1)-
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In a similar way, we evaluate W*) (0) and W*) (1) using the last two columns of (3.42) to
get

W™ (0) =aopy” (0) +bogl” (0) +axps? (0) +bags? (0) +a,

) (3.45)
W (1) =agpy (1) +bogy” (1) +azpy” (1) +bags” (1) + ba.

In view of (3.36), we obtain
as = (0) —aopy” (0)—bogy” (0) —azp3” (0)—ba” (0), 6.6

bs=w® (1) —aopy” (1) —bogy” (1) —azps (1) —bagt (1).

Here, w* (0) and w®) (1) can be expressed in terms of the boundary data and the source
term by taking 92 on both sides of (3.1):

w® (0) =yw” (0) 42" (0) = Y*w" +vz(0)+2"(0),

3.47
w® (1) =yw" (1) +2" (1) =0 +92(1) +2" (1). o

In practice, one can simplify the expressions ay;, by, by further imposing

py P (s)=0 and g5""P(s)=0 for p=0,12, (3.48)

which, together with (3.40)-(3.42), determines the functions p», and g3, uniquely. The
answer is given by

po(s)=1-s, qo(s) =s,

pa(s) =g (15~ (1-5)), n(s)=¢ (-5, 3.49)
~(1-s)®> (1-s)® 7(1-5s) 2§ s

P)="50 36 T 360’ M1 36" 360

With (3.48), the coefficients in (3.44) and (3.46) can be further simplified as:

1y =w"(0) =ywr+z(0), by=w"(1)=qyw®+2z(1), (3.50)
az=w™ (0)=Ywr+72(0)+2"(0),  bi=w®(1)=2wR+yz(1)+2"(1).  (3.51)

The right hand side of (3.17) can now be explicitly calculated:
Z(s)=W"(s)—yW(s), forse]0,1]. (3.52)
The right hand side of the homogeneous part (3.16) is therefore given by

Z(s)=2z(s)—Z(s), se[0,1]. (3.53)
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The above procedure can be applied to the full equation
(ocaz — %) sin?0d,(s,0) + (sineag)zz?n(s,e) —1%0,(5,0)=§n(5,0), 1<n<Ns. (3.54)
For each n, we first split 9, and ¢, into inhomogeneous and homogeneous parts by

’ﬁn — Vn + Vn and gn — én + én (3.55)

with én(O,G) =2,(0,0) and én(l,f)) =¢,(1,0). The equation for inhomogeneous part is
given by

(x02—17) sin20V, + (sin989)2 V,—n2V, =G,
. - (3.56)
V,(0,0) =20%(0), V,.(0,0) =0R(0).
As in (3.39), the inhomogeneous part of (3.54) for the 6th-order scheme is given by
. 2
Va(s,0)=Y (az;,(e)pzy(s)+b2y(9)q2y(s)). (3.57)
u=0

Note that the coefficients ay, and by, in (3.57) are now functions of 6. With py,(s) and
72.(s) given by (3.49), the coefficients can be solved explicitly as

(a0(60)=10,(0),
bo(6) =1 (6),
05(8) =26,,(0,8) = (sin20) ! (gn(o,e) + (n2+ S{f") a0(6) — (sin989)2a0(6)>,
by(8) =326, (1,0) = (asin?6) ! (gn(1,9) + <n2+ Slgfe) bo(6) — (sineag)zbo(())),
a4(0)=3"9,(0,0) = (xsin?0) ~* (928, (0,0) + (nz 815;29) ay(6) — (sin989)2a2(9)),
ba(8) =90, (1,0) = (asin?6) ! (aggn(w) + (n2+ sin 9) by(8) — (sin689)2b2(9)) .

The equation for the homogeneous part is

(202 —1)sin*0V,+ (sinbdy )V, —n2V, = G,
) ) (3.58)
V,(0,0)=0,  V,,(0,6)=0,
with ~ B ~ ~
GCi=281—Gn=23u— { ((xaf — }I) sin?0V, + (sin989)2 V,— nZVn} ) (3.59)

Following the same derivation as (2.6)-(2.16), one can transform (3.58) to the following
system:

< ((D‘A B %]I) ®S> V) + (H)V)Z,m,n - ”zvé,m,n = CA;E,m,n (3.60)

{,mn
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which is a tri-diagonal system
(—al22 = 1) (SV) 4 (PV) =12V = G (3.61)

for each fixed (¢,n).
We summarize the 6th-order scheme for (1.4) as the following algorithm.

Algorithm 1 The 6th-order solver for (xd?— 1) (sin6 v)+ (sinB9g)*v+050=g

1. Compute $,(s;,0;), 05 (6;), 05 (6;) by forward FFT in ¢ using (2.5).

2. Extend g, (s,0;), 05(6;), 0% (6;) using (2.7).

3. Solve (w02 —1) (sin?0 9,,) + (sin0dg) %0, — N0y = g:
forn=1,---,N3do _
(i) Compute the inhomogeneous part V., from 6% (9), 6%(0) and ¢, (s,0) using (3.57).
(ii) Compute G, (s;,0;), the source term for the homogeneous part, using (3.59).
(iii) Solve the homogeneous part V;,(s;,6;) using (3.58):

(a) Compute ém,n (si) by forward FFT in 60 using (2.9).

(b) Compute Gy ,, , by forward FST (Fast Sine-Transform) in s using (3.24).
for/=1,---,N; do

Solve {‘ﬁ/ﬁmn}ﬁ\fl from (3.61) with a tri-diagonal solver.

end for
(c) Compute f/m,n(si) from {f//mn}?[:l , by backward FST in s using (3.22).
(d) Compute V, (si,0;) from {Vin(si) }if\fl by backward FFT in 6 using (2.8).
end for ~
4. Compute v(s;,0;,¢) from {V,,(s;,0;)+ Vi (s;,6;) }nNi1 by backward FFT in ¢ using (2.4).

4 Numerical Result

In this section, we report standard accuracy check for the 6th order scheme. In both
examples below, we take )= {2<p <4}.

1. Example 1.

2
ut(x,y,z) = xy*sinz+exp <T6> +x3, (4.1)

and

2 2
f(x,y,2) =V?ul(x,y,z) = (2x —xy?)sinz + <33 + g4> exp <f6> +6x. (4.2)
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Table 1: Relative error and rate of convergence for Example 1.

Ny xNyx N3 |[u¢ —u||oo/ |||l Order ||u¢—u"||;2/||u¢|2 Order

32x32x 64 2.33E-9 1.58E—-9
64 x32x 64 3.96E—11 5.83 2.63E—-11 5.88
128 x 32 x 64 6.45E—13 5.92 423E—-13 5.94
2. Example 2.
ut(x,y,z) = x*y>cosz+exp(xz), (4.3)
and
f(xy,2) =V (x,y,2) = (2y° +6x°y — x*y°) cosz + (x* +22) exp(xz). (4.4)

The relative errors and orders of convergence are reported in Table 1 and Table 2.
Note that the discretization in 6 and ¢ variables have spectral accuracy, therefore
N> and Nj3 are held fixed in Table 1 and Table 2.

Table 2: Relative error and rate of convergence for Example 2.

Ny xNpx N3 |[u¢—u||oo/||u||c Order ||u¢—u"||;2/||u¢|2 Order

64 x 64 x 64 3.86E—-7 440E-7
128 x 64 x 64 6.66E—9 5.73 7.68E—-9 5.78
256 x 64 x 64 1.10E-10 5.86 1.27E-10 5.89

5 Error estimate for the 6th order scheme

In this section, we give an error estimate of our scheme (3.22), (3.23), (3.24) for the homo-
geneous problem (3.16) with 6th order compatibility condition (3.18),—3. The argument
generalizes easily to higher order cases.

Theorem 5.1. Let {Wf’}f\i ’11 be the numerical solution of the homogeneous equation (3.16) given
by (3.22), (3.23), (3.24) with Z € H®(0,1] satisfying

Z(0)=z(1)=Z"(0)=2"(1)=0. (5.1)
Then there exits a constant C independent of N and Z such that
sup W (s) =W/ <C(IIZ]lcspo N+ Z 101 ) N5, (5:2)
1<i<N-1

||W(Si)—wih||L§(o,1)§C||ZHH6(0,1)N_6- (5.3)
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Proof. We start with the proof of (5.2). Without loss of generality, we may assume Z ¢
C®[0,1]. The H®(0,1) case follows from standard density argument. From (3.21), (3.22)
and (3.23),

W (s;) —W!' = ZWg\fsm(frcs ZWIh 2sin({7ts;)
<\f22]wg—wg‘+\6):]w@] (5.4)
NN Z-2, = Zr s
—\@g Ve +\f22 iy 2 ()4 (II).

From (3.20) and (3.24), we see that Z; is the trapezoidal approximation of Z\g. In view of
Proposition 1, we take f(s) :Q(s) éZ(s)\@sm(ﬁﬂs) €C®[0,1] and v =3 to get

5 ®)(1)
Zi=24] oo |21 aNe| [ BN (9 ad, 69)
0 i ( ’

224y — 6! (62712+’y (27tk)6 (02712 +)
where we have used (3.29) and the fact that £},(0) =} (1) = @f) (0)= QES) (1)=0. Since

122 (1) =2 (0)| = [(~1)5v2emz® (1) ~5v20nZ D (0) | <10vV2¢) Z|| cspoy, (5:6)

the first term on the right hand side of (5.5) can be estimated by

L
224y

Nf N-6B |21 (1)~ ¢\>(0)]
= el (P2 +7)

N-1
<Cl|Zl| s N Y <ClZllcipuN N 6)
/=1

We now continue on the second term on the right hand side of (5.5). We first expand

3 2
29 (s) = Y ¢ 5271 (5)v/2sin(Lrs) + Y dp 224 (5)V/2cos(¢s),  (5.8)
u=0 u=0

where c,,d, € R. Then use the identities

2cos(27tkNs)sin(¢7ts) =sin((2kN+£) 7ts) —sin((2kN — ) 7ts), (5.9)
2cos(27tkNs)cos(¢7ts) =cos((2kN+£)7ts) +cos((2kN — ) 7ts), (5.10)
to obtain
1 —_— —_—
/ 2c0s(27tkNs) 2 (s)V/2sin (€78 )ds = (Z ) gy o — ZW i), (5.11)
0

—

1
/ 2c0s(27kNs) Z 2+ (s)V/2cos (£7ts)ds = (Z2H D) g+ Z@H Dy ), (5.12)
0
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where
(s) \f 2sin(¢mts)ds, if vis even;
zw), 2 o7 o (5.13)
fo (s) 2cos(€7rs)ds, if v is odd.
In view of (5.8), it suffices to estimate for 0 <y <3,
N=H 1 @ 2c0s(27tkNs) ¢ o
w7 (2u)
; /0 g e )E (s)V/2sin({7ts)ds
N—-1]| oo €6 2u
=Y Y / 2c0s(27tkNs) Z2#) (s)v/2sin (0715 )ds
= k:lk (0212 +7) (5.14)
N-1| o0 66—2‘1«1 /('2\) /('2\) )
= YAS: —Z\%H _
& I(Z:lk6(’€27-(2+r)/)< 2kN+/¢ 2kN Z)
N-1 e} 6672]/1 /('2\)
< A 0|
ZNkZ k6(€2ﬂ2+7)’ 2
and for ©=0,1,2,
- 1 & 2cos(2tkN
Z /0 Z k(;ozzrg ’YS)> (572172841 (5)\/2cos (s )ds
:Nl (5.15)

Z@) Nl -

00 |€|5 2u ‘/\

Zl\; Zk6 £2n2+f),

/

To proceed with the above estimates, we note from (5.13) and integration by parts that

— 1 1 = -1 = 1 -=
0),—— (1) 7@, = B),= (4)
2= e e T et T et
Z(\‘UZ:%(Z/(\5)g—\@((—I)KZ(‘l)(l)—Z(4)(O))); (5.16)
—_ _1/\
(5),=——7(6)
Z), £7TZ /-
Consequently,
70, <L _|Z®) C 1z 0<v<d;  |20),|=-1|Z®),|. (.17
‘ é‘_W‘ KHWH HC‘*[O,l]' SVsY | f’—ﬁ‘ 5}' (5.17)

We now substitute (5.17) back to (5.14) and (5.15). Since |¢| < 2kN+¢, we have for
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O§v<4
= e

Z ‘Z 2kN+é‘
= N+1k 1 kS (22 +)

< % B 1 2|+ : 1Z]|c
=Rk Ke(2 ) \((RN+ )= 17 2 (kN = 110

d C
ZO N |+ 1Z]lc4p0,1
< % Eansoml @, X L Hlen
s = 2 N &2 2]l esjo
Z Y| o Z > |20 sxss 2+C LY oeNa
( “N+1k=1 ZkN‘% )? ) ( “N+1k=1 ) Siiio kN7
<c (||zuHs(o,1>+ 1Zlicsion) <ClZ 50
(5.18)
Similarly, for v=5,6, we also have
g ppr |20 <Cl2] (5.19)
Tz oh A~ .~ 6 . .
B 1k6(£271'2+’)’ 2kN+L | = H(0,1)
Therefore
2cos(27tkNs
T | L e 380 01| <Clzl o (5.20
From (5.5), (5.7) and (5.20), we obtain
@ <N ([1Zll s InN+|Z s ) - (521)
On the other hand,
1 % i 21315 |2 %
11 2 [1 Z
an= [Z|£2n2+fy‘ (Z’ (140213 (22 +7) ‘ ) (g;\] +OT|2] ) (5.22)
<C|Z|lgso1yN~7
In view of (5.4), (5.21) and (5.22), the proof for (5.2) is complete.
The proof for (5.3) is similar. From (3.23), (3.24) we have
, NoL o, Nol Nl
IW(s) =Wz = X W= W= X [as X ) (5.23)
=1 (=1 i=1

where ¢(s) = (W(s) - %sz)_y) (V2sin(¢7s)). Applying Proposition 1 with f(s)=¢(s),
we get

N-1 - 3 (AS)ZVB (2u-1) (2u-1) 1_
Asgée(si)—;w)!z’*(gﬂ D(1)—grt (0))—(As)6/0 Bo(Ns)&®) (s)ds. (5.24)
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From the homogeneous Dirichlet condition in (3.16), the compatibility condition (3.32)
and (3.18),—3, we see that ;(0) = 6&3) (0)=¢,(1)= 623) (1)=0. Thus

N-1 B
W (i) =W I <CN*12(Z (ﬁ)ﬂgﬁ(ﬂ— o) +Z y/ Bo(Ns)Z®) (s)ds| )
= ©
(5.25)
Moreover,
52/ 1)!5/2¢
PO=22 700, =" w0, e
Therefore
N (Bs) 12601y 260 g = ? )
; <6') ":( (1)—¢,7(0 )‘ <C||ZHC401 Z, (€2n2+7> SCHZ||C4[01 <CHZ||H601
(5.27)

Using the same argument as in the proof of (5.2), one can estimate the second term on the
right hand side of (5.25) to get

N-1| 1 _ 2

Y | [ BoNo)Z @)ds| < CW Bisor) + 121205+ 12 0)) S ClIZIR o (528)
(=1

Thus the proof for (5.3) is complete. O
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