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Finite Difference Schemes for Incompressible Flows in the
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We consider finite difference schemes based on the impulse den-
sity variable. We show that the original velocity—impulse density
formulation of Oseledets is marginally ill-posed for the inviscid flow,
and this has the consequence that some ordinarily stable numerical
methods in other formulations become unstable in the velocity—
impulse density formulation. We present numerical evidence of
this instability. We then discuss the construction of stable finite
difference schemes by requiring that at the numerical level the
nonlinear terms be convertible to similar terms in the primitive
variable formulation. Finally we give a simplified velocity—impulse
density formulation which is free of these complications and yet
retains the nice features of the original velocity—impulse density
formulation with regard to the treatment of boundary. We present
numerical results on this simplified formulation for the driven
cavity flow on both the staggered and non-staggered grids. © 1997
Academic Press

1. INTRODUCTION

Recently there has been a great deal of interest in using
the impulse density variable as a numerical tool in the
computation of incompressible flows. Most of these activi-
ties are centered around the vortex method [2, 3, 5, 8, 19].
Buttke was the first to realize the potential advantage of
implementing vortex method using the impulse density:
the natural hamiltonian form, natural interpretation of the
flow field in terms of vortex loops or dipoles, faster decay
at infinity and the trivial incompressibility property when
the flow field is decomposed into a collection of vortex
loops. This last property provided the starting point for a
new creation method which trivially enforces the diver-
gence-free property [19]. We refer to [7] for a summary
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together with perspectives on the application of real space
renormalization procedures to vortex methods based on
the impulse density.

At a first sight, the impulse density formulation also pro-
vides an attractive way of dealing with the issues of boundary
conditions for numerical methods in the Eulerian frame,
such as finite difference and spectral methods. Methods
based on vorticity formulations have to face the issue of en-
forcing divergence-free conditions for velocity, vorticity, or
the vector potential. Although in many cases easy solutions
can be found (see for example [10]), this becomes a severe
limitation on the flexibility of the vorticity formulation. The
velocity-pressure formulation, on the other hand, works
well on staggered grid. However, boundary condition is still
an issue on non-staggered grids, particularly so when higher
than second order methods are sought.

The velocity—impulse density formulation seems to
provide a way of combining the nice features of the two
formulations discussed above, and yet is free of the prob-
lems. There is no need to impose divergence-free property
for the impulse density. The computed velocity is naturally
divergence-free since it is the projection of the impulse
density to the space of divergence-free vector fields. The
boundary condition for the impulse density can be treated
in the same way as the treatment of the vorticity boundary
condition. This is much easier than the pressure boundary
condition. In particular the velocity—impulse density for-
mulation seems to provide an easy way of constructing
numerical methods on non-staggered grids.

However as we report in Section 2, the impulse density
formulation does have some serious flaws. For inviscid
flows, the linearized equation is marginally ill-posed—it
contains a non-trivial Jordan block (Similar observations
were made in [5]). It is well-known [16] that at a numerical
level this marginal ill-posedness can translate to a cata-
strophic instability of the numerical schemes. Indeed this is
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observed in our computations. In Section 2 we will present
numerical evidence that the standard Fourier—collocation
methods and second order centered difference methods are
unstable for the inviscid flow. Since both methods are stable
in the primitive variable and vorticity-stream function for-
mulations, this numerical instability is purely an artifact of
the velocity—impulse density formulation. Although the
viscous term does have a stabilizing effect, the instability for
the inviscid problem imposes a severe constraint on the size
of the cell Reynolds number which makes it essentially use-
less for high Reynolds number flows.

To avoid this instability we observe that the im ulse den-

where u is the velocity field, 7 is the L? projection operator
to the space of divergence-free vector fields. The connec-
tion between (2.1) and the standard Navier—Stokes equa-
tion is as follows. If M satisfies (2.1), and M = u + V¢, let

p=ab+ @ V6 As+ Il (22)

then (u, p) satisfies the Navier—Stokes equation:



























