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Abstract

Gabor frames {e>™"% % g(z — ka)},, reze provide series representations not only of functions

in L?(R?) but of the entire range of spaces MP'9 known as the modulation spaces. Membership
of a function or distribution f in the modulation space is characterized by a sequence-space
norm of the Gabor coefficients of f depending only on the magnitudes of those coefficients,
and the Gabor series representation of f converges unconditionally in the norm of the mod-
ulation space. This paper shows that Gabor expansions also converge in the entire range of
amalgam spaces W (LP, L2), which are not modulation spaces in general but, along with the
modulation spaces, play important roles in time-frequency analysis and sampling theory. It is
shown that membership of a function or distribution in the amalgam space is characterized by
an appropriate sequence space norm of the Gabor coefficients. However, this sequence space
norm depends on the phase of the Gabor coefficients as well as their magnitudes, and the Ga-
bor expansions converge conditionally in general. Additionally, some converse results providing
necessary conditions on g are obtained.

Key words and phrases: Amalgam spaces, frames, Gabor expansions, Gabor frames, modu-
lation spaces, phase-space, sampling, time-frequency analysis, Walnut representation
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1 Introduction

A Gabor frame G(g, a, 8) = {*™F" % g(x — ak)};, eza for L*(R?) provides basis-like series represen-
tations of functions in L%, with unconditional convergence of the series. However, unless the frame



is a Riesz basis (and hence, by the Balian—-Low theorem has poor time-frequency localization), these
representations will not be unique. Still, a canonical and computable representation exists, and
Gabor frames have found a wide variety of applications in mathematics, science, and engineering
[9]. An important fact is that Gabor frames provide much more than just a means to recognize
square-integrability of functions. If the window function g is reasonably well-localized in time and
frequency, then Gabor frame expansions are valid not only in L? but in an entire range of associated
spaces MP? known as the modulation spaces. The frame expansions converge unconditionally in
the norm of those spaces, and membership of a tempered distribution in M2'? is characterized by
membership of its sequence of Gabor coefficients in a weighted sequence space (2'?. We refer to [24]
for a recent detailed development of time-frequency analysis and modulation spaces.

Some results on Gabor analysis outside of the modulation spaces were obtained by Walnut
in [34]. In particular, he introduced what is now known as the Walnut representation of the
frame operator, and considered the boundedness of the frame operator on LP. Recently, it was
independently observed in [22] and [25] that Gabor expansions actually converge in LP(R?) when
1 < p < oo. Since LP is not a modulation space when p # 2, it was known that Gabor expansions
could not converge unconditionally in LP. However, the fact that they converge at all was a surprise.

In this paper we consider a much larger class of spaces than the LP spaces, namely, we consider
the weighted amalgam spaces W (LP, L,). These spaces amalgamate a local criteria for member-
ship with a global criteria. They are the “right” spaces for a wide range of applications, and in
particular play important roles in recent developments in time-frequency analysis [13], [15], [24]
and in sampling theory [14], [1], [2], [3], [4], [18]. We will show that not only do Gabor expansions
converge for the special case LP = W(LP, LP), but that they converge in the entire range of weighted
amalgam spaces. Moreover, membership in the amalgam space is characterized by membership of
the Gabor coefficients in an appropriate sequence space. In the course of obtaining these results, we
prove several results of independent interest on the behavior of the analysis and synthesis operators
associated with the Gabor frame, and on the Walnut representation, which is an extremely useful
tool in Gabor frame theory. Moreover, we include the cases p = 1,00 or ¢ = 1,00 in our consider-
ation. In particular, we show that Gabor expansions exist even in L' and in a weak sense in L™,
given the right interpretation of “expansion.” These results significantly extend the results in [25].
Additionally, we obtain some necessary conditions on the window g, extending weaker necessary
conditions obtained by Balan in [5] for the particular case W (L?, L>).

Amalgam space techniques play an important role in the formulation and proofs of sampling
theorems. Specifically, we will prove the boundedness of the sampling operator on amalgam spaces.
While our main focus will be on the Gabor analysis of amalgam spaces, we are convinced that
our results on Gabor series are relevant for sampling problems per se, and we plan to exploit this
connection in our future work.

Our paper is organized as follows. Following some basic notation in Section 2, we provide in
Section 3 some background on Gabor expansions in L? and the modulation spaces. These set the
stage for the precise statement of our main results in Section 4. Proofs of these results are given in
Section 5.



2 Notation

2.1 General notation

In addition to the basic definitions and notation of [24], we use the following notation. @, denotes
the cube Q, = [0,a)?. The characteristic function of a measurable set E is X. Translation and
modulation of a function f with domain R? are defined, respectively, by

T.f(t) = f(t—x) and Myf(t) = XMW £ ().

The Fourier transform of f € L*(R?) is
flw) = Fflw) = ft)ye?™twar,  weR
Rd
The Short-Time Fourier Transform (STFT) of a function f with respect to a window g is

Vif(g) = (LMTg) = [ e Gi=) f0)ar

whenever the integral makes sense. Analogously to the Fourier transform, the STFT extends in a
distributional sense to f, g in the space of tempered distributions &', cf. [19, Prop. 1.42].
Given a strictly positive function w on R, the space L%, is defined by the norm

1/p
e = Wuly = ([ i@ Putepas)

with the usual adjustment if p = oco. Here and in other definitions, if w = 1 then we omit writing it.
Given E C R%, we use the shorthand

1/p
e = If - Xelw = < /E |f(x)|pdx> .

2.2 Weight functions

Throughout this paper, w will denote a submultiplicative weight function, i.e., w is positive, sym-
metric, and continuous, and satisfies

Vr,y eRY, wz+y) < w(@)w(y).

The prototypical example of a submultiplicative weight is the polynomially-growing function w(z) =
(14 |z])*, where s > 0. We also consider weight functions defined on R?? by making the obvious
changes in the definition.

Throughout this paper, v will denote an w-moderate function, i.e., v is positive, continuous,
and symmetric, and there exists a constant C),, > 0 such that

Vz,yeRY, vz +y) < C w(x)v(y). (1)

For example, v(z) = (1 + |z|)! is moderate with respect to w(z) = (1 + |z|)* exactly for || < s.



If v is w-moderate, then by manipulating (1) we see that

1

o -

1

v(y)’

so 1/v is also w-moderate (with the same constant). Thus, the class of w-moderate weights is closed
under reciprocals, and consequently the class of spaces LY using w-moderate weights is closed under
duality (with the usual exception for p = co). This would not be the case if we restricted only
to submultiplicative weights. The following lemma provides an important additional motivation
for considering moderate weights, namely that LY is translation-invariant exactly for moderate
weights [11].

Lemma 2.1. Let w be a submultiplicative weight on R, and fit 1 < p < co. Then the following
statements are equivalent.

a. v is w-moderate.

b. LY is translation-invariant (i.e., for each x € R, T, is a continuous mapping of LY onto
itself).

c. For each compact set K C R%, there exists a constant C > 0 such that

VyeRY  sup v(t) < C inf u(t).

tey+K tey+K

Given an w-moderate weight v on R, we will often use the notation # to denote the weight on
7% defined by #(k) = v(ak), and for a weight v on R?? we define 7(k,n) = v(ak, n).

2.3 Amalgam spaces

Given an w-moderate weight v on R? and given 1 < p,q < oo, the weighted amalgam space
W (LP,L}) is the Banach space of all measurable functions on R? for which the norm

1/q
T (Z T2 Takaaugumk)q) @

kezd

is finite, with the usual adjustment if ¢ = oc.

The first use of amalgam spaces was by Wiener, who introduced the spaces W (L', L?) and
W (L% L') in [35] and W (L®°, L') and W (L', L®°) in [36], [37], in connection with his development
of the theory of generalized harmonic analysis. The space W(L*, L') is sometimes called the
Wiener algebra, cf. [32]. Tt was shown in [34] that W (L®, L') is a convenient and general class of
windows for Gabor analysis within L?.

In a series of papers beginning with [11], [12], Feichtinger developed a comprehensive theory
of amalgam spaces on locally compact groups which allows a wide range of spaces of functions or
distributions to be used as local or global components in the amalgam, not just spaces such as L?
or L} that are defined solely in terms of integrability conditions. See [13], [14], [15] for discussions
of amalgam spaces and their applications. For an introduction to amalgams, concentrating on the
weighted amalgams W (LP, L) but providing an introduction to the general Feichtinger theory and
containing background and references, we refer to [28]. Additionally, the review of Fournier and



Stewart [20] is a useful introduction to the amalgams W (LP, L9) in the setting of locally compact
abelian groups.

Since any cube Q,, in R? can be covered by a finite number of translates of a cube Q 3, the space
W (LP, L) is independent of the value of « used in (2) in the sense that each different choice of «
yields an equivalent norm for W (L?, L}). A wide variety of other equivalent norms is provided by
the Feichtinger amalgam theory. In particular, we refer to [28] for an exposition of the “continuous”
norms on the amalgam spaces, which provide a much clearer motivation than (2) of why W (L?, L7,)
should be viewed as an amalgamation of a local LP with a global L{, rather than merely a disjoint
piecing together of local LP components.

For each w-moderate weight v, we have the following inclusion relations:

P Zp, g <q = WP, LE) CW(LP,LE) C W(LP, LE) C W(LP, LE ).

In particular, the inclusions W (L, LL) c W(LP, L) c W (L', L‘f‘/’w) hold for all 1 < p, ¢ < oo and
all w-moderate weights v. In this sense W (L, L}) is the smallest and W (L*, L(f?w) is the largest
amalgam space in the class of amalgam spaces with w-moderate weight functions.

For p, ¢ < 0o, the Schwartz class S and the space of functions with compact support are dense
in W(LP, L}).

2.4 Amalgam Spaces and Sampling Theory

To highlight the important role of amalgam spaces in sampling theory, we show how amalgam
spaces arise in the rigorous definition of the sampling operator. For more details on amalgam space
techniques in sampling theory, we refer to the pioneering work of Feichtinger [13], [14] and the
recent survey [4].

A discrete set X = {z;}je; C R? is called separated if inf; sy |z; — x| > 0, and relatively
separated if X is a finite union of separated sets. The sampling operator Sx f is defined as the
restriction of f to X, i.e., it maps a function f to the sequence Sx f = {f(x;)}jes. In general, Sx f
need not even be defined, therefore we must impose conditions on f in order that the sampling
operator be a well-defined object. Here amalgam spaces are very useful.

Theorem 2.2. a. If X is a relatively separated set, then the sampling operator is a bounded
operator from W (L*>, L) N C to (1(J), and thus

(

b. A continuous function f belongs to W (L, L}) if and only if Sx f € €1(J) for all relatively
separated sets X C RY.

1/q
Z\fm)rqv(xj)q) < Cllflwiess.

jeJ

Proof. For a proof of part a, we refer to Prop. 11.1.4 (and the remark following) in [24], and to [4,
Thm. 3.1].

(b) If f is a continuous function in W (L, L), then Sx f € ¢1(J) by part a.

Conversely, assume that f is continuous and that Sx f € ¢2(J) for all relatively separated sets
X C R% For each k € Z4, choose z), € ak + Q4 with the property that |f(zx)| = ||f - TarXQ. |lo-



Then the set {zy},eza is relatively separated. Using Lemma 2.1(c) and our assumption, we find
that

1/q
>y \f(xk»qu(xk)q)

kezd

Isxsly = (

1/q
> (X 17 Tl viaky )

kezd
= CHf”W(LOO,LZ)' [
Strictly speaking, any real sampling device takes only local averages (f,v;) instead of the exact

point evaluations f(z;), cf. [1]. Here, the 1;’s form a collection of averaging functions associated
to the sampling set X, and they are assumed to satisfy the following natural properties:

supp(¥;) C j + Qa for some a > 0, (3)
Jra (@) de = 1, (4)
supje g [|Yjlly = M < oo for some 1 < p < 0. (5)

A more realistic sampling model will then replace the sampling operator Sx by the averaged sam-
pling operator Ax .y defined by Axwf = {(f,%;)}jcs. As above, Ax g is well-defined only on
certain function spaces, precisely some amalgam spaces, as is shown in the following statement.

Proposition 2.3. If X C R? is a relatively separated set and U = {¥j}jer is a set of averaging
functions satisfying (3)—(5), then Ax,w is a bounded operator from W (LP,L}) to ¢2(.J).

Proof. First we note that

max #{j € J:x; € ak+ Qua} = Ny < o0, (6)
kezd

because X is relatively separated. Now, if z; € ak + Qq, then supp(v)j) C z; + Qo C ok + Q2a,
and therefore

[(F i)l < I - TarXQaallp 1511
Using (5), (6), and Lemma 2.1, we then obtain that
lAxw fllzs = D HE v vy
jed

= 2 X lheltwle)

kezd xjeak+Qa

< NoMC Y |If - TarXun 1§ v(ak)?
kezd
< Cl”f”w(Lp Ly
as desired. 0



2.5 Duality and convergence

We will need to be precise about the meaning of convergence of series. For general references we
refer to the text of Singer [33] or the introductory manuscript [27], and for references on Banach
function spaces we refer to the text of Bennett and Sharpley [8].

The following lemma characterizing unconditional convergence will be useful.

Lemma 2.4. Let X be a Banach space with dual space X*, and let fr, € X for k € J. Then the
following statements are equivalent.

a. Y ey fx converges unconditionally in X, i.e., it converges with respect to every ordering of
the index set J.

b. There exists f € X such that for each € > 0, there exists a finite Foy C J such that

V finiteF S Fp, Hf— kaH < e
kel X

c. For every € > 0, there exists a finite Fy C J such that

Vfinite " D Fy, sup{z [{fi, h)| - h € X*, ||h]|x+ = 1} < e
k¢F

Now let X be a Banach function space in the sense of [8]. In particular, this includes the
amalgam spaces W (LP, L%). The Kdthe dual (or associated space, as it is called in [8]), is the space
X consisting of all measurable functions h such that fh € L! for each f € X. By [8, Thm. 1.2.9],
X is a closed, norm-fundamental subspace of X*, so in particular,

vieX, |Iflx = sup{|(f.h)]:he X, [Ih]g=1}.

By [8, Cor. 1.5.3], X is complete in the o(X, X) topology, i.e., the weak topology on X generated

by X. In particular, a series ), ; fx converges in the o(X, X) topology if > ke fr, h) converges
for each h € X. It converges unconditionally in that topology if the convergence is independent of
the ordering of .J, and since the terms (fx, h) are scalars, this occurs if and only if

keJ

The dual and Kothe dual of the amalgam spaces are given in the next lemma.

Lemma 2.5. Let v be an w-moderate weight.

a. For 1 <p,q < oo, the dual space of W(LP, L}) is W(LPI,L({/V).

b. For 1 < p,q < oo, the Kithe dual of W(LP, L7,) is W(LPI,L({/V).



3 Background: Gabor Expansions in L? and the Modulation Spaces

3.1 Gabor frames in L?

Given a window function g € L?(R?) and given «, 3 > 0, we say that

G(g,0,8) = {MpnTorglpnezs = {77 g(x — ak)}y ez
is a Gabor frame for L?(R?) if there exist constants A, B > 0 (called frame bounds) such that
Ve LPRY), Alfl7: < Y0 W MpaTarg)? < BlIf]7a.
k,n€Z

The basic properties of Gabor frames are laid out in the following result; we refer to [9], [24],
or [29] for more extensive treatments of frames and Gabor frames.

Theorem 3.1. Let G(g,, ) be a Gabor frame for L?>(R?) with frame bounds A, B. Then the
following statements hold.

a. The analysis operator Cyf = ((f, MgnTorg))s peza 5 a bounded mapping Cy:L* — (%, and
we have the norm equivalence ||f|2 < ||Cyfle2.

b. The synthesis operator Ryc =), . c7a Ckn MgnTorg is a bounded mapping Rg: 0?2 — L%, The
series defining Rqyc converges unconditionally in L? for every c € £2.

c. Ry =Cy, and the frame operator Sy = RyCl: L? — L? is strictly positive.

d. The dual window ~ = Sg_lg generates a Gabor frame G(v, a, B) for L2(R?) with frame bounds
1/B, 1/A.

e. R,Cy=1 on L*(RY), i.c., we have the Gabor expansions

f= RWCgf = Z <f7 MﬂnTak7> MpnTokg (7)
k,nezd

for f € L2(RY), with unconditional convergence of the series.

In brief, if G(g, a, B) is a frame for L?(R%) then the £2-norm of the sequence of Gabor coefficients
((fs MgnToakg))kneza is an equivalent norm for L?, and the Gabor expansions given by (7) hold in
L?. Moreover, for our purposes it is important to note that once the analysis and synthesis operators
are defined, the statement “Gabor expansions converge in L?” is equivalent to the statement that
the identity operator on L? factorizes as I = R,C,.

In all these statements, and throughout this paper, the roles of g and v may be interchanged.

3.2 Gabor frames in the modulation spaces

Under stronger assumptions on g, the expansions in (7) are valid not only in L? but in the entire
class of function spaces known as the modulation spaces. For detailed discussion of these spaces
we refer to [16], [24]. The appropriate window class in this setting is the Feichtinger algebra

ML = (feS(RY): Vi € LL(RY)).



where w is a submultiplicative weight on R?¢ with polynomial growth (see [24, Sec. 11.4] for a
discussion of the details required in dealing with more general weights). The Schwartz class S is
dense in M!. Since w > 1, we have M} C M1, and it can be shown that M1 is contained in the
Wiener algebra W (L>, L').

Let v be an w-moderate weight function on R??, and let g € M} be fixed. Then the modulation
space M2 is the space of all tempered distributions f € S’(R?) for which the norm

a/p 1/q
e = ([, ([ Worte.rvtamras) ™ an)

is finite. This definition is independent of the choice of g € M} in the sense of equivalent norms.
Further, M} = MJ}"' (with equivalent norms). For 1 < p,q < oo, the dual of M7 is Mf;’yq/.
The space M,>™ is a subspace of the tempered distributions, but has the advantage of being
a Banach space. If v(z,y) = v(z) = (1 + |z|)®, then M2? is the weighted L2 space L2. If
v(z,y) = v(y) = (1 + |y|)%, then M>? = H®, the standard Sobolev space. However, LP does not
coincide with any modulation space when p # 2 [17].

The following result summarizes some basic facts on Gabor frames in the modulation spaces, cf.
[24, Ch. 12]. The theorem is not stated in its weakest possible form; for example, the boundedness
of the analysis and synthesis operators requires only the assumption g € M}, and does not require
that ¢ generate a frame for L?. The mixed-norm sequence space (29 consists of all sequences
¢ = (Ckn) g neze such that

el = (X (3 |ckn|pa<k,n>p>m)1/q <o, Bkim) = vlak,Bn).

n€zZd “kezd

Theorem 3.2. Let v be an w-moderate weight on R?*?, and let 1 < p,q < co. Let g € M} be such
that G(g,a, B) is a Gabor frame for L*(R%). Then the following statements hold.

a. The analysis operator Cyf = ((f, MpnTokg)) neza s a bounded mapping Cy: MPY — (29,
and we have the norm equivalence || f||ypa < ||Cy f||gea.

b. The synthesis operator Rgc = > 74 ckn MpnTurg is a bounded mapping Ry: 2% — MP1.
The series defining Ryc converges unconditionally in the norm of M for every ¢ € (219
(weak* unconditionally if p = 0o or g = 00).

c. The frame operator Sy = R,Cy is a continuously invertible mapping of My onto itself.
d. The dual window v = Sg_lg lies in M.
e. R,Cy=1 on MPa.

f. A distribution f € M;>™ belongs to M? if and only if Cyf € (29, If g € S, then a tempered
distribution f € S'(RY) belongs to M if and only if Cyf € 2.

In brief, the £ norm of the sequence of Gabor coefficients ({f, Mg, Targ))x nezd is an equivalent
norm for MJ? and the Gabor expansions (7) are valid in MJ'?, with unconditional convergence
of that series in the norm of MZJ?. Moreover, there is a strong statement made in part f of
Theorem 3.2 that is not usually observed in the standard list of Gabor frame properties in L?



(Theorem 3.1), namely that ||Cyf|[s. is not only an equivalent norm for A%, but membership of
f in the modulation space is characterized by membership of its sequence of Gabor coefficients C, f
in /29, In particular, only the magnitude of these coefficients is important in determining whether
a given distribution lies in M2,

The proof of Theorem 3.2 requires deep analysis. In particular, the invertibility of S, on MM
for arbitrary values of «, 8 was only recently proved in [26].

In summary, once the analysis and synthesis operators have been correctly defined, the fact
that Gabor expansions converge in the modulation spaces is simply the statement that the identity
operator on M}'? factorizes as I = R,C,.

Remark 3.3. For comparison with later results, let us rewrite the definition of the synthesis
operator in several ways:

Rye(x) = > con Mg Targ(®) (8)
k.nezd
= D (Z Chn €7 ”'””> Torg(x) (9)
kezd “nezd
= > mp(e) Targ(), (10)
kezd

where my(z) = Y c7a Ckn e g a 1/B-periodic function. In the modulation spaces, the con-
vergence of the double sum in (8) is unconditional, but when we turn to the amalgam spaces in
Section 4, this will no longer be the case. A correct formulation of the meaning of the synthesis
operator will then be essential, and the form of R4c given by (9) or especially (10) becomes the
appropriate inspiration. O

One potential point of confusion in comparing the statement of results for amalgam spaces with
the modulation spaces is that although the amalgam spaces W (L?, L) and the modulation spaces
MP? both involve a weight, the weight serves different purposes and is defined on different spaces.
For the modulation spaces, the weight is a joint time-frequency weight, and hence is defined on
R2¢, while for the amalgams it is a weight on the global component of the amalgam, and hence is
a weight on RY.

4 Gabor Expansions in the Amalgam Spaces

In this section we will state our main results precisely. In particular, we show that there is an
analogue of Theorem 3.2 for the case of Gabor expansions in the weighted amalgam spaces. This is
surprising, because the modulation spaces are the natural setting for Gabor analysis. And indeed,
while Gabor expansions converge unconditionally in the modulation spaces, the convergence in the
amalgam spaces is conditional in general and even the meaning of the term “expansion” must be
handled appropriately. Throughout, we will use the notation r(k) = v(ak).

4.1 Sequence spaces

Before stating our results, we must define the sequence spaces that will be associated with Gabor
expansions in the amalgam spaces. We begin by recalling that the Fourier transform of f € L'(Q, /8)

10



is the sequence f defined by

f(n) = Ff(n) = p¢ f(t) e 2Bt gy n e 7%
Qu/p

For 1 < p < oo, let FLP(Q,/3) denote the image of LP(Q/g) under the Fourier transform. Since
Fourier coefficients are unique in LP, if ¢ = (cp)peza € FLP(Q1)3) then there exists a unique
function m € LP(Qy ) such that m(n) = ¢, for every n, and the norm on FLP(Q/g) is defined by

lellFLr@i,) = Imllp.Qus- (11)

For 1 < p < oo, Littlewood—Paley theory can be used to give an equivalent norm for (11), cf. [10,
Ch. 7].

Definition 4.1. Let o, § > 0 be given. Then S79 = ¢1(FLP(Qq/s)) will denote the space of
all FLP(Q1/3)-valued sequences which are ¢?-summable. That is, a doubly-indexed sequence ¢ =
(Ckn)kmeza lies in ST if for each k € Z there exists my € LP(Qq/3) such that

mk(n) = Ckn, kvn € Zd7

and such that

1/q
lellsgr = (3 Imlq,,, #07) < o.

kezd

with the usual change if ¢ = oc. O

When 1 < p < 0o, we can write my, as a Fourier series

mip(z) = Y Cpn 7O, (12)

nezd

in the sense that the square partial sums of (12) converge to my, in the norm of LP(Q/g), cf. [30],
[38]. Hence, for 1 < p < oo and 1 < ¢ < 0o we can write the norm on S27 as

, p qa/p 1/q
g = (S ([ 3 ameron) o) o)
’ Qi/p

kezd nezd
Note that for p = 2, we have via the Plancherel theorem that Sg’q = g’q, However, for general p,
SP4 is not a “solid” space. In particular, changing the phases of the ¢k, can change the norm of c.

4.2 Boundedness of the analysis and synthesis operators

Our first main result states some facts which do not require a frame hypothesis. In particular, the
following result makes precise the meaning and behavior of the analysis and synthesis operators on
the amalgam spaces, and shows that the Walnut representation, which is an extremely useful tool
in Gabor analysis, holds on the amalgam spaces.

Theorem 4.2. Let v be an w-moderate weight on R®. Let oo, 8> 0 and 1 < p,q < oo be given.
Fiz g, v € W(L*®,LL). Then the following statements hold.

11



a. The analysis operator Cyf = ((f, MpnTurg))y neza s a bounded mapping Cg: W(LP, L) —
SE4. Moreover, there exist unique functions my, € LP(Q1,3) which satisfy my(n) = Cyf(k,n)
for all k, n € Z%, and these are given explicitly by

mi(x) = 570 (fTad)e—5) = 574 (Taf Tarsz9)(@). (13)
nezd nezd

The series on the right side of (13) converges unconditionally in LP(Qq/g) (unconditionally
in the a(L>(Q1/3), Ll(Ql/ﬁ) topology if p = 00).

b. Given c € S27, let my, € LP(Qq) be the unique functions satisfying 1g(n) = cg, for all k,
n € Z%. Then the series

Rjc = Z my - Targ (14)
kezd
converges unconditionally in W (LP, L}) (unconditionally in the o(W (L, L), W(Lp/,L(f//V))

topology if p = 00 or ¢ = 00), and Ry is a bounded mapping Ry: S5 — W (LP, L}).

c. The Walnut representation

chgf = 5_d Z Gn-Tnf (15)
g B
nez
holds for f € W(LP, L}), with the series on the right of (15) converging absolutely in W (LP, L7,
and where
Golr) = Y g E—aly@—ak) = S (T, 15 T (@) (16)
B
kezd kezd

Remark 4.3. When 1 < p < oo, the functions my, appearing in (14) can be written as Fourier
series, allowing Ryc to be written as the iterated sum

Rye(r) = 3 (Z on ﬂ) Torg(2), a7
keZd “nezd

i.e., the same series as appears in (9). When p = 1 or p = oo, this is not the case. The functions
my are still uniquely determined by ¢, but cannot be written as Fourier series. When p = q = 2,
both the inner and outer sums in the iterated series in (17) converge unconditionally, and then Ryc
can also be written as the double sum in (8), with unconditional convergence of that series. O

4.3 Gabor expansions in the amalgam spaces

Under the assumption that G(g, @, 3) is a frame for L?(R), we obtain the following result.

Theorem 4.4. Let v be an w-moderate weight on R?, and let o, 3 >0 and 1 < p,q < 0o be given.
Assume that g, v € W(L*,L}) are such that G(g,a, 3) is a Gabor frame for L* with dual frame
G(v,a,B). Then the following statements hold.

a. We have the norm equivalence || f |y (r rg) < [|Cqfllgpa-
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b. R,Cy =1 on W(LP,LY).

c. A function f € W(L*, L(f?w) belongs to W (LP, L}) if and only if Cyf € S21.

Remark 4.5. a. Theorem 4.4 says that, given an appropriate condition on the window g and its
dual window v, a Gabor frame for L? extends to the amalgam spaces and provides “Gabor ex-
pansions” for the amalgam spaces in the sense that we have the factorization of the identity as
I = R,C,. The specific form of these expansions is that given f, there exist functions my, such that
f=R,Cyf => my-Torg. When 1 < p < oo, the functions my, can be realized as Fourier series,
leading to an expansion of the form

flx) = R,Cyf(z) = > <Z<f, Mg Tor) ”) Torg(). (18)

keZd “nezd

The inner sum defining m converges conditionally in general, while the outer sum converges
unconditionally.

b. For the case p = 1, the functions mj cannot be written as Fourier series, so we do not have a
series expansion of the form (18). A different approach to the case p = ¢ =1 and v = 1, based on
Littlewood—Paley theory, is developed by Gilbert and Lakey in [21], where they show that Gabor
frames can be used to characterize a Hardy-type space on the line.

c. Theorem 4.4c says that if we use the “largest” amalgam space W (L', LS

1/w
then membership of a function in an amalgam W (LP, L) is characterized léy membership of its
sequence of Gabor coefficients in an appropriate sequence space. By imposing additional restrictions
on g, v, we could enlarge the universe on which this characterization is valid. In particular, if we
required g, v to lie in the Schwartz class S, then the universe on which this characterization was
valid would be the space S’ of tempered distributions.

d. For the case of the modulation spaces, there is a deep result that states that if g lies in the
Feichtinger algebra M}, then the dual window ~ will lie in M} as well, cf. Theorem 3.2. For the case
of the amalgam spaces, we do not know if the assumption g € W(L>, L}) implies that the dual
window -y also lies in that space. This is an interesting and possibly difficult open question. U

) as our “universe,”

4.4 Convergence of Gabor expansions

As pointed out above, when 1 < p < oo, the synthesis operator R, can be written as the iterated
sum (17). The inner series in this sum converges conditionally in general, while the outer series
converges unconditionally. Our next result shows that this series can also be written as a double
sum, as in (8), but because the proof relies on the convergence of Fourier series in LP, the conver-
gence is conditional in general. In dealing with Fourier series in higher dimensions, it is important
to use the maximum norm |x| = max{|z1|,...,|r4|} on R%

Proposition 4.6. Let v be an w-moderate weight. Let o, 3 >0 and 1 < p <00, 1 < g < o0 be
given. Assume that g, v € W(L*>°, LL) are such that G(g,«, 3) is a Gabor frame for L* with dual
window y. Then the following statements hold.

a. If c € S, then the partial sums

SkNe = > > MpaTarg,  K,N >0,
|k|<K [n|<N

13



converge to Rgyc in the norm of W(LP L}), i.e., for each € > 0 there exist Ky, No > 0 such
that
VK > Ky, VN> Ny, HRgC— SK7NC”W(Lp7LZ) < €.

b. If f € W(LP, L), then the partial sums

SK,N(Cgf) = Z Z <f7 MﬁnTakg> MﬂnTakﬂy
|k|<K |n|<N

of the Gabor expansion of f converge to f in the norm of W (LP,L}).

4.5 Necessary conditions on the window

Our final main result provides a partial converse to Theorem 4.2a. In particular, Theorem 4.2a
implies that if g € W(L>, L)), then Cy is bounded on each W (L?, L{). In the converse direction,
if g is a measurable function, then in order for C, to be well-defined on some W (L?, L), we must
at least have Cy f(0,0) = (f,g) = [ fg defined for each f € W(LP, L}). Hence fg € L' for all such
f, so we immediately have that g must lie in the Kothe dual of W (LP, L%), which is W (L', L({/V).

For the unweighted case, we obtain the following further necessary condition in order that Cy be
bounded on W (LP, L*). For the case p = 2, this result was obtained by Balan in [5] and published
in [6], [7]. Extensions of some other results from [5] to the case p # 2 are also possible by combining
the arguments of Balan with the techniques of this paper.

Theorem 4.7. Let o, >0 and 1 < p < oo be given. If g € W(Lp/,Ll) and Cy is a bounded map
from W (LP, L) to SP*>°, then g € W (L*>, LP).

Note that W (L, L) is not contained in W (L?', L'), nor conversely when 1 < p < co. The
result is also true for p = 1, but in this case W (L>®, LP) = W(LP,L') and there is no new
information.

5 Proofs

In this section, we present the proofs of the results stated above. First, Section 5.1 provides some
useful lemmas. The proof of Theorem 4.2 is divided into Sections 5.2-5.4, which deal respectively
with the synthesis operator, the analysis operator, and the Walnut representation. Section 5.5
contains the proof of Theorem 4.4, Section 5.6 contains the proof of Proposition 4.6, and Section 5.7
contains the proof of Theorem 4.7.

5.1 Lemmas

The following lemmas will be important in the sequel. The first lemma is simply a counting
argument.

Lemma 5.1. Let o, B > 0 be given. Let K,g be the mazimum number of %Zd—tmnslates of Qi/p

required to cover any aZ%-translate of Q, i.e.,

_ d. |t
Kap = max #{£ € 27 : |(5 + Qu/p) N (ak + Qa)| > 0}.

14



Then given 1 < p < oo, we have for any 1/3-periodic function m € LP(Qy,3) and any k € 7% that

1
Imlparsan < Ko lImllpoy

1/oo
where Ka,@ =1.

The second lemma is a weighted version of an estimate that is useful in the Walnut representation
of the Gabor frame operator on L?, see [34, Lemma 2.2].

Lemma 5.2. Let w be a submultiplicative weight, and let o, 8 > 0 be given. Then there exists
a constant C = C(a, B,w) > 0 such that if g, v € W(L*>®,LL) and the functions G, are defined
by (16), then

Z [Grlloow(5) < Cligllwzee ry) IVlw @z 1)-

nezd

Proof. Since w is w-moderate, it follows from Lemma 2.1 that || fw|lyy(ze 11y is an equivalent norm
for W (L, LL). In particular, we have gw, yw € W(L>, L1), so by [24, Lemma 6.3.1], we have

Y NGl < G +1)?@8+ 1) lgwliw izt wllw iz L),
n€ezd

where G, is the analogue of G,, with g replaced by |g|lw and ~ replaced by |y|w. Hence,

Z ”Gn”oo w(%) - Z €SS sup

d
nezd nezd TER

Z g(x — 5 ak)y(x — ak)w((z — ak) — (x — 5 ak))
kezd

Z ess sup Z l9(z — § — ak)|w(z — 5 — ak) |y(z — ak)|w(z — ak)
nezd TR peza

= Z HénHoo

nezd

IN

< Clgllwee,cy) IVlwzee,ry)- O
Finally, we need an estimate on the effect of translations on the amalgam space norm.

Lemma 5.3. Let v be an w-moderate weight. Then for 1 < p,q < 0o, we have for each f €
W(LP,L}) and ¢ € 79 that

[Taefllwr,Lgy < Cow(al) || fllwwr,La)-

5.2 Proof of Theorem 4.2b: Boundedness of the synthesis operator

In this subsection we will prove part b of Theorem 4.2, establishing the boundedness of the synthesis
operator on S%7.

We divide into cases. First, we consider the case 1 < p,q < co. We are given c € Sf;’q, and we
must prove that the series (14) defining Ryc converges unconditionally in the norm of W (LP, L}),
and that R, so defined is a bounded mapping of W (L?, L) into S29. To show the convergence we
will make use of Lemma 2.4.

15



Fix ¢ > 0. By definition of the norm in S2? we have that >_ ||my|?
there exists a finite set Fp such that

p.Qus Y v(k)? < oo. Hence

V finite " O Fy, ZHmkale (k) < e (19)
k¢F

Recall that 1/v is an w-moderate weight, and let K, be the constant appearing in Lemma 5.1.
Fix any h € W (L¥, Lq/ ). Then

ZKmk : Takga h>’

k¢F

< Z/ [my(2) Targ(z) h(z)| da

k¢F

- Z Z/ ’mk akg( ) (x)’TanJrakXQa(J?)dx

k¢ F nezd’ Qo

< DD ITakg - TanvarXqu lloo Imullp.antar+qa
k¢F nezd
v(ak)
h-T, '
H oerakXQaHp V(Om + ak — om)
< Z 19 - TanXQa lloe %
nezd
Cy, v(ak)w(an)
Kol Imello @y Il - TonsarXa, Iy = 2=
kgF
Uy 1/q
< RS o Tan leilon) (3 el g, b)) »
nezd k¢F
1 1/q
h-T T EE—— . 20
<Z H OtTL"FOékXQaHp y(an—i—ak) > ( )
kezd

Combining (19) and (20), we have that
1
Dl Takg, W < eCoRoF lgllwiae, ey Wl 1
k¢F

Taking the supremum over all & of unit norm and appealing to Lemma 2.4, we see that Rjsc =
S my, - Targ converges unconditionally. Further, replacing F by Z? in the calculation in (20) yields

[(Rge, i) < > [{my - Targ, 1)
kezd

1
< O gllw o, 1y llellsza |12 (21)

/ .
W(LP’,L‘{/V)
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Smce w (L L‘{ /) s the dual space of W (LP, L), taking the suprema over all h of unit norm
n (21) shows that

1Boclwio gy = sup{ltBye 2 Il g gy ) =1}

1
CoE VP lgllwzo, 1) el gz, (22)

IN

so R, is bounded. This completes the proof for the case 1 < p,q < oo.

When p = o0 or ¢ = oo, we make use of the fact that W(Lp Lq 1 ) is the Kothe dual of
W(LP, L}). The fact that the series defining Ryc converges in the weak topology is given by the
same calculations as in (20), (21), and the fact that the Kéthe dual is a norm-fundamental subspace
of the dual space means that we can again estimate || Ryc| gr.a by using (22). Hence R, is bounded,
and the proof is complete. ’

5.3 Proof of Theorem 4.2a: Boundedness of the analysis operator

In this subsection we will prove part a of Theorem 4.2, establishing the boundedness of the analysis
operator on W(LP, L}).

We are given that g € W(L>®,L}) and that 1 < p,q < co. Let f € W(LP, L}), which is a
subspace of W (L!, L(fjw). First we must show that the functions my, given by (13) are well-defined.
Since my, is the 1/(-periodization of the integrable function f-T,xg, the series defining my, converges
at least in L'(Q,). To show that the periodization converges unconditionally in LP(Q, /8) (weakly

if p = o0) and to derive a useful estimate, fix any 1/8-periodic function h € Lp/(Ql /8)- Then for
each fixed k, we have

/ S 1@ — B) Taxg(e — ) h(z)| do
Qi/p

nezd

- / (@) Targ(z) h(z)| de
]Rd

= Z/ |f(z) Targ(x) h(z)| Tok+anXQ. (x) dz

nezd ' Qo
v(ak + an — an)
< j{:‘ubkg'jgk+anXQa”a>”f'jgk+anXQa”p”hHﬂ¢Mﬁun+Qa v(ak)
nezd
%, Cyv(ak + an)w(an)
< Y 9 TonXQulloo 1 - TarranXaullp Kot Il @15 =
v(ak)
nezd
1
= Q18 71N ( 9 Tan Qa lloo W OTY ak+anXQqllp VI an
CuK Ihl 19+ TanXQu lloo (@) 1 - TakranXau Iy v(k + an). (23)

neZzd

This yields the desired convergence, and taking the suprema in (23) over h with unit norm implies
the estimate

1
lmillpq,,, < B-ICKYY

a8 V( Z 19 TanXQalloo w(@n) | f - TaktanXQa llp v(ak + an). (24)

nezd
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Second, we show that 772;(n) has the correct form. Since e?™8ne ¢ Lp/(Ql/ﬁ), we have by the
weak convergence of the series defining my that

mk(n) _ ﬁd <mk7 e27ri,8n~ac>

= X[, S T )
tezd? /8

= S [ fa ) Tugle - 5 e gy
€74 Qu/p

= [ Tag) @) e

= <f7 M,@nTakg>
= Cyf(k,n).

Finally, we must show that Cy is a bounded mapping of W (L?,L}) into S29. Given f €
W (LP, L), to show that Cyf € S5'? we must show that the sequence r given by

r(k) = lImillp@ o kEZ

lies in ¢Z. To do this, fix any sequence a € 6({/17. Then, using (24), we have

(ra)l < D Imillpqy, lak)]

kezd
< BCKE N 119 TanXqulloo wlan) x
nezd
1
D 17 Tabranxqullp v(ak +an) [a(k)| s
kezd
< BUCKYY S g TanXqu oo wlan) x
nezd
1/q
(Z 1F - TokamXo |4 (k£ an>q) x
kezd
, 1 l/q,
k. qg -
(X o )
kezd
_ 1/p’
< OCK L Nallwe.oty 1w ooy lall g (25)
Since E‘{/D equals (¢1)* when ¢ < oo and is a norm-fundamental subspace when ¢ = oo, taking the

suprema in (25) over sequences a with unit norm yields the estimate

_ 1/p'
ICyfllspe = Il < A4CUKY Ngllwize 1) I lvwiom s
Hence C is a bounded mapping of W (LP, L) into SE9.
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Remark 5.4. For the case 1 < p,q < oo, the boundedness of Cy could also be shown by proving

that Cg: W(LP, Lj,) — S5 is the adjoint of Ry: Sf;’g/ — W(L¥, L‘{/V)7 and then using the reflexivity

of the space W(LP, L) and the fact that 1/v is also w-moderate. O
5.4 Proof of Theorem 4.2c: The Walnut representation

In this subsection we will prove part ¢ of Theorem 4.2, establishing the validity of the Walnut
representation of R,Cy on W(LP, L]).

We are given g, v € W(L*®,LL) and 1 < p,q < oco. For this proof, let us use the equivalent
norm for W (LP, L}) obtained by replacing « in (2) by 1/3. Then by Lemma 5.3,

1T fllwrergy < Cow(G) 1fllwre,rg)-

Therefore, using the autocorrelation functions G,, defined in (16), we have for f € W (LP, L}) that

D NG Tafllwersy < D IGalloo ITa fllwwe o)

nezd nezd

Collfllwze.ngy D Gl w ()

nezd

IN

IN

cc, HfHW(LP,L?,) HQHW(LOO,L}J) H'YHW(LOO,L}J)v

the last inequality following from Lemma 5.2. Hence the series Y G, - T% f converges absolutely in
W (LP, LY).
Now fix f € W(LP, L}). Then Cyf € S%? by Theorem 4.2a. Letting my, be defined by (13), we
have C, f(k,n) = my(n). Further, R,Cyf = > my, - Ty, this series converging unconditionally if
J

1/17) we

P, ¢ < 00, or unconditionally in the weak topology otherwise. In any case, for h € W(Lp', L
have

<R’ngf7 h> = Z <mk Tk, h>
kezd
= mp(x) Tapy(z) h(x) dz
zk
_ gty /R 3 T () Tk 39(0) Toar () Be)
kezd nezd
= Y [ 3 TS @) Tuk39(0) T o) ) d
nezd kezd
_ pd 7
_ 5 ngd /R Ty £ (@) G ) B d.
= 571) (Gu -Tsf, h),
nezd

from which (15) follows. The interchanges of integration and summation can be justified by
Lemma 5.2 and Fubini’s Theorem.
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5.5 Proof of Theorem 4.4: Gabor frames in the amalgam spaces

In this subsection we will prove Theorem 4.4. We are given g, v € W(L*, L.) such that G(g, o, 3)
is a Gabor frame for L? and v is the dual window to g. By Theorem 4.2, we have that Cy,
Cy:W(LP,L}) — S27 and Ry, R,: S27 — W (LP, L) are bounded mappings for each 1 < p,¢q < oo
and each w-moderate weight v. Further, for the case p = ¢ = 2 and v = 1, the frame hypothesis
implies that the identity R,C,; = I holds on L?, and the definition of R, given in Theorem 3.1
coincides in this case with the definition of R, given in Theorem 4.2. Letting G,, be the autocor-
relation functions defined in (16), the fact that R,C, = I holds on L? implies by [24, Thm. 7.3.1]
that
574Gy = la.e. and Gy, = Oa.e. forn # 0.

Consequently, using the Walnut representation (15) of R,Cy on W(LP,L}), we have for f €
W (LP, L) that
RCyf = 7Y Gu-Tnf = f.
nezd
Hence R,C, = I holds on W (L?, L}) as well. This proves part b of Theorem 4.4.
Next, given f € W(LP, L}), we have

HfHW(LP,LZ) = ”R’YCngW(LP,LZ)
[BAHCq f | 20
< BHC I lwzr,La)-

Consequently, ||Cyf|| spa =X I fllw(zr,L3y, which proves part a of Theorem 4.4.

Finally, we prove part ¢ of Theorem 4.4. Assume that f € W(LI,L(I’%). We must show
that f € W(LP,L]) if and only if Cyf € S29. The forward direction, that if f € W(LP, L})
then Cyf € S2? is simply Theorem 4.2a. For the reverse direction, assume that Cyf € Sb.
Then by Theorem 4.2a, the function f = R,(Cyf) lies in W(LP, L}). However, the factorization

R,Cy = I holds on every amalgam space, including W(LI,L?/’W) in particular, so we also know

that f = R,Cyf. Thus f = few(Lr, L), which completes the proof.

IN

5.6 Proof of Proposition 4.6: Convergence of Gabor expansions

In this subsection we will prove Proposition 4.6. We are given g, v € W (L, L) such that G(g, o, 3)
is a Gabor frame for L? and « is the dual window to g, and we fix 1 < p < oo and 1 < ¢ < o0.
Assume that ¢ € S, and let my, be defined by (13). For N > 0, write

SNmk = Z Ckn CQWZﬁn'x
In|<N

for the partial sums of the Fourier series of my. The exponentials {2} _ ., form a basis for
LP(Q1/5) [30], [38], so, letting C} denote the basis constant for this system, we have for each k € Z¢
that

]\}i_{noo [y — SNmkHILQuﬁ =0 (26)

and
sup [|SNmllp.@,s < Crlmillp,qy - (27)
N>0
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Since ¢ € S2? given £ > 0, we can find K > 0 such that
1/q
VK=o (X I, i007) < (25)
|k|>K

Because of (26) and the fact that Ky is finite, we can find an Ny > 0 such that

g
VN >Ny, sup |[my — Snmyllp.q,,, 7(k)

< 29
e 2Ky + 1) (29)

Now, since ¢ € S5 and 1 < p < oo, we know that Ryc can be written as the iterated series (17).
Write the partial sums of the outer series as

SK,ooC = Z <Z Ckn 627ri,@n-:v) Takg = Z my - Takg-

|k|<K “nezd |k|<K
Given K > Ky and N > Ny, write
Rgc — SKJVC = (Rgc — SKO,ooC) + (SKo,ooC — SKO,NC) + (SKO,NC — SKJVC). (30)

We will calculate the W (LP, L) norm of each of these terms separately.

For the first term, define a sequence r by rg, = cky for |k|] < Ky and n € Z¢, and 14, = 0
otherwise. Then Sk, co¢ = Ryr, and Ry is a bounded mapping of S2¢ — W (LP, L), so using (28)
we have

| Rgc — SKo,ooCHW(LP,LZ) = [[Ry(c— T)HW(LP,L‘,Z)

1Bl e = 7l[spa

1/q
R X I, , 20007)

|k[>Ko
< [[Rglle- (31)

IN

For the second term, define si, = ¢k, for |k| < Ky and |n| < N, and sg, = 0 otherwise. Then
Sko,NC = Rgs, so using (29), we have

[SKo,00¢ = SkoNCllw(rr,ryy < [ Bglll[r — sl[spa
3 1/q
= 1ml (Xl Sl , 707
|k|<Ko
< [[Rgle. (32)

For the third term, define tg, = ¢, for |k|] < K and |n| < N, and t, = 0 otherwise. Then
Sko,NC = Rgt, so using (27) and (28), we have

[Sko.ne = Sk Ncllwr gy < IBglllls —tllgpa

1/q
B X sl 70)
Ko<|k|<K
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1/q
< alrl( X I, 70

Ko<|k|<K
< Cil[Rglle. (33)

Applying (31)—(33) to (30), we see that |Rgc — Sk nelly (e gy < (2+ C1) [[Ryl €, which com-
pletes the proof.

5.7 Proof of Proposition 4.7: Necessary conditions

We will prove Theorem 4.7 in this subsection. We are given g € W(L?,L') such that Cy is
a bounded map from W (LP, L) to SP*°) where 1 < p < oo, and we wish to show that g €
W(L*>, LP). Let us show first that g € L. If not, then given any D > 0 there would exist a set J
contained in some cube £ 5 T Q1/p and with positive measure such that [g(z)| > D on J.

Set f = J‘l 75 el 8y X J- Then, using the equivalent norm for W (LP, L®°) obtained by replacing
ain (2) by 1/8, we have || f|lw rp, L) < 1. By hypothesis, Cy f € SP°°, so there exist 1/(-periodic
functions my, such that mg(n) = Cyf(k,n). Since f - Torg € L, it is easy to see that my, is given
by (13). In particular, considering k = 0 we have

e L /
P,Q1/p Q15

g
- @
E+Q1/ﬁ

> pPipP.

p

> fla- — )| do

nezd

Hence

D < g sup Imilp..s = BNCoflsve < BUNCIFllwzr,rey < BYIC]-
€

But since D is arbitrary, this contradicts the fact that Cj is a bounded mapping. Hence g must be
o T
" LNO.W we show that g € W(L>, LP). Fix € > 0, and for each n € Z¢ define
Ju = {r €3+ Qup: 9@)] = gl
Then set J), = J, if |J,,| < €, otherwise let J], be a subset of .J,, of measure £. Let
N. = sup{N € N: |J}| > Sforall|n| < N}

(N: can be co0). Note that N. — oo as ¢ — 0. Define f = ‘™89 > jnj<N. X, and note that
I fllw zp, Loy < el/P. Therefore Cy f € SP*°, and letting my, be defined by (13), we have

mollg,, = 67 S [ gl e da

In|<N. +Q1/ﬂ

o TsXa,,
ot S ()

In|<Ne

A%
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—pde—p—
> preeTr le Z ||g.T%XQ1/ﬂ||€O'

Hence

|n|<Ne
S Mo Taxanslte < 22 sup ol
g 5 Quplloe = p kllp,Qy /s
[n|<Ne keZ
ﬁpd2p+1
= 1Cy £ 115,00
ﬁpd?
< Gy g 1

d
< B 2p+1 1CqlIP.

Since N — oo as € — 0, this implies that g € W (L, LP).
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