Math 464
Homework: Due on 3/26

1) The goal of this problem is to prove the convergence of the Fourier series of a continuous 27 —periodic
real-valued function F' at a point where F' is differentiable. Note that the Fourier series of F' is given by

S(F)(y) = ag + Z ay cos(ky) + by sin(k~y),

k=1
where
27 27 2w
ap = 5= F(y) dy, ar =1 F(v) cos(kv) dv, by = %/ F(v) sin(kv),
0 0 0

for k =1,2,.... For a positive integer N let

N
Sn(v) =ao + Z ay, cos(k7y) + by sin(k~y).

k

a) By substituting aj and by in Sy prove that

sv=2 [ Foy(3+ écosw —) i

—T
b) Prove that for any number u € [—7, 7],

1 sm2((N4(~1//22))u) . u7£ 0
5 cos(u) + cos(2u) + - + cos(Nu) = sin(u :
z cos(v) (2) (Nw) N+1/2 ¢ u=0

Conclude that .
swt) = [ FO Py =) i,

where

Py (u) = g ST,

c) Prove that [*_Pn(y)dy = 1.
d) Conclude that
/ Fly+ N Py(\d\ — F(7).
[This requires some work.]
2) In parts a) and b) below, graph the given Function F, and the partial sums Sy (v) = ao—i—zg ay, cos(kvy)+

by sin(k~y) of its Fourier series for N = 1,2,5,7,10. Comment on the quality of the approximation of F' by
S
72 on [—m, 7|, where F is 2r—periodic.
m—ry : 0<~v<nm
—T—7 @ —7mT<v<0

N-
a) F(7)
b) F(v)

where F' is 2r—periodic.



