Continuous Model for Homopolymers
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Abstract

We consider the model for the distribution of a long homopolymer in a potential
field. The typical shape of the polymer depends on the temperature parameter.
We show that at a critical value of the temperature the transition occurs from a
globular to an extended phase. For various values of the temperature, including
those at or near the critical value, we consider the limiting behavior of the polymer
when its size tends to infinity.
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1 Introduction

The goal of this paper is to analyze various critical phenomena for a model of long ho-
mogeneous polymer chains in an attracting potential field. The model exhibited here
demonstrates a phase transition from a densely packed globular phase at low temper-
atures to an extended phase at higher temperatures. In the latter phase, the thermal
fluctuations overcome the attraction between monomers and the chain takes on the shape
of a 3d random walk or Brownian motion with a typical scale O(v/T) where T is the
length of the polymer. A real life example of this phenomenon is that of albumen (egg
white). We describe a rough picture of this situation. The physical reality is more com-
plex as there are present several types of protein with different critical points. However
in a simplified version, at room temperature the albumen is in the globular state and as
a result, it forms a viscous, translucent liquid. However, at higher temperatures (around
60 —65° C) there is a transition of the albumen to a diffusive (extended) state resulting in
an opaque semi-solid material. While this transition may be reversible for an individual
polymer, in the aggregate, the polymer strands in the diffusive state become interwoven
and form chemical bonds with each other and can not return to the globular state when
the temperature is decreased.
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It is worthwhile recalling Gibbs’ philosophy of phase transitions. Start with a system
of finite size T. The configuration space Y7 = {x(-)} denotes all possible states z(-) of
the system. The space Xr is equipped with a reference measure Py which corresponds
to infinite absolute temperature (in our case, the inverse temperature § = 0). The
configurations satisfy boundary conditions which reflect the interaction of the finite system
with its environment. This system is endowed with a Hamiltonian Hy giving the energy
Hyp(x) of the state z. For 5 > 0, the Gibbs measure Py 7 is given by the density

dPsr . exp(—BHr(z))
dP07T (I') - ZI&T ) (]‘)
where
Zur = | exp(~BHr(e))dRyr 2)
X

When T' < oo, the measure Pgp and the thermodynamic quantities associated to Pgr
are analytic functions of 3.

Now let T' — oo. In typical situations, there is a critical value 3., such that for 3 > 3.,
there exists a unique limiting measure Pz on X, the space of infinite configurations, and
this limiting measure is independent of the boundary conditions on 7. Moreover, Pg and
its relevant thermodynamic quantities are still analytic functions of 3 for § > ... One
manifestation of the phase transition is the non-uniqueness for g < .. of the limiting
measure as T — oo as it has dependence on the boundary conditions on 7. Another is
the non-analyticity of thermodynamic quantities associated to P as a function of 3. The
mathematical characterization of the phase transition in terms of non-uniqueness of the
limiting Gibbs measure traces its history to the works of Dobrushin [2] and Ruelle [7].

Modern physical theories predict that near the critical point § = (.. the limiting
Gibbs measure Pz must be invariant with respect to renormalizations of the system (self-
similarity). This idea is related to the two-parametric scaling by Fisher [3] for § near
Ber. Another important fact is that critical behavior as § — (., of the physical system
demonstrates universality, that is the same behavior holds for a wide class of Hamiltonians.

The most essential part of the present paper is the detailed description of the polymer
chain near the critical point and the establishment of the physical ideas of universality
and self-similarity for our particular model of homopolymers.

2 Description of the Model and Results

A continuous function z : [0, 7] — R? z(0) = 0, will be thought of as a realization of the
polymer. The parameter ¢ € [0,T] can be intuitively understood as the length along the
polymer (although the functions x = x(t) are not differentiable and the genuine notion of
length can not be defined).



We assume that for § = 0, the polymer is distributed according to the Wiener measure
Por on X = C([0,7],R%). For an infinitely smooth compactly supported potential
v € C°(RY) and a coupling constant 3 > 0, the polymer is distributed according to the
Gibbs measure Pg 1, whose density with respect to Py r is

T
dP ex v(z(t))dt
T L RGO L R ——
dPo Zgr
In other words, the Hamiltonian Hy is given by Hy = — fOTv(:z:(s)ds. The normalizing

factor Zgr, called the partition function, is given by

T
Zgr :/ exp(ﬁ/ v(x(t))dt)dPo () = Egpe P47, (3)
C([0,T),R4) 0

It will be usually assumed that the potential is nonnegative and not identically equal to
zero. We shall be interested in the prevalent behavior of the polymer with respect to the
measure Py as 1" — oo.

We shall see that there are two qualitatively different cases corresponding to different
values of 3. Namely, for all sufficiently large values of 3 there is a limiting distribution
for z(T") with respect to Pg . Moreover, for each positive constant s and each function
S(T) such that S(T) — oo and T'— S(T) — oo as T — oo, the family of processes
z(S(T)+1), t € [0, s], with respect to either measure Py or Pgr(-|z(T) = 0), converges
to a Markov process as T" — oo. The generator of the limiting Markov process and its
invariant measure are written out explicitly in Theorem 8.3. Since z(S(7)) and z(T)
converge to limiting distributions and thus typically remain bounded as 7" — oo, we shall
say that the polymer is in the globular state.

If 3 > 0 is sufficiently small and d > 3, then the family of processes z(tT)/V/T,
0 <t < 1, defined on (C([0,7],R%),Ps7r), converges to a Brownian motion on the
interval [0, 1] (Theorem 9.2). In this case we shall say that the polymer is in the dif-
fusive state. Similarly, the family of processes z(tT)/vT, 0 < t < 1, defined on
((C([0,T),RY), Psr(-|z(T) = 0)), converges to a Brownian bridge on the interval [0, 1].

We shall see that there is a number (.. (called the critical value of the coupling
constant) such that the polymer is in the diffusive state for § < (.. and in the globular
state for § > (... The value of .. and the behavior of the polymer when [ is near (3,
depend on the dimension d and on the potential. In particular, we shall see that (3, =0
ford =1,2 and 3., > 0 for d > 3.

Of particular interest is the behavior of the polymer when 8 = (... In this case the
appropriate scaling is the same as in the diffusive case, that is we study the family of
processes 2(tT)/v/T, 0 < t < 1. We shall find the limit of this family as T — oco. It
turns out to be a Markov process with a non-Gaussian, spherically symmetric transition
function (Theorem 10.6). The transition function of the limiting Markov process will be
written out explicitly.



In order to determine whether the polymer is in the globular or diffusive state for a
given (3, we shall look at the rate of growth of the partition function Zg . Namely, let

InZ
Xo(f) = lim nTﬂ’T.

T—o00

It will be demonstrated that the limit exists and is equal to the supremum of the spectrum
of the operator Hg = :A + v : L*(R?) — L?*(R%). The infimum of the set of 3 for which
Mo(B) > 0 is equal to f... It will be seen that A\o(f.) = 0 is an eigenvalue of Hg, in
dimensions d > 5, and corresponds to a ground state of Hg_ in dimensions d = 3, 4.

The paper is organized as follows.

In Section 3 we consider finite 7' and show that {z(¢),0 < t < T} is a time-
inhomogeneous Markov process with respect to the measures Pg 7 and Pgr (+|z(T) = 0).

In Section 4 we prove the existence of the critical value of the coupling constant. In
Section 5 we analyze the properties of the resolvent of the operator Hz which, in particular,
will be needed to study the asymptotic properties of the partition function.

In Section 6 we shall examine the asymptotics of Ao(3) when 3 | (.. and show it has
the following asymptotic behavior as 3 | (..,

CS(B - ﬂcr>27 d= 37
)\O(ﬁ) ~ 04(5 - ﬁcr)/ln(l/(ﬁ - ﬁcr))y d= 4,
Cd(ﬁ - ﬁcr)a d Z 5.

These asymptotics demonstrate universality in that they depend only on dimension. The
constants ¢y, d > 3, are not universal however. In Section 7 we find the asymptotics, as
T — o0, of Zgp. In particular, when 3 > 3,,, we shall find that Zs 7 ~ kge*®T for some
constant kg, while for 8 < .., Zgr has a finite limit as 7" — oo. Finally, when 3 = 3,,, it
turns out that Zsr ~ k3T/? for d = 3, Zgp ~ ksT/InT for d = 4, while Zgp ~ k,T for
d > 5. We also give asymptotics of the solutions to the parabolic equation du/0t = Hgau.

In Sections 8, 9 and 10, we describe the behavior of the polymer for 8 > .., 8 < B
and 3 = (.., respectively, establishing the convergence results mentioned above.

Some of the results presented above have been obtained by Cranston and Molchanov
in [1] for the discrete model with the potential concentrated at one point. The analysis
was based on explicit formulas for the solution of the parabolic equation with such a
potential. The current results demonstrate that the behavior of the polymer is “universal”
with respect to the choice of the potential. Another essential feature of this paper is the
detailed analysis of the behavior of the polymer when g = ... We refer the reader to the
review of Lifschitz, Grosberg and Khokhlov [5] for a wealth of information and ideas on
polymer chains.



3 Time-inhomogeneous Markov Property
First we define pg as the fundamental solution of the heat equation

0 1
%(t, Y, ) =§Axpg(t, y,x) + Bu(x)ps(t, y, x),

ps(0,y,7) =0(z — y).

(4)

In this section we shall prove that with respect to the measure Pg 7, the process {z(t),0 <
t < T} is a time-inhomogeneous Markov process. Since we shall point out the link be-
tween non-uniqueness of Gibbs measures and phase transitions it will be necessary to also
consider the transition mechanism for the process {x(t),0 < ¢ < T} under the conditional
measure Py r (-]z(7) = 0). Namely, we will show that the free boundary condition corre-
sponding to the measure P and the pinned boundary condition corresponding to the
measure Pgr (-|z(T) = 0) lead to different Gibbs measures in the limit.

Let Zs(x) = E* exp(f f(fv(xs)ds), where E” is the expectation with respect to the
measure induced by the Brownian motion starting at x. Thus Z3(0) = Zg,, where Zg,
is the partition function introduced in the previous section.

Theorem 3.1. The process {x(t),0 <t < T} is a time-inhomogeneous Markov process
with respect to the measures Pg . Its transition density is given by

Qg((sv y)? (t7 I)) = pﬁ(t -5, I)Zﬁ,T—t(x)(Z,@,T—s(y))ia . (5)

The transition density q5((s,y), (t,x)) solves the parabolic equation

%qg((say%(’%x)H 10,05 ((s,9), () + Vy In Zsr_o(y) Va5 ((s,9), (t,2)) = 0. (6)

With respect to the conditional measure Pgr(- |x(T) = 0), the process {z(t),0 <t < T}
1 a time-inhomogeneous Markov process with transition density

a5 (5.9, (1.0)) = pa(t = 5.9, 2)ps(T — t.2,0) (pa(T — ,4,0)) . (7)

While this result is not used directly in later sections, it provides some intuition on
the nature of the limiting processes when we consider the limit 7" — oo.

Proof. The Feynman-Kac formula gives that for 0 <t < T,

ps(t, 0, 2)E” exp(B [, " v(z,)ds)
Z3r

Psr(x(t) € do) = dzx. (8)

Similarly, for 0 =tg <t <ty < .. <t, <T and zo =0,

Psr (x(ty) € dxy, ..., x(t,) € dzy,) =



_ T—tn
H?zol pa(tivr — ti, i, i )E™ exp 5] ' zs)ds)

dxidxs...dx,.
Zﬁ’T 14X X

So, if we set for 0 < s<t<T,

a5 ((s,9), (t, ) = ps(t = s,y,2) Zgr—o(x)(Zpr—s(y)) ",
then

P,@,T (‘r(tl) S dxla Y 6 dl’n H q/@ tmxz ’L+17xi+1))‘

Since g5 ((s,y), (t,z)) > 0 and

[ . e =1,

this means that {z(¢),0 < ¢ < T} under the measure Pg7 is a time-inhomogeneous
Markov process with transition probabilities ¢”. Turning the equation for qg around and
solving for ps yields

a5 ((5,9), (t,2)) Zgr—s(y)
Zgr-1(7) ‘

p,@(t - S7y)x) -

Using the fact that

0 1
%pﬂ(t - S,y,l') + éAypﬁ(t -5, .CIZ') + ﬁv(y)pﬂ(t - s,y,x) = 07

we derive that qg satisfies the equation

P
S5, () 2T (), () B )
5 (50, () ZA= L G0 (5.0, 1.2 2= o
La5((s,y), (£, 7)) T VyZsr—s(y)
3 Tt vZer- WAV (s9), () e

Simplifying this leads to the following parabolic equation for qg,

%qg((say)a(tw))Jr 38405 ((s,9), (t,2)) + VyIn Zgr_o(y) Va5 ((s,y), (¢, x)) = 0.(10)



Next we consider the pinned case, for 0 = ¢, < t; < ... < t, < t,4u1 = T and
X9 = Tpa1 = 0. Then,
Psr(x(ty) € dxy, ..., 2(t,) € dzy, x(T) = 0)
Pgr (z(T) = 0)
:H?z_ol Pa(tipr — ti, iy i)

Psr (z(ty) € dzy, ..., x(t,) € dz,|z(T) =0) =

dzy...dz,,.
pg(T,0,0) o *
Now set for 0 < s <t <T,
05 ((s,y), (t, ) = pa(t — s,y,2)ps(T — t,2,0)(ps(T — 5,9,0)) " (12)
Then
Por (2(t1) € day, ..., x(ty) € duwy|a(T qu ((t, ), (tis1, 2ir1)).  (13)

Since qéT’O)((s,y), (t,x)) > 0 and

[ s e =1,

this means that {z(t),0 < ¢ < T’} under the conditional measure Pgr (-|2(7) = 0) is a

time-inhomogeneous Markov process with transition densities q(ﬂT’O). O

We shall see below in that in the globular phase 5 > ., the drift term V, In Zg7_(x)
has a non-trivial limit as T — oo. This means that for § > f.., the Gibbs measure
corresponds to a stationary Markov process in the 7" — oo limit. On the other hand,
this limit will vanish for 8 < ... This explains the nature of the diffusive state for high
temperature.

4 Critical Value of the Coupling Constant

Let
Hjz = %A + Bv: L2 (RY) — LARY), wv=v(x) € CRY, B>0.

We shall always assume that v(z) is non-negative and compactly supported, although
many results do not require these restrictions or can be modified to be valid without
these restrictions. We shall also assume that v is not identically equal to zero. It is
well-known that the spectrum of Hg consists of the absolutely continuous part (—oo, 0]
and at most a finite number of non-negative eigenvalues:

o(Hg) = (—o00,0lU{N;}, 0<j<N, Xj=)\(B)>0.

We enumerate the eigenvalues in the decreasing order. Thus, if {A\;} # 0, then Ay =
max ;.



Lemma 4.1. There ezists B.. > 0 (which will be called the critical value of 3) such that
supo(Hg) = 0 for f < Be and supo(Hg) = Mo(B) > 0 for 8 > B For § > [
the eigenvalue \o(() is a strictly increasing and continuous function of 3. Moreover,
limﬁww )\(ﬁ) =0 and limmoo )\(ﬁ) = Q.

Proof. The form (Hgi, ) is positive on a function ¢ supported on supp(v) if 3 is large
enough. Thus sup o(Hg) > 0 for sufficiently large 8. On the other hand, o(Hg) = (—o0, 0]
when 5 = 0. Let 5., = sup{f : supo(Hg) = 0}. It is clear that supo(Hg) = 0 for § < 3,
since the operator Hz depends monotonically on 3.

Other statements easily follow from the fact that for each ¢ the form (Hgzv, 1) de-
pends continuously and monotonically on (. O

Remark. As will be shown below, 3., = 0 for d = 1,2, and 3., > 0 for d > 3. Thus we
do not talk about phase transition for d = 1,2 since we do not consider negative values

of (3.
For d > 3, by the Cwikel-Lieb-Rozenblum estimate [6],

H{i(8) > 0} < cgf? /Rd lo(z)|Y?dz.

This implies that there are no eigenvalues for sufficiently small values of g if d > 3, that is
Ber > 0. Tt is also well-know (see [6]) that supo(Hg) >0 for d =1,2if §> 0, v > 0 and
v is not identically zero. These statements will also be proved below without referring to
the Cwikel-Lieb-Rozenblum estimate.

5 Analytic Properties of the Resolvent

The resolvent of the operator Hg will be considered in the spaces of square-integrable
and continuous functions. The resolvent Rz(\) = (Hs — A\)~' : L*(RY) — L*(RY) is a
meromorphic operator valued function on C' = C\(—o0,0]. Denote the kernel of Rz(\)
by Rg(\, z,y). If § =0, the kernel depends on the difference x — y and will be denoted

by Ro(A,x —y). The kernel Ry(A,x) can be expressed through the Hankel function v

Ro(1,2) = cla| "2 H (iv/2a]), (14)
2
and )
Ro(\,z) = ckd*Q(k]x\)“Engl(i\/ik\x]), k=), Rek>0. (15)
In particular,
efx/ik\x\ efx/ik\x\
Ry(\, ) d=1, Ro(\z)=——, d=3.

—2m|x|’

= _\/ﬁk s



We shall say that f € L2_(R?) if f is measurable and

exp

£ llz2. ey = ( / Pt < oo

R
Similarly, we shall say that f € Cexp(R?) if f is continuous and
|| f]

$2
Coxp(RY) = sup (| f(z)]e"") < oco.
z€R4

Note that Rg(\), A € C', is a bounded operator not only in L*(R%) but also from
Coxp(RY) to C(R?), where C(R?) is the space of bounded continuous functions on R%.
Denote

AN = v(@)Ro(A) 1 Lep(RY) — LEg,(RY) (and Cop(RY) — Coxp(RY)). (16)

The well-known properties of the Hankel functions together with (14) and (15) imply
the following lemma (see [8] for a similar statement for general elliptic operators).

Lemma 5.1. Consider the operator A(X) in the spaces L2 (R?) and Ceyxp(R?).

(1) The operator A(N) is analytic in X\ € C'. It admits an analytic extension as an
entire function of V' if d is odd, except d =1, when it has a pole (with respect to \/X) at
the origin. The operator A(X) has the form A(X) = A1(N\) +InAAg(X) if d is even, where
Ay and Ay are entire functions.

(2) A3(0) =0 if d > 4 (d is even), and therefore A(0) = limy_grecr A(N) ewists and
s a bounded operator for all d > 3.

(3) The operator A(N) is compact for all A € C'U{0} (A#0 ifd=1 or2).

(4) For each € > 0, we have ||[A(N)|| = O(1/|A]) as A — oo, |arg\| < 7 —e.

(5 ) The operator A(X) has the following asymptotic behavior as X — 0, A € C':

AN = P /VA+0(1), d=1,
A(N) = —vBIn(1/A) + O(1), d=2
AN = —o(Ps + Q3VA) + O(|A]), d =3,
AN) = —v(Py + QA In(1/X) + O(|N]), d =4,
AN = —v(Pa+QaA) + O(INP?),  d =5,
where the operators Py, d > 1, Qq, d > 3, have the following kernels:

’

1 1
Pl(x,y):%, P2(9Uay)=;,
1 1
P. - - -
3(x,y) 27T‘.le—y” Qg(ilf,y) \/57'("
1 1
P - -
4(1‘,y) 7T2’33'—y‘2’ Q4(x,y) 27'('27
aq —agq
Pd(x,y)zm, Qa(r,y) = (d— 4)[a — y[=* ag >0, d=>5.



Proof. Let d be odd. From (14), (15) and (16) it follows that the kernel A\, z,y) =
v(x)Ro(\, z — y) of the operator A()) is an entire function of k = v/X if d > 3 (but has a
pole at k = 0 if d = 1). The kernel has a weak singularity at = y and an exponential
estimate at infinity. To be more exact,

0A(K?, z,y)
[+ 1=
were C'(d, k) has a singularity at k =0 if d = 1. Since

[A(k?, 2,y) | < O(d, B)lo(@)|e* ™ (o —y| + o —y[7), (7)

AR copmety < Suﬂg/e'””'gy'QlA(kQ,x,y)\dy,
S
d 21,12 6A(k2 xXr y)
— A(k? < ||* =1yl 94
155 A ey ) _:élﬂg/e T /]

the estimate (17) immediately leads to the analyticity in & = v/X of the operator A()) in
the space Cegp(R?). In order to get the same result in the space L2, (R?), we represent
A(X) in the form B; + By were the kernel Bi(\, z,y) of the operator B is equal to
X(x —y)A(\, z,y). Here x is the indicator function of the unit ball. Since

() oK, 2)| + | -ox() Ro (R, 2)] € LY (B9, (13)

the convolution with y(z)Ro(k?, ) is an analytic in k operator in the space L?(R%). Then
B; (which is the convolution followed by multiplication by v(z)) is an analytic operator
in the space Lgxp(Rd). The product of the kernel of the operator By and eIy ig square
integrable in (z,y). The same is true for the derivative in k of the kernel of By multiplied
by el?’~1v* Thus B, is also analytic in k. This completes the proof of the analyticity of
A(X) when d is odd. The case of even d is similar. One needs only to take into account that
Ro(X, z) has a logarithmic branching point at A = 0 in this case. The second statement
of the lemma follows immediately from (14), (15) and (16).

To prove the compactness of A(\), we note that the estimate (17) is valid not only
for A(k?, z,y) and OA(k?, z,y)/0k, but also for V,A(k?, z,y). Thus the arguments above
lead to the boundedness of the operators %A(A) (the composition of A(\) with the
differentiation). Since the supports of functions A(A)f belong to the support of v, the
standard Sobolev embedding theorems imply the compactness of the operator A(\) in
both the spaces L2 (R?) and Cey,(R?).

In order to provelzD the fourth statement of the lemma, we observe that the L?(R%) norm
of the resolvent Ry(\) does not exceed 1/|[ImA| (the inverse distance from the spectrum).
Since A()) is obtained from Ry(\) after multiplying it by a bounded function with compact
support, the L2 (R?) norm of A()) does not exceed ¢/|ImA|, where ¢ is a positive constant
which depends on v. The norm of A()) in the space Ceyp(R?) can be estimated by
SUp,cpa [v(z)e*’| Jga [Ro(X, )|dz, which is of order O(1/[A]) as A — oo, Jarg| < 7 — ¢,

due to (15).

10



The remaining statements also easily follow from (14) and (15). O
Note that for d > 3, there exists the limit

R0(07 T — y) = )\_)l(i)rile((:, RO()\7’I - y) - _ad|x - y|27d7

which is a fundamental solution of the operator %A. The operator with this kernel will
be denoted by Ry(0). While Ry()\), A € C', acts in L*(RY) and C(R?), the operator Ry(0)
only maps Cexp(R?) to C'(R?) if d < 5. The following lemma follows from formulas (14)
and (15) similarly to Lemma 5.1.

Lemma 5.2. For d > 3, the operator Ry(\) considered as an operator from Ceg,(R?) to
C(RY) is analytic in X € C'. It is uniformly bounded in C'. For each € > 0, it is of order
O(1/|A]) as A — oo, |arg\| < m — €. It has the following asymptotic behavior as A — 0,
reC:
Ro(A) = Ro(0) + O(VI[A]),  d =3,
Ro(A) = Ro(0) + O(|]AInA|), d =4,
Ro(A) = Ro(0) + O(]A|), d>5.

The following lemma is simply a resolvent identity. It plays an important role in our
future analysis.

Lemma 5.3. For A\ € C', we have the following relation between the meromorphic
operator-valued functions

Rg(A) = Ro(A) = Ro(N) (I + Bu(z) Ro(A)) ™ [Bu(z) Ro(M)] (19)
Remark. Note that (19) can be written as
Rs(X) = Ro(A) — Ro(A)(I + BA(N) " [Bu(z) Ro(A)]. (20)
From here it also follows that
Rs(\) = Ro(M) (I + BA(N) ™, (21)

which should be understood as an identity between meromorphic in A operators acting
from L2 (R) to L?(R?) and from Cey,(R?) to C(R?). In the lattice case considered in [1],

exp

the operator A(\) has rank one and
Rﬁ()‘a z, y) = RO()‘a xz, y)/(l - ﬁ[()\))a

where I(\) is an analytic function of v/A related to A()). This exact formula is the key
to all the results in [1].

The kernels of the operators I + SA(\) (both in spaces Lgxp(Rd) and Ceyp(R?)) are
described by the following lemma.

11



Lemma 5.4. (1) The operator-valued function (I + BA(N))™! is meromorphic in C'. It
has a pole at X € C' if and only if X is an eigenvalue of Hg. These poles are of the first
order.

(2) Let \i(B) be a positive eigenvalue of Hz. There is a one-to-one correspondence
between the kernel of the operator I + BA(N;) and the eigenspace of the operator Hg
corresponding to the eigenvalue A;. Namely, if (I + BA(N;))h =0, then = —Ry(\;)h is
an ewgenfunction of Hz and h = Bvi.

(8) If d > 3, there is a one-to-one correspondence between the kernel of the operator
I+ BA(0) and solution space of the problem

W
or

(z) = O(|z|*™%) as r=|z| — .

(22)
Namely, if (I + BA(0))h = 0 for h € L2 (R?), then h € Cep(R?), ¥ = —Ro(0)h is a
solution of (22) and h = [fuvi.

Ho(4) = S0+ fo(e) =0, (x) = O™,

Remark. The relations (22) are an analogue of the eigenvalue problem for zero eigenvalue
and the eigenfunction 1 which does not necessarily belong to L?(R?) (see Lemma 5.6
below). We shall call a non-zero solution of (22) a ground state.

Proof. The operator A(\), A € C’, is analytic, compact, and tends to zero as A — +o00 by
Lemma 5.1. Therefore (I +3A(\))~! is meromorphic by the Analytic Fredholm Theorem.

If A € C'is a pole of (I + BA(N\))7}, then it is also a pole of the same order of Rs(\)
as follows from (21) since the kernel of Ro(\) is trivial. Therefore the pole is simple and
coincides with one of the eigenvalues \;. Note that \ is a pole of (I +3A(\))~! if and only
if the kernel of I 4+ BA()) is non-trivial. Let h € L2 (R?) be such that [[h[|;z_gra) # O
and (I + BvRy(A))h = 0. Then ¢ := —Ro(A\)h € L*(R%) and (1A — A+ Buv)y = 0, that is
1 is an eigenfunction of Hp.

Conversely, let ¢ € L*(R?) be an eigenfunction corresponding to an eigenvalue \;,

that is 1
(§A = XY + Buy = 0. (23)

Denote h = Bvip. Then (3A — \;)Y) = —h. Thus ¢ = —Ry();)h and (23) implies that h
satisfies (I + BuRy(\;))h = 0. Note that h € C=(R?), h vanishes outside supp(v), and
therefore belongs to the kernel of I + FA();). This completes the proof of the first two
statements.

Similar arguments can be used to prove the last statement. If h € L2 _(R?) is such
that |[h[|Lz (re) # 0 and (I + BA(0))h = 0, then h has compact support and the integral
operator Ry(0) can be applied to h. It is clear that ¢ := —R,(0)h satisfies (22) and, since
h has compact support, h € Ceyp, (R?).

In order to prove that any solution of (22) corresponds to an eigenvector of I + 3A(0),
one only needs to show that the solution ¢ of the problem (22) can be represented in the
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form ¢ = —Ry(0)h with h = Svip. The latter follows from the Green formula

() = —(Ro(0) (Bu)) () + / Ro(0, 2 — ) (y) — L Ro(0, 2 — y)y)lds, || <a.

lyl=a or

after passing to the limit as a — oo. O
Lemma 5.4 can be improved for A = A\o(). Due to the monotonicity and continuity
of A = \o(f) for B > [, we can define the inverse function

We shall prove that the operator —A(A), A > 0, has a non-negative kernel and has
a positive simple eigenvalue such that all the other eigenvalues are smaller in absolute
value. Such an eigenvalue is called the principal eigenvalue.

Lemma 5.5. The operator —A(X), X > 0, (in the spaces L2, (R?) and Cep(R?)) has the
principal eigenvalue. This eigenvalue is equal to 1/3(X\) and the corresponding eigenfunc-
tion can be taken to be positive in the interior of supp(v) and equal to zero outside of

supp(v). If d > 3, then the same is true for the operator —A(0) (in particular, Be. > 0).

Remark 1. Let d > 3. Lemmas 5.4 and 5.5 imply that the ground state of the operator
Hpy for 0 = . (defined by (22)) is defined uniquely up to a multiplicative constant and
corresponds to the principal eigenvalue of A(0). The ground state (with A = 0) does not
exist if § < .

Remark 2. Let d > 3. From Lemma 5.1 it follows that

,\—>1(%,I{le© A(X) = A(0).
Therefore for all A € C" with |A| sufficiently small, the operator —A(\) has a simple eigen-
value whose real part is larger than the absolute values of the other eigenvalues. We shall
denote this eigenvalue by 1/3(\), thus extending the domain of the function F(\) (see
(24)) from [0, 00) to [0, 00)U(UNC'), where U is a sufficiently small neighborhood of zero.

Proof of Lemma 5.5. By Lemma 5.4 it is sufficient to consider the case of L2 (R?).
The maximum principle for the operator (A — X), A > 0, implies that the kernel of the
operator Ro(A), A > 0, is negative. Thus, by (16), for all y the kernel of —A(\) is positive
when z is in the interior of supp(v) and zero otherwise. Thus —A(A), A > 0, has the
principal eigenvalue (see [4]). On the other hand, by Lemma 5.4, 1/5(\) is a positive
eigenvalue of —A(\). Note that this is the largest positive eigenvalue of —A()). Indeed,
if p=1/p">1/6(N) is an eigenvalue of —A(A), then X is one of the eigenvalues \; of Hy
by Lemma 5.4. Therefore, A\;(3") = A\o(3) for 3’ < 3. This contradicts the monotonicity
of A\o(). Hence the statement of the lemma concerning the case A > 0 holds.

For d > 3, the kernel of —A(0) is equal to vP,; and has the same properties as the
kernel of —A(A), A > 0. Thus —A(0) has the principal eigenvalue. Since A(\) — A(0)

13



as A | 0, the principal eigenvalue 1/3(\) converges to the principal eigenvalue p < oo of
—A(0). On the other hand, 3()) is a continuous function, and therefore y = 1/[,,, which
proves the statement concerning the case A = 0. O

The relationship between ground states and eigenfunctions of Hg is explained by the
following lemma.

Lemma 5.6. Let § = (... If d =3 ord =4, then Hg has a unique ground state (up to a
multiplicative constant), but X\ = 0 is not an eigenvalue. If d > 5, then A = 0 is a simple
etgenvalue of Hg and the sets of ground states and eigenfunctions coincide.

Proof. The ground states belong to L?(R?) if and only if d > 5. In order to complete the
proof of the lemma, it remains to show that any eigenfunction of Hz with zero eigenvalue
satisfies (22). Thus, it is enough to prove that if %Aw + Bv(x)y = 0 and ¢ € L*(RY),
then ¢ = —Ry(0)h with h = Bvy. From $AY + fo(z) — M) = —A¢ we obtain ¢ =
—Ro(A)(h + A). Obviously Ro(A)h — Ro(0)h in L*(R?) as A | 0 since h € L2 (R?).
Now the lemma will be proved if we show that

2[4 (o))

2 _ 2

IRV ey = [ (5P =0 as AL

The latter follows from the dominated convergence theorem. O
The following lemma summarizes some facts about the operator (I +3A(\))~! proved

above. Tt also describes the structure of the singularity of the operator (I + BA(N))~! for

A and 3 in a neighborhood of A =0, § = (...

Lemma 5.7. Let d > 3 and > 0. The operator (I + BA(X))~" (considered in L2, (R?)
and Cexp(R?) ) is meromorphic in A € C' and has poles of the first order at eigenvalues of
the operator Hz. For each € > 0 and some A = A((3), the operator is uniformly bounded
in A€ C, |largh| <7 —eg, |\ >A.

If B = B, then the operator (I+BA(N))~! is analytic in A € C' and uniformly bounded
inAeC, largh| <m—¢g, |\ >e.

If B < B, then the operator (I+BA(N))~! is analytic in A € C' and uniformly bounded
in A€ C, |arg\| <7 —e.

There are Ao > 0 and &y > 0 such that for X € C'U {0}, [N < Xo, |8 — Ber| < o,
B # B(N), we have the representation

(I 4+ BAN)) ' = =—=F—=(B+ Sa(\) + C(\, B). (25)

Here B()) is defined in Remark 2 following Lemma 5.5, B is the one dimensional operator

with the kernel (2)Y(z)(y)
_vlx)p(x)ply
B(z,y) = fRd U(x)wQ(x)dl" 20
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where ¥ s a ground state defined in the Remark following Lemma 5.4, and

S3(A) = O(V/|A), Si(A) =0(AIn(N)]), Sa(A) =O0(A]), d>5, as A—0, AxeC,
(27)
S4(0) =0, d >3, and C(\, 3) is bounded uniformly in \ and 3.

Proof. The analytic properties of (I + 3A(\))~! follow from Lemma 5.4. By Lemma 5.1,
the norm of A(\) decays at infinity when A — oo, |arg\| < m — . Therefore there is
A > 0 such that the operator (I + 3A(N))~! is bounded for |arg\| <7 — ¢, |A| > A.

If 3 < B, then (I + BA(X))~! does not have poles in A € C’, and therefore A can be
taken to be arbitrarily small.

If B < Ber, then (I + (BA(0)) is invertible by Lemma 5.5. By Lemma 5.1, the operators
A(A) tend to A(0) when A — 0, A € C'. Therefore (I +3A(N))~!, X € €', are bounded in
a neighborhood of zero. It remains to justify (25).

For d > 3, let hy be an eigenvector corresponding to the eigenvalue 1/5(A) of the
operator —A(\), A € [0,00) U (UNC'). By Lemma 5.5 and the second remark following
it, this eigenvector is defined up to a multiplicative constant. Let A*(\) be the opera-
tor in L2, (R?) or Cep(R?) with the kernel A*(\,z,y) = A(X,y, z)el* =1 Similarly to
Lemma 5.5, it is not difficult to show that 1/8(\) is an eigenvalue for the operator —A*(\)
and that its real part exceeds the absolute values of the other eigenvalues. The corre-
sponding eigenvector h} is uniquely defined up to a multiplicative constant. Moreover,
we can take hy and i} such that

v(x)e® hi(z) = ha(x). (28)
Note that hy and A3 can be chosen in such a way that
[hix = holl, [[X = hol| < K[[A(A) = A0)]] (29)

for some k& > 0 and all sufficiently small |\|, where the norms on both sides of (29) are
either in the space L2 (R?) or Cex,(RY).

Recall that A(A) — A(0) as A — 0, A € C', by Lemma 5.1. Using this and the fact that
1/0., is the principal eigenvalue for —A(0), it is easy to show that there are A; > 0 and
91 > 0 such that for A € C'U {0}, |A| < Ay, the eigenvalue 1/5()) of the operator —A(\)
is the unique eigenvalue whose distance from 1/, does not exceed ;. Take 0 < \g < A;
and 0 < 0y < 07 such that for A € C" U {0}, |A\| < Ao, the distance between 1/6()\) and
1/6. does not exceed d.

Then for A € C'U {0}, |A] < A¢ and [ such that |1/5 — 1/0..| < &y, the operator
valued function
(AN) + =I)7!

z—(1/8)
is meromorphic inside the circle v = {z : |z—1/(.| = d1}. It has two poles: oneat z = 1/
and the other at z = 1/8(\). The residue at the first pole is equal to (A(X) +1/3)7*. In

F(z) =
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order to find the residue at the second pole, recall that it is a simple pole for (A(\)+21)71,
and therefore

1 1
AN +z2DP =T 1Nz — =)'+ To(\) + Ti(N)(z — =) + ...
for some operators Ty, Ty, T1, ... and all z in a neighborhood of 1/5(\). From here and

the fact that the kernels of A(X) + I/5(A) and A*(\) + I/B()\) are one-dimensional and
coincide with span{h,} and span{h}}, respectively, it easily follows that

ha(f, h*>Lgx R4
TN = e

, feL? (RY (in particular if f € Ceyp(RY)).

exp

(P, h3) rz,, ()

From (29) and Lemma 5.1 it follows that Sg(\) := T_1(\) — T_1(0) satisfies (27). The
residue of F(z) at z = 1/3()\) is equal to

BB
Integrating F'(z) over the contour 7, we obtain
LB AWt
(A + 178"+ 525 () + 80 = g [ 52

The right hand side of this formula is uniformly bounded, which completes the proof of
the lemma if we show that 7";(0) = B. Thus it remains to prove that

ho(2)e™hi(y) _ v(@)d(a)d(y)
(ho, hi) 12 ®ay  Jpav(x)0?(x)dx

exp

The latter follows from the relation hy = Sv1) (see Lemma 5.4) and (28). O
Formula (21) and Lemmas 5.2 and 5.7 imply the following result.

Lemma 5.8. Let d > 3 and B > 0. The operator Rg(\) (considered as an operator
from Cexp(RY) to C(R?)) is meromorphic in X € C' and has poles of the first order at
eigenvalues of the operator Hg. For each € > 0 and some A = A(f3), the operator is
uniformly bounded in A € C', |arg\| <7 — ¢, |A| > A. It is of order O(1/|\|) as A — oo,
larg\| < 7 —¢.

If B = Ber, then the operator Rz(\) is analytic in A € C' and uniformly bounded in
AeC, largh| <7 —¢g, [N\ >e.

If B < Ber, then the operator Rz(M) is analytic in A € C' and uniformly bounded in
Ae U, |arg| <7 —e.

There are N\g > 0 and dy > 0 such that for A € C'; 0 < |A| < Ao, |8 = Ber| < o,
B # B(N), we have the representation

BA)
BA) =6
where 3(N) is defined in Remark 2 following Lemma 5.5 and B is given by (26), Sq, d > 3,
satisfy (27), and C(X, 3) is bounded uniformly in X and (3.

Rs(A) = (Ro(0)B + Sa(A)) + C(A, ), (30)
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6 The Behavior of the Principal Eigenvalue for 3 | (..
In Lemma 5.5 we showed that (.. > 0 for d > 3. The following theorem implies, in
particular, that §.. =0 for d =1 or 2.

Theorem 6.1. For d = 1,2 (when (.. = 0) the eigenvalue \o(3) has the following
behavior as 3 | Ber:

1

A ~ —c2 32 = d d=1 31
0(5) QClﬁ » C1 /Rd U(f) Z, ) ( )
No(B) ~ exp(—%), oo = 611 d=2. (32)

In dimensions d > 3 the eigenvalue \o(3) has the following behavior as 3 | B
Xo(B) ~ es(B—Ber)?, d=3, (33)
)‘0(5) ~ 04(5 - ﬁcr)/ln(]'/(ﬁ - ﬁcr))7 d= 47 (34)
Xo(B) ~ ca(B = Ber),  d =5, (35)

where cq # 0, d > 3, depend on v and will be indicated in the proof.

Proof. Since we are interested in the behavior of A\o(3) for 8 | B and A\o(5) | 0 when
B | Be by Lemma 4.1, we shall study the behavior of 3(\) as A | 0 (or, more generally,
as A — 0, A € C'). The arguments below are based on Lemma 5.1.

First consider the case d = 1. For A — 0, A € C/, the eigenvalue problem for —A(\)
can be written in the form

VA
BA)

Note that the kernel of vP; is positive when x is an interior point of supp(v). Therefore
vP; has a principal eigenvalue. In fact, the operator vP; is one-dimensional and the
eigenvalue is equal to ¢;/v/2 where ¢; = Jga v(z)dz. Since this eigenvalue is simple and
the operator in the left-hand side of (36) is analytic in v/, both hy and vVA/3()\) are
analytic functions of v\ in a neighborhood of the origin and

(Py + O(VA))hy = ha. (36)

lim (VA/B(N) = a1 /V2.

A—0,\eC!

Therefore, (., = 0, 3(\) is analytic in VA, and S(\) ~ V2X/c; as A — 0, A € C', which
proves (31).
The same arguments in the case d = 2 lead to the relation
lim (=) = o/
im (————)=c¢/m.
A—0xeC’ B(A) In A v
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This implies that (.. = 0 and (32) holds.
In the case d = 3 the eigenvalue problem for —A(\) takes the form

L
BN

As in the one-dimensional case, 1/3(\) and h, are analytic functions of v/X. Now 1/, is
equal to the principal eigenvalue of —A(0). Recall that hg is the principal eigenfunction of
—A(0) and A is the principal eigenfunction of —A*(0). Standard perturbation arguments
imply that

(—A(0) + Vau(2)Qs + O(\)hy = ha. (37)

1 1

— = — — WA+ 0\, A—0, AxeC, 38

3N B ») (38)

—(vQsho, h§) 12, (re)
{ho, i) 12, (me)

which implies (33) with ¢3 = 1/(7?82.). Note that v > 0 since the kernel of the operator

v()3 is negative and principal eigenfunctions hg, h{, can be chosen to be positive inside

supp(v).
Formula for y can be simplified. We choose hy = fvt) (see Lemma 5.4) and hjj defined
in (28). Then
U v’
V27 [os v(2)p2(z)dz’
Let d = 4. Then instead of (37) we get

where

v = >0, (39)

d=3. (40)

1

(—A0) + An(1/N)vQ4s + O(N))hy = th. (41)
From here it follows that
B%S:;L—yAmQDQ+OQ% N0, NeC, (42)

where 1/0,.. is the principal eigenvalue of —A(0) and ~ is given by (39) with @3 replaced
by Q4. Thus (34) holds with ¢y = 1/(732.).
For d > 5 we get

1

- vlq 32 A=
(—A0) + MQq + O(N%))h 300

hx.

From here it follows that

1 1
= — — A+ 0N, A—0, e,
i e )
where 1/0,.. is the principal eigenvalue of —A(0) and + is given by (39) with @3 replaced
by Qg. Thus (35) holds with ¢z = 1/(732). O
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7 Asymptotics of the Partition Function, Solutions,
and Fundamental Solutions

We shall need the following notation. Recall from (4) that by ps(t,y,z) we denote the
fundamental solution of the parabolic problem

Ops(t,y, 1
% = iAxpﬂ(t7y7x) + ﬁv(llf)pﬁ(tayax)a

ps(0,y,2) = d(x —y).
For a given f € L*(RY), let

up(t, z) = /Rd ps(t,y, ) f(y)dy

be the solution of the Cauchy problem with the initial data f. The partition function is
defined as the integral of the fundamental solution

Zﬁ,t(fr)=/deﬁ(t,x,y)dyz/deﬁ(t,y,fr)dy.

Note that the partition function defined in (3) is simply Zsr = Zg7(0). Also note that
Zg+(x) is the solution of the Cauchy problem with initial data equal to one:

aZ/@t (I)
ot
For 8 > f3., let 13 be the positive eigenfunction for the operator Hz with eigenvalue
Ao(3) normalized by the condition ||| 2m) = 1. This function is defined uniquely by
Lemma 5.4 and is equal to —Ry(A)hy, where A = \g(3) and h, is the principal eigenfunc-
tion for the operator —A()). Note that 15 decays exponentially at infinity.
For a € R, let I'(a) be the following contour in the complex plane

I'(a) ={a—s+is, s>0}U{a—s—is, s>0}.

= %AZ/g,t(x) + fv(x)Zg(x), Zgo(x) = 1.

We choose the direction along I'(a) in such a way that the imaginary coordinate increases.
The following lemma is an important tool for investigating the asymptotics of Zg .

Lemma 7.1. Let a > M\o(3). Then for f € L*(R?) (or f € Cexp(R?)) and t > 0,
—1
31 o, D@ (43)

which holds in L*(R?) (or C(R?)). This formula remains valid if the initial function f
is identically equal to one and Rg(\)f is understood by substituting f = 1 into (19) with
Ro(AN)1 = —1/X. More precisely,

ug(t,x) =

-1 eM

Zaolw) =1 = 2 [ S RO)G0))A (4)

in L2(R%) and C(R?).
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Proof. First, let f € L*(RY). We solve the Cauchy problem for us using the Laplace
transform with respect to t. This leads to (43) with I'(a) replaced by the line {\ : ReA =
a}. The integral over this line is equal to the integral over I'(a) since the resolvent is
analytic between these contours and its norm decays as |A|~' when |A\| — oo.

Now let f =1. Then w(t,z) = Zg,(x) — 1 is the solution of the problem

ow(t, )
ot
By the Duhamel formula and (43),

3)
~ om / /F(a M=) (Ry(\) Bv) (x)dAds =

-1 eM— 1 -1 e
omi o A (Rs(A)Bv)(z)dA =5 F(G)T(Rﬁ(/\)ﬁv)(x)d)\

since in the domain I'*(a) to the right of the contour I'(a), the operator Rg(A) : L*(R?) —
L*(R%) is analytic and decays as |A|7! at infinity. This justifies (44) in L?(RY) sense. It
remains to show that the right-hand side of (43) is continuous for f € Cexp(R?) and the
right-hand side of (44) is continuous. Since fv € C§°, the integrands are continuous in
(t,x) for each A € T';. It remains to note that the integrals converge uniformly when
r € R", t >ty > 0. This is due to the fact that ||Rg(A) f||cwa), || Rs(N)Bv||cmay < Cala),
as follows from Lemma 5.8. O

In order to state the next theorem we shall need the following notation. As in part
(3) of Lemma 5.4, it is not difficult to show that for d > 3, 0 < 3 < 3, and f € C°(R?)
there is a unique solution of the problem

_ %Aw(t, ©) + Bo(@)w(t,2) + fulz), w(0,) = 0.

1 _ _
Hy(p) = 580+ po(z)p = f, ¢ =0(["™), Z-()=0(2|"™) as r=lz| = oo
(45)
This solution is given by ¢ = Ry(0)(I+ BA(0))~Lf. For f = —(Bv, we denote this solution
by g

Theorem 7.2. (1) For 3 > (3, there is ¢ > 0 such that we have the following asymptotics
for the partition function:

Zp(x) = 1 = exp(Ao(B))([[¥5l] 1 mayths(z) + Olexp(—ct))) as ¢ — oo,

which holds in L*(R?) and in C(R?), where 15 is the positive eigenfunction for the operator
Hpg with eigenvalue \o(3) normalized by the condition ||Yg||r2@) = 1.
(2) For 3 = (., we have the following asymptotics for the partition function:

Zs4(x) = kst'?(z) + O(1) as t — o0, d=3,
t t
Zgi(x) = k4ﬁ¢(x) + O(E) as t— oo, d=4,
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Zg4(x) = katp(x) + O(V1t) as t— o0, d>5,

which holds in C(R®). Here kq, d > 3, are positive constants and 1) is the positive ground
state for Hg,, normalized by the condition ||Bev||rz @) = 1.
(3) If0 < B < B, then
lim Zg(x) = 1+ ¢p(x)

t—o0
in C(R?).

Proof. (1) Note that the resolvent Rg(\) has only one pole between the contours I'(a) and
['(Ao(8) —¢) if € is less than the distance from A to the rest of the spectrum. This pole is
at the point A\o(/5) and the residue is the integral operator with the kernel —3(z)1s(y).
Therefore from (44) it follows that

ero(B)t 1 et
Zanla) =1 = S nta) [ Bovatdy =5 [ S (RaGo@ar @0

Since (%A + Bv — Xo(B))s = 0, we have fvyg = (Ao(B) — %A)wg, and the integral in
the first term of the right-hand side of (46) is equal to Xo(3)||¥g||1(re). Thus the first
term on the right-hand side coincides with the main term of the asymptotics stated in
the theorem.

It remains to show that the second term on the right-hand side of (46) is exponentially
smaller than the first term. This is due to the fact that the norm of the operator Rz(\)
is of order 1/|A| at infinity for A € I'(\o(B) — ¢).

(2) Let d = 3. First, let us analyze (30) when § = (.. and A — 0, A € C'. By (38),
the factor B(\)/(B3(\) — B) in the right hand side of (30) is equal to (BeyvVA) ™" + O(1)
as A — 0, A € C', where v > 0 is given by (39).

We choose the same ground state i specified in the statement of Theorem 7.2. Then
from (26) and Lemma 5.4 it follows that

Jra v(2)Y(x)d2:  Jpav(@)(x)dz
RO(O)B(ﬁCT ) f}i d$ 0(0)(ﬁcrv¢) - f}jd $) 2 dl‘¢ (47)
Now, by Lemma 5.8 and (33), (38),
— Jpa v(@)Y(x)dx — ki)

Rg,, (A)(Berv) = +D(A), ky>0,  (48)

Y+ D(N\) =
/Yﬁcr\/_ fRd l‘ )dl‘ \/X
where the remainder D()) is of order O(1) when A — 0, A € C'. Note that D(\) is
bounded on I't(0) since the left hand side and the first term on the right hand side of
(48) are bounded on I'"(0) outside a neighborhood of zero.
Next, we apply (44) with a replaced by 1/t and use the expression (48) to obtain
1 )\t k3w

Zgilx) —1=— —
5®) 210 Jra A (\/X
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Let us change the variables in the integral \t = z. Thus

Vikg oz
7 -+ D(;))dz

The contribution to the integral from the term containing D(z/t) is bounded, while the
contribution from the first term is equal to kst'/2¢)(x), as claimed in the lemma. One
needs only to note that k3 > 0 since

1 e?

Z —1=—
s(®) 2m Jray 2

(

1 1 2 [ 2
_— 2—3/2€zdz E— Z—1/2€zdz _ _/ 0.—1/26—Ud0- = —>0.
2mi Jra T Jr) T Jo NLs

If d = 4, then (34), (42) imply that S(A\) — Ber ~ 824X In(1/A) as A — 0, A € C'. This
leads to the following analog of (49)

1 ek (x)
Z —1=— —— (A2 L D)), K, >0
ﬁﬂf(x) 2 /F(l/t) A\ ()\ln(l/)\) + ( )) ) 4 > U,

where D()) is of order O(1/|AIn* \|) when A — 0, A € C’ and is bounded at infinity.
After the change of variables \t = z, we obtain
1 et tki(x) z
s(®) 210 Jry 2 (z(lnt —Inz2) * (t)) =
which easily leads to the second part of the lemma in the case d = 4. The treatment of

the case d > 5 is similar.
(3) We apply (44) with a replaced by 1/t to obtain

Zu) —1= 5 [ SO E@aA =% [ CRQE) @ (6)

Note that by Lemma 5.2 and since 1/ is not an eigenvalue of A(0) we have

im  Rg(A)(Bv) = lim _ Ro(N)(I+ BA(N) " (Bv) = Ro(0)(I + BA(0)) " (Bv) = —pp.

A—0,AEC! A—0NEC!
Since the difference between Rj(z/t)(fv) and —¢gs is bounded on I'(1), one can pass to

the limit ¢ — oo under the integral sign in (50), which leads to

: pp(7) / e*
lim Zg(z) =1+ 22 [ Zdz=1 .
Hm Zg(z) =1+ = w2 +pp(@)

O
The third part of Theorem 7.2 establishes the existence of lim;_.o, Zg+(z) for 5 < .
Next we examine the behavior of this quantity as 3 T (...
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Lemma 7.3. There are positive constant by, d > 3, such that

B ﬁcr - ﬁ

is valid in C(RY), where 1 is the positive ground state for Hg,, normalized by the condition

| wcrmﬂ

Proof. By the third part of Theorem 7.2, we only need to find the asymptotics as 3 T 3.,
of g = —Ro(0)(I + BA(0))"*(Bv). From (25) with A = 0 and $(0) = .. and (47) it
follows that

lim Z,(x) — 1 () +0(1) as B1fe

L2 (Rd) - ]_

exp

_Bcr o bd
RO B(50) + O(1) = =i+ O(1)

for some positive constant by. ]

w5 = —Ro(0)(I + BA(0))" (Bv) =

8 Behavior of the Polymer for G > 3,

In this section we shall assume that 3 > .. is fixed. A result similar to the first part
of Theorem 7.2 is valid for the solution of the Cauchy problem and for the fundamental
solution.

Theorem 8.1. Let f € L*(R?) (or f € Cop(RY)). For 8 > B, there is € > 0 such
that we have the following asymptotics for the solution ug of the Cauchy problem with the
wniatial data f:

ug(t) = exp(ro(B)t)((Vs, f)r2mayvs + (1)), (51)

which holds in L*(R?) (or in C(R?)), where ||q;(t)|| < c||f|| exp(—¢t) for some ¢ and all
sufficiently large t.
We have the following asymptotics for the fundamental solution of the parabolic equa-
tion:
ps(t,y, ) = exp(Ao(B)t) (Vs (y)¥s(x) + q(t, y, 7)), (52)
where lim; o ||q(t, y, 2)|| = 0, uniformly in y, and (52) holds in L*(RY) and in C(RY) for
each y fixed.

Proof. The proof of (51) is the same as the proof of the first part of Theorem 7.2, and
therefore we omit it.

Let fg’y(x) = ps(d,y,x) be the fundamental solution of the parabolic problem at
time 4. Note that fg’y € L*(R?) for all § > 0 and all y, and fg’y € Cexp(RY) for all
sufficiently small § > 0 and all y. Denote the solution of the parabolic equation with the
initial data fg’y by ug’y(t, x). Then

pp(ty,x) = ug”(t = 8,2) = exp(Ao(B)(t = 6)) (¥, f5") 12ayibs(a) + ¢ (¢, 9. 2)),
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where ||¢°(t,y, )| < chg’yH exp(—e(t — 0)) for some ¢ and all sufficiently large t.
Note that (g, fg’y) r2(rdy can be made arbitrarily close to 1g(y) uniformly in y, by

choosing a sufficiently small ¢, and || fg’y|| is uniformly bounded in y for any fixed § . This
justifies (52). O

Next, let us study the distribution of the end of the polymer with respect to the
measure Pgr as 1" — o0.

Theorem 8.2. The distribution of x(T) with respect to the measure Pgr converges,
weakly, as T — oo, to the distribution with the density Vg/||Vs|| 1wy

Proof. The density of z(T') with respect to the Lebesgue measure is equal to

ps(T,0,x)  exp(Mo(B)T)(¥5(0)¢s(x) + (T’ 0, x))
Zsr(0)  exp(Mo(B)T)([[¥s] L1 2a)¥s(0) + 0(1))”

where ¢ is the same as in (52). When 7" — oo, the right hand side of (53) converges to

V() /||[¥s]| L1 (ray uniformly in = by Theorem 8.1. This justifies the weak convergence.

U

Now let us examine the behavior of the polymer in a region separated both from zero
and T. Let S(T') be such that

lim S(T) = lim (T — S(T)) = +oc. (54)

T—o0 T—o00

Let s > 0 be fixed. Consider the process y” (t) = z(S(T) +1), 0 <t < s.

(53)

Theorem 8.3. The distribution of the process y* (t) with respect to either of the measures
Psr or Par(-|x(T) = 0) converges as T — oo, weakly in the space C([0, s],RY), to the
distribution of a stationary Markov process with invariant density wg and the generator

(v¢ﬁ7 Vg)
Vg

1

Remark. Let
pﬁ(ta Y, x)wg(l’)

Vs(y)

Note that 75(,y, r) is the fundamental solution for the operator 9/dt — Lj, where Lj is
the formal adjoint to Lg. Thus rg is the transition density for the Markov process with
the generator Lg. Also note that ngg = 0, and thus wg is the invariant density for the
Markov process.

Tﬁ(t,y,l') = eXp(_)‘O(ﬁ)t)' (55)

Proof of Theorem 8.3. We shall only consider the measure Pgp since the arguments
for the measure Pgr(-|x(T) = 0) are completely analogous. First, let us prove the con-
vergence of the finite-dimensional distributions. For y € R? and a Borel set A € B(RY),
let

R(t,y, A) Z/Tﬁ(t,y,w)dw,
A
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with rg given by (55). Note that R is a Markov transition function since

/ rg(t,y, x)dr = 1.
Rd

The generator of the corresponding Markov process is Lz and the invariant density is ¢§-
Let 0 < t; < ... < t, < s. The density of the random vector (y”(¢,),...,y” (t,)) with
respect to the Lebesgue measure on R is equal to

pT(xl, ey X)) =

pa(S(T) + t1,0,21)ps(ta — t1, 21, 22)...ps(tn — tnots Tne1, Tn) Zp. -1, (n) (Z57(0)) .

We replace here all factors pg, except the first one, by 73 using (55). We replace the first
factor and the factors Z by their asymptotic expansions given in Theorems 8.1 and 7.2,
respectively. This leads to

Pl (@1, ) = Vj(a1)ra(ty — tr, @1, 22)..m5(tn — tn1, Tt @) + 0(1), T — o0,

where the remainder tends to zero uniformly in (xq,...,2,). By the remark made after
the statement of the theorem, this justifies the convergence of the finite dimensional
distributions of y? to those of the Markov process. It remains to justify the tightness of
the family of measures induced by the processes y*.

From the convergence of the one-dimensional distributions it follows that for any n > 0
there is @ > 0 such that

Psr(ly" (0)] > a) <. (56)

for all sufficiently large T'. For a continuous function z : [0,7] — R, z(0) = 0, let

m? (z,6) = sup |x(t1) — x(t2)].
[t1—t2]<8, S(T)<t1,t2<S(T)+s

Let us prove that for each €, > 0, there is 6 > 0 such that
Psr(m”(z,8) >¢) <n (57)
for all sufficiently large T'. Observe that

Pg,T(mT(x,(S) >¢g) =
S(T)+s
(Z5:(0)) ™ Eo .1 (exp( /0 Bo(z(8)d) X (m7 (2,6)>e3 Zp,r-5(1)-5 (2 (S(T) + 5))) <

S(T)+s
(Zp:7(0)) ™" sup Zg r—s(7)—s () o, (exp( / Bu(()dt)X 7 (,6)>e}) <
0

zcRd

S(T)
exp(s sup v(z))(Zz(0)) " sup Zﬂ,T—S(T)—s(x)Eo,T(GXP(/O Bu(x(t))dt) X (m? (2,5)>¢})

xER4 xER4
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< exp(sB sup v(x))(Zs7(0)) " sup Zsr—sr)—s(x) sup pg(S(T),0,2)C(4,¢),

z€R4 z€R4 z€R4

where C'(4, €) is the probability that for a d-dimensional Brownian motion Wy, 0 <t < s,
we have

sup W (t1) — W(ta)| > e.

[t1—t2]|<8, 0<ti,t2<s
Note that

exp(s sup v(x))(Zg(0)) " sup Zsr—_s(r)—s(x) sup pg(S(T),0, x)
zeRd zeR4 zeRd

is bounded, as follows from Theorems 7.2 and 8.1, while C'(d, ) can be made arbitrarily
small by selecting a sufficiently small 6. This justifies (57). Since the inequalities (56) and
(57) hold for all sufficiently large T, by choosing different a and §, we can make sure that
they hold for all . Thus the family of measures induced by the processes y” is tight. O

Remark. If instead of (54) we assume that S(7') = 0, the result of Theorem 8.3 will hold
with the only difference that the initial distribution for the limiting Markov process will
now be concentrated at zero, instead of being the invariant distribution.

9 Behavior of the Polymer for g < (.,

First, we shall study the asymptotic behavior of the solution ug(t, z) of the Cauchy prob-
lem and of the fundamental solution ps(t,y,z) when t — oo, |y| < et evt < || <
e~!'y/t, and £ > 0 is small but fixed. Recall that 3 was defined before Theorem 7.2.

Lemma 9.1. Let d > 3,0 < 3 < B, € > 0 and f € Cory(RY), f > 0. We have the
following asymptotics for the solution ug of the Cauchy problem with the initial data f:

ug(t,x) = (2mt) ™2 exp(=[a*/2t) (1 + 05, f)r2s) + a5 (1, 2)), (58)

where for some constant Cg(e) we have

sup  |qp(t,z)| < Cale)t™?||f]
eVit<|z|<e 1Vt

Comp(®3)s £ > 1.

We have the following asymptotics for the fundamental solution of the parabolic equa-
tion:
pa(t,y,x) = (2mt)~ 2 exp(—|a|*/26) (1 + ws(y) + a(t,y, 7)), (59)

where
lim sup lq(t,y, x| = 0.
b=00 1<, evi<lal|<e—1VE
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Proof. Note that (59) follows from (58) since the fundamental solution at time ¢ is equal
to the solution with the initial data ps(t,y, d) evaluated at time ¢ — ¢ (the same argument
was used in the proof of Theorem 8.1). Therefore it is sufficient to prove (58).

For the sake of transparency of exposition, we shall consider only the case d = 3. From
Lemma 5.8 it follows that we can put @ = 0 in (43) when § < ... Thus using (21) and
the explicit formula for Ry(\), we obtain

—V2X|z—y|

e

tx) = — Rs(\) f N X\, y)dyd\ 60
witn) =g [ AEN@ =5 [ ATt 60

where
g\ = (I +BAN)f. (61)

By Lemma 5.1, A()) is an entire function of VvA. By the Analytic Fredholm Theorem,
(I + BA(N))~" is a meromorphic function of v/, since A(\) tends to zero as A — +oo,
Im(A\) = 0. It does not have a pole at zero as follows from Lemma 5.4 and Remark 1
following Lemma 5.5. Therefore, by the Taylor formula, for all sufficiently small |A[,
A € I'(0), and some ¢ > 0, we have

gA) =90+ 51 (N, g Mlcap®s) < eV I Fllcp®?), (62)

where go = (I+8A(0))~' f. Since |[(I4+BA(N)) ™| cuey(®s) is bounded on T'(0), formula (62)
is valid for all A € I'(0), but not only in a nelghborhood of zero.

Let u(ﬁl)(x) be given by (60) with ¢ replaced by g;. Then

M 1 € VAN
o) =g [ [ e 61 (A, y)dydA+
2mi 10) J|y|<evt/2 27|z — y|

2” / / o ()\ ) A
P re— | Y dyd 11 12'
v Jr©0) \y|>€\[/2 2]1|I y|

We change the variable A\t = ¢ and use the estimate 1/|x —y| < 2/(ev/t) in ;. This
implies
el ey ) / / -Vl
Co WVICTeSVERA e |dyd( <
2m2et?  Jro) Jiyl<evis

Ce)llf]

ﬁcexp(Rs)a eVt < |z| <e Wi

In I, we change the variables A\t = ¢, * = V/tz, y = V/tu and use the estimate eV <
e~ (/2 This leads to the exponential decay of |I,| as t — co. Hence

|| <

*\/_\x ]
) =g [ go(9)dAdy + i (t,) (63)

2|z —y| |
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where the remainder rq (¢, x) satisfies

Sup |T1(t7l‘)| - Hf||Cexp(R3)O(t_2) as t — Q. (64)
eVi<|z|<e~ V2

The integral over I'(0) in (63) can be evaluated, and we obtain

1 _le—y|?
ug(t, r) = (2t /IR3 e 7 go(y)dy +11(t, ).

Since ||go

Corp(®?) < C|f]

c...(r3) for some constant C', we have
exp (R?) g

1 _l=?
Uﬁ(taf)zwe 2 - 9o(y)dy + ra(t, x),

where ry satisfies (64) with r; replaced by ro. In order to prove (58), it remains to show
that

/1R3 go(z)dz = /Rs(l + @p(x)) f(x)d. (65)

Since (I 4+ SvRy(0))go = f, we have gy = f — SvR(0)go. Recall that ¢ is the solution
of (45) with f = —(fv. Thus

[ wtarda= [ sz [ [5aps+ BopalRo(0)guds.
R3 R3 R3

Since @3, Ro(0)go = O(1/|z|) and their derivatives are of order O(|z|™?) as |z| — oo, the
Green formula implies

1 1
L Ay Ro(0)godar = / 05~ ARo(0)god = / 0.
2 R3 2 R3

RS

Hence

/ go(x)dx = f(z)dz +/ ws(I 4+ BvRy(0))godz,

which implies (65.) O
Next, let us study the distribution of the polymer with respect to the measure Pgp
as T'— oo. Consider the process y”(t) = z(tT)/VT,0 <t < 1.

Theorem 9.2. Letd > 3 and 0 < 3 < (... With respect to Pgr, the distribution of the
process y (t) converges as T — oo, weakly in the space C([0,1],R?), to the distribution of
the d-dimensional Brownian motion. With respect to Psr(-|z(T) = 0), the distribution of
the process y' (t) converges as T — oo, weakly in the space C([0, 1], R?), to the distribution
of the d-dimensional Brownian bridge.
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Proof. We shall only prove the first statement since the proof of the second one is com-
pletely similar. First, let us prove the convergence of the finite-dimensional distributions.
Clearly Ps7r(y"(0) =0) = 1. Let 0 < t; < ... <t, < 1. The density of the random vector
(yT(t1), ...,y (t,)) with respect to the Lebesgue measure on R is equal to

(@1, o 20) =

T ps(tiT, 0, 2,72 ps((ta—t1)T, 21T %, 25T2).. pa((tn—tn1) Ty 201 T%, 22 T2 ) (Z57(0)) "
By Lemma 9.1,

ps(t1T, 0, 21 T2) =T~ Y2(2mt,)~¥2(1 + ©p(0)) exp(—|x1?/2t)) (1 + (T, z1)),

where
lim  sup (|r(T,z|) =0. (66)
T—00 gy |<et
Note that pg > po since v is non-negative, and limy_,o(Z31(0)) = (1 + ¢3(0)) by Theo-
rem 7.2. Therefore,
(w1, ) >

2
12 _|eg—=q|? |zn =25 1|

|z1 _En7%n_11_
(2rty) " 2e” 2 (14 (T, 21))(2m(ty — t)) " 2e Mzt (27 (t, —ty_q)) e a1 (67)

=Py (@1, ) (L4 7(T, 21)),
where p¥ _, (x1,...,2,) is the density of the Gaussian vector (W (¢;), ..., W(t,)), where W

is a d-dimensional Brownian motion, and q(T, xq) satisfies (66) with ¢ instead of . Since
€ was an arbitrary positive number, this implies the convergence of the finite-dimensional
distributions of y* to the finite-dimensional distributions of the Brownian motion. Indeed,
the estimate from below for pT (xy,...,2z,) in (67) is sufficient since we know a priori that
77777 i, (21, ..., 2y,) is the density of a probability measure.

It remains to prove tightness of the family of processes y*, T > 1.

For a continuous function x : [0, 7] — R?, let

m(z,0) = sup jz(tr) — x(t2)|/VT,

[t1—t2|<OT, 0<t1,t2<T

m(z,8,e) = sup |2(ty) — z(t2)|/VT.

[t1—t2|<OT, 0<t1,t2<T, |z(t1)|>evVT

The tightness will follow if we show that for each €, > 0 there is § > 0 such that
Pgar(m(z,0) >e) <1

for all sufficiently large T'. Note that m(x,d) > ¢ implies that m(x,d,e/4) > /4. There-
fore, it is sufficient to show that

Pgr(m(x,0,e/4) >e/4) <n. (68)
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Fix € > 0. For a continuous function z : [0, 7] — RY, let
7 =min(T,inf{t >0 : |z(t)] = eV'T/4}),

Let & be the event that m(z,d) > /4 and & the event that m(z,d,¢/4) > /4. For
0<s<T,let & be the event that a continuous function z : [0, T — s] — R satisfies

sup l2(t) — x(ty)|/VT > /4.

[t1—t2|<OT, 0<t1,t2<T—s
Then .
Pyr(E5) = (Z50(0) " Eor (exp( / Bu(a(t))dt)xz,) <
0
T—1

(Z5:(0)) "o (exp< [ otatenines . (neg exol [ ﬁv(x(t))dt))) ,

where Eg - denotes the expectation with respect to the measure induced by the Brownian
motion starting at the point z. Since

Eo.z exp( / Bo(e(t))dt) < Zs2(0)

and
) T—1 T
B (e[ pG®l) s Eieen([ o))
0 z€R |z|=e\/T /4 0
it is sufficient to estimate
T
up B expl | Gola(e))dn). (69
z€R |z|=ev/T /4 0

Let & be the event that a trajectory starting at z reaches the support of v before time
T. Note that
lim sup P;(E)=0
T—o0 d ol ’
z€R?,|z|=ev/T /4

since d > 3. The expression in (69) is estimated form above by
T
sup (Bfp(xeresp( [ Bula()de)) + Piy(Ex)
z€RY|x|=ev/T /4 0

The second term does not depend on T' due to the scaling invariance of the Brownian
motion, and can be made arbitrarily small by selecting a sufficiently small . Due to the
Markov property of the Brownian motion, the first term is estimated from above by

sup  Pi(E) swp Zor(a),

r€R |x|=cT/4 xz€supp(v)

and thus tends to zero when T" — oo. O
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10 Behavior of the Polymer for 3 = 3.,

In this section we assume that d = 3. Again, we start with the asymptotic behavior of
the solution wug(t, ) of the Cauchy problem and of the fundamental solution pg(t,y, )
when t — oo, y| < &1, evt < |z| < e V¢, and € > 0 is small but fixed.

Recall that 1 is the positive ground state for Hg, normalized by the condition
||Bervip|| Lz, r) = 1 (see the remark following Lemma 5.4 and Theorem 7.2). For f €

Cexp(R?), define

1
T V2B Js v(@)il)da

We can formally apply this to f being the J-function centered at a point y, and thus
define

a(f) = | () f(x)da,

a(dy(z)) = »p(y).
Theorem 10.1. Let d = 3, f = B, € > 0 and f € Copy(R?), f > 0. We have the
following asymptotics for the solution ug of the Cauchy problem with the initial data f:

1
uﬁ(tax) = ‘J}’\/E

where for some constant Cg(e) we have

sup  |qp(t,z)| < Cale)t™?||f]
eVit<|z|<e 1Vt

exp(—[a]*/2t)(a(f) + s (t, @), (70)

Comp(®3)s £ > 1.

We have the following asymptotics for the fundamental solution of the parabolic equa-
tion:
a4
x|Vt

where
lim sup lq(t,y, x| = 0.
b200 1<, evi<|al<e—1VE

Proof. As in Lemma 9.1, formula (71) follows from (70). Lemma 5.7 implies

(I + B AN)) ! = LB +0(1), A—0, xeC,

ﬂ()‘) - Bcr

where B is the one dimensional operator with the kernel

v(x)(x)(y)

B(z.y) = Jgs v(@)Y?(x)da

From here, (33) and (38) we get

1
© BaVA
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where 7 is defined in (39), (40). Hence, for any f € Ceyp(R?) and A — 0, A € C/,

0u) = (14 A0 = L) + v, a() = e IO
72

where g1(A) < ¢||f||c..,®3) for some constant c. Now, similarly to (60), we have
— Ro(\ Ik ylh X, y)dyd)
t = — .
wltn) = g [ M@= g [ e
The integral with g;(A) instead of h can be estimated similarly to the estimate on u(ﬁl) in
the case of § < (... This leads to following analogue of (63)

// e )drdy+ i (),
ug(t,r) = y+ri(t,x
ﬁ 211 R3 JT(0) QW\/_’x_y‘ !

where the remainder rq (¢, x) satisfies

sup  |ri(tz)| = || f]
evt<|z|<e~ 1Vt

CeXP(RB)O(t%S/Q) as t — o0. (73)

We evaluate the integral over I'(0):

1 e)xt—\/ﬁ\a:—y\ 1 lo—y)2
— d\ = e (74)
27T7/ 1‘*(0) YV 2)\ \V 27Tt
This equality simply means that the inverse Laplace transform of the Green function of
the one dimensional Helmholtz equation coincides with the fundamental solution of the
corresponding heat equation. Thus,
&(f) 1 _le—yl?
ug(t,z) = e 2w dy +ri(t, ).
s(t, ) pc TNy A p— (W)Y (y)dy + (¢, 2)
This implies (70) since v has a compact support. O
The next theorem concerns the fundamental solution when both y and x are at a
distance of order v/t away from the origin. Note that now there are two terms in the
asymptotic expansion for the fundamental solution which are of the same order in ¢t. The
main terms have the order t=%/2 when ¢t — oo, compared with ¢t~ in the case considered
in Theorem 10.1 (where y was bounded).

Theorem 10.2. Let d = 3, 3 = B.r, € > 0. We have the following asymptotics for the
fundamental solution of the parabolic equation:

1

(2m)*2 [y || vt

ps(t,y,x) = polt,y, ) + e~ (WI+laD*/2t (1 1 g(t, y, 2)), (75)

where

lim sup lq(t,y, x| = 0. (76)
70 eVi<yl ol <em1VE
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Proof. Let pg(t,y,z) = po(t,y,z) + u. Then u; = Hpu + [fvpy, uli—o = 0, and therefore
by the Duhamel formula

ult,y, @ / [ ot = 5.0 50,2,

Using (71), we get

u(t,y, / /R3 ’x‘\/_exp( |22 /2(t — ) (¥(2) Bv(2)po(s, y,0)dzds + hy + hy (T7)
with

"= / / V= ORI /2t = ) (@()80() ols, 9. 2) = pols, v, 0))deds,

hy = /0 o r — exp(—|x|2/2(t —8))(q(t — 5,2, 2)Bv(2)po(s, y, 2)dzds,

where ¢ is the same as in (71). The integral in the right hand side of (77) (let us denote it
by w) is a convolution of two functions and can be evaluated using the Laplace transform
(see (74)). It gives the second term in the right hand side of (75). The contribution from
the other two terms can be shown to satisfy (76). Let us prove the statement about w.
In fact,

addll Bu(2)(z)dz = 1 wy = \/%

[ e x|
The Laplace transform @ ()) of the function w; is equal to e=V2X#l /\/2X (see (74)), and
the Laplace transform of py(t,y,0) is equal to e~V /27|y|. Thus

w = s (wyxpo(t,y,0)), s = exp(—|x[*/2t)).

1 e V2(al+ly)
2rlz|lyl V2N

It remains to apply (74) one more time. O

w(A) =

As in Section 9, we shall study the limit, as T — oo, of the family of processes
yT(t) =2(tT)/VT,0<t<1. For0<s<t<1,y,xc€R3 define

ph(s.t,y, @) = pa(T(t — ), yVT,aVT),
(s, ,0,0) = lim (T (s,£,0,2)) = lim (Tpa(T(t - 5),0,avT)), o 0,

T—o00

Pa(s,t.y. @) = lim (T*pf(s, ty,2)) = Jim (T*2ps(T(t - 5),yVT,aVT)), y,x #0.

T—o00
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By Theorems 10.1 and 10.2,

Pt t.0.2) = D exp(—fof?/2(t = ). @ 0.
1 2
p@(sﬂtay:x) = pO(t - s,y,x) + (271_)3/2@”3:‘\/1: eXp(_(‘y‘ + ’33") /Q(t - 8)) Y, T 7é 0.

(78)
For 0 < t; < ... <t, <1, let the density of the random vector (y*(t,),...,y” (t,)) with
respect to the Lebesgue measure on R be denoted by p? (21, ..., z,,).
For 0 <s<t<1andy,z € R3 define

Q" (s,t,y,7) = pl(s,t,y, ) / Ph(t 1,2, 2)dz( / (s, Ly, 2)dz)"), £ <1,
R3 R3

Q7 (5,1, y,2) = pL(s, L, g, ) /

ph(s,1,y,2)dz)"".
]RS

Thus

Py, ) = QT(0,1,0,21)Q (t1, ta, 71, T9) . QT (tn1, tn, Tro1, Tn).

In order to find the limit of the finite dimensional distributions of y”, we need to identify
the limit of QT as T — oo. For 0 <s <t <1,y € R3 and z € R*\ {0}, define

Q(s,t,y,2) = lim Q(s,t,y, ). (79)

By Theorems 10.1 and 10.2,

Q(s,1,9,2) = Pols. 1, 2) / By(t, 1, =)= / Py(s, Ly, 2)d) " t<1,  (80)
R3 R3

Qs o) = sl ) [ B Lo 2)d) 81

We additionally define Q(s,t,y,0) = 0.

Using (79), (80) and (81), we can identify the limit of the densities p’(zy, ..., z,) for
X9, ..., Ty # 0. In order to identify the weak limit of the finite dimensional distributions
of the processes y', we are going to show that the limit of the densities is the density of
a probability distribution, i.e. the mass does not escape to the origin or infinity. This
is done in Lemma 10.4, where we show that () serves as the transition density for a
Markov process. First, however, we show that () satisfies a Fokker-Plank type equation
on R3\ {0}.

Let

g(t,x) = ln(/ ps(t, 1,2, 2)dz), 0<t<1, |z]>0, (82)
R3
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Let L be the differential operator acting on C?(R?\ {0}) according to the formula

dg(t,x) Of
or )E(tvm%

(LIt ) = 52 () + ( o] >0,

and let L* be the formal adjoint of L, i.e.
1 0[(0g/0r)v]
72 or '
Lemma 10.3. For 0 < s < 1 and y € R?, the function Q(s,t,y, ) satisfies the equation
(9@(8, t? y7 x)
ot

Proof. Let us consider the case when y # 0 (the other case is similar). Let

1
v1(s,t,y,x) =
(600 = A el —s
(o) = [ 1
valt,x) = ex
? ws (2m)3/2|z]|2|v/1 — ¢

Observe that

1
L'v = iAx’U —
=L"Q(s,t,y,x), |z|>0, s<t<l. (83)

exp(—(ly| + [2])?/2(t — 5)),

p(—(lz] + |2])/2(1 — t))d=.

0 1 0 1
(e~ =0 {5ty

For fixed s and y, the function Q(s,t,y, ) is proportional to

A, vy = 0. (84)

u(t,z) = (po(t — s,y,x) + v1(s,t,y,x))[1 + vo(t, x)].

By (84),
o 1 _ ,Opo  Ovy Ovy vy
(a — iAI)U— _(W—FW)EjLQ(pO—H)l)ﬁ' (85)
For any two functions A and B we have
0 0 Ov v
(As-+ BJu = A(% + a—;)(l + vg) + A(po + Ul)a—; + B(po +v1)(1+v2).  (86)
Thus 5 1 P
(9p0 (9’01 (9’02 602 602 .
(5, T3, (=5, +AQ+ ) +2(po +o1)(57 + A=+ B(l+1202)) =0
if
. 8112 _1 B (9112 81}2 1

Since g(t,z) = In(1 + vy) and 20vy /0t = —D?vy/Or* — 200, /Or (see (84)), it is easy to
check that the operator in the left hand side of the equation for u is % — L*, and this
justifies (83). O

35



Lemma 10.4. The function Q(s,t,y,z), 0 < s <t < 1, y,xz € R3, is the transition
density for a Markov process on R3.

Proof. To show the existence of a Markov process, we need to verify that
Q(tl,tg,l'l, l‘g)dl’g = 1, 11 < t9 (87)
R3

and

Q(t1, b2, 1, 22)Q(t2, ts, T, x3)dre = Q(t1,t3, 71, 3), 1 <ty < ts. (88)
R3

Let us assume that (87) has been demonstrated, and prove (88). Observe that
/ T 0pl(ty, ta, 1, T2)ph (ta, ts, T, w3)day = T HOph (t, b3, w1, m3), by < ta <3,
R3

where o« = 1/2 if 1 = 0 and o = 0 otherwise. For x3 # 0 we take the limit, as T'— oo,
on both sides of this relation. The integrand on the left hand side converges to

Ps(ty, ta, x1, 12)Ps(ta, ts, 2, 73),

however, the convergence is not necessarily uniform in x5, and we can only conclude by
the Fatou Lemma that

/ Pa(ty, ta, w1, 22)Ps(ta, 3, T2, w3)dxy < Dyt ts, 21, 23), 11 <ty <ts, x37#0.
R3\{0}
From (80) and (81) it now follows that
/ Q(t1,t2, w1, 22)Q(t2, 3, T, w3)dre < Q(t1, 13,21, 73), t1 <ty <t3, x3#0.
R3\{0}

Note that both sides of this inequality are continuous in z3 € R?\ {0}. Due to (87), the
integrals in z3 over R \ {0} are equal to one for the expressions in both sides of this
inequality. Therefore,

/ Q(t1,ta, w1, 22)Q(t2, ts, T2, x3)dre = Q(t1,t3, 21, 23), t1 <ty <ts, w3F#0,
R3\{0}

and thus (87) implies (88).

Now let us verify (87). Put s = t1,7 = t5,y = 1 and x = 5. Again, we shall consider
the case y # 0, the other case being similar. Moreover, we can assume that 7 < 1, since
the case 7 = 1 can be treated by taking the limit 7 T 1. On a formal level, (87) follows
from (83) by integrating the both sides of (83) over Q = [s, 7] x R* C R}

Q(Sa 7Y, .I')dl' — lim Q(Sa t? Y, x)dx = <L*Q7 1>L2(Q) = <Q7 L1>L2(Q) (89)

R3 tls Jrs
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One needs only to note that

lim [ Q(s,t,y,x)dx =1, (90)
tls R3

and that the operator L applied to the identity function gives zero. The latter implies
that the left hand side in (89) is zero, and (90) implies that the second term on the left
hand side of (89) is one.

In order to make relations (89) rigorous we note that Q(s,t,y,z) is infinitely smooth
in (t,z) when = # 0 and decays exponentially as |x| — co. However, it has a singularity
at # = 0. Thus the integrals over R? and € in (89) must be understood as limits of the
corresponding integrals over the region || > ¢ as ¢ — 0. Let us examine the singularities
of @) and of the coefficients of L* at the origin.

Relation (78) implies that

a
]_)I@(S,t,y,l') = ; + O(T)7 r= |ZE| —0, a= G(S,t,y). (91)

It is important that (91) does not contain a term of order O(1). From (91), (82) and (80)
it follows that

dg(t, 1 0Q(s, t,y, 2
WD 2400, Qb =5 +om), PEBT - 2 o0 (o)

where r — 0, ¢ = ¢(s,t,y). Since @) has a weak singularity at z = 0, the integral of the
left hand side of (83) over Q. = Q({x : |z| > €} converges to the left hand side of (89).
Hence, in order to prove (87), it remains to show that

/ L*Qdtdr — 0, ¢ — 0.

The integral above is equal to

10Q 89
——— dodt, 93
where do is the element of the surface area of the sphere |z| = €. The convergence of (93)
to zero follows immediately from (92) O

Lemma 10.5. The family of processes y* (t), T > 1, is tight.

We shall prove this lemma below. First, however, we formulate the main result of this
section.

Theorem 10.6. The distributions of the processes y*(t) converge as T — oo, weakly
in the space C([0,1],R3), to the distribution of the 3-dimensional Markov process with

continuous trajectories. The transition densities for the limiting Markov process are given
by (80) and (81).
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Proof. The convergence of the finite dimensional distributions of y*(t) to those of the
Markov process follows from (79) and Lemma 10.4. Since the family y”(¢) is tight, there
is a modification of the Markov process which has continuous trajectories. O

Proof of Lemma 10.5. To prove tightness it is enough to demonstrate that for each
n,e > 0 there are 0 < 0 < 1 and T > 1 such that for all u € [0, 1] we have

Psr( sup |y (s)—y"(u)| >e) <dn, T>T,. (94)

u<s<min(t+9,1)

Let n,e > 0 be fixed. Let & be the event that a continuous function x : [0,7] — R?
satisfies

sup |z(t) — z(0)|/VT > /8.

t<oT,

Using arguments similar to those leading to (69), we can show that (94) follows from

sup  EZp(xe, expl /0 Bu(x(t))dt)) < 6y, T > T, (95)

z€R |z|=ev/T /4
Let
7 = min(6T, inf{t > 0 : |z(t) — 2(0)| = eV'T/8}),
The expectation in (95) can be estimated as follows

T T—1
Eg r(xe; exp( / Bu(x(t)dt)) < ES p(xe, By, exp( Bu(z(t))dt))
0 0
We claim that

T—1

Eg,(,;)—T exp( Bu(z(t))dt) < sup Eg 1 exp(/o Bu(z(t))dt) < e(e) (96)

0 z€RY,|z|>eV/T/8

for some constant c(e) for all sufficiently large 7T". It then remains to choose ¢ such that
E§r(xes) < 0n/c(e), and the estimate (95) will follow. The second inequality in (96)
easily follows from part (2) of Theorem 7.2 and the fact that the probability of reaching
the support of v before time T by a Brownian path starting at a distance ev/T /8 away
from the origin is of order O(T~1/2) if d = 3. O
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