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Abstract

We consider a model for the distribution of a long homopolymer with an at-
tractive zero-range potential at the origin in R? (polymer pinning and de-pinning).
The distribution can be obtained as a limit of Gibbs distributions corresponding to
properly normalized potentials concentrated in small neighborhoods of the origin
as the size of the neighborhoods tends to zero. The distribution depends on the
length T" of the polymer and a parameter + that corresponds, roughly speaking, to
the difference between the inverse temperature in our model and the critical value
of the inverse temperature.

At the critical point 7., = 0 the transition occurs from the globular phase
(positive recurrent behavior of the polymer, v > 0) to the extended phase (Brownian
type behavior, v < 0). The main result of the paper is a detailed analysis of the
behavior of the polymer when ~ is near ~.,.

Our approach is based on analyzing the semigroups generated by the self-adjoint
extensions £ of the Laplacian on C§°(R3\{0}) parametrized by v, which are related
to the distribution of the polymer. The main technical tool of the paper is the
explicit formula for the resolvent of the operator L.

Key words: Gibbs measure, homopolymer, zero-range potential, phase transition, glob-

ular phase, diffusive phase.
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1 Introduction

The study of polymer models has been a very active area of research in mathematical
physics in recent years. Many of the physically relevant problems have been outlined in the
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paper of Lifschitz, Grosberg and Khokhlov [17]. To name just a few recent articles on the
subject, with apologies to the many authors who have been omitted, we cite [2], [5], [4], [6],
[7], [8]. In addition, there is an interesting exposition with many valuable references in [12].
The approach to the subject involves many essential ideas from statistical mechanics
including strong connections to the developments in [11], [13] and [16].

Let us give a general qualitative description of the problem. We start with a path
space 0 = C([0,T],R?), a Hamiltonian Hy : Q — (—00,0] and a probability measure
on 2. A continuous function w € € will be thought of as a realization of the polymer.
The parameter t € [0,7] can be intuitively understood as the length along the polymer
(although the functions w = w(t) are not differentiable and the genuine notion of length
can not be defined). One can consider models with the Hamiltonian given by

Hr@) == [ [ ooten) ~ wlonisids,

where v : R® x R® — [0,00) is a local attractive potential (see [3], [14]). Our paper
concerns a simpler “mean field” type model, where the polymer chain interacts with the
external attractive potential (as in [17]). Namely, consider the Hamiltonian

Hr(w) :—/0 v(w(s))ds, (1)

where v is a nonnegative compactly supported potential that is not identically equal to
zero. The model considered here is that of a homopolymer since the potential is time-
independent. Other models (of heteropolymers) which we do not consider in this paper
allow for a potential that is a random stationary function of time (see [2] for example).

Let P% be the Wiener measure on Q = C([0,T],R?) shifted so that the trajectories
start at x almost surely. This will be the reference measure corresponding to the infinite
temperature, i.e., to the inverse temperature 3 = 0. For a value of inverse temperature
B = 0, the polymer is distributed according to the Gibbs measure Pf 7., whose density
with respect to P7 is

dP5r _ exp(=fHr(w))

aps (w) = ZoToa) w € C([0,T],R?). (2)

The normalizing factor Zz(T, z) = E%e PHT is called the partition function.

The phase transitions for the polymers are well-understood at the physical level (see
[17]). For large 5 (8 > [, for some (. > 0) and any t € [0,7], with high probability
with respect to the measure P, the values of w(t) are bounded by a constant that is
independent of t. Thus the polymer is in the globular state. However, for § < (.. the
typical shape of w(t), t € [0,T], is that of a Brownian path in R3, and the polymer is
said to be in the diffusive state. Rigorous results of this nature have also been proven
in some generality (see [12], [2] for example). Of particular interest is the behavior of
the polymer for the values of 3 that are near (... Unfortunately, the detailed analysis of
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critical phenomena for general Hamiltonians is largely outside the range of techniques of
modern mathematical physics. Most of the results on this type of problems concern the
existence of a phase transition.

However, in our situation (homopolymer with a compactly supported non-negative
potential), the complete analysis of the critical phenomena is possible. In [9] we studied
the prevalent behavior of the polymer with respect to the measure Pj ;. as T' — +o00. In
particular, we saw that for d > 3 there is 3, > 0 such that:

(a) For § > (., each constant s > 0 and each function S(T") such that S(7') — +oo
and T'— S(T') — 400 as T' — +o00, the distribution of w(S(T) +1), t € [0, s|, with respect
to P§ 5, converges to a recurrent Markov process on [0, s].

(b) For 8 < fe, the distribution of w(tT)/v/T, t € [0,1], converges to the Brownian
motion on the interval [0, 1].

(¢) For # = B, the distribution of w(¢tT)/V/T, t € [0,1], converges to the distribution
of a non-Gaussian Markov process on the interval [0, 1].

Some of the earlier results for the discrete model based on the random walk and
zero-range potential can be found in [10].

In the current paper we study the distributions of the continuous polymer in R3?
which correspond to Schrodinger operators with zero-range potential. The potential is,
in some sense, supported at the origin. Note, however, that the Hamiltonian Hp, the
corresponding Gibbs measure and the Schrodinger operator Lg defined by (1), (2) and
(3) are meaningless if v is a delta-function concentrated at the origin. Before we define
these objects, let us note that in the case of a smooth potential, the finite-dimensional
distributions of P ;. can be expressed in terms of the fundamental solutions pgs(t, x,y) of
the parabolic equation

— = Lgu := =Au + fou. (3)

Indeed, by (2) and the Feynman-Kac formula,

Zﬁ(T,ZL') :/ pﬁ(Tax>y)dya
R3

and
P;T(w(tl) € Al, ...,w(tk) € Ak) = (4)

Zﬁ_l(T, SL’)/ / / pg(tl, x,xl)...pﬁ(tk — tk_l,l’k_l,l’k)pﬁ(T — tk,l’k,y)dydl’k...dl’l,
A Ay JR3

where k > 1,0<t; < .. <t, <T and Ay, ..., A, are Borel sets in R®. Here we use the
convention that ps(0,z,y) = 6,(y). The measure P ;- corresponds to a non-homogeneous
Markov process on [0, 7] (see [9]).

Now, instead of the operators Lg, we start with the Schrodinger operators with zero-
range potential. They are defined (see [1]) as self-adjoint extension in L?*(R3?) of the
operator

Af2: CF R\ {0}) — Cg°(R*\ {0}).
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There is a family of such extensions £, which depend on a parameter v € R that plays
the same role as the difference between 3 and .. in the case of smooth potentials (see
Section 2). Then we replace operator Lg in (3) by the operator £.,. This allows us to define
the finite dimensional distributions and construct the Gibbs measure which corresponds
to the zero-range potentials. Namely, let p. (t,7,y), t > 0, be the kernels of the operators
in the semi-group generated by £,. We can now define

Z,(T.) = [ (T )y,
R

and use an analogue of (4) with 7, instead of pg and Z, (T, z) instead of Zz(T,x) in
order to define the finite-dimensional distributions of the measure F:,T. (While neither
P, (t1, 2z, 21) nor Z.,(T, x) are defined when x = 0, we can make sense of the expression
7;1(T, 0)p,,(t1,0,21) by taking the limit of 7;1(T, z)p.(t1, =, z1) as |z| | 0.) It is not
difficult to check that there is a measure on C([0,T],R3) with such finite-dimensional
distributions, and that this measure defines a non-homogeneous Markov process on [0, T7].

There is another way to obtain the measures F:,T corresponding to zero-range poten-
tials. One can construct thT as the weak limit of measures corresponding to bounded
compactly supported potentials as their supports shrink and the values of the potentials
increase in a particular way. Namely, it turns out that £, v € R, can be obtained as a
strong resolvent limit, as € | 0, of Schrodinger operators L5, = A /2 +v5 with the potentials
(see [1) 2

4

o+ () el = 5 (5)
It will be shown in this paper that the resolvent convergence of the Schrodinger operators
implies the convergence of the corresponding Gibbs measures. Consider the Hamiltonian
HS 1 given by (1) with v instead of v, and the Gibbs measure P77, given by (2) with
p =1 and H: ; instead of Hr. For each v € R and T' > 0 there are limits

v = (

P, = lim P77
understood in the sense of weak convergence of measures on C([0, 7], R?) (see Section 2).

Unlike the case of a generic smooth potential, all the relevant analytic quantities can
be found explicitly in the case of the zero-range potential polymer model. This allows us
not only to obtain an analogue of the results (a)-(c) above, but also provide a detailed
analysis of the behavior of the polymer distribution when + tends to its critical value and,
simultaneously, T" — +oc.

We recall the main facts about the self-adjoint extensions and prove the convergence
of P77 to F,?T in Section 2. We refer the reader to [1] for a detailed treatment of the self-
adjoint extensions of the Laplacian on C§°(R?\ {0}). Here we only mention that for d > 4
the only closed self-adjoint extensions of the Laplacian on C$°(R?\ {0}) is the Laplacian
on the entire space, and thus there is no analog of the distribution corresponding to a
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zero-range potential in d > 4. For d = 1,2, the corresponding homopolymer models do
not exhibit a phase transition, so we do not treat them here.

The goal of the current paper is to analyze the behavior of the polymer under the
measure F,?T for various values of v and large T'. Of particular interest is the behavior
of the polymer when 7 is near zero. We provide a detailed analysis of the behavior of
Py when v = (T) — 0 as T — +oc.

Two qualitatively different cases can be considered. The analysis of both cases relies
on a self-similarity property of the measures F:,T. In the first case, (7)) is bounded

and such that v(T)v/T — 400 as T — +oo. We shall see that for each constant s > 0
and each function S(7') such that v(7)\/S(T) — 400 and v(T)\/T — S(T) — +o0 as
T — +00, the distribution of y(T)w(S(T) + (y(T))~'t), t € [0, s], with respect to Ff/(T),T,
converges to a recurrent Markov process on [0, s]. The generator of the Markov process
will be written out explicitly (see Section 3). In particular, the radial part is a diffusion
process on the positive semi-axis with reflection at the origin. These results are also
applicable in the situation when v > 0 does not depend on 7'.

In the second case v(T') is such that v(T)vT — s € [~o0,+00) as T — +oo. We
will show that the distribution of w(tT)/V/T, t € [0, 1], converges to the limiting measure

on C([0,1],R3). The limiting measure can be identified as Fi’l if 52 > —oo and the

Wiener measure on C([0, 1], R?) if ¢ = —o00. In particular, the distribution of w(tT)/v/T,
t € [0, 1], converges to the Wiener measure on C([0, 1], R?) if v < 0 does not depend on T'.
The limiting distribution for w(7)/v/T can be written out explicitly - it turns out to be
compound Gaussian (see Section 4).

The paper is organized as follows. In Section 2 we recall some facts about the self-
adjoint extensions of the Laplacian and introduce the associated family of processes with
the zero-range potential. In Sections 3 and 4 we prove the main results concerning the
cases when (T)v/T — +oo and y(T)VT — s € [—o00,+00) as T — 400, respectively.
Finally, in Section 5 we prove the convergence of the processes with potentials v5 to those
with a zero-range potential and prove some technical lemmas regarding the tightness of
certain families of processes.

2 Measures corresponding to zero-range potentials

All the self-adjoint extensions of A/2 are described in the following theorem, whose proof
can be found in [1].

Theorem 2.1. All the self-adjoint extensions of the Laplacian acting on C§°(R3 \ {0})
to an operator acting on L*(R®) form a one-parameter family L., v € R. The spectrum

of L is given by
2

spec(L.) = (—o00,0] U {%} .y >0,

spec(ﬁv) = (_OO> 0]> Y <0.



The kernel of the resolvent of L., is given by
e~ V2Alz—y| N 1 e V2Xzl+lyD)
mle—yl  Vax—~y 2mfzlly|

Ry, (z,y) = A & spec(Ly).

If v > 0, then v*/2 is a simple eigenvalue of L., with the eigenfunction

Since the spectrum of £, is bounded from above, the operators exp(tL,), t > 0, are
bounded in L?*(R?). The kernel of exp(tL,), t > 0, is given by

(6)

ele—yP2 / V2N (| +ly]) At
271 I'(a)

+ — dA,
(2mt)3/2 Am?i (V2A =) zlly]
where x,y # 0, a > v*/2 and I'(a) is the contour in the complex plane that is parallel to

the imaginary axis and passes through a. Thus p,_ (¢, z,y) can be interpreted as a formal
fundamental solution of the equation

1
Pt ay) = —— / B ) =
I'(a

ou
E = E,Yu.

Z,(t.0) = [ p(t..0)dy,
R
where t > 0, z # 0. Formula (6) implies that

7 ( ) . 1 Ny 1 e~ V22|
t, z)=1+— e
K 270 Jray  V2A —7  Alz]

dA. (7)

Define the measures F:’T, x € R3, via their finite-dimensional distributions

F:,T(w(tl) € Al, ...,w(tk) € Ak) = (8)

__1 _ _ _
Z, (T, x)/ / / P, (ty, @, 21).. 0, (tk — the1, D1, 2) P, (T — tr, Tk, y)dydzy,...dwy,
A Ja, Jrs

where k > 1,0 <t; < ... <t <TandA,, ..., A; are Borel sets in R3. Here we use the con-
ventions that 7. (0, z,y) = d,(y) and 7:{1(T, 0)p, (t1,0, 1) = limg 0 7:{1(T, )P, (t1, x, 7).
It is not difficult to show that there indeed is a measure on C([0, 7], R?) with the finite-
dimensional distributions given by (8). We don’t prove this here since the same conclusion
follows from the proof of Theorem 2.3 below. Note the following self-similarity property.



Theorem 2.2. For a > 0, let f, : C([0,T],R*) — C([0,aT],R®) map a function w to
the function fow via (fow)(t) = Vaw(t/a). Let faF:’T be the push-forward of the measure
thT by this mapping. Then

p,(ta,xva,yv/a) = a™?p, 4t x,y),  Z,(ta,av/a) = Z, 4(t, @) (9)
and B i
faP%T = P’y/\/E,Ta‘ (10)

Proof. The first statement follows after making the change of variables A’ = A/a in the
integrals in the right hand sides of (6) and (7). The second statement now follows from (8).
U
Let us discuss an alternative construction of the measure P27 that uses short-range
potentials. Let v be defined by (5). Let the Hamiltonian H ;. be given by (1) with vg
instead of v, and the Gibbs measure P27, be given by (2) with 3 = 1 and H? ;- instead
of Hy. The following theorem will be proved in Section 5.
Theorem 2.3. Let x € R*\ 0, vy € R and T > 0. The measures P“f;ET converge, in the
sense of weak convergence of measures on C([0,T],R?), ase | 0, to the measure F?T.

From (8) it follows that the finite-dimensional distributions of F:,,T converge to those

of F?LT as ¥’ — 0and v — v € R. If ¥ — —oo, then they converge to the finite-
dimensional distributions of the Wiener measure on C'([0, 7], R?). From Theorem 2.3 and

Lemma 5.1 (from Section 5) it follows that the family {F,?T, v <, || <1} is tight for
each ¢ € R, and therefore

/=0,y — z'—0,y'——o00

where P9 is the Wiener measure and the limits are understood in the sense of weak
convergence of measures.

3 Distribution above the critical point

In this section we assume that v = ~(7) is bounded and such that v(T)vVT — 400
as T'— +oo. In particular, this covers the case when v > 0 does not depend on T We
examine the behavior of the polymer paths with respect to Pi(;(T),T as T' — +4o00. First,

we need the asymptotics of p, (¢, z,y) and Z,(¢,x) when t — +o0.

Lemma 3.1. We have the following asymptotic expressions:

pi(t,z,y) = exp(t/2) (Y1 (z) 1 (y) + q(t, z,y)), (12)



where lim;_ o SUP|, 115k [4(E; 7, y)| = 0 for each k > 0;

Zy(t,x) = exp(t/2)[v1]] 1 @) (U1 (2) + Q(t, ), (13)
where limy . o SUP|, >, |Q(E, )| = 0 for each k > 0;

Z, (s, 001t 2,y) = exp((t = 8)/2)| [t [7 o (1 (9) + (s, 8, 7, 9), (14)

where i ¢ 4 oo SUP <1, 1yk 14(5: 1, 7, y)| = 0 for each k > 0.

Proof. Formula (12) follows immediately from (6) if the integral over I'(a) in (6) is re-
placed by the integral over I'(b), 0 < b < 7?/2, plus the residue at A = 7?/2 = 1/2.
Formula (12) follows similarly from (7). O

Next, let us study the distribution of the end of the polymer with respect to the
measure P:(T)’T as T' — +o0.

Theorem 3.2. If v(T) is bounded and such that W(T)\/T_H +o00 as T — +oo, then
the distribution of v(T)w(T) with respect to the measure Pf/(T)’T converges, weakly, as
T — +o0, to the distribution with the density ¥y /||{1]] 1 (w3)-

Proof. For fixed z, the density of w(T') with respect to the Lebesgue measure is equal to

__1 _
Zy(T) (T, if)p«,(T) (T, 2, y).
Therefore, the density of (7)w(T) is equal to

-1

Y)Y 7y (T, 2)By (T 2, y/4(T)) = Zy (Y1) T, 29(T) B (v*(T)T, 29(T), ).

Here we used (9) with v =1, a = +*(T) and t = T.. The latter expression is equal to
191115 oy (1 () + TP (DT, A2 (TVT, (T, ), (15)

where ¢ is the same as in Lemma 3.1. When T" — 400, the expression in (15) converges to

1 (x)/||¥1]| 1 3y uniformly in |y| > k by Lemma 3.1. This justifies the weak convergence.

]

Now let us examine the behavior of the polymer in a region separated both from zero
and T'. Let S(T) be such that

lim y(T)y/S(T) = lim (T)\/T —S(T) = +oo. (16)

T—+o0 T—+o0

Let s > 0 be fixed. Consider the process y (t) = v(T)w(S(T) +t/¥*(T)), 0 < t < s. Let

o Dy (tv €, y)wl (y)
e

Observe that ng r(t,z,y)dy = 1, and therefore r serves as the transition density for a
Markov process. Also note that 17 serves as an invariant density for the process.

exp(—t/2), y #0. (17)
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Theorem 3.3. If y(T) is bounded and such that v(T)VT — 400 as T — 400, then the
distribution of the process y* (t) with respect to the measure Ff{(T),T converges as T — +00,
weakly in the space C([0,s],R3), to the distribution of a stationary Markov process with
transition density r(t,z,y) and the invariant measure whose density is V?.

Proof. Let 0 < t; < ... < t, < s. The density of the random vector (y%(t1),...,y7 (t,))
with respect to the Lebesgue measure on R®" is equal to

pT(xh e xn) =

t T _ lo—t1 x1 T

Y(T) " (Z ) (T, %)) Doy (S(T) + 21 1) )P+ ( 2T AT V(T))
t T
n n )‘

_ t, —th-1 Tpo1i Ty =
B T L R T

Applying (9) with v = 1, a = ¥*(T) and t = T, we see that the right hand side of this
equality is equal to

(Z (Y (D)T, 29(T))) " By (V*(T)S(T) + t1, 2y (T), 21)P, (t2 — t1, 1, 23) ...

e Di(tn = ta1, Ty, 20) 21 (Y (THT = S(T)) = ta, 7).

We replace here all factors p;, except the first one, by r using (17). We replace the factors
(Z1(*(D)T,2v(T))) "' 2 (V(T)S(T) + tr, 2y(T), 21) and Z1 (v (T) (T — S(T)) — tn, xn) by
their asymptotic expansions given in Lemma 3.1. This leads to

(w1, .oy 1) = V2 (21 (ty — t1, 20, T0). (b — tp1, Tty ) +0(1), T — +o0,

where the remainder tends to zero uniformly in (z1,...,x,) with min(|z], ..., |z,]) > k.
Since k > 0 can be chosen to be arbitrarily small, this justifies the convergence of the finite
dimensional distributions of y” to those of the Markov process. It remains to note that

the family of measures induced by the processes y? is tight, as follows from Lemma 5.2.
O

Remark. Let us describe the generator of the limiting Markov process. Namely, let
Co(R?) be the space of continuous functions on R?® with a finite limit at infinity. Consider
the differential operator

(Vi (z), Vu(z)) 1 1, Ou(z)
@) 2 ) o

) ZL’#O,

Mu(z) = %Au(x) +

Mu(0) = lim(}Au(z) —(1+ i)

210" 2 |z|” Or )

Note that in the spherical coordinates M can be written as

1,0°0 1~ ou
Mu=3Gz+ =85
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where A is the Beltrami-Laplace operator on the sphere. For fixed x, the function r(¢, z, y)
satisfies

or(t,z,y)
ot

where M* is the formal adjoint of M. From here it easily follows ([15]) that the generator
in the space Cy(IR?) of the Markov family with transition density (¢, z,y) is given by the
operator M with the domain

= M*r(t,z,y), t>0, ycR*\0,

D = {ue C2(R\{0}) N Co(®") : Mu € Go(R?), lim Jsz ul ; pe) Zu0 _ gy

where 4 is the Haar probability measure on S2. The radial part of the limiting process is
then a diffusion on the positive semi-axis with unit diffusion coefficient, unit drift towards
the origin and reflection at the origin. If we denote the radial part of the limiting process
by R;, then the spherical part of the limiting process S; on S? satisfies

1
dSt - —dBt, Rt §£ 0 (18)
Ry

Here B; is the diffusion on the sphere whose generator is one half of the Beltrami-Laplace
operator A. It is not difficult to see that if we denote the the first time when R; = 0 by
7, then the sets of limit points of S; ast T 7 or t | 7 coincide with the entire sphere S2.
For t > 0 the distribution of S, ,; is uniform on the sphere.

Remark. If instead of assuming that limp o v(T)/S(T) = 400 we assume that
S(T) = 0, the result of Theorem 3.3 will hold with the only difference that the initial
distribution for the limiting Markov process will now be concentrated at x limr_, 1o, 7(7),
instead of being the invariant distribution, provided that the latter limit exists.

4 Distribution near and below the critical point

In this section we assume that v = v(7') is such that v(T)vT — » € [~00, +00) as T —
+00. In particular, this covers the case when v < 0 does not depend on 7. We examine
the behavior of the polymer paths with respect to Px ) as T — +oo.

Consider the process y” (t) = w(tT)/\/7 0<t< 1 Applying (10) with a = 1/T', we
see that the distribution of the process y? with respect to the measure PA{(T o coincides
with the distribution of the process w(t), t € [0, 1], with respect to the measure P / TYWT1-
Since 2/vT — 0 and v(T)VT — » as T — 400, the following theorem is a consequence
of (11).

Theorem 4.1. (Self-similarity near the critical point) If v = ~(T) is such that
YT)VT — 3 € (=00, +00) as T — +oo, then the distribution of the process y* (t) with
respect to the measure F:(T%T converges as T'— +00 to the measure Fil
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If v = y(T) is such that v(T)VT — —o0 as T' — +o0, then the distribution of the
process y* (t) with respect to the measure P:,T converges as T — +oo to the distribution
of the 3-dimensional Brownian motion.

The finite-dimensional distributions of the limiting process can be written out using
(6) and (8). In particular, when s = 0, the distribution of the limiting process is the
same as the distribution of the corresponding process in the case of the smooth potential
with 5 = (.. (see [9]).

Let us show that the limiting distribution of y”(T) is compound Gaussian.

Theorem 4.2. The distribution of w(1) (induced by the measure Fil) is compound Gaus-
sian, 1.e., its density is given by

1 lyl/2r
Ge(y) = /0 WW(TWT’
where v, (1) >0, 7 € [0,1], > € R.

Proof. By (11), (7) and (8), the density of w(1) with respect to the Lebesgue measure is
equal to

() tim Lm0 _ 1 / AN ( / erdA )
G(y) = lim Z—"2 = — _ — ,
210 Z(1,2) 27 Jr@) (V2X\ — »)|y| T(a) (V2A — 2)\
where a > »*/2. Note that
—V2Aly| oo —lyl?/27 o g —lyl?/2r \ —Ar
e e _a e e
N e Ndr = — dr, N € I'(a).
27y /0 (2%7)3/26 T /0 dr ((27r7‘)3/2) N T (a)
We put this expression in the first integral in the previous formula. The integration by
parts above was needed to guarantee the absolute convergence of the double integral and

to change the order of integration. Below we will move the derivative back to the second
factor. Thus

© e—\y|2/27— 6)\(1—T)d)\
T(y) = /0 e <W> U (T)dT,  us(T) = K/F(a) ma (19)

If 7 > 1 and Re\ > a, then the integrand in the second integral in (19) is analytic in A
and of order O(|]A|7%/2) as |\| — co. Thus u,,(7) = 0 for 7 > 1, and

1 o—lvl?/2r L o=lyl?/2r
0. (y) :/0 % (W) U (T)dT :/0 WU%(T)CZT, (20)
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where

A(l—T)d)\
v, (1) = —u (1) = K/ 67, 0<7<1.
T'(a) (V 2\ — %)

Since the integral over I'(a) is equal to the integral over a contour around negative A-
semiaxis (plus the contribution from the residue at »?/2 if ¢ > 0), we have

A1=7) 1\ o /25e—c(1-7)q
/ £ 2@/ T i somine R o< <1, (21)
r@ (V2XA — x) 0 20 +

where 6 = 1if 2 >0, 0 = 0 if 22 <0.
Let us evaluate K. We have

K-l — / e B / (V2 + s)erdA _ / V2 erd\ +/ werd)\
r@) (V2A =39 Jr@ (A= 32)A ) A= 22N Jr A =52\

(22)
The first integral I; in the right-hand side can be written as the integral over the contour
around the negative \-semiaxis plus the contribution from the residue at »*/2, i.e.

* e %o e /2
I, = —2\/§¢/ SR 7§ p—
! o (204 32)\/o ||

We make the substitution ¢ — o2 in the first term of the right-hand side and rewrite the
second term using the identity

T _/OO V2do
| Jo 0%+ 2)2

The second integral in the right-hand side of (22) can be expressed through the residues
at A =0 and \ = »?/2. This implies, that
oo x%/2 _ _—o? 7©2/2 _ 1
K= 2\/51/ %da—l—%ﬁef.
0o 02432)2 P

This and (21) show that v,,(7) > 0 for all0 <7 <1, —o0 < s < 0o. This together with
(20) justify the statement. O

5 Proof of Theorem 2.3. Tightness of certain families

of processes
Proof of Theorem 2.3. As follows from (3) and (4), the finite-dimensional distributions of

P77 are given by
Prr(w(th) € Ay, w(ty) € Ay) =

12



(Z,i)_l(T, LL’)/ / / ]Bi(tl,x,xl)...ﬁ;(tk —tk_l,l’k_l,l’k)ﬁy(T—tk,l’k,y)dydl’k...dxl,
A, Ja, Jrs
where pf(, 7, y) is the fundamental solution of the parabolic equation

ou

~ 1
% Liu:= §Au +viu

and
Z5(tx) = /}Rafﬁ(t,x,y)dy.

Since thT(w(ti) =0 for some 1 <i < k) = 0, in order to demonstrate the conver-
gence of the finite-dimensional distributions, it is sufficient to prove that lim, o ny(t, x) =

Z.(t,x) and that for continuous functions with compact supports @i, ..., ¢ such that
supp(p;) CR3\ 0, 1 <i <k, we have

hm/ / ﬁy(tl,x,xl)]Bf/(tk—tk_l,xk_l,xk)gol(xl)@k(xk)d:ckdxl = (23)
el0 R3 R3

/ / Pty 2, 20) P (b — the1, Teo1, )1 (1) o (Th ) dg....dy .
R3 R3

Let us start by showing that for each k € (0,1) and continuous function ¢ with compact
support we have

1611000 |ve = v||cExp,1/r) = 0, (24)

where
e /ﬁ(t’x’y)‘p(y)dy’ 0T /fv“ﬂﬂy)w(y)dy, F={zcR:[a| [k 1/H]}.
R R

Consider
UNe = (‘C-Ey - )\)_1()07 Uy = (‘C'y - )‘)_1()07 A ¢ Spec(‘c’y)‘

It is shown in [1] that L5 converges to £, in the norm resolvent sense when \ ¢ spec(L,).
Thus

l|ure — ur|lr2msy — 0 as €] 0, A¢spec(L,). (25)
Since there is a neighborhood of F' (that does not include the origin) where
A A
(5 — Ny, = (5 —Nuy =0, 0<e < e, (26)

when ¢q is small enough, from standard a priori estimates for elliptic equations and (25)
it follows that
lune — ualler — 0 as =10, A¢ spec(L,). (27)

13



We have

ORES 1 (L5 — N lpeMdN, v = L

27 Jr - 27 Jr

(L, — \)FpeMd. (28)
Since the norm of the resolvent of an operator does not exceed the distance from the
spectrum, we have

||UA,E||L2(R3)a ||u)\||L2(]R3) S C|)\|_1, A€ Qa, 0<e S €0, (29)

where 2, is the region in the complex A-plane which is to the right of the two rays starting
at A = a and forming 7/4 angles with the the ray [a, —00). From here it follows that the
contour I'(a) in (28) can be replaced by I"(a) = 0Q,:

1 1
Ve = — u,\,ae’\td)\, V= — ureMd. (30)
271 I'(a) 271 I'(a)
From (26) and (29) it follows that
||UA,EHH2(F)7 ||UA||H2(F) < C/, A E F/(CL), O<e< €0, (31)

for some constant ¢’, and the Sobolev embedding theorem implies that
lurellew), Nuallea <", AeTl(a), 0<e<e. (32)

This allows us to split the contour of integration in the integrals in (30) into two parts:
a part where |A] >> 1 and a bounded contour. The contribution to v. and v from the
first part can be made arbitrarily small. The Lebesgue dominated convergence theorem
implies that the difference of the integrals over the bounded part of the contour tends to
zero. Thus we have (24).

It is easy to see that (24) implies (23). Let us now prove that lim, |, Zi(t, z) = Z,(t,x).
Let & be an infinitely smooth function that is equal to zero for |z| < 1 and equal to one
for |x| > 2. Let

> _’V’l ~’2 - _—1 -2
Z:=ZN v 752, 2, =2+ 2.,

where
7o\ (t,z) = / Bt )y, 23t r) = / Pt o y) (1= E@))dy,

S - . >~ =2 :
and Z., Z_ are defined similarly. Then lim. o Z5°(t, 2) = Z (t,x) by (24) with ¢ =1 —¢.

In order to estimate |Zf/1(t, x) — 7f{(t, x)|, we consider the following problem:

8u_

yn Liu=h, u0,r)={E(z), (33)
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where h € C§°(R?) depends on x only. The solution of this equation has the form

1

w=2 o
r(a)

-1/ pe -1z A
ATHLE — AT heMd.
Note that u(t, z) = {(x) satisfies (33) with h = —A&/2. Thus

~ 1
E=2"+— ATHLE = N)THAeMdA.
47TZ I'(a)

The same formula is valid with 7'1y instead of Zil and L, instead of L5. Therefore,

|22\ (t,2) 2, (1, )| AN LE AT (AN~ / AL, =) T AN,

47T I'(a) I'(a)

Note that A& has compact support, and therefore we can treat the right hand side in this
formula in the same way as we treated the difference between v. and v thus obtaining
that lim. o Z5(t,2) = Z, (¢, z).

It remains to note that the family of measures P::'ST, 0 < e <1, is tight, as follows
from Lemma 5.1. O

Remark. It follows from the arguments above that for any ¢, > 0, there is a con-
stant C' such that Z=(¢,2) < C provided that e < ¢, 1/e < [z[ < cand vy <c.

Next we prove two statements that are needed for the proofs of Theorems 2.3 and
3.3. Note that we already demonstrated the convergence of partition functions and finite-
dimensional distributions in Theorem 2.3, and using these facts in the proofs of Lem-
mas 5.1 and 5.2 does not involve a circular argument.

Lemma 5.1. Let v be given by (5), the corresponding Hamiltonian HS . given by (1)
with vs instead of v, and the Gibbs measure P27 given by (2) with 3 = 1 and H 1 instead
of Hy. For each T >0 and c € R, the family of measures {P77,e < ¢,v < ¢, [z| < c} s
tight.

Proof. To prove tightness it is enough to demonstrate that for each n,a > 0 there is
0 < 0 < 1 such that for all u € [0,7] we have

P2 sup lw(s) —w(u)| > a) < . (34)
u<s<min(u+4,T")

Let n,a > 0 be fixed. If ¢g > 0, the density of the measure PTY’ST with respect to the
measure induced by the Brownian motion starting at x is bounded from above uniformly
ineg <e<¢v<g |z] <c Thus we can find 0 < 6 < 1 such that (34) holds

for g < e < ¢. Therefore, it is sufficient to prove (34) under the assumption that ¢ is
sufficiently small so that v (z) = 0 for |z| > a/8.

15



Consider the following events in C([0, 7], R?),

E—f{w:  swp  |o(s)-w@|>al, E={w: swp |o(s)—w(O)]>a/s}
u<s<min(u+d4,T) s$<min(4,T")

For a continuous function w : [0, 7] — R3, let
7 =min(7T,inf{t > 0: |w(t)| > a/4}).
Then .
PEED = (Z(Ta) B ool | ((O)iey) <

(Z5(T,2)) B (exp< [ wsteoan e el [ vi<w<t>>dt>>) ,

where E7. denotes the expectation with respect to the measure induced by the Brownian
motion starting at the point x. Since

EZ exp( /0 ' vl (w(t))dt) < Z(T, x)

and
() T—1 T
B el [ @)d) < s Bilepes( | o)),
0 a/4<|z|<c 0
we have .
Pre(E) < sup  Ed(xer expl( / o (w(t))d)).
a/4<|z|<c 0
Let

o = min(d,inf{t > 0: |w(t) —w(0)| = a/8}).

Then, since v (z) = 0 for |z| > a/8,

swp_ Bl expl [ o5@O) < swp BB Gepl [ vx(wlt)dn)

a/a<al<c a/a<al<c

Note that

E?;(_Ug exp(/0 - vs(w(t))dt) < sup ET exp(/0 v (w(t))dt) =

a/8<e|<cta/s

sup  Z3(T,x) < c(a)
a/8<|z|<ct+a/8

for some constant ¢(«), where the last inequality is due to the Remark following the proof
of Theorem 2.3. It then remains to choose d such that E7.(xgr) < dn/c(), and estimate
(34) follows. N
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Lemma 5.2. Suppose that v(T) is bounded and such that y(T)V/T — 400 as T — 400.
Suppose that s > 0, S(T ) satisfies (16) and Ty is such that S(T) + s/y*(T) < T for
T > Ty. Let the process y T(t), 0 <t < s, be defined on the probability space C ([0, T], R?)
with the measure PV(T by y7'(t) = y(T)w(S(T) + t/y*(T)), 0 < t < s. Then, for each
K > 0, the family of measures on C([0, s],R3) induced by the processes y* with T > Ty
and 0 < |z| < K is tight.

Proof. Due to self-similarity, it is sufficient to consider the case when (7)) = 1. First
observe that for any 1 > 0 there is a > 0 such that

Pi(ly"(0)] > a) <1

for T'> Ty and 0 < |z| < K. This easily follows from Lemma 3.1 in the same way that
the convergence of finite-dimensional distributions was demonstrated in Theorem 3.3.
For a continuous function w : [0, 7] — R3, let

m" (w,8) = sup w(tr) — w(ta)]-

t1—t2]|<3, S(T)<t1,t2<S(T)+s
To prove tightness, it is sufficient to show that for each o, > 0, there is § > 0 such that
Pir(m”(w,8) > a) <n (35)
for T'> Ty and 0 < |z| < K. By Theorem 2.3,
FT’T(mT(w, 0)>a) < lirill(i)nf P:f:;(mT(w, 5) > a). (36)
For a continuous function w : [0, 7] — R3, let
7 =min(S(7T) + s,inf{t > S(T) : |w(t)] > a/2}).

For0<a<b<r,let

wh = ={w € C([0, 7], R?’) sup lw(ty) — w(ts)| > a}.
|t1—t2‘§5, a<ty,ta<b
Then
_ T
linaqlionf Pi’;(mT(w, 0) > a) = (Z5(T, :E))_lEf}(eXp(/o vfy(w(t))dt)xgg(m’s(ﬂﬂ) <

(Z5(T, %)) B3 (exp< | vsteoans e | w0 dxer >) < @

0,S(T)+s—7

- ~ T—S(T)
(Z5(T,2))"H(Z5(S(T) + s,x)) sup E%_sm(exp(/o v (w(t))dt)xgr—sc).

lz|>a/2
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Since v5(r) = 0 when = > a/4, provided that ¢ is small enough, we have by the Markov
property

T—S(T)
s Brgn(en(| g o) < (39)
r|>a/2 0 8
sp ZAT-S@)LoP(fw: s folt) —wit)] > a})
|z|>a/4 [t1—t2]|<d, 0<t1,t2<s

Recall from the proof of Theorem 2.3 that lim, o Zi(t, z) = Z,(t, ). Therefore, combining
(36), (37) and (38) we see that

Py r(m"(w,8) > o) < (Z,(T,2)) " (Z,(S(T) + 5,2))x

swp Zy(T—ST),aP%fw:  swp folts) —w(ts)] > a))
|x|>a/4 [t1—t2]|<d, 0<t1,t2<s
Formula (35) now follows from Lemma 3.1. O
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