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Abstract

We consider transport properties for Gaussian, stationary, divergence free, ran-
dom velocity fields in R2, which are Markov in time. We prove the existence of
effective diffusivity. We also obtain its full asymptotics in the case of short time
correlations, on a fully rigorous level. The main regularity assumption is that al-
most every realization of the random velocity field should be continuous in space
and time, and Lipschitz continuous in space.

1 Introduction

Consider the motion of a particle in the random velocity field V(z,t) ,» € R?, which is
described by the system of random ordinary differential equations

Xt = V(Xt,t) , Xo=1uo . (1)
The matrix of effective diffusivity is defined as

s 1 B - X0 - XD)
T 9 Fre s t ’

a,b=1,2, (2)

where a and b are coordinate directions.

The problem of expressing the effective diffusivity, which is a Lagrangian characteristic
of the flow, in terms of the correlation function of the flow vector field itself, which is
Eulerian data, is an important question which has been discussed extensively in physical
and mathematical publications. We refer to [15] for an introduction to this literature.
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Most of the results have been obtained in two cases. Either the time correlation scale of
the random vector field is infinite, that is the field is time-independent, or on the contrary,
the field has short time correlations. Some of the important results in the case of time
independent vector fields are due to Fannjiang and Papanicolaou [6], Papanicolaou and
Varadhan [18], and Kozlov [14].

For the short time correlated vector fields the first results date back to Taylor [19].
Taylor’s method gives the answer (on a physical level) for the main term of effective diffu-
sivity in the short time correlated limit. Recently Molchanov [16], and Carmona, Grishin
and Molchanov [2] considered random vector fields with a finite number of spatial modes.
It was shown by Molchanov [16] that for a class of vector fields with a finite number of
spatial modes the effective diffusivity can be expressed in terms of the solution of a certain
hypoelliptic partial differential equation, provided the solution of the PDE exists. This
equation couples velocity mode space to physical space through (1). Through the coupling
to physical space, it gives the influence of the velocity modes upon diffusive transport.
The existence and uniqueness of solutions to the PDE, which imply the existence of ef-
fective diffusivity for a finite number of velocity modes, were shown in [13]. The fully
rigorous asymptotics of the effective diffusivity in the short time correlated limit was also
obtained there.

In the present paper, while utilizing some of the ideas and technical results developed
in [16, 13], we avoid the non-physical assumption of a finite number of modes. As a result
we obtain the existence of effective diffusivity under mild regularity hypothesis on the
random velocity field. We also obtain its full asymptotics as the time correlation scale of
the vector field tends to zero. The main term of the asymptotic expansion coincides with
Taylor’s answer, as is required from physical considerations.

Among the related results we would like to note a recent paper by Komorowski and
Papanicolaou [12]. The existence of effective diffusivity is proved there for a Gaussian,
stationary, incompressible velocity field under the assumption that the correlation function
of the field has finite support in time. The main regularity assumption is that almost every
realization of the velocity field is continuous in ¢ and C* smooth in z. While the regularity
assumptions in our paper are essentially the same, we study the fields which are Markov
in time, rather than the ones with finite time correlations. Markov assumption implies
that the correlation function is exponentially decreasing in time, and thus excludes the
case considered in [12]. A different derivation of the existence of effective diffusivity for
Markov in time vector fields was obtained independently by Fannjiang and Komorowski
[5].

The technique developed in our paper allows us to prove the following two conse-
quences. The first is a complete, and rigorous asymptotic analysis of diffusivity in the
short time correlated limit. The second is a rigorous analysis of the divergence of diffu-
sivity for generalized random fields with pure Kolmogorov spectrum. The first topic is
presented here, and the second will be contained in a following paper.

We assume a physical model of turbulence described by a Gaussian random field,
which is stationary in time and space and Markov correlated in time. Following [16, 13]



and also using the ideas which succeeded in constructive quantum field theory [8], we use
the discretization of the spectrum of the random field V' (z,¢) in order to approximate
the system of random ordinary differential equations (1) by a finite dimensional system
of stochastic differential equations. Two types of cutoffs are needed to obtain a finite
dimensional system. A finite volume (periodic) cutoff gives a discrete structure to mode
space, and a truncation with a finite number of periodic modes gives a finite dimensional
velocity space.
Thus, together with (1) we consider an auxiliary system

XP=VrXMt), XP=um. (3)

From the Markov assumption governing the time correlations of the random velocity
statistics, each Fourier mode in the random velocity field V™ (z,t) is represented by an
Ornstein-Uhlenbeck process. Thus (3) can be also viewed as a system of stochastic dif-
ferential equations

dX[ =YX, a=1,2, (4)
=1
dY;n’i = QdeW; - sz;in’ldt ) = 1’ ey TV (5)

where v; are periodic with common period p, and Ytn’i are independent Ornstein-Uhlenbeck
processes. The Markov process (X}, Y/") is ergodic on T?) x R". However, it appears to be
impossible to prove directly sufficient mixing properties, which would allow one to apply
the functional Central Limit Theorem to (X[, Y}").

Instead we use the harmonic coordinates method [17, 7] to approximate the process
E(M]" M)

57 can be

X" by a stochastic integral M;"". The mean square expectation

n,a yn,b
calculated explicitly, and its limit as ¢t — oo is equal to lim;_, % The harmonic

coordinates u® + x, ,a = 1,2 are defined by the solutions u® of hypoelliptic equations
M(u® 4+ x,) =0

on T2 x R", where M is the infinitesimal generator of the system (4),(5). The existence
and uniqueness of solutions to this PDE is one of the main technical results of [13].
Hormander’s hypoellipticity principle [9] applied to the differential operator and its adjoint
is a key element in the proof of existence and regularity. The effective diffusivity can be
then expressed in terms of the harmonic coordinates.

In the present paper we obtain a priori estimates for the operator M which are uniform
in the number of modes n in the spectrum of the velocity field. These estimates allow us
to perform the removal of the cutoffs and prove the existence of the effective diffusivity
for the field V' (z,1).

In Section 2 of this paper we introduce assumptions on the random field V' (z,¢) and
formulate the theorems on existence of effective diffusivity and on its asymptotic expansion
in the case of short time correlations.



In Section 3 we describe the discretization of the spectrum of the velocity field. We
state the theorem that for finite fixed time the mean square displacement of a particle
in the field V"(z,t) tends to the mean square displacement in the field V(x,t) as the
discretization gets finer, that is as n — oo. The proof of this theorem, being of purely
technical nature, is given in the end of the paper in Section 8.

In Section 4 we relate the diffusivity in the field V" (x, t) to the solution of a hypoelliptic
PDE. This PDE couples the infinitesimal generator of the Ornstein-Uhlenbeck process,
in each of the mode variables, to the transport operator vV u in physical space.

Section 5 contains the proof of the main technical result, namely a priori estimates for
the hypoelliptic PDE, which are uniform in the number of modes in the spectrum of the
velocity field.

Section 6 is devoted to the full asymptotic expansion of the solution of the hypoelliptic
PDE. First we construct the series which satisfies the equation at a formal level. Then
we use the estimates obtained in Section 5 to show that this series is the true asymptotic
series for the solution. The asymptotic expansion for the solution of the hypoelliptic PDE
provides in turn the asymptotic expansion for the effective diffusivity of the field V" (x, t).
We then justify the removal of the cut-offs in the expansion in order to get the asymptotics
of the effective diffusivity in the field V(z,1).

In Section 7 we calculate explicitly the first two terms of the expansion for the effective
diffusivity.

2 Definitions, Assumptions, and Results

Let F(z,t) = E(H(x,t)H(0,0)) be the correlation function of a zero mean Gaussian field,
which is stationary in x and ¢ and Markov in time.
We shall consider the motion of a particle in the random vector field

V(x,t) = ViH(x,t), v € R*,

with the stream function H, where Vi = (9,,, —0,,). Let G* = E (V“(x, t)Ve(o, O)) be
the correlation matrix of the field V'(z,t). Note that

G" = —(V;)"(Vy)'F . (6)
Let H. be the field given by the formula
H.(x,1) = —=H(z, ) @
(r,t) = —H(x,-) .
NG £

Then H, has the same stationarity and Markov properties as H. We shall also consider
the motion of a particle in the random field V.(z,t) = VX H.(x,t) ,2 € R?. The meaning
of assumption (7) is that as ¢ — 0 the stream function H. becomes short time correlated.
The multiplicative factor % in front of H ensures that the main term of effective diffusivity
is of order one as € — 0.



The properties of H (z, t) listed above imply a particular form for the correlation F'(z,t)
and the spectral measure F(k,t) = (2r) 2 [ e ** F(z,t)dx of H. Recall that since F is
a positive definite function Fis a positive measure, which is finite on bounded sets in
k-space.

Here we follow [16]. By stationarity, Gaussian and Markov properties there exists a
function K (¢, x) such that for ¢y < t; <t

E[H(z,t)|o(H(- ), s < to)] = [K(t1 —to) * H(o)](z) ,
where the symbol * denotes convolution in the space variables. From the Markov property
F(-yto —tg) = K(ty — t1) x K(t1 — to) x F'(-,0) = K (ty — to) * F(+,0) .
A Fourier transform in the space variables shows that
F(k,ty —to) = K (to — t1, k) K (t — to, k) F(k,0) = K (ts — to, k) F(k,0) .

Thus

~ ~

F(k,t) = exp(=[t[Q2(k)) F(k,0) , (8)

and also "

FL(k,t) = = exp(==Q(k)) P (k,0) .

Necessarily Q(k) > 0 on suppF(k,0) ([13]). We shall assume that Q(k) > C' > 0 in
order to exclude the time independent modes.

The classical solution of the equation of motion (1) exists whenever the function V' (z, t)
on the RHS is continuous in (z, ) and Lipschitz continuous in z uniformly on any compact.
This will hold for almost every realization of the random vector field V' (z, t) under certain
smoothness conditions on its correlation function (we are allowed to take a modification
of the random field V(z,t)). It is preferable to deal with the correlation F(x,t) of the
stream function. Thus we introduce the following assumptions:

Assumption A H(z,t) is a zero mean Gaussian field, stationary in x and ¢ and Markov
in time.

Assumption B For the measure F(k,0) and the function Q(k) determined by (8):
span{suppF(k,0)} = R? , and 9)

/(1 + |k E(dE, 0) < 0o (10)

for some § > 0. Moreover, Q(k) > C' > 0; Q(k) is Lipschitz continuous uniformly on any
compact, and grows not faster than some power of |k| as k — oo.

It will be shown that under the above assumptions there exists a modification of the
vector field V'(z,t), such that the solutions to equation (1) exist for all ¢ for almost all
realizations of the vector field V(x,t).



Let the initial data xy be a random variable. With ¢ > 0 fixed, X; — X, is the
displacement in time ¢ under the action of the random field V' (z,¢). Since V(z,t) is
stationary, the distribution of the vector X; — X does not depend on the initial data x,
provided that x, is independent of the vector field V' (z, t).

Theorem 2.1 Suppose Assumptions A and B hold. Then the effective diffusivity, which
is defined by (2), exists and is finite.

We denote by D% the effective diffusivity in the vector field V.. In order to prove the
asymptotic expansion of D% through order e™ we need stronger local regularity assump-
tions on the correlation function.

Assumption C,, The Fourier transform of the correlation function F(x,t) satisfies the
condition

/|k|4+4mﬁ(dk,o) <oo.
We can now formulate the theorem on asymptotic expansion of effective diffusivity.

Theorem 2.2 Suppose Assumptions A, B, and C,, hold. Then there exist constant ma-

trices d$, ...,d% such that

D2 =dff +df’s + ... + diPe™ + 0(c™) when £ —0 . (11)

3 Preliminary Considerations

The proofs of Theorems 2.1 and 2.2 are based on approximation of the stream function
H_.(z,t) by the stream functions H(z,t), whose spectral measures F(k,t) are supported
on finite sets in k-space. Let us describe the construction of the field H”(x,t).

Consider the partition of the square S,, = {[k?| < 2™71 a = 1,2} into n = 2™
squares A;, i = 1,...,n of the size Q%n Let k; be the center of A;. We shall use the
following notation: if k = (k', k?), then £+ = (k?, —k'). Let o; be the interior of A;, 3; be
the boundary of A; excluding the corners, and ~; be the set which consists of four corners
of the square A;. Define

0 = Q(k), and o, = ( /deo+/deo /deo)%. (12)

It is important to note that AN, ki, 4, o« B, %i, and o; depend on n. The transition
from F(k,0) to F"(k,0) consists of integrating F(k,0) over each square, and placing
all the mass in the center. The three different integrals enter (12) with their specified
factors because each side belongs to two different squares, and each corner to four different
squares. Define

ﬁ(k,O)zZé(ki)%, and F7(k,t) = exp(—|t|]Q(k))F"(k,0) . (13)



Then H"(z,t) is defined to be the real valued Gaussian random field whose spectral
measure is given by (13). H?(x,t) is defined to be the real valued Gaussian random field
whose spectral measure is given by

Fi(k, t) = éexp(—%ﬁ(k))ﬁ(k,@) .
From (10) it follows that there exists a constant C; > 0, such that for all n
/|k|qﬁ(dk,0)<cl, it 0<q<4+0, (14)
and the integrals converge at infinity uniformly in n. Define the 2 x 2 matrix M with

entries oL N
= Uj(kj )a(kj )

Mab:Z a,b:1,2
e 2Q);
Then for any = € R?
2 n 2
Myzz® = ki x)?. 15
> Mua'a' = 32 5-(h7.2) (15)

a,b=1

From the definition of o; it follows that the RHS of (15) tends to ¢(x) = [ F(ko(i)dk

uniformly on the set {x € R? |z| = 1} as n — oo. By (9) ¢(z) > Cy > 0 on the set
{z € R? |z| = 1}, and therefore there exist constants ng and C3 > 0 such that for n > ny
and any x € R?

2
> Mz > Cslz|* . (16)

a,b=1
Throughout the rest of the paper we shall only consider n > ny.
The Fourier representation of the field H”(x,t) in space variables is

1 : t
H" (2, 1) = %/ezkIZ(dk, ).

For ¢ fixed Z(k,t) is an orthogonal Gaussian measure, which depends on n. Since
suppF”(k,O) {k;}

HM(x,t) Ze”” kz,— , (17)
where z(k;,t) are complex-valued Gauss1an stationary processes. The normalization of
z(k;, t) is fixed by (13) so that

2

E (2(ki, )2(k;,0)) = 5ij% exp(—[t|Q) .

The fact that H(z,t) is a real valued field implies that together with the mode k; = (k/, k?)
the set {k;} also contains (—k;, —k?) with the same o7 and €;. We shall write

(ki i=1,.n} = {ki—k;, i =1,..,n/2} .

7



Therefore we can write (17) as

n/2

H!(z,t) Z o; <A1 ) cos(kiz) + Az( ) sin(k; x)) : (18)

Here Al(t),i = 1,..,n/2; | = 1,2 are independent real-valued stationary Gaussian pro-
cesses and

E (AL(t) AL (0)) = 60w exp(—[tI:) -

This implies that the Al(#) are independent Ornstein-Uhlenbeck processes with correlation
scales €2; and variances 1. We shall write

(vi,i=1,..n}={A, i=1,..,n/2; 1 =1,2}.

Applying V1 to (18) and using the indices i = 1, ..., n again, we see that
VP (2, t) = VIH"(x,t) Z YZ (19)

where the vectors v;(z), ¢ =1, ...,n are of the following form
{vi, i =1,...,n} = {0:V cos kyx, o,V sinkx, i =1,...,n/2} . (20)

Therefore the vector fields v; are divergence free and infinitely smooth. By the definition
of k; the vector fields are periodic with common period p = 2™+,
The fact that

cos x( cosz + ( sin x( ?sing =0, if oq +ay isodd, (21)

(dx) dx) dx) dx)
the particular form (20) of the vector fields v;, and the fact that Q(k;) = Q(—k;) imply

that "
> ﬁvjvmv;? =0. (22)

j=1°%

The equation of motion for the particle in the vector field V*(x,¢) has the form
Xp = VIR, X =ap (23)

As before we assume xj to be independent of the random field V*(x,t). Whenever the
subscript ¢ is omitted from V" we shall imply that ¢ = 1 is being considered.
Provided that the following expectations exist we define the finite time displacement

tensors 1
D) = S B (X0 = Xg") (X7 = X3))

Deb(t) = %E ((xp = X)X} = XD))

where X[', and X, are the solutions of (23) with £ =1, and (1) respectively.
The proof of Theorem 2.1 is based on the following two theorems.

8



Theorem 3.1 Suppose Assumptions A and B hold. Then for arbitrary t > 0 the dis-
placement tensors D™ (t) and D®(t) exist for some modification of the field V (x,t), and
for t fized

lim D™ (t) = D"(t) . (24)

n—o0

Theorem 3.2 Suppose Assumptions A and B hold. Then the following limit
Dn,ab t
lim ®)

t—o00 t ’

a,b=1,2 (25)
exists and 1s uniform in n.

Theorem 3.1 and Theorem 3.2 will be proved in Sections 8 and 4 respectively. Notice that
the limit in (25) is the effective diffusivity for the vector field V"(x,¢). We shall denote
it by D™%. The effective diffusivity for the vector field V*(z,t) will be denoted by D™,

Proof of Theorem 2.1 By Theorem 3.2
Dn,ab t
lim ®)

t—o00 t

— Dn,ab

uniformly in n. By Theorem 3.1

Dn,ab Dab
LD DoY)

Therefore by the theorem on uniform convergence the following limits exist

ab
D = lim D™ (t) = lim D™ .

t—o00 t n—00

This completes the proof of Theorem 2.1.

4  Formulation of the Theorem on the Hypoelliptic
Estimate and the Proof of Theorem 3.2

In this section we reduce the assertion of Theorem 3.2 to a hypoelliptic estimate for a
PDE. The estimate itself is proved in Section 5. Since the same estimate will be used in
the proof of Theorem 2.2 we preserve the e-dependence throughout this section.

By (19), (23) the equation of motion in the vector field V*(x,¢) has the form

dX[" = ZYt’}; X))t , a=1,2, (26)

where the Yt”’i are independent Ornstein-Uhlenbeck processes

VP =\ 20, — QYMdt . i=1,.n . (27)



We rescale the time variable in (26) so that we can consider (26)-(27) as a system
of stochastic differential equations. Thus define X;"* = X*. In the new variables (26)
takes the form

dX] = Ve Vi (XMdt, a=1,2. (28)
=1

The operator
M. =Y Qi (), = vidy,) + Ve Y yivi()V, (29)
i=1 i=1

is the infinitesimal generator of the system (27)-(28). Recall that p is the common period
of the velocity modes defined in Section 3. Let

n

1 ~1/4 y22
n(w,y) = ];i:Hl(QW) / eXP(—Z) :

As initial conditions for the system we take the distribution n?, which is invariant for the
process (X}',Y;”) on T?, x R™. We shall repeatedly use the following elementary integrals

1
/?Ji772dy =0, /yiyj772dy = péij : (30)

Consider the equation
M. (Veu™ +z,) =0 (31)

for a function u™®(z, y) defined on T> x R". The function \/u™ +z, of (31) is the analog
of the harmonic coordinate of [17, 7].

Theorem 4.1 Suppose Assumptions A and B hold. Then equation (31) has a unique
solution in the class of C*° functions which satisfy the relations

S [ [ (@) + @) + () sy < oo, [ [utipdrdy =0
=1

Moreover, there exists a constant C' independent of n,e, such that the solution of (31)
satisfies

// ((u"’“)2 + iQi(ayiu”’“)2> n’drdy < C . (32)

The proof of Theorem 4.1 is given as a consequence of the more general Theorems 5.1
and 5.2 in Section 5 below.
For the proof of Theorem 3.2 we shall need the following simple lemma

Lemma 4.2 Let f"" and g;"* be random variables, which depend on parameters n and
t. Suppose
) b ’b ’b —_—
E((f1+ g )+ i) = ¢ (n) . (33)

10



Suppose there are constants Cy and Csy, which do not depend on n and t, such that
tE(g")? < Cy, and ¢™(n) < Cs . (34)

Then
. n,a rn,b\ _ ab
tligloE( L) = 9" (n)
and the limit is uniform in n.

Proof From (33) with a = b it follows that
E(f"*)* = ¢"(n) — E(¢")* = 2E(f""gi"") . (35)
From (35) and (34) we conclude that there exists a constant C3 such that
E(f"*)?* < Cs for all n and t>1. (36)

From (33)

B(FI2 ) = 6%(n) =~ E(gig) = E(fge) = E(fMgi®) . (37)

By the Schwartz inequality, (34), and (36) the RHS of (37) tends to zero uniformly in n
as t — oo. This completes the proof of Lemma 4.2.

Proof of Theorem 3.2 We are here using the result of Theorem 4.1. Since \/eu™* + z,
is smooth we can apply Ito’s formula to (\/zu™* + z,)(X}",Y*). By (27) and (28) we
obtain

t
(VAU 2 (XPT) = (VEum + o) (X575 + [ Mo(VEu™ + a0 (X2, 1)) ds +

0

" t
V2 [0, (VEum 4 0 (X2, Y)W (39)
i=1 0
Since M. (y/eu™® + x,) = 0 the expression above can be rewritten as

n t
(VAU + 1) (X, Y7) = (VEur 4 2a) (X5, Y9) = V22 32 v/ [ ,um (X0, )W
i=1 o
(39)
Similarly

n t
(VE ) (X7, V) = (VEu 4+ ) (X3, Y7) = v/2e Y 4/ [ 0y, (Xp, Y dw

i=1 0

(40)

11



Since the measure 7? is invariant for the process ()?t”, Y;™), the expectation of the product
of the right sides of (39) and (40) is equal to

2eZQ/Eau (X7, Y0, u™ (X", Y)|ds =

2et Y // (8y,u™) (9, u"")nPdxdy,
=R
which is finite by Theorem 4.1. Thus multiplying (39) by (40), dividing both sides by 2t«,
and taking expectations of both sides of the resulting equality we obtain

1 v n,a n,a n,a/vn n n,a/vn n
5 EIXT" = X0 4 e (X7, Y)) = Veum (X3, V7))

(ﬁ“yyﬂ@W@XWw@Wﬁﬁmb

Z Q; // U dady (41)

- T2 xR"

Set s s s s
ma X=X e uM(XR YY) = (XL YY)

t - /—2t6 y Gt - \/2_t
¢ (n) ZQ // (0, u™) (0, u™ ) dxdy .

, and

With this choice of f/", ¢;"* and ¢“b(nlequation (41) takes the form (33). Since the
measure 7? is invariant for the process (X, Y;?)

B (X7 V7)) = Bl (X3, ¥3)) // W wdedy, - (42)

which does not depend on ¢. By Theorem 4.1 the RHS of (42) is bounded uniformly in n.
Therefore tFE(g;"*)?> < Cy. From Theorem 4.1 it also follows that ¢**(n) < Cy. Therefore
we can apply Lemma 4.2 to conclude that the limit

Yma  ynay/ynb  ynb
i 8 () ) = L P (OO ND)

t—o00 te

1 E Xn,a - Xn,a Xn,b - Xn,b n
5 tle (( t 0 t)( t 0 )) :Z Qz // (ayiun,a) (8ylu"’b)772dxdy
=R

exists uniformly in n. Put £ = 1 to obtain the statement of Theorem 3.2.

12



Corollary 4.3 Suppose Assumptions A and B hold. Then the effective diffusivity D™
is expressed in terms of the solution u™® of equation (31) by the formula

D?’ab :Z Qi // (ayiu”’“)(ayiu”’b)Udedy : (43)
=1 2 n

We make a change of variables so that M, becomes the sum of a formally self adjoint
operator in the y variables (a simple harmonic oscillator) and a formally antisymmetric
operator in the x variables. Thus let

Unaw = "1, (44)

and rename the unknown function by u™* again. Then equation (31) becomes

n 1 n "
Z Q; ( N Z + 2) utHVE Yy Vaeu™t = = 3y (m)n(y) - (45)
i=1 i=1

Note that the first term on the LHS of (45) is the simple harmonic oscillator and 7(y) is its
eigenfunction with zero eigenvalue. We transform (43) by the above change of variables.

Corollary 4.4 ([13]) Suppose Assumptions A and B hold. Then the effective diffusivity
D™ s expressed in terms of the solution u™® of equation (45) by the formula

1 n
D™ — 3 Z // u™ ! + u™tv®ymdrdy

5 The Hypoelliptic Estimate

Let us introduce notation needed for the statement of Theorem 5.1. S* is the space of
functions on ']I‘?) x R™ which are infinitely smooth, orthogonal to 7, and decay faster than
any polynomial together with all their derivatives. That is f € S* if

//f z,y)n(y)dedy =0, and sup Q(y)Pi(Dy,)P2(D,)f < oo

T,y

for any polynomials P, P, and Q. Ly is the completion of S* in EQ(TZ x R"). Clearly
Ly @ {const - n(y)} = L2(T> x R") .

|| - || is the usual norm of L5(T, x R"). H* is the completion of S* in the harmonic
oscillator inner product

(f ) Z_Zn: Q// (0y.£)(Dy.9) + v fg + fg) dudy .

13



HY(T2), L2(T2), H'(T2), and H?*(T>) are the usual Sobolev spaces of scalar or vector
valued functions on the torus.

Write

2

1 n
Lu Z Qi ( u — —u—i— 2u) , Au =) ywi(r)Veu, M. =L+ A
i=1

Here M, is the transform by (44) of the expression (29), with change of notation to the
new variables.
For the proof of the next theorem we refer the reader to [13].

Theorem 5.1 ([13]) Suppose Assumptions A and B hold, and f € L5. Then the equa-
tion

Mau=f. (46)

has a unique weak solution u € HE. There is a constant C(n,€), such that
lull3e < Cn, )| fI] - (47)

Moreover, if f € C*°, then u € C* also.

Theorem 5.1 proves existence, uniqueness, and regularity for equation (45), and con-
sequently for equation (31). However the estimate (47) does not imply (32) since the
constant in the RHS of (47) depends on n and . The following theorem provides the
estimate of the £, norm of the solution, which is uniform in n and . This estimate will
allow us to prove (32).

Theorem 5.2 Suppose Assumptions A and B hold, and f € S* satisfies
" 1
/fndy =0 forall x, and Z/ﬁvjvzfyjndy =0 forall x. (48)
=1 j

Then there exists a constant C', which does not depend on n or ¢, such that the solution
u of (46), given by Theorem 5.1 satisfies

lull < CIIf] - (49)

Proof We represent v € H* uniquely as a sum of two functions which are orthogonal in
Ly(Ry) for all z, that is

where [ ug(z)dz = 0, and [w(z,y)n(y)dy = 0 as an element of L5(T2). To prove (49) it

is sufficient to estimate |[w|| and [[uol| , T separately.
2L2p

Consider M, as an (unbounded) operator from H*' to £; with domain S*. We need
the following lemma, for the proof of which we refer the reader to [13]
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Lemma 5.3 ([13]) Under the assumptions of Theorem 5.1, the closure of M.S* coin-
cides with Ly .

By Lemma 5.3 there exists a sequence u* € S*, such that
Mau* = f* = f in L;. (51)
Then {f*} is a Cauchy sequence in Ly, and by (47)
b —u in HE . (52)

Let

ub = w* +u’§77

" =g"+ fon
as in (50). Note that by (51), (52), and since [ fndy =0
wh = w in W ulg — up in EQ(T?)) :
g = f inH; ff—0 inEQ(TZ).

The equation M.u* = f* can be written as

Lw* 4+ /e Auf(z)n(y) + VeAw" = g* + fin . (53)

In order to estimate the norms of w* and uf we first derive three integral and differential
relations satisfied by w* and uf. In order to do so we multiply (53) successively by 7,
wk, and y;n and integrate in y. We could not perform this integration with w and u,
replacing w* and u% in (53), since w may not belong to S*, and thus the integral over y
may not converge. Then we let & — oo in order to obtain three corresponding relations
on w and wug. The first two of these are used to bound w, while the third gives the bound
on ug.
Multiplying (53) by 7 and integrating in y yields

/an’“dy+ \/E/AU'S(fv)n2(y)dy+ \/E/Aw'“n(y)dy = /g’“ndy+/fé“n2dy . (54)

The RHS of (54) is equal to I%fé“(x). Note that also [nLw*dy = [w*Lndy = 0 since
Ln =0, and [ Auf(z)n*(y)dy = 0 since [ yn*(y)dy = 0. Thus our first relation has the
form

k _i k(o
Ve [ Awtndy = 5 fi(a) (55)

Multiplying (53) by w* and integrating in y, we obtain

/kawkdy+ \/E/kaulg(x)n(y)dy+ \/E/kawkdy = /gkwkdy—i- /fé“(x)nwkdy :
(56)
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Note that
n 1 n
/kawkdx = Zyi/wkvi(x)vmwkdx =3 Zyi/div(vi(wk)Q)dx =0,
i—1 i—1

and thus the last term of the LHS of (56) vanishes after integration over x. The second
term on the RHS of (56) vanishes since [nwFdy = 0. By (55), since A* = —A

\/_//kaug y)dxdy = \/_// F AwFn(y dxdy_——/fo Yul (z)dx .

Therefore, by (56), we obtain our second relation,

1
//kawkdxdy = //gkwkdxdy+P/fé“(x)ug(x)dx . (57)
Multiplying (53) by y;n and integrating in y, we obtain
/yjan'“dy+ \/E/AU’Syjn2dy + \/E/Aw’“ymdy = /g’“ymdy : (58)

The first term on the LHS is equal to [w*L(y;n)dy = Q; [w*y;ndy. Recall that A =
i y;iv; V. We evaluate
=1

n 1
/ Z viVIU’S(x)yz-yjHZdy = P’Ujvmug(x)
i=1

with only the ¢ = j term contributing. By carrying the first and the third terms from the
left to the right side of (58), we have the identity

Vev;Vaub(z) = p2(/ g ymdy — Qj/wkyjndy - \/E/yjAw’“ndy) : (59)

Applying the operator Qijvjv to both sides of (59), taking the sum i, and dividing by
i=1
V£, we obtain due to (22)

2
1
Z D Y W, = (60)

2 n
P 1
= Q—vjV(/ gFymdy — Q; /w'“ymdy —~ \/E/yjAw’“ndy) -
\/Ej:1 j

Formulas (55), (57) and (60) are the desired relations on w* and uf.
In order to obtain the integral relations of the type (55) and (57) for the limits w and

up, we consider k — oo in those formulas. In (55) the LHS tends to /z % v; Vg [ wyndy
i=1
in #*(T?2), while the RHS tends to zero in % (T>) since f§ — 0. We conclude that

ZviV/wymdy =0. (61)
i—1
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From (57) we conclude that

//wLwdxdy://fwdxdy. (62)

Formulas (61) and (62) are the first two relations for w. Using (62), we bound [|w||.
By the elementary properties of the simple harmonic oscillator there exists a constant
C; > 0, such that for w € H+

Jw|]* < —C’l//wLwdxdy :
By Schwartz inequality we conclude from (62) that
[lwl] < Csl|f]] - (63)

Next we estimate ug. We start by deriving our third relation, an elliptic equation which

2 n
up satisfies. In (60) the LHS tends in H™%(T2) to ¥ o —v8vbug,, ,, as k — oo. The
ab=1j=1

first term on the RHS tends in 7—[‘2(11’12,) to ”7 Zi: QL V([ fyjndy). The latter quantity
vanishes by the assumptions of the theorem. B

The second term on the RHS of (60) tends in %~%(T>) to \”/—25 il v;V ['wy;ndy, which
is equal to zero by (61).

The last term on the RHS of (60) tends in H~%(T>) to p* Z —v] V(i V([ yiyjwndy)).

’]_
Thus (60) yields

Z Z—v V0z,a, = P Z Q—v] (v / yiyjwndy)) . (64)

abl]l t,j=1""J

For the following lemma it is important to note that T?) is a torus (a compact manifold),
but not a square with a boundary.

Lemma 5.4 Suppose u € LQ(T;), f e H*2(T§), and [ udx = 0. Let ¢ be a constant,
T?

p
and My, a constant matriz, such that for any r € R?

2
S Myata® > cl|z]]* .
a,b=1
Then there exists a constant ci, which depends only on c, such that the equality
2
Z Mg, (x) = f  on T;
a,b=1

implies the estimate



Proof In the case when p = 1 the statement of the lemma is a standard a priori estimate
from general elliptic theory ([10]). If p # 1, then the change of variables

(r) = ulpr) , flx)=p*f(pr), v€T.

reduces the statement of the lemma to the case when p = 1. This completes the proof of
Lemma 5.4.
Note that by (20)
n 1 n 2 kj_ a kJ_ b
Sgu =Y # , (66)
j=1 ] ji=1
and thus by (16) we can apply the result of Lemma 5.4 to (64). We need to estimate the
H=2(T2) norm of the RHS of (64).

Since v; is divergence free the RHS of (64) can be written as

p? Z Q_UJ (div(v /yly]wndy))
i,j=1""J

We have the following inequality

1S oVt [ syl e < G Y

ij=1"%J 1,j=1

sSup,, |U]| sup, |v;|
Q;

I [ vigonayll,,,

(67)
By (20) sup, |v;| = oi|k;|. Using the Schwartz inequality and the fact that the §2; are
uniformly bounded from below, we estimate the RHS of (67) as follows

n

Sup,, |U]|Supa;|vl|||/
> yiywndyl| ey <
Q=1 QJ ’
C n
(32 otk (51 pusgmody| e )2 (68)
i,j=1 i,j=1

By (14) the factor > o7 |ki|*07|k;]? is bounded uniformly in n. To estimate the second
i,7=1
factor on the RHS of (68) we note that

/pyz-yjnwdy = /p(yiyj — 0;5)nwdy

since [wndy = 0. The functions p(y;y; — d;;)n form an orthogonal system in Lo(R"™).
Moreover,

Therefore
Z II/pyzyandyll T —/ Z /p yiy; — 0i)wndy)*dz < 2//w2d:rdy < Ce||fI* -
1,j=1 1,j=1

(69)
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The last inequality in (69) is due to (63).

From the chain of inequalities (67) - (69) we conclude that the H~*(T7) norm of the
RHS of (64) is estimated from above by C7pl||f||. In the view of (66) and (16) we can
apply Lemma 5.4 to equation (64) and obtain

ol g, < Call £l

Therefore
Juon|] < Col| f]]. (70)

Combining (70) with (63) we obtain (49), which completes the proof of Theorem 5.2.
Corollary 5.5 Theorem 4.1 is a consequence of Theorems 5.1 and 5.2.

Proof With the change of variables (44) equation (31) takes the form (45). The existence
and uniqueness result of Theorem 4.1 follows immediately from Theorem 5.1 applied to
equation (45).

We transform the LHS of (32) by the change of variables (44) ([13]). Thus the LHS
of (32) is equal to

// ((un’a)2+ Z u™ av“ym) dxdy | (71)
T>xR" =

where u"™ is the solution of equation (45).
We estimate the norm of the RHS of (45) as follows

||Zyzv n||* = // Zylv n)2dxdy = 22/ dm<Zsup §20?|ki|2§01.
i=1

(72)
The last inequality in (72) is due to (14). From (72) and Schwartz inequality it follows
that the expression in (71) is estimated from above by

Cy // (u™)dxdy .
TR

To complete the proof of Theorem 4.1 it remains to apply Theorem 5.2 to equation
n

(45). In order to do that we need to show that f = Y y;v¢n satisfies (48). The first part,
i=1

[ fndy = 0, is trivial since [y;n*dy = 0. To show that i I Qijvjvmfyjndy = (0 we write
j=1

1 n
Z/ a, —v;Vfyndy = Z /Q v;Voviyymidy = —Z V5 =0 (73)

1,j=1 p_

The second equality in (73) is due to (30), and the last one is due to (22). This completes
the proof of Corollary 5.5.
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6 Effective Diffusivity in Vector Fields with Short
Time Correlation

This section is devoted to the proof of Theorem 2.2.
Let P be the space of functions on T?) x R" which have the form

u(w,y) = p(z,y)n(y) ,

where p(x,y) is a polynomial in y whose coefficients are infinitely smooth functions of z.
Let Pt be the subspace of P of functions which satisfy

/u(x,y)n(y)dy =0 forallux.

We shall say that u(x,y) is an odd (even) function if u € P and the corresponding
polynomial p(z,y) contains only odd (even) powers of y. The next lemma follows from
the general properties of the simple harmonic oscillator [8].

Lemma 6.1 Suppose that f(x,y) € P+. Then the equation
Lu=f
has a unique solution w € P+. If f is an odd (even) function, then u is also odd (even,).

In the next theorem we state the asymptotic expansion for the solution of equation
(45), which in turn provides the asymptotics for the effective diffusivity D™ by Corollary
4.4.

Theorem 6.2 Suppose Assumptions A, B, and C,, hold. Let u™® be the solution of
equation (45) given by Theorem 5.1. Then there exist functions uy*(z,y) € H* with
k=0,1,....2m, and constants c(k) independent of n and e, such that

k41

™ — (e + eFul® + .+ 3 )| < e(k)e" T . (74)

Moreover, uy;," is an odd function and uy,, is an even function for all k < 2m.

o0
Let us substitute the series sgu;”a formally into the equation M.u = f. Equating
k=0

the terms with the same powers of £, we obtain
Lug® = f, (75)

Lup?, = —Aup® . (76)

By Lemma 6.1 in order for the solutions of (75), (76) to exist in P+ it is enough to show
that the right sides are in P*. Unfortunately, the fact that u € P+ does not guarantee
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that —Au € P+. We use the particular form of the vector fields v; to describe the
subspaces of P+ appropriate for solving (75), (76). By staying within these subspaces we
verify —Au,® € PL. Then we use (75), (76) as an inductive definition of the sequence
p"). k

From (75), (76) it follows that wy = u™* — (ug™® + ... + e2u,’") satisfies

k+1

Mowy, = —e72 Aup® . (77)

We then estimate the RHS of (77) uniformly in n and employ Theorem 5.2 to obtain the
desired estimate of w;. These arguments will be made rigorous below.

Let us introduce notation needed for the proof of Theorem 6.2. To simplify the notation
we consider ¢ = 1 and drop the superscripts on the function u and the terms of the
asymptotic expansion. Recall that the set {v;, i = 1,...,n} can be written as follows:

{v;, i =1,...n} = {o;VTcoskyx, 0,V sinkx , i =1,...,n/2} . (78)

On the set {i = 1,...,n} we introduce a reflection operation which interchanges sin and
cos terms of the same wave length as follows: if v; = 0;V* cos k;x, then 7 is the index for
which vy = 0;V*sin k;z. Similarly, if v; = 0;V*sin k;z, then vy = 0;V+ cos k;z. Recall
that

o; = Oy and QZ = Qil . (79)

In what follows the constants c(iy, ..., i) are assumed to be invariant under this reflec-
tion operation:

Ci1y ey iy ey i) = C(ity ey ipynnyig) forany 1 <1<k . (80)

We next describe the subspaces R* of P+ appropriate for solving (75), (76). R* will
be defined as a linear space of functions of (n, z,y). Note that we include the dependence
on n in the definition of the space R¥F. Thus we shall be solving (75), (76) for all n
simultaneously. First we define the set of functions which span R*.

We shall say that a function u(n;z,y) belongs to T* if for some ¢ and s, such that
t+2s=k

n

u = Z Uikv("'v(vizvvill)"')yirl"'yirt(silliml"'5ilsimscn(i17"‘7ik)77 s (81)

01yt =1

where (71, ...,74, 11, ..., L5, My, ..., my) is some permutation of (1,...,k), the constants
Cn (i1, ..., ig) satisfy (80) and
len| < e, (82)

with a constant ¢ which may depend on u, but does not depend on n. Note that 7% is
not a linear space since it is a set theoretic union over choices ¢, s, and the permutations,
and thus is not closed under addition.
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We shall say that a function wu(n,z,y) belongs to R if u = u; + ... + ug, where
U, ..., uqg € TF. Thus R¥ = span{T*}. Note that the number d of functions of 7% which
comprise an element of R* can not depend on n, since n is already an argument in each
of the functions u, uy, ..., ug. An element of R¥ can combine terms of the form (81) with
different ¢ and s. If k is even, then all elements of R* are even, if k is odd, then all
elements of R¥ are odd.

We prove several lemmas which are needed for the proof of Theorem 6.2. Lemmas 6.3,
6.4, and 6.5 imply that (75), (76) can be used as an inductive definition for the sequence
up®. Lemma 6.6 provides the estimate of the RHS of (77), which is uniform in n.

Lemma 6.3 Suppose Assumptions A and B hold. If u € RF, then Au € R, and
Z Qijijjvxu € Rk+1.
7=1

Proof The statement follows from the fact that the same is true when R* and RFt! are
replaced by 7% and 7T#+1,

Lemma 6.4 Suppose Assumptions A and B hold. If u € R, then v € P+.

Proof Without loss of generality we can consider v € T* given by formula (81). If k is
odd, then u is an odd function and [undy = 0, that is v € P+. Assuming now that & is
even, [undy is equal to a sum of the terms, each of which has the following form:

n

- Z 1Uikv("'v(viQVUill)"')5i11im1"'6ilk/2imk/2cn(i1? ...,ik) 5 (83)
B yennsbly=
where (i, ..., lj2, m1, ..., my)2) is a permutation of (1, ..., k).
From (21) we derive the following: if D" and Dg? are (tensor valued) homogeneous
partial differential operators of orders a;; and as respectively, then

D(lll’lji X DSQUZ' + D(lll’ljil X DSQ'UZ-/ =0, (84)
provided a; +ay is odd. Here product ® denotes either a tensor product, or a convolution
in one or more indices. From (84) we conclude that

n
> Dt @ DS2uie(i) =0, (85)

1=1

if oy + ay is odd and ¢(i) = ¢(i').
Distributing the derivatives in the expression v;, V(...V(v;,Vv} )...) we see that (83) is
equal to a sum of the terms, each of which has the form

Z D;:kl)ik_ ®..R D‘f‘lvil(silliml "'5ilk/2imk—/2 Cn(ila ceny Zk) . (86)

01y nyip=1
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k

Note that >~ a; = k — 1 is odd. Therefore there exist [, and m, such that a;, + oy, is
i=1

odd. By (85)

n
[£773 a1 ,,. L. . ) ) ; ; —
Z Di*vi, @ ... ® D" i, 0y i, ---5zzpzmp---5zzk/22mk/20n(lla i) =0

ilp 7imp:1

Therefore, the expression in (86) is equal to zero. Therefore, the expression in (83) is
equal to zero. This completes the proof of Lemma 6.4.
Lemmas 6.1 and 6.4 imply that if u € R¥, then the equation

Lw=u (87)
has the unique solution w € P+.

Lemma 6.5 Suppose Assumptions A and B hold. If u € R¥, then the solution w of (87)
belongs to RF.

Proof Without loss of generality we may consider u € T* given by formula (81). The
proof will be by induction with step 2 on the number ¢ of the y-factors in (81). Thus we
introduce the following induction hypothesis:

(H;) If w € T* is given by (81) and ¢ = j, then the solution w of (87) belongs to RF.

If t =j =0, then u has the form u = ug(z)n. Since, by Lemma 6.4, [undy = 0 for all
x, we conclude that v = 0, and therefore w = 0. Thus Hj holds.

Ift=7=1, then

n

u = Z vikv("'v(vlévvill)"‘)yirl(silliml"‘6ilsimscn(i17"‘7ik)77 5

01y nyip=1

where (r1,ly,...,ls,mq, ..., mg) is a permutation of (1, ..., k). Since L(Sy;#n) = —¥;, 1, the
lrl
solution of (87) is
1 yi?‘l
w = — E ’U%V(V(’UZQVU“))Q

i1yeesip=1 iry

illiml "'5ilsims Cn(Zl, ey Zk)T] s

which belongs to 7% since €); are positive and uniformly bounded away from zero. Thus
H, holds.

Assume a value of j for which Hj; holds for any j' < j. We shall verify that H,,
holds. Let u € T* be given by (81) with ¢ = j + 2. Define

n

wo=— > 0, V(.. V(0;,V))...) Yiry -+ Yy

+..+Q

(Q . )5illim1"‘6ilsimscn(i17""ik)n .
ipy ipy
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Since €2; are positive and uniformly bounded away from zero w, belongs to 7. Let
uy = u — Lwy. Then uy € R¥ and it can be represented as a sum of elements of 7%, each
of which has the form (81) with ¢ < j. Since

L(w — wy) = ug ,

and Hj holds for any j' < j, we conclude that w —wy € R¥, and therefore w € R*. Thus
Hj.5 holds. This completes the proof of Lemma 6.5.

Lemma 6.6 Suppose Assumptions A, B, and C, hold. Then for any function u(n;z,y) €
R*™+2 the Ly norms ||u(n;z,y)|| are bounded uniformly in n.

Proof Without loss of generality we can consider u € 722 given by formula (81) with
k = 2m+ 2. We square both sides of (81) and integrate the resulting equality in = and y.
On the RHS we can perform the integration in y explicitly. Note that

1
/?Ju1 - Yir, Yig, ---yiqt772dy = E Z 6ia1ia2---5ia2t71ia2t )

where o' = (ay, ..., ag) is a permutation of (rq,...,7, q1, ..., q), and Y is the sum over the
g-l

set of all such permutations. Note that the number of such permutations depends only
on t, but not on n.

Thus, using (82), we see that [|u|* is estimated from above by a sum of terms, the
number of terms being independent of n, each of which has the following form

@ / i |'Ui4m+4V("'V('Ui2m+4vv1 ))

p2 12m+3
T2 11 5eeesidm44=1
p

Vigmsa V(. V (v, V0] )...)8 |dx < (88)

Uty T g0 thom g2
n

clo)ysup > |Uz~4m+4V(...V(Ui2m+4vvilzm+3)...)

T - N
ZI"-"Z4m+4:1

Vigmsa V(. V(v5, V1] )...)8

by by "'6il2m+2 kg | ’
where o = (1, ..., lom2, k1, ..., kamy2) is @ permutation of (1,...,4m + 4).

Distributing the derivatives in the RHS of (88) we see that it can be estimated from
above by a sum of the terms, the number of terms being independent of n, each of which
has the following form

n
X4m+-4 a1
clo)sup Y | Dl Viggrs ® oo @ DY 03, 63 gy -0

1 :---7i4m+4:1

(89)

Uomi2 kami2
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Note that max; o; < 2m + 1. For an arbitrary tensor 7" let |T'| be the supremum of its
component’s absolute values. Then

sup |D® cos(k;x)| = sup | D sin(k;z)| < e(D)|k;|* .

Thus due to the particular form (78) of the vector fields v; the expression (89) is estimated
from above by a constant independent of n times the product of 2m —|— 2 factors, each of

which has the form Z o2|k;|9 with ¢ < 4m + 4. Each of the factors .Z o?|k;|? is bounded

uniformly in n by assumpt1on Cpn- Therefore the absolute value of the expression in (89) is
bounded uniformly in n. Thus the RHS of (88) is bounded uniformly in 7. This completes
the proof of Lemma 6.6.

Proof of Theorem 6.2 The right side of (75) belongs to R'. From Lemmas 6.3, 6.4 and
6.5 it follows that (75), (76) can be used as the inductive definition of the sequence {uy}.
Moreover, u;, € RFT!. Thus us, is an odd function and wug,; is an even function for all k.

Since uy, € RF*! the function Auy belongs to R*¥+2. Thus, by Lemma 6.6 the norm of
the RHS of (77) is estimated as follows

k41 +1

| =& Au[| < Ci(k)e

By lemmas 6.3 and 6.4 the RHS of (77) satisfies (48). Therefore we can employ Theo-
rem 5.2 to conclude that ||wy|| < Cy(k)e™> . Thus (74) is proved. This completes the
proof of Theorem 6.2.

We next employ Theorem 6.2 and Corollary 4.4 to obtain the asymptotic expansion for
D™ While the asymptotic expansion for the solution of equation (45) is in the powers
of 6%, only the terms with integer powers of £ contribute to the asymptotic expansion
of D™®. The fractional powers in ¢ vanish because the integrals in y of the odd terms
vanish.

Theorem 6.7 Suppose Assumptions A, B, and C,, hold. Then the effective diffusivity
D™ has the asymptotic expansion

D™ — d(;’“b + d?’“be o dB"E™ 4 ™G (e, m) , where (90)

A = Z / / (uni o} + gy, vf)yindady
and lim,_,o ¢" (¢, m) = 0 uniformly in n.

Proof As in the proof of Theorem 6.2 we consider the case a = b = 1. By Corollary 4.4

2m n
D?’H = ng Z//u};vilymdxdy+
k=0  i=1
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//[u” — (ug + 5%1/1‘ + oo Ml Nojymdady . (91)
Note that || i viyn|| < Cy by (72). By Theorem 6.2
i=1

[Ju” = (uf +2uf + o ™u,)|| < Co(m)s"2

therefore the last term on the RHS of (91) does not exceed Cs(m)e™*s.

It remains to show that the terms with non integer powers of € vanish. By Theorem 6.2
the integrand in the first term on the RHS of (91) is a product of n times an odd function
if k£ is odd, and therefore the integral is equal to zero. This completes the proof of
Theorem 6.7.

Proof of Theorem 2.2 We introduce the induction hypothesis:
(It) The limit d2 = lim,_,. dj"* exists.

From the proof of Theorem 2.1 it follows that lim,,_, Dg’“b = ng. By Theorem 6.7
lim,_,o D™% = dg’“b uniformly in n. Therefore by the theorem on uniform convergence
the following limits exist
d?® = lim d* = lim D% .
n—00 e—=0
Thus I holds. Assume a value of k, k < m, for which I holds. We shall verify that I,
holds. Consider

" 3 =L (e
k (na 6) = k+1
9
By Ik b b b k jab
Db — dob — gdsb — | — gkqe
€ 0 1 k

: ab _
i 457 (n, £) = ]

By Theorem 6.7 lim. o9 (n,c) = dj>*t uniformly in n. Therefore by the theorem on
uniform convergence the following limits exist

(92)

ab ab ab k jab
ab ) n.,ab . D® —dy’ —ed{’ — ... —"d},
d = lim d = lim .
k+1 n—oo k+1 e—0 6k+1

Therefore I;yq holds for all £ < m. From (92) with £ = m — 1 we obtain (11). This
completes the proof of Theorem 2.2.

7 Explicit Calculations

Now we calculate explicitly the first two terms of the expansion (11) in terms of the
correlation matrix G of the velocity field.

26



Theorem 7.1 Suppose Assumptions A, B, and C; hold. Then the effective diffusivity
D has the asymptotic expansion

ab ab 7 ab Im
D = /G Otdt+slm210/t/t/a 5 G (2,0 G (0, t)dtdhadts o) - (93)

Proof Solving (75) we obtain

n
n,a ]' a
up’ :Z yiﬁnvi (z) .
i=1 i

From (76) with £ = 0 and k& = 1 we obtain consecutively

n,a __ 1 TP . a

1,7=1

vz 2,3727,:::1 (€ + 8y +Q:)(Q Q) viy;uknuiV(v; Vg ) + (94)
zgl i QQI« (i +Q; + QSZ;(QJ + Q) yrnuiV (v;Vog) +
Zél MQ% (E Qg:;(Qj FNORION yinu;V (v;Vop) +
ZJzzzl 5]kﬂ% (2 +Q; + ngl)c(Qj Q) yinuiV (v;Vog)

Using Theorem 6.7 together with the expression for ug™ we see that the first coefficient
(with £°) in the expansion (90) is equal to

n -2
b — / /yl (v22? + o2 oy dady =3 % / vinbda . (95)
i=1 °%

The coefficient at the first power of ¢ is equal to

dn“b——Z//u2v + viub)yindzdy .

Using (94) and (85) this is seen to be equal to

n -2
— p—/(UVUq)(v-Vv(.’)dx : (96)
2 @y | VO
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Using (78) and (79) we evaluate the integrals in (95) and (96). Thus we obtain

1 & 02
dn ab - _z b
0 2 1:2; QZ )
g — 1 zn: i) (kiki") (kik;) (ki) (k)"
' z] 1 Q2(Q + Q ) ’ ’

The expression (8) for the Fourier transform of the correlation function F(z,t) and the
relation (6) imply that
d® = lim dp™ / G (0, )dt

n—)oo
0

ab n,ab ab Im
&5 = lim d}" %jl(]/t/t/a—m%c: 2, 10) | moGU™ (0, 1) dt diodlts
3 U2

Therefore (93) is valid. This completes the proof of Theorem 7.1.

8 Proof of Theorem 3.1

In order to prove Theorem 3.1 we need a number of results from [11, 3, 1].

First we show that the RHS of (1) is smooth enough for some modification of the field
V(z,t), so that we can solve (1) for almost every realization of V. In Lemmas 8.1, 8.5, and
Corollary 8.2 we state the general results on the regularity and on the behavior at infinity
of a typical realization of a Gaussian field, whose correlation function is sufficiently regular.
It follows from Lemma 8.6 that our vector field V'(z) indeed satisfies the assumptions of
Corollary 8.2 and Lemma 8.5, and thus we can solve (1) for almost every realization of
V.

Note that the Gaussian fields V™ (x) are defined in Section 3 through their correlation
matrices, and the underlining probability space for V™ may be different from the one for
V. The argument which proves the convergence of the displacement tensors (24) is based
Skorohod Theorem, which allows us to realize the random fields V' and V™ on the same
probability space.

Let f(z,t) be a scalar, vector, or tensor valued function on R®. Let K C R® be a
compact set, and let @ > 0. We shall say that f(z,t) € H*(K) if there exist positive
constants C7 and Cy such that for (x,t1), (z2,12) € K

|f(l‘1,t1) — f(SQ,t2)| S Cl|(1‘1 - l‘g,tl — t2)|a whenever |(IL’1 — l‘g,tl - t2)| S CQ .
We shall say that f(z,t) € H* if f(z,t) € H*(K) for every compact set K.

Lemma 8.1 ([11]) Let ¢ be a Gaussian stationary random field (possibly vector or matriz
valued), whose correlation tensor belongs to H*. Then there is a modification of ¢, whose
almost every realization belongs to H**~¢ for every e > 0.
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Corollary 8.2 Let g?(x,t) be the correlation matriz of a Gaussian stationary vector field
v(x,t). Suppose that for every partial differential operator D, of order not greater than
two with constant coefficients the following holds

D g% (z,t) € H® .

Then there exists a modification of v, such that almost every realization of the vector field
belongs to HY/*>¢ together with the first order partial derivatives in x.

For a compact set K C R® we define C(K) to be the set of all continuous R? valued
functions on K. C(K) is endowed with the usual Borel o-algebra. It is assumed that
0 € K. We state several lemmas, which will be used in the proof of Theorem 3.1. Lemmas
8.3 and 8.4 are contained in Chapter 2 of Billingsley’s book [1], while Lemma 8.5 follows
from Lemma 4.5 and Proposition 2.5 of Collela and Lanford [3].

Lemma 8.3 ([1]) Let v"(x,t) and v(xz,t) be continuous random fields on a compact set
K c R3. If finite dimensional distributions of v converge weakly to those of v and if the
sequence v™ is tight on C(K), then v™ converge weakly to v as measures on C(K).

Lemma 8.4 ([1]) The sequence v™ is tight on C(K) if and only if these two conditions
hold

(a) For each positive n, there exists an a such that
P{v" : |v"(0,0)| >a} <n, n>1. (97)
(b) For each positive £ and n, there exist a 0, with 0 < § < 1, and an integer ng such that

P{Un : sup |Un(l‘1,t1) - Un(x27t2)| > 6} < n, n > ng . (98)

‘(mlfo,tl 7t2)‘<5

Lemma 8.5 ([3/) Suppose that v(x,t) is a Gaussian stationary random vector field on
R?x’t) with continuous realizations, such that its correlation matriz g*®(x,t) is continuous.

Suppose there exist constants Cy,Cy, a0 > 0 such that

(a) |9*(0,0)] < C:

(b) 19°(z,t) — g(0,0)] < Cl(w, B for |(,8)| <% .

Then for every Ty, v > 0 there exist constants ki and ko, which depend only on C1, Cs, o, Tg
and v such that

t
P{v: sup o, )l >k} <e forall e<1. (99)

x> Vk1;t<To 1/10g |SL‘|

Moreover, for every compact set K C R and for each positive € and n there exists a §,
which depends only on C1,Cy, a, K, e and n such that

P{v: sup [v(z1,t1) —v(x2, t2)| 2 €} <.

‘(mlfo,tl 7t2)‘<5
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We next show that the vector field V(z,t) satisfies the assumptions of Corollary 8.2,
and V" (x,t) satisfy the assumptions of Lemmas 8.4 and 8.5. Note that due to (19) almost
all the realizations of V™ (z, t) belong to H* together with the first order partial derivatives
in x for some o > 0. Let G™%(x,t) = E (V"’“(x,t)V”’b(O, O)) be the correlation matrix
of the vector field V" (x,t).

Lemma 8.6 Suppose Assumptions A and B hold. Then

(a) The correlation matriz G®(z,t) of the vector field V (x,t) satisfies the assumptions of
Corollary 8.2 with some o > 0.

(b) For every compact set K the vector fields V" (x,t) satisfy the assumptions of

Lemma 8.4.

(¢) The correlation matrices G* and G™® satisfy the assumptions of Lemma 8.5 with
C1,Cy and « independent of n.

(d) For every compact set K G™® — G® uniformly on K.

Proof Note the following
e 11IUR) _ o=l <1 12Q (k) for all ty,ty,k, and 0 < a <1 . (100)

|etkrr _ eikT2| < 9lp — 25|*k® | for all @y, 29, k, and 0 < a < 1. (101)

We shall use (100) and (101) without reference. Note that if D, is of order not greater
than two, then

DGz, 1) = / p(k)e19E) ihz B g 0) |

where p(k) is a polynomial of degree not greater than four. Thus,

|D,G"(z1,t) — D,G®(25,1)| = |/Qo(k)e’mg(”“)(e“”1 — ) B (dk, 0)] <

2las — zal’ [ Ip(k)le 12O k| F(dk, 0) (102)
The integral on the RHS of (102) converges by Assumption B, and thus
|DxGab(l‘1, t) - DxGab(fL’Q,t” S Cl|fL’1 - .'L’2|6 . (103)

Similarly

|D,G"(z,t,) — D,G®(x,1,)| = |/p(k)(e"t1m(k) — e 1190 etk B () 0)] <

|41 —t2|”/ [p(K)|((k)) F (dk, 0) . (104)

For v small enough the integral on the RHS of (104) converges by Assumption B, and
thus
|DIGab(ZL’,t1) — DIGab(l', t2)| S 02|t1 — t2|7 . (105)
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By (103) and (105)
|D,G% (w1, t1) — DeG® (29, 15)| < es|(w1,t1) — (22, 5)|* with o = min{ds,v} . (106)

Therefore the function D,G® belongs to H® with constants C; and C, independent of
the compact set K. This completes the proof of part (a) of Lemma 8.6.

The arguments leading to (106) can be applied to G™® instead of G®. The only
difference is that for G™ one needs to use (14) instead of (10). Thus

|G™ (21, 11) — G™ (39, t5)| < eal(z1, 1) — (29, 82)|" (107)

where ¢, does not depend on n. Recall that
Gty 1) = [ e 1RO () () (dk, 0)
Therefore, by (14)
60,00 < [ (k) (64! [F7 (dk,0) < cs (108)

where ¢5 does not depend on n. The assumptions of Lemma 8.5 are satisfied by (107) and
(108). This completes the proof of part (c¢) of Lemma 8.6.

The relation (97) for the fields V™ follows from (108) by Chebyshev inequality. The
relation (98) is a consequence of Lemma 8.5 applied to V™. This completes the proof of
part (b) of Lemma 8.6. It remains to prove part (d).

Let a compact K C R? be given. We also fix a compact set

My = {|k*| < N,a=1,2} C R?

in Fourier space. Recall from Section 3 that «;, f; and 7; are the interior, the sides and
the corners of the square A;, respectively. We introduce the following notation, for any
function ¢(k) and measure p

/¢ u(dh) /@ +§Z¢wmwm+§/mMMM

Then,

G, 1) = Gz, < | Y / e M) (L) (k)b (B (dk, 0) — F7(dk, 0)) |+

{Zk EMN}

/ e~ 20 (LYo (kY eike | B(dk, 0) + / |~ 1120 (LY (kL) bet* | Fr(dk, 0) . (109)

k¢ My k¢ My
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By (10) and (14) the last two terms on the RHS of (109) can be made arbitrarily small
uniformly in n,t and x by selecting N large enough. In order to estimate the first term
we write

|/Ai,eItQ(k)(kL)a(kL)beikI(ﬁ(dka 0) — F(dk,0))| =

! . ~
[, (71190 — em900) (o ik F(dk, 0)+ (110)
AV;

0.2

/ eItk (k- Lye (o Lybeike (B(dk, 0) — ?l (ki)dk)| <
A;

() [ I(OF) = k) () () 1Pk, 0)+
supd|(k)° (K™ = (k2 (1)} [ Pk, 0)

kel;

Since Q(k) is Lipschitz continuous on My the RHS of (110) is estimated from above by
! A~
(K, NI [ (1 1) () F(dk,0)

where |A;] is the length of the diagonal of A;. Thus the first term on the RHS of (109) is
estimated from above by

s(K, N) max | A / (14 (k1) (k")) F(dk,0) . (111)

Due to (10), since max; |A;| tends to zero as n — oo, the quantity in (111) tends to zero
as n — oo. Therefore

lim sup |G”’ab(x,t) - Gab(fﬂ,t” =0.
=00 (g t)EK

This completes the proof of Lemma 8.6.

Proof of Theorem 3.1 Without loss of generality we may consider Xg = X' = 0. Let
t = Tp be fixed. By Lemma 8.5 there exist constants k1 > 1 and k, such that (99) holds
for v =V and v =V, for every n. Let R. = 2e~1ke?™ and K. = {|z| < R.} x [0, Ty).

The finite dimensional distributions of V" converge weakly to those of V', since V"
and V" are Gaussian, and the correlation functions converge pointwise (Lemma 8.6, part
(d)). By Lemma 8.4 the sequence V™ is tight on C'(K.), and therefore, by Lemma 8.3 V"
converges weakly to V' on C(K.). By Skorohod Theorem ([4]) there exist vector fields W
and W_, which induce the same measures on C(K.) as V" and V', and which are defined
on the same probability space Q. with W — W, in C(K.) for almost all w € Q.. By
Corollary 8.2 the realizations of the vector fields W and W, belong to H*(K.) together
with their first order partial derivatives in z. We do not need to take the modifications
since we know a priori that almost all the realizations belong to C'(K.).
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Define Y; ; and Y, to be the solutions of the equations

Ye,s = WE(YE,S) 3) aYE,O =0. (112)

€,8?

Since (99) holds for v = W,, on a subset of (2. of measure not less than 1 — ¢ the norm of
Y. s is estimated as follows

|Y;5,S|§y873§T0 OHQ(;)/'L(QS)Z]-_S,

where y; is the solution of the equation

. _1
Ys = k2\/10gys yYo =€ 4kl .

Clearly
R,
sup ys < — ,
s<Tp 2
and therefore R
sup |V 4| < — . (114)
s<Tp 2

This shows that for w € Q2 equation (112) can be solved for 0 < s < Tj, and that
RZ
P{sup |V.,* > =2} <e. (115)
s<Tp 4

Since Y; n, and X7, have the same distributions when they are restricted to the events
{sup,<q, [Vzs| < Z=} and {sup, .z, |X,| < Z=} respectively, we conclude from (115) that

RZ

P{sup | X, > -5} <e. (116)
s<Tp 4

Therefore |X7,|? is integrable. Since (99) holds for v = W we can repeat the arguments

leading to (116) to conclude that

R2
Plsup | X2 > 22} <& |
s<Tp 4
which shows that | X7, |* are uniformly integrable.
Since Xy = X = 0, in order to complete the proof of Theorem 3.1 we need to show
that the difference
E(X{X[") — B(X{X}) (117)

tends to zero as n — oo. Let an arbitrary v > 0 be given. Since | X7 |* and |X7|* are
uniformly integrable, we can select ¢ > 0 such that for every measurable set A, with
P(A) < 2¢,

EIXT, Pxa <75 BlXp[’xa <. (118)
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We next show that sup,.q, [Y, — Y 5| tends to zero almost surely on Q. By (112) and
(113)

V2 - Vo S V2~ Yool sup [DWala, o)+ sup [Wila,s') — W2(a,s)] , (119)
(

£,8
z,s")EK. (z,s")EK:

n
whenever supy ., |Yy

| < R.. Since the second term on the RHS of (119) tends to zero as
n — 00, and sup,q, [V, < Z= on QF by (114), we conclude that sup, ., |Y%] < R- on
QY for n > n(w), and sup .y [Y — Yz ;| — 0 almost surely on Q2. Therefore there exists

a set QF C Q2 with (Q}) > 1 — 2¢, such that

sup [V, =Y.,/ = 0 uniformly on Q] .
SSTO

Since for each n the variables Y, — Y. ; and X — X have the same distributions when
restricted to the events {sup . [Y|, |[Yes| < R} and {sup,q, | X7, |X,| < R.} respec-
tively, and since the constant + in (118) was arbitrary, we conclude that (117) tends to
zero as n — oo. This completes the proof of Theorem 3.1.
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