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Abstract

We study p-indivisibility of the central values L(1, E;) of quadratic twists Eg of a semi-stable
elliptic curve F of conductor N. A consideration of the conjecture of Birch and Swinnerton-Dyer
shows that the set of quadratic discriminants d splits naturally into several families Fg, indexed
by subsets S of the primes dividing N. Let s = gedgeq, L(1, Eg)™8, where L(1,E4)™® denotes
the algebraic part of the central L-value L(1, E;). Our main theorem relates the p-adic valuations
of 0g as S varies. As a consequence we present an application to a refined version of a question
of Kolyvagin. Finally we explain an intriguing (albeit speculative) relation between Waldspurger
packets on SLy and congruences of modular forms of integral and half-integral weight. In this
context, we formulate a conjecture on congruences of half-integral weight forms and explain its
relevance to the problem of p-indivisibility of L-values of quadratic twists.

1. INTRODUCTION

Let E be a semi-stable elliptic curve of (square-free) conductor N. Let d be a quadratic funda-
mental discriminant and consider twists E; of E by d. The central L-values L(1, E;) have received
much attention in the literature. It is known, for instance, that infinitely many of these are non-
vanishing, even if we restrict attention to quadratic fields satisfying specific splitting conditions at
a finite set of (finite) primes. Much less is known about the mod p properties of (the algebraic
part of ) these L-values. For instance, for a fixed prime p, it is not known if there is even a single
quadratic discriminant d such that L(1, F;)*# is non-vanishing mod p.

The starting point for all work on these L-values so far is a result of Waldspurger that identifies
them as squares of coefficients of modular forms of half-integral weight. One then exploits the simple
idea that if a modular form has at least one nonvanishing coefficient, it must have infinitely many
such; and in the case of half-integral weights, that one can even find, under suitable conditions,
infinitely many square classes of nonvanishing coefficients. This idea can be made to work mod p
along with suitable additional input, and in this way one may also obtain estimates on the density
of d such that L(1, Ed)ang is nonvanishing mod p, provided that one knows the existence of a single
d with this property. The reader is referred to the articles [7] and [5] for quantitative results in this
direction.

Our approach to this problem is different in two respects. Firstly, instead of using directly
Waldspurger’s result (which is really about ratios of Fourier coefficients), we build on Waldspurger’s
work by studying in detail the p-integrality of the theta correspondence for the dual pair (éng, PB*)
where B is an indefinite quaternion algebra over Q. (The reader is referred to the forthcoming
articles [9], [10] on these issues.) Secondly, we exploit crucially the structure of the Waldspurger
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packet on SE corresponding to the automorphic representation 7 of PGLy associated to E, as is
explained below.

The arithmetic of the values L(1, Ey) is conjecturally explained by the conjecture of Birch and
Swinnerton-Dyer (BSD). A consideration of the factors appearing in the BSD conjecture shows
that the set of quadratic discriminants d splits up naturally into several families Fg, indexed by
subsets S of the primes dividing N. The reader is referred to the theorem stated below for the
definition of Fg; for the moment we will just say that a given quadratic discriminant d lies in Fg if
it satisfies a prescribed set of splitting conditions at the primes dividing the conductor N. The key
observation of this article is that these families Fg correspond in a very precise way to the different
representations in the Waldspurger packet. Let us denote for the moment by the symbol 7g the
representation of SLo associated to S. Then the set of L-values {L(1, Ey),d € Fs} occurs as the
set of squares of Fourier coefficients of a modular form hg in 7g. Having made this observation,
one can apply the results of [9], [10] to compare the p-adic valuations of the forms hg as S varies.
In particular we get the following theorem (Thm. 2.2 in the text).

Theorem. Assume that N is odd and p{ N := Hq‘N q(q?—1). Let ¢, be the order of the component
group of the Neron model of E at q and wy = %1 the sign of the Atkin-Lehner involution at q. Let
Y be the set of primes dividing N and for S any subset of ¥ set

SFS—{d; <Z> = —wqy forq e S, (;l) ;E—wqforqEE\S}

and Fg = {d € Fg,d = 1 mod 4}. Define cs := [[ cg¢q 05 = gedgeqy L(1,Eq)™8 and 0% =
gedgeqr, L(1,Eq)™8. Then for any So C S such that |So| = |S| mod 2,

Up(CS—So) - Up(‘slso) < Up(‘SS) < Up(CS—So) + Up((sfso)

We remark that the two inequalities in the theorem correspond to two instances of integrality
in the theory of the theta correspondence. The inequality on the left corresponds to the theta lift
PB* — SLg, while that on the right (which is conjecturally an equality) comes from studying the
lift in the opposite direction.

As explained in the text (see Corollaries 2.3, 2.4), the theorem has applications to a refined version
of a question of Kolyvagin on p-indivisibility of |III1,| (where I1I; denotes the Tate-Shafarevich group
of the twist Fy) via the exact version of BSD for elliptic curves of rank 0. It is expected that ongoing
work of Skinner and Urban combined with previous results of Kato ([3]) will establish this exact
version for primes p of good ordinary reduction in the near future. Also, the author certainly
expects that the terms (5%0 in 1 can be replaced by dg,. The only obstacle to doing so is that one
needs to rework some of the computations in [9] and [10] with less restrictive assumptions at the
prime 2.

The curious reader may have noticed the condition |Sg| = |S| mod 2 in the theorem and won-
dered if it could be removed. The main obstacle here is that one does not yet have results analogous
to those of [9], [10] for the dual pair (SLg, PB*) with B a definite quaternion algebra over Q. This
is in a sense surprising since one would expect the definite case to be simpler than the indefinite
case. The precise obstacle to working out the definite case is explained in Sec. 5.1. We isolate
from this discussion a certain conjecture (Conj. 5.1) about Petersson norms of half-integral weight
forms. The conjecture is explained in Sec. 5.2, as is the following consequence.
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Proposition. Suppose that Conj. 5.1 is true, that E,p are as above, and p is not a congruence
prime for E. i.e. p does not divide the degree of the modular parametrization ¢ : Xo(N) — E.
Then for each S, there exists d € Fg such that p{ L(1, E4)™9.

Finally, the last section also contains a rather speculative discussion of consequences of Conj.
5.1 for congruences of modular forms of half-integral weight and their relation to congruences of
modular forms of integral weight, as well as some heuristic justification for why the conjecture
might be true.

Acknowledgements: The author would like to thank Chris Skinner for useful discussions and the
anonymous referee for a careful reading of the original manuscript.

2. A REFINED VERSION OF A QUESTION OF KOLYVAGIN

As in the introduction, let E be a semi-stable elliptic curve of odd (square-free) conductor N and
let IIT; denote the Tate-Shafarevich group of the quadratic twist E; for d a fundamental quadratic
discriminant. The following question was apparently first posed by Kolyvagin.

Question A: Let p be a prime number. Is there a quadratic discriminant d such that p { III; ?

In this section, we pose a refined version of this question and reformulate it in terms of L-values.
To motivate the refined version, we begin by considering the form of the conjecture of Birch and
Swinnerton-Dyer (BSD) for E;. This conjecture predicts that if L(1, E4) # 0, then

L(1,Eq) _ [Ty vacq(Ea) - g
QEd ’Td‘Z

where Qp, is a period of the Neron differential w on Ey4, Qp, = fE |w[ c(Eq) = Eq(Qq)/EY(Qy)
and Ty is the order of the torsion subgroup of Ej.

Let ¢, denote the order of the component group of the Neron model of E over Fq. Alsolet p > 3
be a prime and say a ~ b if a and b differ by a p-adic unit. Let wg, (resp. wq(Eq4)) be the sign of
the Atkin-Lehner involution of E (resp. Eg) at g. We begin with the following easy lemma.

Lemma 2.1. Let g be a prime dividing Nd. Then cy(Eq) ~ 1 unless (g) = —wqy in which case
cq(Eq) ~ cq.
Proof: By [12], Cor. 15.2.1, ¢4(E,4) ~ 1 unless E4 has split multiplicative reduction at ¢ i.e. unless

q1dand we(Eq) = —1. But if ¢ { d, it is easy to see that wy(Ey) = (g) wg. Thus ¢y(Ey) ~ 1 unless
<§) = —wq. In this case ¢;(Eq) = —vg(j(Eq)) = —v4(J(E)) = ¢q. O

Now assume further that p is not an Eisenstein prime for F i.e. the Gal(Q/Q) representation on
the p-torsion E[p] is irreducible. The same is true then for E4[p], and hence the torsion subgroup
Ty has order prime to p. In this case, we see that

L(1,E
) ML) T e
Eq
QIN’ % =—Wq
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Let 3% be the set of primes dividing N and S any subset of ¥. Let Fg be the collection of
quadratic discriminants defined by

S'”s:{d; <d> = —w, for g € S, <d> # —wy forqEE\S}
q q

We can now pose the following refined version of Question A:

Question B(S): Is there d € Fg such that L(1, E;) # 0 and p 1 |II,| ?

Let 05 = ged e L(%}fd) and cg = [[ 5 ¢q- Assuming BSD, we see from (1) that Question B(S)

d
is equivalent to

Question C(S): Is g ~ cg ?
A slightly stronger version that we need for technical reasons is
Question C'(8): Is d5 ~ cg 7

For the rest of this article we make the following assumption on p:
Assumption I: pt N = [Ty~ q(g®> — 1)

This assumption implies among other things that p > 3 and that p is not Eisenstein for E. (See
[16] for the computation of the order of the cuspidal divisor class group for Xo(N). It is known
that Eisenstein primes for E must divide the order of this group.)

Theorem 2.2. Suppose Sy C S and |S| = |So| mod 2. Then
Up <CS> — vp(d,) < vp(ds) < vp (CS) + vp(95,)
CSy CSp
or, equivalently,
*Up((sfs*o) - Up(CSo) < Up((SS) - Up(CS) < Up(‘sfs*o) - Up(CSo)
Corollary 2.3. If C'(0) is true, then C(S) is true for all S with |S| even.

Corollary 2.4. Assume the exact form of BSD for curves of rank 0. If there exists d € fffgo such
that L(1, Eq) # 0 and p { I, then for all sets S with Sy C S and |S| = |So| mod 2, there exists
d € Fg such that L(1, Eg) # 0 and p  11,.

The proofs of the theorem and the corollaries will be given in Sec. 4. As remarked before, if p
is a prime of good ordinary reduction for E, the exact form of the BSD up to p-adic units should
follow from ongoing work of Skinner and Urban [15] on the main conjecture for L(1, E4), combined
with earlier work of Kato [3].

3. THE THETA CORRESPONDENCE AND WALDSPURGER PACKETS

The main idea behind the proofs is that the L-values L(1, E;),d € Fg are related to the Fourier
coefficients of a holomorphic modular form of weight 3/2. While such a modular form is not
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determined uniquely, the corresponding automorphic representation of SAfg is determined by S. Let
us denote the representation associated to S by 7g. A key observation, is that roughly speaking,
as S varies, Tg varies over all representations in a certain Waldspurger packet on SLo. (This is
not exactly correct: for the more precise relationship, see the last section of the article.) The
automorphic representations in this packet may be constructed either as theta lifts from PGLy or
as theta lifts from PB* for B a suitable quaternion algebra. The main theorem then results from a
comparison of the integrality properties of these various theta correspondences as B varies. With
this motivation, let us review more precisely some results on the Waldspurger packet and Fourier
coefficients of modular forms of half-integral weight.

3.1. Local theta correspondence. In this section, let B be a non-split quaternion algebra over
Q. Let 7 (resp. 7’) denote an infinite dimensional irreducible admissible unitary representation of
(the Hecke algebra of) PGL2(Q,) (resp. finite dimensional irreducible representation of PB*(Q,)),
and 1 a nontrivial additive character of Q,. Attached to (m,%) (resp. (7',4)) is an irreducible
representation 6(m, 1) (resp. 6(n’,1)) of (the Hecke algebra of) SLa(Q,). A fundamental obser-
vation of Waldspurger is that for fixed choice of additive character, these local theta lifts do not
commute with the Jacquet-Langlands correspondence (PGLy «<» PB*). For any v € QJ, let " be
the additive character defined by 9" (x) = ¥ (vz) and x, the quadratic character associated to the

quadratic extension Q,(1/v)/Qy.

Theorem 3.1. (Waldspurger [20] Prop. 17 and Thm. 2, p. 276-277)

(a) Suppose m is a principal series representation. Then O(m ® x,, V") = 0(m, ).

(b) Suppose that  is either special or supercuspidal if v < oo or that w is discrete series if v = 00.
Let 7 := JL(rw). There exists a nontrivial partition QX /(Q})? = Qu(7) U Qy(7’) such that

(1) veQum) <= 0(r@x,¢") =0(m¢) < 0(r' @ xp,9") = 0(x', )
=m0 1/2) = xo(—De(m, 1/2)
(ii) v eQu(r) &= 0(r@x,,¥") =0(r", ) <= 0(7' @ xu,¥") = 0(m, )
= e(mr @ X, 1/2) = =xu(=1)e(m, 1/2)
In particular, 0(m, ) # 0(7', ).

The local Waldspurger packet attached to (m, 1)) is the set of isomorphism classes of 0(7® x,,, ¢¥")
as v varies over Q)X. We see from the theorem above that this packet has cardinality either 1 or 2
according as we are in case (a) or (b) of the theorem.

3.2. Global theta correspondence. Now suppose 7 is an automorphic representation of PGLa(A),
7’ an automorphic representation of PB} for B a quaternion algebra (split or not) over Q. Let
1 be a nontrivial character of Q \ Ag, and for v € Q*, let ¥ be given by ¢"(z) = ¢(vz). Let
V :={x € B,tr(z) = 0} where tr is the reduced trace, and S(V(A)) = the Schwartz space of V(A).

Let S be the metaplectic twofold cover of SLa(A), Sg the natural image of SL2(Q) in S, and let
Ao denote the space of genuine cuspidal automorphic forms on SLy(Q) \gA that are orthogonal to
the span of one variable theta series. For f € 7/, ¢ € §(V(A)),0 € Sa one defines with a suitable
choice of Haar measure

t(¥, ¢, 0, f) =/

PB\PB

Y rulo9)e(x) f9)dg

A zeV
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where 7y, is the Weil representation.

Theorem 3.2. (Waldspurger, [20] Prop. 20, p. 290 and Prop. 22, p. 295) Let ©(n’, 1) be the span
of t(, @, -, f) as o, f vary over elements of S(V(A)), " respectively. Then ©(n’,1) is an irreducible
automorphic representation of Sa contained in Aoo. It is non-zero precisely when L(%,w’) #0 and
in that case, factorizes as

6(7TI> 7/}) = ®’U9(7T1/]7 %)
where O(ml,1,) denote the local theta lifts from the previous section.

The global Waldspurger packet associated to (, 1)) is defined to be the set of isomorphism classes
of (7 ® xu, ") as v varies over Q*. If ¢ is the number of primes at which 7, is discrete series,
the packet has size 2/=!. (The local packet at each such prime has size 2, but globally to get
an automorphic representation, one needs an additional condition on the product of the central
characters, which cuts the number of possibilities by a factor of 2.) If B is a quaternion algebra
such that 7 admits a Jacquet-Langlands transfer 7’ to B, ©(n’, 1) lies in the packet associated to
7. However, ©(n’, 1) # O(m, ) if B # M3(Q). In fact, keeping the additive character 1 fixed, and
varying B, one gets all representations in the packet, this assignment giving a bijection between
quaternion algebras that admit a JL-transfer of 7 and automorphic representations in the packet.

There is also a theta lift in the other direction. Namely, for an automorphic representation 7 on
S, contained in Ag, and for h € 7, one may define

T(,0,9.h) = > rylo,9)e(x)h(o)do

zeV

/SLQ(Q)\SLz(A)

The vanishing or nonvanishing of this lift is more subtle. One must first deal with the case of
B = M5(Q).

Theorem 3.3. (Waldspurger, [18]) Let B = M3(Q) and let ©(7, 1) denote the span of T (Y, ¢, g, h)
as p, h vary over 8(V(A)), 7 respectively.

(a) O(7,v) is an irreducible automorphic representation of PBy = PGLa(A).

(b) There always ezists v € Q* such that ©(7, ") is non-zero, and for any such v, the represen-
tation ©(,1Y") ® x, is independent of the choice of v.

One sets Sy, (7) = O(7,¢") @ x,, for any choice of v such that ©(7,19") # 0. It turns out that
the Waldspurger packet associated to a representation m on PGLy (and a character ¢)) may also be
described as the pre-image of 7 under the assignment 7 ~ Sy (7).

With this preparation, one can state the condition on nonvanishing for arbitrary B.

Theorem 3.4. (Waldspurger, [20] Prop. 21, p.292) Let B be a quaternion algebra over Q, and let
©p(7,v) denote the span of T(1, v, g, h) as @, h vary over S(V(A)), T respectively. Then O p (7, 1))
is an irreducible automorphic representation of PB . It is nonzero if and only if the following two
conditions are satisfied:

(a) L(3,7) #0 for m:= Sy(7).

(b) For all places v, 7, admits a 1,- Whittaker model exactly when B is split at v.
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3.3. The Shimura correspondence. Henceforth we restrict ourselves to holomorphic forms and

explain the translation from the classical situation. Let k be a positive integer, M a positive

integer divisible by 4 and x a character of conductor dividing M. Denote by S]’g L1 (M, x) the
2

space of modular forms of weight k + 4 on Io(M) with central character x and by Sk+% (M, x) the

subspace consisting of forms that are orthogonal to the span of all one-variable theta series. Let
fo € S5%(x?) be a newform of weight 2k and character x* and level N(fp). Set

Syt (M. x. fo) = {h € Sy, s (M. x) : Tysh = a(fo)h ¥ gt M}

where a4(fo) denotes the gth Hecke eigenvalue of fy. In his famous article [13], Shimura showed
that if h € Sk+% (M, x) is an eigenvector of almost all Hecke operators T2, then h € SkJr% (M, x, fo)
for some (uniquely determined) newform fy. The assignment h ~ fj is called the Shimura corre-
spondence. } N
Let xo = X - X*; and denote by A;H;(M? Xo0) the space of automorphic forms on Sg \ Sy with
2

character o and level M ([19] p. 386.) There is a natural bijection Sl/c+l(M’ X) =~ A;HL(M, X0)
2 2

via which we may think of A as an automorphic form on S@\gA. Henceforth, let ¢ denote the
usual additive character on Ag/Q.

Proposition 3.5. (Waldspurger, [19] Prop. 4) Suppose that h ~> fo under the Shimura corre-
spondence. Let @ denote the automorphic representation of Sg\Sa associated to h and m the
automorphic representation of GLa(A) associated to fo. Then Sy(7) =m0 @ xg '

4. PROOFS OF THE MAIN RESULTS

For simplicity, let us assume that N is odd. Let Sp C ¥ and let v € 3"%0 be such that vp(j:(é’ii”))

is minimal i.e. such that Lgif”) ~ (5’80. Let S C X be another subset containing Sy such that

|S| = |So| mod 2 and 7 = 0 or 1 be such that (|Sp| + 1) mod 2 = 7. Also denote by 7 the
automorphic representation of PGLa(A) corresponding to E.

Lemma 4.1. (a) e(7 ® x,, 3) = (—1)"sign(v) (b) sign(v) = (—1)"

Proof: For part (a) see the proof of [9] Prop. 3.3. As for part (b), since we have assumed
that L(1,E,)® has minimal p-adic valuation among v € F,» certainly L(1,E,) # 0. Hence
(T ® X, 3) # 0 and sign(v) = (—1)". O

Let x be a character of conductor dividing 4N with x(—1) = 1. Set x = x - (%1)1+T
X0 =X " (_—1) Let us assume that x has been chosen to satisfy the following conditions:

and

(a) x is unramified at the primes in ¥\ S.
(b) xq(—1) = x0,¢(—=1) = —1 for ¢ € S. In particular, x is ramified at all such primes.

Since x(—1) = 1, we must have x5(—1) = (=1)I° = (=1)"*7. Hence x2(—1) = 1 and x is
unramified at 2.
Let B be the indefinite quaternion algebra ramified exactly at the primes in S\ Sy and V

the subspace of B consisting of elements with reduced trace 0. Denote by 7’ the automorphic
representations of PBY which is the Jacquet-Langlands transfer of w. Let f (resp. fy, resp. g,
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resp. gy ) be newforms in 7, (resp. T ® x, resp. 7', resp. 7’ ® x), normalized to be p-adic units with
respect to the integral structure provided by the integral models of the relevant Shimura curves.

Let s = g, ® ((x 'x») oNm) € 7' ® x,, and consider the theta lift h' := (s, ¢, '/ ") to SL, where
¢ € 84(V(A)). Then for a suitable choice of ¢ one has the following results proved in the articles
[9], [10]:

L. W' € S3/9(To(M), x)) where M =lcm(4, NN). (see [9] Prop. 3.4).

2. Let & be a fundamental discriminant, { = (—1)7p. Then ajg,(h') = 0 unless sign(§p) =
sign(v),& =0 or 1 mod 4 and & € Fg. In that case (see the main theorem of [10])

(9,9)
(f, 1)

Note that the theorem stated above involves the ratio (g, gy)/(fy, fx), but one can check that this
differs from (g, g)/(f, f) by a p-adic unit because of our assumption that p N. (Indeed, by a mild
generalization of the results of [8], one has for pt IV,

<fX7fX> ~ Nalg alg <f7f>

T® Xeo) -

) ag(W)P ~ 72/ LG m @ 30) - L,

where K runs over imaginary quadratic fields that are Heegner for f, n (resp. n') runs over Hecke
characters of K of weight 2 that are unramified (resp. of the form 1.y ™! oNmy /@ for ) unramified. )

3. The relation (2) implies that b’ € S;/?(FO(M),X), the Kohnen subspace (see [9], Prop. 2.3.)
This subspace is one dimensional, and generated by a modular form h whose Fourier coefficients
are algebraic integers. By Waldspurger’s theorem, a¢(h)? (and not just its absolute value) is

proportional to \/[¢ |L(%, T ® Xg,)- Since the algebraic parts of these L-values € Q, we can pick h
such that at least one of its coefficients is a p-unit (i.e. a unit at all primes above p.) With such a
choice of h, we have

h' ~a-us(g)-h

where « is p-integral and wus (with 6 = %) is a suitable fundamental period associated to g, well
defined up to a p-adic unit. In our setting, § = + according as |S| is even or odd. (see [9], Cor.
4.7)

4. Let ¢ = 0(h, p,9"/I") be the theta lift of h to PBJ. Then ¢’ = s for a p-adic integer 5. (see
[9], Cor. 5.3)

5. We have the following fundamental formula: (see [9], Thm. 6.1)

Q w2 m @ ) ~ afus()

Note now that by Faltings’ isogeny theorem and our assumption that p is not Eisenstein, us(g) ~
us(f) ~ 7w~ 1d|"/?Qp,. Further the discussion in [8] Sec. 2.2.1 (see also [1] for a discussion of the
Manin constant), along with the main results of [11] and [17], shows that

{(f:f)  es

) 0.9 "~ o5
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Thm 2.2 can now be deduced easily using the facts mentioned above. Firstly, using that us(g) ~
ugs(g) ~ us(f), we see from (2) that

) VLT o x) | VI ® xe)
(5) laeI™ g ) rus(f) Tus ()

o (1N WIL(3, ™ ® x) ; [0l L(3, 7 @ Xg,)
- p<<979>> = p( mus(f) >+ p( mus(f) )

V& € Fs
(f. 1) ,
= Up <<g’g>> < Up((SSo) + UP((SS)
(©) = () < ulh) + o)

Now, picking £ such that ag¢(h) is a p-unit, we see from (5) that

0,(65) = v, < \@L(é,mxgo))

mus(f)

for such a £ and hence

_ Ccs
@ tp(0) = 1y(85,) + 13009~ o, ()
0
Next, from (3), we find that
2
v|'?L(3, 7 @ x0) a7
~ ad
( Tus(f) 7
Hence, using that § is a p-integer, we have
(8) 2”}?(5{90) = Up(a@) + Up(ﬁ@) > Up(ad)
whence from (7)
c
) o (£2) 2 (89 - (85,
S,

Finally, combining (6) and (9) we get

cs Cs
Up (C) - Up(‘slso) < Up(‘SS) < () + ”p((si%)
SO CSO

which is the statement of Thm. 2.2. Note that the inequality on the left uses the integrality of
« while that on the right uses the integrality of 3, the latter being substantially harder than the

former.

Proofs of Corollaries 2.3, 2.4: Apply the theorem with Sy = ®. Then cg, = 1. Further if
C'(0) is true, then &g ~ 1. Thus v,(ds) = vp(cs), so that C(S) is true. This proves Cor. 2.3.
Now, if there exists d € J such that L(1, Eq) # 0 and p { IIl;, then g ~ cg,. By the theorem,
vp(ds) < vp(es/esy) +vp(d5,) = vp(cs). On the other hand, assuming BSD, v,(ds) > v,(cs) so that
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vp(8s) = vp(cs). Thus C(S) is true and there exists d € Fg with L(1, Ey) # 0 and L(1, E4)%9 ~ cg.
Assuming the exact form of BSD for E4, we get that |I1I4| ~ 1, which proves Cor. 2.4. O

5. A CONJECTURE ON CONGRUENCES OF HALF-INTEGRAL WEIGHT FORMS AND SOME
CONSEQUENCES

5.1. Motivation: theta lifts to definite quaternion algebras. Let B be a definite quaternion
algebra over Q such that f admits a Jacquet-Langlands transfer to B. Thus we may write N =
NTN~, for N~ = disc(B) is a product of an odd number of primes, and we set g = JL(f). Since
[ has weight 2, we may think of g as a function on B* \ By /UBZ for a suitable open compact
U C Bgf. Further, we may normalize g so that all its values lie in Z and at least one of its values
is a p-unit.

Since this section is mainly of a motivational nature, we shall be slightly less precise in what
follows. Let us fix some character 1)y, a Schwartz function ¢ and consider the theta lift H' := 6(g)
to Sy. We may pick 1, ¢ such that H’ is a holomorphic eigenform of weight 3/2. Suppose that
H' = aH for some p-adically normalized form H. Now consider the theta lift in the reverse
direction. By suitably adjusting ¢, one can arrange that ¢’ := 6*(H) = [3'g for some scalar 3'. Let
us assume that 3 € R to simplify the discussion. By see-saw duality,

(aH,H) = (g,8'g)

Now, the Fourier coefficients of H' are linear combinations with (algebraic) integer coefficients of
integrals of g on certain tori in B*, hence can be shown to be Q-rational and even p-integral. Thus
a € Q and is a p-integer. Since (g,g) € Q, we see that (H, H)/3# € Q. Since the transcendental
part of (H, H) is 7~ 'u_(f) by a theorem of Shimura [14], we find that 3'/7~lu_(f) is algebraic.
Let us then write 8’ = B7~!u_(f). A general principle in such a situation is that one expects 3 to
be a p-integer. Indeed, this is more or less the statement needed to prove the analogs of the results
in Sections 2 and 4 if |Sp| # |S| mod 2. Now one would hope to be able to show that 3 is a p-
integer using the following integrality criterion which follows quite easily from the equidistribution
theorem (Thm. 10) of [6].

Integrality criterion: Let K*/Q* — PB* be a torus corresponding to a Heegner embedding
of an imaginary quadratic field K and n a finite order character of K. For any multiple g of g,
define

Ly@ = [ ) @

for a Haar measure on d*z on K, normalized such that vol(U,) = 1 for finite v and vol((R*)* \
KX) = 1. Then g is p-integral if and only if for sufficiently many K with p t hg, L, (g) is a
p-integer for all n that are unramified.

To compute L,y (¢') in our case, let 1 be a finite order character of K, such that n(n?)~! =/
and such that 7’ ’@g = 1. Also let u = 77\@1?. Then by an application of see-saw duality, one gets
roughly

Ly (g') = (H,0(n)0(1))
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where

977 — Z n(a>e27riNuz
a
eu — Z M(n)e%rin?z

are modular forms of weight 1 and 1/2 respectively. Thus, showing that 3 is integral is equivalent
to showing that

L, 0(n)0(u))
u—(f)
is a p-integer. If one is optimistic, one would even hope that the expression
H
_(H,G)
u—(f)

is p-integral as long as GG is p-integral and one has suitable control over the level of G. This
motivates the conjecture stated in the next section.

5.2. A conjecture on Petersson inner products of half-integral weight forms and con-

gruences of modular forms.

Conjecture 5.1. Suppose h € S, 1(M,x, fo) is a newform and h' € S, 1(M,x). Let p be a
2 2

prime such that p > 2k,p{ M and p is not Eisenstein for fy. Assume that h,h' are Q-rational and
p-integral (i.e. integral at all primes above p), and further that h is a p-unit. Then the ratio

. (h,h')
mig(x) 7o)

18 a p-integer.

Notes: 1. g(x) is the Gauss sum attached to x. It does not play a role in p-integrality issues since
we have assumed that p{ N and ¢, | N. There are various definitions of newforms in the literature
for modular forms of half-integral weight. We have in mind Kohnen’s definition ([4].)

2. By a theorem of Shimura, the above ratio is algebraic and lies in the field generated by the
Fourier coefficients of h,h'. Unfortunately, the author does not know how to translate Shimura’s
proof of rationality to the p-adic setting.

3. A standard principle shows that Conj. 5.1 is equivalent to saying that the ratio §; :=
g(x)m(h,h)/u_(fo) is a p-integer and is divisible by all congruences satisfied by the form h. It
is known that the Petersson inner product for integral weight forms has the following property:
w(f, f) = 0pusr(f)u—(f) where é is a p-integer that ”counts” congruences satisfied by f. The
conjecture above thus suggests that congruences of half-integral weight forms may be measured
similarly by the ratio of the Petersson inner product to a canonical period.

4. As explained in the previous section, the truth of Conj. 5.1 should imply the main results of
this article even in the case |Sp| # |S| mod 2.

Let us now explain the relation of Conj. 5.1 to the problem of p-indivisibility of quadratic twists
of E. Recall that f is the GLy form corresponding to the elliptic curve FE.
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Proposition 5.2. Suppose that Conjecture 5.1 holds and that p{dy. Then for each S, there exists
d € Fs such that L(1,E3)%9 is a p-unit.

Proof: By Thm. 10.1 of [2], one has

aeMP  JE72LE. £ © xeo)
(h.h) w(f. )

for &g € Fg. Thus

m(fof) EVPL(3, f ®xg) wih,h)
w4 (f)u—(f) mugs(f) u_s(f)
In the notation of Prop. 3.5, Sy (7) = mo ® Xal =T®x)® x&l =7T® (_—l)T Recall that fj is

the newform in 7 ® x, and xoo(—1) = (—1)'7, u_(fo) ~ u_s(f). If we now pick £ such that ae(h)
is a unit at all primes above p, we get

jag(h)[?

df ~dg - 0p ie  vp(0s) + vp(dn) = vp(dy)
Now the truth of the conjecture (for the special case h' = h) would imply that v,(d5) > 0. If also
P16y, then vy(dg) = 0, as required. O

The proof above tells us more, namely it gives us the following equality
(10) vp(0s) + vp(0n) = vp(dy)

which, of course, holds independently of the conjecture.

5.3. Arithmetic of the Waldspurger packet: some speculations. The author asks for the
reader’s indulgence in the speculation that follows. Recall that question C(S) asks if dg ~ cg =
11 qes Cq- 1t this were indeed true, we would have

Oy
quS Cq

Here is how one might make sense of this last equation. d; counts all congruences satisfied by the
form f. The term ¢, is known to count level-lowering congruences at g, i.e. congruences between f
and forms of level dividing IV that are old at g. Thus &5/ [],cg5 ¢, counts all congruences satisfied
by f except that it leaves out level-lowering congruences at S. Now, if §;, were to count congruences
satisfied by h, as the conjecture suggests, we have the following consequence: the form h basically
enjoys the same congruences satisfied by its Shimura lift f except perhaps for certain level-lowering
congruences, and which level-lowering congruences are left out depends exactly on the automorphic
representation in the Waldspurger packet that A belongs to.

Note that if ¢ is the number of primes dividing IV, there are 2! choices of subsets S and roughly
speaking, these correspond exactly to the 2! representations in the Waldspurger packet associated
to f. More precisely, since Sy(7) = ™ ® (%1)7, the automorphic representation associated to h

(11) S ~

lies in the packet Wy . associated to f @ (ll)T As 7 = 0 or 1, by varying S, one gets half the
representations in Wy o and half the representations of Wy ;. This is to be expected since the other
half in each case consists of representations that are antiholomorphic discrete series at infinity, while
we have chosen to work with holomorphic forms h. However if h € © € Wy, we have here Wi
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and conversely. Thus if we allow ourselves both holomorphic and antiholomorphic forms h, we can
always restrict ourselves to a fixed packet.

We end by giving some heuristic evidence for the picture described above. Clearly if h = hg
mod p for some other eigenform hg, their Shimura lifts must be congruent modulo p. Thus the size
of the congruence module for h should be bounded above by the size of the congruence module for
f. Conversely, suppose f = F' mod p for some other newform F' which is a Shimura lift of a half-
integral form H. In that case, we have a congruence of L-values, L(, Tr®x¢, )¢ = L(%, mr@xe,)™8.
Now the Fourier coefficients of h, H are basically square-roots of these L-values, and one may
imagine that there is a certain coherence in taking the square-roots that preserves congruences,
so that congruences between h and other newforms of level NV are always preserved on the half-
integral side. On the other hand, if F' is an oldform, say coming from a newform of level N/g, the
corresponding half-integral weight form will have more nonvanishing Fourier coefficients in general

since there is no condition now on the quadratic symbol (%). If one wants the congruence to

be preserved, these extra coefficients should be congruent to 0 mod p. One can check in simple
cases from the description of the Fourier coefficients in [19] (and using the fact that F' admits a
level raising congruence at g) that this can only happen if the extra coefficients a¢ are such that
&o satisfies a certain congruence condition at ¢, or what is the same thing, that h corresponds to a
particular representation in the local Waldspurger packet at q.
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