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Abstract: We prove a formula relating the Fourier coefficients of a modular form of half-integral
weight to the special values of L-functions. The form in question is an explicit theta lift from the
multiplicative group of an indefinite quaternion algebra over Q. This formula has applications to
proving the nonvanishing of this lift and to an explicit version of the Rallis inner product formula.
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1. INTRODUCTION

The origins of this article lie in a remarkable proportionality relation discovered by Waldspurger
[12] between the squares of the Fourier coefficients of a half-integral weight modular form h and
special values of L-functions attached to the Shimura lift f of h. Recently, by a different method
(namely Jacquet’s relative trace formula), Baruch and Mao (generalizing results of Kohnen-Zagier
[2], Kohnen [1] etc.) have established in some cases a more precise relation between the squares of
the absolute values of the Fourier coefficients and special values, thus computing the absolute value
of the proportionality constant occurring in Waldspurger’s work.

The aim of this article is to establish yet another formula (see Thm. 1.1 below) for the squares
of the absolute values of Fourier coefficients of a certain explicitly constructed half-integral weight
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form. This formula has several applications. Firstly, it can be used to show that a certain explicit
theta lift, from PB* to SLs, for B an indefinite quaternion algebra over Q, is nonvanishing.
Secondly, combining this formula with the formula of Baruch-Mao mentioned above, one may obtain
a completely precise version of the Rallis inner product formula (see [7] Sec. 7.1.) for certain theta

lifts from SLy to PB*. Both Thm. 1.1 and this explicit version of the Rallis inner product formula
are crucial ingredients in the forthcoming articles [7], [8], on the arithmetic properties of the theta
correspondence and the p-adic properties of central L-values of quadratic twists of elliptic curves.
Since the relation between the formulae above may be somewhat confusing, we remark that it is
explained by the diagram below, in which any two of the formulae imply the third.

Thm. of Baruch-Mao

Thm. 1.1 <> Rallis inner product formula

To explain the statement of Thm. 1.1, we need some notation. Let f be a holomorphic modular
form of weight 2k, trivial central character and odd squarefree level N. Let x be a finite order
character of conductor N’ dividing 4N, and suppose 7 = 0 or 1 is such that x = x - (%1)]“” is
unramified at 2. Set xo = x- (_—l)k Also let w, be the sign of the Atkin-Lehner involution attached
to f at g. Denote by 7 the automorphic representation of PGL2(A) attached to f and let fy be a
newform in 7 ® y normalized to have its first Fourier coefficient equal to 1.

Suppose that B is an indefinite quaternion algebra of discriminant N~ | N and denote by g,
a newform in 7’ ® y where 7’ is the Jacquet-Langlands lift of 7. Let v be an odd fundamental
quadratic discriminant satisfying sign(v) = (—1)" as well as

(@) fq| Nyqgtv,xoq(=1) = agxug(q)w,
(1.1) (b) If ¢ | N,q | v, x0,4(—1) = oy

whnere o, = = . 1 case we also assume I0r SimplicCl a 0.¢g 1S ramiied exac when
h 4 f I b 1 for simplicity that xo,q i ified tly wh

q| N7. Let V= {z € Bltr(x) = 0} and ¢ € S(V(A)) the Schwartz function defined in Sec. 3.2 of
[7]. Put s = g, ® (x 'x») € T @ X0, ¥ = Y| where ¢ is the usual additive character on Q \ Ag.
Finally, denote by h the theta lift h := ¢(¢’, ¢, s) on SL2(A). Then we have

Theorem 1.1. (1) he SkJr%(M, X) where M =lem(NN', 4).

(2) Let & be any positive integer and set § = (—1)7&. Then ag(h) = 0 unless the following
conditions are satisfied:

(a) For all q| N,qt N’, <%°) # —wy,

(b) For all ¢ | N', (%0) = X0,¢(—Dwg = xq(—1)wy,
(c) & =0,1 mod 4.

If (a),(b),(c), are satisfied, and &y is a fundamental quadratic discriminant, then

1 1 1 ’
ac(h)I” = O )m el 2 L5, w7 @ 3) LG 1 © e ) gﬁ?ﬁi
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where (,) denotes the Petersson inner product and C(f,x,v) = |] Cy, where Cy are

_ 1lg<oo
the constants listed in Sec. 5. In particular, if p > k and p{ N := Hq\N q(q®> — 1), then

C(f,x,v) is a p-unit.

We now explain briefly the idea of the proof. The Fourier coefficient in question is readily
expressible as a sum of integrals of g, against certain characters of real quadratic tori K* — B*.
One shows first that up to an explicit scalar, it is in fact equal to a single such toric integral.
Next one applies a method of Waldspurger (from his article [13]) to show that the absolute value
squared of this torus integral is given by the L-value above. This method is now quite familiar
and has been exploited in the recent articles [6], [5], [16] to relate period integrals along tori and
L-values. The case of real quadratic fields has been worked out in detail in Popa’s article [5] with
some assumptions on the local ramification. However the particular problem that confronts us is
different in two aspects described below, which lends to the novelty of this article.

Firstly, the articles [5], [16], express an L-value as a period integral, for some convenient choice of
embedding j : K* < B*. In our case, it is not the L-value but the period integral that appears in
the arithmetic theory of the theta correspondence, and one must prove a formula relating it to the
L-value in question. Consequently, one cannot make a convenient choice of embedding j; instead
we need to deal systematically with all the different possibilities for j that occur naturally in the
formulae for the Fourier coefficients of the theta lift. This leads to the second main difference,
namely that we need to consider several more possibilities as regards the local ramification in the
ramified zeta integrals than are dealt with in the articles cited above.

We remark that it would be very useful to have a general formula for B a quaternion algebra
over an arbitrary number field K, relating the period integral of a newform on B to an L-value for
any choice of j : K — B (K quadratic over F) and for all possible choices of local ramification. By
Waldspurger’s formula this is a purely local issue involving computations of ramified zeta integrals.
Yet, in that generality, it would be significantly more complicated than the few cases considered in
this article.

The present article is organized as follows. In Sﬁg. 2.1, we set up the main theme of this article,
namely a certain explicit theta lift from PB* to SLs, and in Sec. 2.2, derive a formula relating the
Fourier coefficients of this lift to certain integrals along tori. Next, we recall in Sec. 3 the method
of Waldspurger to compute the squares of absolute values of such period integrals using the dual
pair (GLg2, GO(B)). This method expresses these quantities as the value at 1/2 of a certain global
zeta integral. In Sec. 4 we compute the local zeta integrals in all the ramified cases that have not
appeared in previous articles on this subject. The results are put together in Sec. 5 to obtain the
final formula of Thm. 1.1.

2. FOURIER COEFFICIENTS AND TORIC INTEGRALS

2.1. Ternary forms: the dual pair (éi;,PB *) and the basic setup. The reader is referred
to the introduction and [7] §2.1 for the notation used below. We recall first some facts about the
Weil representation. Let W be a two dimensional symplectic vector space. The metaplectic cover
é?)(W ® V') splits over the orthogonal group O(V') which is identified with PB* x (c), where (c) is
the cyclic group of order 2 generated by the main involution and the action of 8 € PB* on V is
given by 8- (z) = BzB~L. Let S, (resp. Sa) denote the twofold metaplectic cover of SLa(Q,) (resp.
SL2(A).) Then for each place v of Q, the Weil representation of éB(W ® V), yields by restriction a



4 KARTIK PRASANNA

representation of S, XPB) on Sy(V ® Q,) denoted wy. The restriction of wy to S, is a genuine
representation of S,, denoted ry, satisfying

(2.1) ry(m)p(z) = ¢ (n(z,z))e(z)
(2.2) re(d(a)p(z) = pyla)(a,—1)olal**p(az)
2.3) Ty (w, )p(x) = ey Fy (@) = £e -y Fy(p)

where we write ¢ instead of 1] and the sign in (2.3) is 4+ or — depending on whether v is unramified
or ramified in B. The Haar measure on V ® Q, is picked to be autodual with respect to the pairing
(1, 22) — ' ({z1,22)). In future we will write F(¢) for Fy(p). Thus wy (o, 3) = ry (o) R(B)

where R(B)p(v) = ¢(8~'vp).

Let AL and Ay denote the spaces of cusp forms on PB*(A) and S respectively. For s € AJ,
(RS Sw/(VA), define

0, 0,0,8) = Y ry(0)R(B)p(x)

zeV

tyr(p,0,8) = /PBX\PBX 0, 0,0, B)s(8)d* 3

where the measure is the usual Tamagawa measure. We now choose s as in the introduction and
¢ =[], ¥v to be the Schwartz function defined in Sec. 3.2 of [7]. It is shown then in [7], Prop. 3.4
that ty/ (¢, 0,s) =ty for a unique h € SH%(M, X)-

We recall now some additional notation defined in [7] that we will need. Let Ox be an Eichler
order of level N* in B. Let O’(x) be the unique Eichler order in B such that O'(x)®Z, = Oy ®Z,,
unless ¢ | N’ and ¢ | N*, in which case

D,(O'(x) © Zy) = {( ‘c‘ Z ) € My(Zy),c=0 mod q2}

and define open compact subgroups Uy, Up(x) C Bgf by

(1) Uo = [1, Uo,g where Up,q = (On ® Zg)™.
(2) Uo(0) = I, Uo,a(x), where Upq(x) = (O'(x) ® Zg) ™

We define below a character @, on Ugq(x) such that @, |5, = x*. Firstly, for each ¢ define @, 4 on
Upq(x) as follows:

o For gt Ny, @y q(u) =1.
e For ¢ | Ny and ¢ | N*, &, 4(u) = x4(d)? for u = ( CCL Z >
e For ¢ | Ny and ¢ | N7, @y 4(u) = xg(Nm(u)).

Then, set Wy = [, @y,q on Upq(x). Now let T' (resp. I'y) be the group of norm 1 units in O (resp.
O'(x)) and define x’ to be the restriction of &' to I'y € Up,g.
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2.2. Integrals along tori and Fourier coefficients of the theta lift. We would like to write

down a formula that expresses the Fourier coefficients of h as a sum of period integrals. It is

convenient to begin with some generalities. Let O’ be an order in B, U’ the open compact subgroup

of Bgf given by U" = [[, Uy, Uy = (0" @ Zy)*. Let I' = B* N (U'(BX)*), @ be a character of

U’ and set w' = @ . Suppose ¢’ € Soi(I",w’) and s, € S9x(U’, @) is the corresponding adelic
. . X ~

modular form. Let w be the unique finite order character of Qg such that w\U,ngf = W‘U'ngf'

Thus the central character of sy is w.
For w € C and a € V ®g C, define

aul = (o 1) g )a(
b —a

-y )
For z € V, let G, = {h € SLy(R),h~*zh = x}, T, = G, NI and suppose that '|r is the trivial
character. Then we may define (as in [9] (2.5); see same reference for normalization of measures)

S

>:cw2—2bw+a

ifoo=

P, z,T") = / (&, huolg’ (haw) d(T", )
IA\Gz

for any w € $, since the condition w'|[r = 1 implies that the integrand is I", invariant. Denote
by V* the set of x € V such that Nm(xz) < 0. By [9] Lemma 2.1, P(¢’,z,I”) is independent of
the choice of w and is equal to 0 unless x € V*. Let R(I) be the set of equivalence classes in V*
for the conjugation action of IV and for C € R(I"”), set N(C) = Nm(x) for any choice of z € C.
By [9] (2.6), P(¢’,x,T") only depends on the class of x in R(I"). Thus for C € R(I") we may set
P(¢',C,T") = P(¢',x,I") for any choice of = € C.

Let FF C C be any real quadratic field that embeds in B, j : F' — B an embedding, n a finite
order character of F* such that 77|Q,§ = w~! and suppose that we is the trivial character. (Secretly,

O =0 (x), U =Uo(x), 9 = 9, F = Q(/IV€), n = (xux™") o Npjg,w' = X', 0 = @y, w = x*.)
Suppose F = Q + Qa, with tr(a) = 0 and a > 0. Pick 7o, € SLa(R) such that 7' @ (j(a)) Voo =

( ((); _Oa >, and consider the integral

Ly;(g") =/FXQX\FX Sq' (2700 )0 (2)d* 2
A A

The assumption U\@g = w™! (resp. that ws is the trivial character) ensures that the integrand

above is QF invariant (resp. that the integral is independent of the choice of vo.) Here we pick
our measure conventions to match those of [5].
Suppose O' N F = Z + Zcd, where Z + Z4 is the maximal order of F. Let Op. = Z + Zcd, and

Uk, be the open compact in F Axf given by Up,. = O} o 50 that sy (x)and n(x) are invariant under
Ure. Let z; € FAXf be such that

FY = UM P Up, - (FX)a, W =[F): F*Up.F]
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and suppose

(@) = vigui=gi(gui v "), € B . qu; €U,y € (BX) v =g
Then
h
vol(Uge) ™' Ly j(9") = Zn(mi)wx(gw,i) / s (5 Y00 )d"
i (FXNUF,e)-(Q3)\(FX)

= 20é z -k 277 53@ gU’ i (g,7j(a,)xia F,)

where o/ is any nonzero element of F' with trace 0, j(a/)% = ~; 'j(a’)y; and 2 = /—1.

We now specialize our discussion to the case of interest, namely ¢’ = g,, F' = Q(y/|v[¢), n =
(xvx ') o Npjg, o' = x',&@ = &y, w = x*,I" = I'y. Note that

erin(i(@)™) = (v (@) = @pin(gor i (@)~ i (@)i(zi) gy ;)
rin(gur i3 (@) gyt = @y - ((wx)) o Nm)) ™) (gur i) pin(3(a))
= @y (gui)n(zi)erin(j(a))
since (x»x™")(Nm(gp i) = Oox™ ) (Nm(j(2;)) = (Xux_l)(NFX/@X (zi)) = n(z;). Thus

VOI(UF,C)_I‘pfin(j(O/))L ( 20"L kz‘ﬁfm (g ]( )miarl)

It is shown in Sec. 4.2 of [7] that ag(h) = C - ‘,,5‘—1/25 where C' = 6[Up : Up(x)] ™" [, v+ (q +
1) Iyn-(g—1)"" and

S = Z Wfin(x)P(g)ox?FX)
CeR(Ty),q(C)=Ivl¢

where z is any element of C. For a fixed class C, the choice of x € C yields an embedding of

F = Q(\/|v|¢) in B sending +/|v|¢ to x. A different choice of z, say 2’ € C corresponds to an
embedding that is conjugate to the original one by an element of I'y. Suppose |v|{ = d?¢' where
¢ is square-free, so that F' = Q(1/¢’) and that the embedding corresponding to z has conductor
c. Then the conductor of the embedding corresponding to z’ is also ¢, and hence we say that the
conductor of C is c. Conversely, given any I'\-conjugacy class of embeddings of conductor ¢, one has
O'NF =7+ Zed and j(d/€) is an element of V, the class of which satisfies N(C) = d?¢' = |v|¢.

For ¢ square-free, let R(I”, ¢, d,£') denote the set of C € R(I) such that N(C) = d?¢’ and that
have conductor c¢. There is a natural action of Bgf on U.R(TV,¢,d, '), that may be described as
follows: for g € Bgf, write ¢ = v - u with v € BX,u € U’ and define C9 = v~'Cy. This is easily
seen to be independent of the choice of decomposition g = 7 - u. Indeed, if g = - u = 1 - u1, then
§=~7y eIV, and 61 (v tay1)d = v lay. Clearly C* = C for any u € U’.

Let Ocer = Z + cZ6 C Q(\/&'). The Picard group of O ¢, Pic(O, ¢ ) is identified naturally with

C{/ \F>< /F*, hence acts (freely) on R(I",c,d, &) via C* := C/®). Let R(I',¢,d,¢') denote the
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set of equivalence classes for this action. Then
S == Z Z Z@f@n(x)P(.gbmxarx)
¢ CeR(I",c,d¢) CeC
= (=20/)F ) vol(Upe)™ D @rinlic(@’)Lne(gx)
¢ CER(I,c,dg)

where o/ = d\/€ and C is any element in C. Note that the value of the expression ¢ i (jc (@) Ly je (9x)
is independent of the choice of C € C.
Proposition 2.1. If L, c(gy) # 0, the following conditions must be satisfied at all g | N:

(a) If x0,4(—1) =1, then (5—()) # —wy.

(b) If x0,4(—=1) = —1, then (5—()) = Xo0,q(—1)wg.
Proof: Fix ¢ | N and let er denote the quadratic character corresponding to F. By the main
result of [10], if Ly, c(gy) # 0, £4(1/2, s, r ® ) = g, where 7y denotes the base change of 7
to F' and €4(1/2, ) denotes the epsilon factor at ¢. For simplicity, we omit the subscript ¢ below.

Define v, = £1 by €(1/2,7¢ ® Xa) = YaXa(—1)e(1/2,7¢) (where again, by x, we mean x4 etc.)
Then

e(1/2,mp p @) = ep(—1)e(1/2,7;, ® Indgn)

= Xueo(—De(1/2,7m5 ® (xox ))e(1/2, 75, @ (xuX '€r))

= Xugo(=1)e(1/2, 77 @ x0)e(1/2, 75 @ Xeo)

= Xugo(—1) - mxu(=1)e(1/2,7y) - Xﬁo(_1)7£0€(1/27 )
= M

We now consider four cases (and use (1.1) as well as Lemma 3.1 of [7]):

Ifqtv, ¢t & v =x0(a), % = Xe(a), xu(@) = axo(—1)w, thus o = axo(—1)w (%’) whence
0) = Xo(—1w.

(i

(

11

Q‘m Nasd

N2

IEqtv, gl & w=xu(a), 76 = w, xv(q) = axo(—1)w, whence xo(—1) =1 and <%°> =0.

(i
(iil) If g | v, ¢ 1 &, v = w, Vg = X& (@), Xo(—1) = c, whence (5—()) = xo(—1w.
(i

iv)Ifq|v, q¢|& v =w, v, =w, xo(—1) = a. Hence xo(—1) =1 and (?) =0.

The proposition readily follows from (i)-(iv). O
Proposition 2.2. If S # 0, then the following conditions must be satisfied at all ¢ | N:

(a) For all q | N,q1 N’, (%) # —wj.

(b) For all g | N', () = xo(~1)uw,.

(c) & =0,1 mod 4.

Proof: Part (c) follows immediately from the definition of the Schwartz function 2. By the
previous proposition, to prove parts (a) and (b), it suffices to show that S = 0 if there exists g | N
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such that ¢ | £ and xo4(—1) = 1. In this case ¢ { v by (iv) of the previous proposition and the
assumption (following (1.1) in the introduction) that xg 4 is unramified if ¢ | N, ¢ | v.
If further ¢ | N, we are in case (c2) of the definition of . Let O be the Eichler order of level

Z, iz
q, < oo ) Then S is a linear combination of terms of the form,
"Lq  Zq

(2.4) s = Z @ rin(dcu (a/))Ln,jcu (9x)
ueoy JOrX
It is thus enough to show that the expression (2.4) equals 0. Note that the character @, can

a b

be extended to O; by defining @, d

= x2(d). Thus x' extends too to the group I'y =

J
(IT12q Uo.a(x) x O )NB*. Now a set of representatives for O} /O’ is {< (1) ‘ >},j =0,1,...,q—

1. For v’ € O /O, write v’ = 7, - u where v, € B* and u € Up(x), so that v, € I'1. For any

zel, Wfin(’YJlx'Yu) = ‘Pfin(uul_l
we must have

zu'uY) = Oy (u)p i (W' zu’). Now set = je(o). If () # 0,

(b —a
Ta=\ ¢ —p

with vy(a) = —1, vg(b) > 0 and v4(c) > 2. However, ¢ | £, hence vy(b) > 1 as well. Let a = d’/q.

Since
it j e —cj?/q+2bj—a’
Ly L N D L e
01 c —b 0 1 c .7'3—
we have @i (W " rzu!) = @ for u' = 1 j/a Th ) = o ()L f
Crin(u'zu') = ppin(x) for v = o 1 | Thus Orin(u' " zu') = @pin(x)y (u") ™ for

all v’ € Of and

s = Z (pfm(%_lgv%)l’mﬁljmu (9x)
Weoy o1

= () Y a@) o)L, 1 (9x)
W €O O
= ¢fin(@)Ln,jc (F)
where F(:) = Zu’e(’)f/O'; g ()@ (u). Since gy is a newform, and F(-u) = &y (u)F(-) for all
u € O, we must have that F =0, whence S’ = 0 and S = 0 as required.

If g | N7, let j(¢/) = a+bu € O ®Z;. Then N(a) — gN(b) = Nm(a + bu) = —v{ =
vg(N(a) —gN(b)) =1 = vg(a) # 0= ¢4(j(c’)) =0, hence S = 0 in this case as well. O

It follows from the proposition above that h is a scalar multiple of the form hy, defined in [7]
Prop. 2.3. We shall show below that it is in fact a nonzero scalar multiple of Ay, by computing
the absolute value of the £th Fourier coefficient for £ a fundamental discriminant. We assume
henceforth that & is a fundamental quadratic discriminant.
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Let Emb,(I", ¢, ') denote the set of optimal embeddings of O.¢ 4 into Of modulo the conjuga-
tion action of Oy, Also let E; be the subset of U.Emby(I”, ¢, &) consisting of classes [j] such that
0qa(j(dVE)) #0 and set eq = ]E |. Let us recall the following result of Hijikata, which we quote ver-

batlm but specialized to our situation. In the statement below, v = Z, = the maximal order in Q,
and m = a uniformizer in t.

Theorem 2.3. ([4] Thm. 2.3) Suppose By is split at q and O = qzt E > Let F; be a
quadratic extension of Qg, either split or not, g an integral element of F; with Fy = Q4 + Qqg and
set A =t +rvg. Let f(X) = X? — sX +n € t[X] be the minimal polynomial of g over Q,. Put

R= {k €t|f(k) =0 mod ¢"}. Let R be a complete set of representatives for R modulo ¢° and put

R = {k € R|f(k) =0 mod ¢"*'}. Define ¢, : F, — By by ¢.(g9) = —fim) 5 i - ) forxz e R

x

If s> — 4n is a unit of t or v = 0 (resp. not a unit of v and v > 0), the set {¢p.|x € R} (resp.
{¢zlz € R} U{¢.|x € R'}) is a complete set of representatives for the set of optimal embeddings of
A in Oy modulo the conjugation action of O';.

and &, : F, — B, by 8l(g) = < L —¢"f(@) ) forzcR.

We now use the theorem stated above (with A = O, ¢ 4) to study the sets E; in each of the cases
that occurs in the definition of .

Case (a): v =0,(d) = 1. We must have (¢) = 1. Setting g = /&, we may take E = {j}, where
. 0 1 .

i9) = ( £ 0 ) and @q(j) = 1.

Case (b): v=0. If ¢1&, (d) =1 and (¢) = 1. Setting g = /&', we may take E = {j}, where

jlg) = < g, (1) > and pq(j) = 1. If ¢ | &, (d) = (¢) and necessarily (¢) = (¢q). Setting g = ¢+/&, we

may take F = {]}, where ](g) = < q$€/ (1) ) satisfies Soq(]) =1.

Case (cl): v = 1, (d) = 1. Necessarily, (¢) = 1. Take g = /& so that s = 0, n = —¢'.

R={nennt=¢ =0 modq) g € R={0} B =0.io0) = (¢ g ) ealin(o)) = 1. 1

qt&, R=0if Fy is inert, while if Fy is split, R = {z1, 22}, T1, T2 being the two distinct roots of &

mod 4. im0 = (e L ) and enlin o) = 1.

Case (c2): v = 2, (d) = 1. Necessarily, (¢) = ¢. Let g = ¢/& so that s = 0, n = —¢%¢.

R:{net,/{Q—qu’EO mod ¢*}, R = qZ,/q*Zq. For v = qi € R, j,(9) (q _1$>
We only need to consider the case ¢ t &. If further Fj is split, ¢q4(jz(v/€ )/) = O unless x €

{gz1,qx2} in which case ¢4(jz, (V/E)) = 1. Also, (j(\/f)) = 0 for all j € R'. If on the other

hand, Fj is inert, ¢q(jz(v/€')) =0, and R’ = 0.
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Case (c3): v =1. If ¢ | £, (d) = q, and necessarily (c¢) = (q). Take g = ¢\/&, so that s =0, n =
~ . 0 1 .

—¢*¢. R={r€r,r? = ¢’ =0 mod ¢} . R={0}, jo(g) = < 260 ) and ¢4(jo(qv€)) = 1.

=0} = (5 %) eulistav@) =0,

q
If q1&, (d) =1 and (¢) = 1. Take g = /¢, so that s =0 and n = —¢'. Rz{nét,f&—f’zo

mod a}. R={0),dn(o) = (¢ g ) and ylio(vE) = 1. R 0.

Case (d1): Suppose first that xg 4 is unramified. We must have (¢) = 1. Clearly E, is nonempty if
and only if Fj is not split. If F, is ramified, E, consists of a single element j with ¢,(j(v/§) = 1.
If F, is inert, E, consists of two elements j1, j2 with ¢q(j:(v/€)) = 1.

Next suppose xo,q is ramified. Again (¢) = 1. Now it is clear that E is nonempty exactly when
Fy is inert at ¢; in this case, E; consists of two elements ji, jo with ¢4(ji(v/€')) being complex
numbers of absolute value 1.

Case (d2): Again d = 1 and necessarily (¢) = 1; E, is nonempty exactly when ¢ { £ and (§o,¢) =
—wy. In that case, Fy is ramified and E, consists of a single element j with ¢,(j) a complex number
of absolute value 1.

Case (e): ¢ =2, v=0and R={0}. If { =1 mod 4, then ¢ =1 mod 4 as well and (d) = (1).
Pick g = clg/{/, so that s = c and n = ¢*(1 — ¢)/4. Then jo(/&)) = < 0;2}1 261_1 ) Thus
©2(jo(dV/E)) # 0 <= (c¢) = (1) and in that case it equals 1. If & = 4(resp.)0 mod 8, then
¢ = 3(resp. )2 mod 8, (d) = (2) and we may pick g = ¢/&. Then jo(d/E) = ( cc?g’ 0*01d >

Again, p2(jo(dv/€)) #0 <= (c¢) = (1) and is equal to 1 in this case.

Note that the only primes ¢ for which F,; has cardinality greater than 1 are primes of the form
(cl) or (c2) with F, split or those of the form (d1) with F, inert; in each of these cases |E,| = 2.
The following lemma shows that it is sufficient to consider any fixed embedding j such that j, € E,.

Lemma 2.4. Let j = je and j' = jer be two embeddings satisfying jq, jy € Eq for all q. Then j
and j' have the same conductor and

Pfin (jC(O‘,))Ln,jc (gx) = (Pfin(jC’ (O/))Lw'c/ (gx)

Proof. Tt is enough to consider the case where [jy] # [jg] for exactly one ¢. Without loss we may
also assume that the LHS in the relation above is not zero. As noted above, ¢ must be a prime
of the form (c1) or (c2) with F, split or of the form (d1) with Fj inert. Let us pick an element
gq € By such that jL’I = gq_1 - Jq - 9¢ and denote by § the element of B, whose component at ¢ is
gq and all whose other components are 1. Then [j'] = [j]°. Suppose § = v - u with v € BX and
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u € U’, so that without loss we may assume j' = v~ 1jy. Now

erin(7' (@) = (v i )7) = @pin(ud~ j(a)du)
(@ - ((wx)) o Nm)) ™) () - @fin (6~ j(a)d)

— o) - ~1(Nm ‘cpq(gq_qu(a)gq)

~opin(i(@))
Also letting 7., = 7 174 and considering F'* as a subgroup of B* via j,
Lplo) = [ s @nin@ds
FXQI\FY
= [ s @
FXQX\FY

-/ g0 (20U o) ()"
FXQE\FY

X

= Dy(u)! / 9. @9y )0(@) 0"
FXQg\FAX

Thus

vq(94 ' Ja(@)gq) ‘ fFX(Qgg\FAX Sgy (29q7v00)1()d™ 2
‘Pq(jq(a)) fFX@g\FAX Sgy (27001 (x)d> 2

erin(3'(@") Ln,j(9x)
Pfin (j(a/))Ln,j (gx)

= (xvX) " (NmJ) -

Let A be such that
)‘wfm(jc(a/))[’n,jc (9x) = ‘Pfin(jc’(al))[’mjc/ (9x)
We now consider separately the following cases:

Case (cl): We can take j,(o/) = ( (Z) —Oz >, Jgla') = ( _OZ (Z) > where i* = ¢. Then j, and j
0 -1 1 .
o) Ao sy (00) = wia(a)sn, (o). sy (@) = life)
and x,x(Nmoé) = x.,4(¢)Xq(q). Thus A = wgx,q(¢) =1 by (1.1).
Case (d1): We can take g; = up where we use up to denote the element denoted w in [7] Sec
3.2. Then ¢q(g; jg(@)gq) = Xq(—1)pq(jq(a)) and sy (xg,) = wxe(Nmug)sy, (2), so that A =
XO,q(_l)XV,q(Q)w; = 1, again by (1.1).

are conjugate by g, =

Case (c2): We may assume that j,(o/) = < (Z) 1_/;] > and jg(a') = < _OZ 1{(] ) where i? = ¢,

Let z = je(a/). Now we see from (2.5) that for v = wu) = < (1] k{q > € OF /O, jouw is

conjugate to jec by U’ exactly when 2ik +1 # 0 mod q. Let 3, be the idele whose ¢ component is

1 r/q -1 i 1/q (i 0
( 01 ) and all whose other components are 1. Note that 51/21' ( 0 i B1y2i = 0 —i )

Let jo = v~ 'jey where B1/2i = yu for v € B* and some u in a deep enough subgroup of U’. Then
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(¢ — 1>90fin(j(a/))Ln,j(gx) = Z e fin(Jou (a/))anqu/ (9x)
o a1
w' =8 0 k{q Keoy /o'
2ik+1#£0 mod ¢
q—1
- Y ey 9, (G (@) Birtoo)n()d*
FW@&< \FAX

k=0
2ik+1#£0 mod g

q—1

-/ S X @kt sy, Go@)By i () d

FXQE\FY 0
2ik+1#£0 modq

e [ S G s oo
FXQ\

X
Fy =1

a 0

where ~/_ satisfies 7.~ jo(a/ )7 = 0

. Let d, (resp. d;) € Bgf be the element whose

component at g is < 1/q 0 > (resp. ( 2 _01 >) and all whose other components are 1. Since

1
59, (1) = G(x,¥)~ Zl 1 Xq( )s¢'(+01), where s¢ is a new form in sy ® x,*, we have
q—1 g—1
Z Xq ng /Bk’) - Xq ﬁk’—‘—l
K'=1 k=1 1=1
q—1
= Xq(=1)xq(Nm(: (gsg/( ng’
7=0

Thus, G(x,v¥)(q — 1)(Pfin(j(a,))L777j(gX)

— g2 [ i) {asy Gole)i) + sy lio(@)) 4o
FXQX\F,

= Xy ' (—2iq)(q + woxv.q(q)) / Xo(Nm(2))s4 (jo ()75 )d* @

FXQI\F[

siee (0 0 (0 S (0 ) = (50 ) e = s O end Do) =

1, we see that

@rin(3'() L1 (9x) = Xq(=DWeXwg(Q) @ in(3()) Ly i (9x) = @rin(3()) Ly (9

Thus, in any case, A = 1 as required. (Il
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The lemma shows that |S| = [2a/|Fvol(UL?) - 2¢|L, j(gy)| for any choice of j such that j, € E,
for all ¢, where ¢ is the number of primes for which |E;| = 2. This yields the following preliminary
proposition.

Proposition 2.5. Suppose & is a fundamental quadratic discriminant satisfying conditions (a),
(b), (¢) of Prop. 2.2. Then

jag(R)[* = 4" C2 el wol(Up,e) [ Ln,j(9y)
for any choice of embedding j such that j, € Ey for all ¢ and for ¢ equal to the conductor of j.
Here C = 6[Up : Up(x)] ™" Hq|N+ (¢+1)" Hq‘N*(q -1~

The problem is then reduced to computing the quantity |L, ; (9x)|? to which we apply the method
of Waldspurger as outlined in the next section.

3. THE METHOD OF WALDSPURGER

3.1. Quaternary forms: the dual pair (GL2, GO(B)). Let 7 be the automorphic representation
of GLa(A) associated to f, 7, the representation associated to fy and 7' = JL(7),m = JL(my)
the corresponding representations of B*. Let ¢ be the usual additive character on Q \ Ag and
Q'(my) := O!(my,) the theta lift of 7, to GO(B). Denote by O(m,) the pull back of ©(m,)
via the natural map B* x B* — GO(B), (a,b) — (x ~ axb™!). It is a theorem of Shimizu that
O(7y) w&@w;v. One may also pick an explicit Schwartz function ¢ € S(B(A)) such that 6*(s, f,)
is a scalar multiple of g, x gy. Indeed such a function has been described in work of Watson [15]
at all places where x is not ramified. At finite places ¢ with y, unramified, we take ¢, = lo ez,

(as opposed to Watson’s choice of mﬂ(%@zq). At oo, we make the same choice of Schwartz
function as in [15]. Finally, if x, is ramified, we make the following choice for ;.

Definition 3.1. If B is split at q, and x? is ramified at g,
a b “2(d)Iz, (a)lz, (b)I I
o @) = 2@z, @)z, (D), ()l (@)
If B is split at q, and x? is unramified at q,

(8 ) = @, O, (01, (@
If B is ramified at q,
Sg(u) = xg " (Nm(u)) o (u)

By a similar argument as in [15], one sees that with this choice of ¢ (with (,) being the usual
Petersson inner product)

Proposition 3.2.

{(Fro fx) _

ét(C, fH)y=¢c"- (G ) “(9x X 9x)

for C' = Hq<oo vol(Up 4(x))-
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3.2. A formula for the torus integral as a product of local zeta integrals. Let us choose
7 such that B=F + F1, 7 € N« (F*)\ F* , 72 = 2’7 for x € j(F). Set Vj = F, Vo = V{* = Fr
and suppose that ¢; = Zielq S1,i ®s2i € S(Vig) ® S(Vaq). By an application of see-saw duality
(and accounting for the measure normalizations),

<fX7fX> <fX7fX> —_ — 1

L Li(gy) = -~2xIX/ < < = (6 y (), 7]
(0, 6] 1(9x) L7 (9x) <9><79x> (9x X Gxlpxayxpx(a), M X 1) C’< (S Ll < )< mx (), 1 X M)

= (9t(< Folaoryxoma)yomy, 1 X 1)

\/7L 1 EF ]
) ‘ 0§2i 9.;1 i d
200 Z /GL2 0 Z(ANGLa(h) fx(@)bs,,, () (0)0s, .. (1)(0)d" o

where the measure in the last expression is the Tamagawa measure. Note that we have used above
that n factors through the norm. Now using the fact that the theta lift of the trivial character is
an Eisenstein series by the Siegel-Weil formula, and unfolding this Eisenstein series, one sees that
the sum in the last expression above equals the value at s = 1/2 of the analytic continuation of

7 [ / W (@R Wyl d(-a)R)®i(er, d(—a)blal " dadk

q i€ly

where ®;(c1,0) = |a(a)]*~2ry (0, ho)1(0) and

Wyq(s2,0) = | Nm(7)|"/? /qu Ty << Nm(or)_l (1) > o, hh()) S (T)n(hho)d™h

for any ho with Nm(ho) = Nm(7) ! det o (and is 0 if Nm(7) ! det 0 ¢ Nm(F,*)). Here the measure
d*a is chosen such that vol(Z;) = 1 and dk such that vol(GLa(Z;)) = 1 and vol(SO2(R)) = 1.
The measure d*h on Fq(l) is chosen such that vol(Fqgl) N Op) = 1 for ¢ finite and unramified,
vol(Fq(l) NOF) = 2 for ¢ finite and ramified and such that for ¢ = oo it coincides with the measure
dx/x on KL ~ Rrx.

3.2.1. Local setup. To proceed further, it will be useful to set up some purely local notation. Fix a
prime ¢ and in what follows below we work entirely locally but without the subscript q. Suppose
Jx has conductor ¢ at q. By Casellman’s theorem Wy, satisfies

Wi, (gu) = &y (u)Wy, (9)

for u € {( : ? > € GLy(r),7y=0 mod c}. Let F be a two dimensional algebra over Q, (so

F' is either the split algebra Q, x Q, or a quadratic field extension of Q,) and denote by o and

t the maximal orders in F' and Q, respectively. Fix an element { € F' with ¢r(§) = 0, so that

F = Qq + Q4&. Also suppose we are given an embedding j : ' — B,. Let 7 € FL, 7 +#0, where

F is the orthogonal complement to F in B for the norm form and the embedding given by j.
Define for g € GL2(Q,) and for ¢ € S(F*1),

1) Wlsirg) = [N [ (N7 0 ) gm0 ) crinan
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where h € F'* is any element with Nm(h) = det(g). It is easy to check that if 7 is replaced by S,
B € F*, the integral (3.1) is multiplied by n(3%)~!. Since n = (x !xu) o Nrj,

Wo(s2,4,9) = (x "xo)(Nm(7)) - Wy (s2, 5,7, 9)
is independent of the choice of 7.
Suppose further that we are given a function ¢ € S(B). Write ¢ =), ¢1,; ® ¢2; and consider

(3.2) I(s,7,7) = Z/ Wy (d(a)k)W (2,4, 4, 7, d(—a)k)®* (51,4, d(—a)k)|a| ' d* adk

. JQq K
where ¢ = < 0 1 ) Since W (s2,i,,7,-)®7 ;(-) is bilinear in (¢1,4,62), the expression on the
right in (3.2) is independent of the decomposition ¢ = ".<1; ® ¢245. Clearly I(s,j*, ") = I(s, j, T)
for w € U'. If j and 7 are fixed we will omit them from the notation.

For a, f € GL2(Qy), set

(3.3) J(s1,62, a0, ) = o Wi, (d(a)a)Wy(s2,d(—a)B)®*(s1,d(—a)B)d a
and if ¢ = >, ¢1,; ® 624, then let
(3.4) J(s,a,B) = Z J(S1is 2,15 @, B)

4. COMPUTING THE LOCAL ZETA INTEGRALS

We assume first that ¢ is odd and split the computations we need into different cases as given
by the table below:

B ¢ i F ¢

0 My(Q 1 unram. ram. 1
IA M (Qg) ¢ unram. split 1
IB  My(Qq) ¢ unram. ram. 1
IT - My(Qq) ¢* n=(m,m2),cond(n;)=q split q
ITTA M2(Qq) ¢ ram. inert q
IIIB M2(Qq) ¢ n=(m,n2),cond(n;) =q split ¢
IVA B, q unram inert 1
1VEB B, q unram ram. 1

In what follows we use the following notation:

Note that
(4.1) n(y) = —wn(-y)w
(4.2) d(a)m(z) = n(—az)d(a)w
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Recall also that the character 7 factors as 7 = 7 o Nm with 7 = x"!y,, a fact that we will use at
times.

Note: If F ~ Qg x Qq is split, then n = (n1,72) where n1 = 12 = 7. However, for future use, we
will often perform the computations below for an arbitrary character (ni,n2) with n; # n2. It will
be clear that the final formula obtained is valid even if 171 = 15 as is the case in our situation.

4.1. q odd, ¢y, = (1). In this case, 7y, = m(u1, u2) is unramified principal series and ¢ is invariant
by ry(k, h) for k € K,Nm(h) = det(k).

4.1.1. Case 0: B = M2(Qy), n unramified, F' ramified, (¢) = (1). Let g € F be such that tr(g) =0,

-0 ) Then

g2 = 7, where 7 is a uniformizer in r. We may take jo(g) = ( 2 (1) > and 7 = ( 0 1

N

1 .
=¢=3 H0+§g @I 14, Since o5 (1

q

Wy (Lor, d(=a)) = p(FD)]al'?7i(a)Inm(rx) (a)

0+§g7d(a‘)) = dp;|al®, and

we have
1(<) = J (s, 1,1) = (1 = p(@)n(9)a™*) " (1 = p2(@)n(g)g )"
4.2. q odd, ¢, = (q). In this case q | N, 7y, = o(u1, u2) special, p; unramified with ¢ = loy ez, -
Suppose p1 = | - ]%Ht,,u,g =|- \_%”t. Then ¢ = (¢) and
Wy, (d(a)) = |a|*|allz,(a), Wy, (d(a)w) = ~|a["|ag|Iz,(aq)

We have ¢ = 1, where Oy = ( o ) if B = My(Q,) and Oy = w 'R if B is ramified. It is
q

easy to see using (4.1) that ¢ is invariant by ry (k, h) for any k € Ko 4,h € F* — B*, N(h) = det(k).

Now a set of representatives for Ko, \ K is {1,m(z),z =0,...,¢ — 1}. Hence using (4.2) we see

that

(q+DI(s) =J(s,1,1) + qJ (s, w,w) = J(s,1,1) + €4qJ (¢, w, 1)
4.2.1. Case IA: B = My(Qy), n unramified, F is split, d = 1. Let g be such that tr(g) = 0,
@ =uec (@), A=tr+rg. Thuss=0n=—u R={€ct[? —u=0 mod7r}, R={a,—a}
. ¢ 1 10 .
where a? = u. For £ = +a, je(g) = ( 0 —¢ ) Take 7 = _9e 1 and let A\¢ : Qg x Qg ~
Fixe(§, =€) = g. Then ¢ = ¢ ® ¢, with ¢; = [, and ¢ = Iy (txrr)r- § = 1 @ G2 with ¢ = [, and
& = D (exn1or and @%(c1,d(a)) = @5(S1, d(a)) = |a]*. I oA = (n1,72), we have

Wyl d(—a)) = laf'/? / G ((t 4 a)r)n(at ™ £)d"t
Qy
vg(a)—1 i
102l (@) (a 120D\ _ 2L (v (o) 2@ — (@)
ol az, (@)m (@) ZZ; <771(Q)> ol ez, )m(Q)nz(q)—m(q)

and likewise

. 1
Wy(Sz,d(—a)) = E‘a‘l/Qﬂézq(a)nl(q
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Thus
1 _jt—s 1t+s\— it4s\ —
T, 1,1) = mlg)g 2 "*(1 —m(q)la/"**"*) 7 (1 = ma(g)lg />4 F) 7!
c 1 - it+s it+s\— it4s\ —
JGw 1) = = (m(a)a Vbt (1 — 1 (g)]q/2H2) TN (L — o (g) g/ HHHE) !
and
+it+s
mi9)q > —2s il+s\— itsy—
19 = =BT a1y g 24040) 11— g4

q+1

4.2.2. Case IB: B = M3(Qq), n unramified, F is ramified, d = 1. F is a ramified quadratic
extension of Q,. Let g be such that tr(g) = 0, ¢> = 7, 7 a uniformizer in t, A = v +tg. Then
s=0n=-1, R={ct)?-7=0 modr} =mt. R={0},R =®. For&=0¢€R,

. 0 1 -1 0 A .
jo(g)=<ﬂ_ 0>.Take7':< 0 1).Theng:q@gg,wheregl:]IOandQ:Hm..<:g1®g2,

where & = ¢ V21,1, = ¢ Y/21,-1,,. Hence ®%(¢1,d(a)) = ¢'/2®°(¢,d(a)) = |al®,

Wyl d(=a)) = la]'/n(ho) /F  lallho) r)dh = Su(FO)lal 20, (@)n(ho)
Wi d(=a)) = 5 —vol(FO)af! 1z, (ag)n(ho)
for any hg € F with Nm(hg) = a. Let 7 be a uniformizer in F'. Then
11 = Gvol(FO)(1 - g(i)lgl /2!
Sy = ol r) I 7'7"(';;;/++
I(s) = ivoql(f (11))0 — (&) g (1 = n(@)lg )

4.2.3. Case IIIA,B: B = M2(Q,), d = q. Let go € F, tr(go) = 0, g8 = u € t*, g = 7go.
A=t+tg. Thus s =0,n=—72u,p=0. R={¢ €t|? —7?u=0 mod 7}, R = R’ = {0}. For

0 1 -1 0 _ -
f—OER,qo(g)—< ).Let7—< 0 1).Then§—§—2g:01§1i®§2iWhel“egl,i—

w2 0
Lt (netidgor 20 = Lt (me—ijgo)r- Then ¢ = 37;¢13 ® G, where S1i( + ygo) = g (—iyu)le(z)L1,(y),
S2i((@ +ygo)7) = g(—iyu)le(@)l1,(y). Hence @°(c1;,d(a)) = diolal*, @S(Cl,z,d(a)) = glal*. Now
consider first the case ITTA, i.e. F is inert and 7 is ramified.

Wy(s20,d(—a)) = |a|*?y (hO)/F<1> so.0(a(hho)~tT)d*h

{ q+177( a) if a € (Z;)?
|a|*27i(a)lz, (a)if vy(a) # 0,v4(a) =0 mod 2
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and is 0 otherwise. Since ) ; ¢ i(( + yg0)7) = Le(2)L(y),
S WGnd-a) = [, s (@ia)
we have

1 ifn « =1
Je1)) = [ Wid@)Wlao.d(—a))al ta¥a={ 11
Q5 0, otherwise

Qq

1
J(é,u},l) = 6 {ZW §2’L7 )}‘a’8 1d><

1 , 1
- -2 / af*lagliz (aa) - ol *7(a)1z, (o) - D o 10 =
x 2
4 Jq;
where ep is the quadratic character associated to F. Thus I(s, 3) = (q+1)2 if n[zxz =1 and is zero

otherwise.

Next consider the case III1B, i.e. F is split and n = (n1,72) with cond(n;) = q. Then taking
h = (tat_1)7h0 = (1,&), go = (ga _5)7

Wlszo.d(=a) = [l [ coltat™)r)m (@mat )"

q

Now so0((at™1,8)7) # 0 & at '+t € Zgand at 1 —t € qZ; = 0 < vy(t) < v4(a). Suppose v,(a) =
Then ¢ 0((at™t,t)7) = 0 unless a = a2 mod ¢ for some o € Z,*. In that case, ca0((at™1,t)7) = 1
for t = +a mod ¢ and = 0 otherwise. On the other hand, if vq( a) > 0, then §270((at L)yr)y=1if

1)

0 < v4(t) < vg(a) and = 0 otherwise. For a € Zy , define C(a) = {(mn2)(@) + (mm2)(—)}/(q —

2 mod ¢ and to be 0 if a is not a square mod ¢. Then

fa=a«a
Wy(s20,d(=a)) = C(a)lzx(a) + Lz, (a)C"(a)

where

C'(a) = 0, if 171772_1 is ramiflied '
a2 (a) S (pymy )(g)?, i gy ! is mnramified.

Since Y2, éa.(( + ygo)7) = L(@)(y), setting C”(a) = a]"/na(a) S5 (mny ) (@)

S Wy(end(—a) = |af'? / m(B)ma(at=1)d¥t
i 0<vq(t)<vq(a)

_ 0, if miny 1is ramified, and
n C"(a) if mny ' is unramified
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Since 72 is ramified, quX We(d(a))C'(a)|a|*"td*a = quX We(d(a)w)C"(a)|al*~! = 0. Thus
J(S,w,1) =0 and

1
I(s,s) = = /(L)
1 —-— if m1my is unramified
= —— —J -1
(g+1)(g—1) 2 (mme) { 0, otherwise

a€(Zq/qZq)™

4.2.4. Case IV A,B: B = By, n unramified, F inert or ramified, d = 1. For ¢ | N™, let L, be the
unique unramified extension of Q, of degree 2, m a uniformizer in Z, and B, be the quaternion
algebra given by

B, = Ly+ Lgu
um = mmuformel

'LL2:7T

Fix an isomorphism B ~ Bj. This isomorphism must necessarily identify O’ ® Z, with R, + R,u,
where R, is the ring of integers of L,. Also fix w € R, with Ww=ac Zy, so that Ry = Zq + Zew
and Rg = Lgw.

If F is inert, By = {j1,j2} where j; : ' — L, are the two isomorphisms of F' with L,. Let j = j;
or jo and take 7 = u. Then ¢ = ¢ ® 2, where ¢; = I, and ¢ =g 4. ¢ =<1 ® G2, where ¢ = Ig,
and ¢y = %H%wa Thus ®°(¢1,d(a)) = ®*(¢1,d(a)) = |al®. If hg € F* is such that N(hg) = 7~ la,

Wy(c, 7,d(—a)) = |Q|1/2/(1) r(d(m ™ a), hho)sa (T)n(hho)d*h
P
= \afl/Qn(ho)/m so(ma(hho) " r)d* b = |a]"*n(ho) Tz, () oda(@)
F

. 1
Wy(&md(=a) = —lal'/*n(ho)Liz, 4. () 0aa(@)
q q

’q‘1/2+it+s A 1
J(,1,1) = 1 —n(q)(|q|t/2+it+s)2’ J(Gw, 1) =~

1 |q’1/2+it+s _|_77(q)—1‘q|1/2—it—s
g+ 1 1 — n(q)(|q[t/2tit+s)2

n(g)~q|V/> s

a1 —n(q)(|q|t/>Fit+s)2

I(s) =

If F'is ramified, E, consists of the class of a single element j. We may pick j and 7 such that
j(0) = u for § a uniformizer in F. Let 7 = w. Then ¢ = ¢ ® ¢, with ¢; = [, and ¢ = I,.

¢ = ¢ ® &G, where ¢ = %]qulo and ¢ = ﬁﬂqu, g being the prime ideal of F' over q. Thus
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®%(s1,d(a)) = /qP*(S1,d(a)) = |al*. If hg € F* is such that N(hg) = o 'a,
Wy(ca,m,d(—a)) = /(1) ro(d(a~1a), hho)e (r)n(hho)d* h
F

= |a|"?n(ho) / e (a a(hho) "t r)d” h
FQ1)
= vol(FW)|a|**n(ho)Iz, (a)ly(rx)(a " a)

. 1 -
Wyleemd(=a) = vol(FO)—lal!*n(ho)lyz, (@)lyges) (@™ "0

1 1
J(s,1,1) = Zvol(FW). :
(s,1,1) 2"0( ) 1 — n(8)|q[1/>+it+s
VO].(F(I)) 1/2—it— _ 1
J 1) = — /2—it—s 5 1 :
(§7w7 ) 2 |q, 77() 1_77(5)‘Q|1/2+Zt+8

vol(FM) 1 +n(6) g|'/>~"~*
20¢+1) 1—mn(d)|q|t/>Fit+s

4.3. q odd, ¢y = (¢%). We will only consider the case when B is split since this will be sufficient
for our purposes. Then we are in Case Il i.e. B = M3(Qy), F is split, n = (m1,12), cond(n;) = g,
d = q, n;x is unramified. By the analysis of Lemma 2.4 and the case A, we see that

(4 + xq(=1))

I/
q(qg —1)?

1(¢) = -

where

1, -
o )@ =

q+1

(1—q )1 = (n)(@aT) 711 = (2x) (q) g/ *T#) !

4.4. q = 2. In this case, my = m(u1, ) is an unramified principal series representation, ¢ is right
invariant by 7 (k, h) for £ € K,Nm(h) = det k. For simplicity, we will assume that {§; =4 mod 8
and later deduce the main formula in the general case from the knowledge of the formula in this

. 0 1 -1 0 _ i i
case. Letg:\/f’,jo(g):(f, 0),7':( 0 1>.Thengzgzzl-102}0§ij®§;],where

ij =1 Céj = H(_%_%QM)T. Now <I>S(gfj,d(a)) = d;00j0lal®, and

Wy(lor,d(=a)) = a|"*i(a)vol(F™"))Iz,rxm(rx)(a)

il J
229+

if n = 7o Nm. Thus for 7 any uniformizer in Zs N Nm(F*), we have

oo

M > (i (@) = (i) "
n=0

= (1= pm(ma(m)27*) " (1 = pa(m)(m)27*) "

I(¢) = J(s,1,1)=
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5. THE FINAL FORMULA

Proof of Thm. 1.1: We only need to put together our computations. We will assume that & is
not divisible by any primes that divide v but do not divide N and that £, =4 mod 8. The formula
in the general case can easily be deduced from this special case using the main result of [3].

Case (a): In this case, it follows from the results in [5] that I(s) = Lg¢(3, 7 ® xu)Le(3, 7 ®
Xfo)Lq(l EF)_l. Set Cq =1.

Case (b): We have assumed ¢ is prime to v, hence we are in Case 0. Since pi(q)n(g)

C0(r60) = () o). we have 16) = Lylo, & X)L, & xe L er)

pi(q) -
L Set

Case (c1): If ¢ 1 €, F must be split and we are in Case IA: I(s, 3) = %Lq(%, T®Xy)Lg(3, 7®
Xeo)Lg(L,ep) ™t Set Cy = 4(q +1)72. If ¢ | &, we are in Case IB: since 7y(7) = x; 'Xu,q(—v&0) =
Xg Xva(@), |al" = —xq(q)wg and xuq(q) = wy, I(c, 3) = q+1L (5,7 @X0) Ly(3, T® X)) Lq(1,€7) .
Set C, = (¢ + 1)~2 in this case.

Case (c2): We have ¢ 1 £&. Since (v€0,q)q = (¥,9)¢(&0,9)g = (¥, @)gX0,q(—1)wg = 1, we see that
F must be split at ¢ and we are in Case IL. Then I(s, 1) = m(l + xq(—1)g *1)2L 3,7
Xo)Lq(5, 7 ® Xeo)Lg(1,ep) 71 Set Cq = 4(1 + xo(—1)g71)?/¢?(q + 1)

Case (c3): If ¢ 1 &, F is ramified and we are in case IB: we may take @ = \/v&y. Then n(7)|q|" =
(v, —v&0)q(—wq) = —(v,&0)qwq = —(q,&0)qwqg = —1 since (?> # —wy. (g,i) = q%L Gre

X,,)Lq(%, T ® Xeo)Lg(1, eF)_l. Set Cq = (q + 1)_2

If on the other hand, ¢ | &, F' is either split or inert. If F is split, we are in Case IIIB: since
Mg = M2 = Xg Xos Mgt s unramified and 1(s,3) = 27 = ol Lo(hm @ x0) Lo(3. 7 ®
Xeo)Lg(1,er) 7t Set Cy = (¢+1)72 in this case. If F is inert, we are in case IIIA. Since 7j = x "' xy,

I(s, %) = ﬁ = ﬁlxq(%,ﬂ ® X,,)Lq(%,w ® Xeo) Lg(l,ep) 7L Set Cy = (¢ +1)72

Case (d1): Suppose that x is unramified at ¢q. If ¢ 1 £, F must be inert at ¢ and we are in Case
IVA: I(g,%) = _qflqu(Q)quq(%aW ® Xu)Lq(%ﬂT ® Xfo)Lq(steF)_l- Set Cq = 4/(¢* —1). If
q ]15, F is ramified at ¢ and we are in Case IVB: since n(0) " tg|™® = —(v,q)qwy = 1, I(s, %) =
WLQ(%ﬂT ® XV)Lq(%vﬂ' ® Xeo) Lq(1,er) 71 Set Cg = (¢° —1)7"

Case (e): In this case, it follows from the computation above that I(s) = Lq(3,7 ® xu)Lg(3, 7 ®
XEO)Lq(l,EF)_l. Set Cq =1.

Case (f): Set Co = 2-T'(k)%. (see [5] Prop. 4.2.6 and Sec. 5.3 for this case.)

Let us now assume first that y is unramified at N~. Then we see from the computations above
that

(9> 9x)
(e fx)

Suppose now that y is possibly ramified at N~. Then y decomposes canonically as x = xTx~
where xT (resp. x~) has conductor dividing N (resp. N~.) Since g, is a scalar multiple of

_ _1 1 1
lag(h)|? = O(f, x,v)m 2 |velr 2 L(5, 7 @ xu)L(5, 7 © Xe) -

2
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gy+ - X~ o Nm, we have g, = - 9x+ - X~ © Nm, say. Now, by what we have just seen

_ 11 1 {9+ 9x+)
Jag(h)? = [alPC(foxct ) m e 3L 7 @ LG 7y @ xeo) - 2
2 2 <f)(+7 fx+>
So we only need to relate %i ?j‘;; to E?z?z; Clearly, |o|?(gy+, gy+) = (gx> 9x)- Also by a familiar

computation

<fx+7fx+> _ = ! = !
= IT Zox.Ad°() = ] 117 11 ¢—1

qle, — qle, qle, -

Now we define C, for the remaining cases that we did not consider previously.

Case (d1) with x, ramified: In this case, ¢ { £ and F is inert. Thus set C; =
Case (d2): In this case, x4 is ramified, ¢ { £, F' is ramified at ¢. Set Cy =

4q
(¢—1)*(g+1)"

q
(=1)*(g+1)"

Finally, if o # 0 mod 4 or &, we still define C;, for ¢ in cases (b) and (e) to be 1. The formula
of Thm. 1.1 follows now from the computations above, those in [5], Thm. 10.1 of [3], Prop. 2.4

and the discussion in Sec. 3.2. O
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