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8. Laplace Transform Method

The Laplace transform will allow us to transform an initial-value problem for a linear
ordinary differential equation with constant coefficients into a linear algebaric equation that
can be easily solved. The solution of an initial-value problem can then be obtained from
the solution of the algebaric equation by taking its so-called inverse Laplace transform.

8.1: Definition of the Transform. The Laplace transform of a function f(t) defined
over t > 0 is another function L[f](s) that is formally defined by

LIf1(s) = / Tty dt. (8.1)

You should recall from calculus that the above definite integral is improper because its
upper endpoint is co. The proper definition of the Laplace transform is therefore

T

Llf)(s) = lim [ e stf(t)dt, (8.2)

T—o0 0
provided that the definite integrals over [0, T appearing in the above limit are proper. The
Laplace transform L£[f](s) is defined only at those s for which the limit in (8.2) exists.

Example. Use definition (8.2) to compute L[e?!](s) for any real a. From (8.2) you see
that for any s # a one has

T T
L[e”](s) = lim e *te® dt = lim ela=s)t ¢
T—oo 0 T—o0 0
o ela—st| T ' 1 pla—s)T for s > a,
= lim = lim — =4 s—a
T @78 =g Tmels—a 54 o for s < a,
while for s = a one has
T T
Ll (s)= lim [ e DAt = lim [ dt= lim T =ooc.
T—o00 0 T—00 0 T 00

Therefore L[e*](s) is only defined for s > a with

L[e™](s) = sia for s > a.
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Example. Use definition (8.2) to compute L[t e®](s) for any real a. From (8.2) you see
that for any s # a one has

T T
L[e™](s) = lim te e dt = lim tela=s)t 44
t 1 T
= lim — e(a—s)t
T—oco \a— S (CL — 8)2 =0
1 T 1 L f >
or s > a,
= lim [ 5~ ( + 2) e(a—s)T} —{ (s—a)?
o lls—a) s—a (s—a) 00 for s < a,
while for s = @ one has
T T
L[e®](s) = lim te= (579t 4t = lim tdt = lim 17? = co.

Therefore L[t e](s) is only defined for s > a with

Llte™](s) =

for s> a.

(s —a)?

Example. Use definition (8.2) to compute L[e?](s) for any real b. For b # 0 you see
from (8.2) that for any real s we have

| T ‘ T . e—(s=ib)i\ |T
L[e™](s) = lim e e dt = lim e~ (=t gt = lim < — 7)
T—oo 0 T—o0 0 T—oo0 s — b t=0
) 1
_ 1 e—(s—i)T , for s > 0,
= lim b b = s —1b
T—oo | S —1 §—1 undefined for s < 0.

The case b = 0 is identical to our first example with a = 0. In every case L£[e?®!](s) is only
defined for s > 0 with

L[e®](s) = for s > 0.

S —1

8.2: Properties of the Transform. If we always had to return to the definition of the
Laplace transform everytime we wanted to apply it, it would not be easy to use. Rather,
we will use the definition to compute the Laplace transform for a few basic functions and to
establish some general properties that will allow us to build formulas for more complicated
functions. The most important such property is the fact that the Laplace transform L is
a linear operator.



Theorem. If L[f](s) and L[g](s) exist for some s then so does L[f + g](s) and
Lcf](s) for every constant ¢ with

LIf +91(s) = LIf1(s) + LIgl(s),  Llef](s) = cLf](s)- (8.3)

Proof. This follows directly from definition (8.2) and the facts that definite integrals and
limits depend linearly on their arguments. Specifically, one sees that

T
Lf + g)(s) = Jim. / e~ (£(8) + g(t)) dt
T

T
= lim e St f(t)dt + lim e *tg(t)dt = L[f](s) + L[g](s),
T—o0 Jg T—o0 Jg
T T
Llcf](s) = TILH;O ; e Stef(t)dt = CTII_{I;O i e S f(t)dt = cL[f](s) .

O

Example. Compute L[cos(bt)](s) and L[sin(bt)](s) for any real b # 0. This can be done
by using the Euler identity e®® = cos(bt) + i sin(bt) and the linearity of £. Then

I s+ ib
s—ib  s2+4 b2

L[cos(bt)](s) + iL[sin(bt)](s) = L[] (s) = for s > 0.

By equating the real and imaginary parts above, we see that

s

L[cos(bt)](s) = o for s >0,
: b

L[sin(bt)](s) = o for s > 0.

Another general property of the Laplace transform is that it turns multiplication by
an exponential in ¢ into a translation of s.

Theorem. If L[f](s) exists for every s > « and a is any real number then
Lle® f(t)](s) exists for every s > a + a with

LI f()](s) = LIfI(s —a).

Proof. This follows directly from definition (8.2). Specifically, one sees that

T T

Llefi(s) = Jim | e e f(t)di = lim | e () dt = L[f](s — a) .
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Examples. From our previous examples and the above theorem we see that

. 1
(a+1b)t —
Lle 1(s) P— for s > a,
at S—a
E[e COS(bt)](S) = m fOI' s > a,
b
,C[eat Sln(bt)](S) = m fOr s >a.

The Laplace transform also turns a translation of ¢ into multiplication by an expo-
nential in s. Notice that L[f](s) only depends on the values of f(t) over [0.00). Therefore
before we translate f we multiply it by the unit step function u(t) defined by

1 fort>0
t) = - 8.4
u(t) {O for t <O. (84)

Because the functions uf and f agree over [0,00), it is clear that Lluf](s) = L[f](s). We
now consider the Laplace transform of the translation u(t — ¢) f(t — ¢) for every ¢ > 0.

Theorem. If L[f](s) exists for every s > a and ¢ > 0 then L[u(t —¢)f(t —¢)|(s)
exists for every s > a with

Llu(t —c)f(t —0c)](s) = e “L[f](s) fors> .
Proof. For every T' > c one has
T T T
st O di = —st — o\ dt = e —s(t—c) —ad
/0 e u(t—c)f(t—c)dt /C e f(t—c)dt=e /C e f(t—c)dt

T—c ,
— e—cs/ e—st f(tl) dtl )
0

Therefore
T
Llu(t—c)f(t—c)|(s) = Tlim e Stu(t — c)f(tc) dt
T—c
=e Tlim e St f(t)dt = e *L[f](s) for s > a.
—0 Jo



8.3: Existence and Differentiablity of the Transform. In each of the above examples
the definite integrals over [0, T'] that appear in the limit (8.2) were proper. Indeed, we were
able to evaluate the definite integrals analytically and determine the limit (8.2) for every
real s. More generally, from calculus we know that a definite integral over [0, 7] is proper
whenever its integrand is:

e bounded over [0, 77,
e continuous at all but a finite number of points in [0, T7].

Such an integrand is said to be piecewise continuous over [0,7]. Because for e~ is

continuous (and therefore bounded) function of ¢ over every [0,7] for each real s, the
definite integrals over [0, 7] that appear in the limit (8.2) will be proper whenever f(t) is
piecewise continuous over every [0, 7.

Example. The function

0 for0<t<m,
ft) =
cos(t) fort>m,

is piecewise continuous over every [0, 7] because it is clearly bounded over [0, 00) and its
only discontinuity is at the point ¢ = 7.

Example. The so-called sawtooth function
f@)=t—k fork<t<k+1wherek=0,1,2,3,---,
is piecewise continuous over every [0, 7] because it is clearly bounded over [0, 00) and has

discontinuities at the points t = 1,2, 3, - -, only a finite number of which lie in each [0, T.

If we assume that f(t) is piecewise continuous over every [0, 7], we still have to give a
condition under which the limit (8.2) will exist for certain s. Such a condition is provided
by the following definition.

Definition. A function f(t) defined over [0,00) is said to be of exponential order o as

t — oo provided that for every o > « there exist K, and T, such that

If(t)] < K,e?" for every t > T, . (8.5)

Roughly speaking, a function is of exponential order a as t — oo if its absolute value does
not grow faster than e’? as t — oo for every o > a.

Example. The function e is of exponential order a as t — oo because (8.5) holds with
K, =1and T, = 0 for every o > a.

Example. The function cos(bt) is of exponential order 0 as ¢ — oo because (8.5) holds
with K, =1 and T, = 0 for every o > 0.



Example. For every p > 0 the function ¢ is of exponential order 0 as t — oo. Indeed, for
every o > 0 the function e~ 7*¢? takes on its maximum over [0, 00) at ¢t = p/o, whereby

»\?
e THP < (—) for every t > 0.

€eo

It follows that (8.5) holds with K, = (£)? and T, = 0 for every o > 0.

One can show that if functions f and g are of exponential orders o and 3 respectively
as t — oo then the function f + g is of exponential order max{a, 5} as t — oo, while the
function fg is of exponential order o + (3 as t — oo.

Example. For every real a the function e* + e~ is of exponential order |a| as t — oo.
This is because the functions e and e~ %" are exponential orders a and —a respectively as
t — 00, and because |a| = max{a, —a}.

Example. For every p > 0 and every real a and b the function tPe® cos(bt) is of exponential
order a as t — oo. This is because the functions t?, e*, and cos(bt) are of exponential
orders 0, a, and 0 respectively as t — oo.

The fact you should know about the existence of the Laplace transform for certain s
is the following.

Theorem. Let f(t) be
e piecewise continuous over every [0, 77,
e of exponential order o as t — oo.

Then for every positive integer k the function ¢* f(¢) has these same properties.
The function F(s) = L[f](s) is defined for every s > a. Moreover, F(s) is
infinitely differentiable over s > a with

L[ F(1)](s) = (—1)’“(?? (s) fors>a. (8.6)

Proof. Formula (8.6) can be derived formally by differentiating the integrands:
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A correct proof would require some justification of taking the derivatives inside the above
imporper integrals. We will not go into those details here. We will however give an easier
proof of the fact that F'(s) is defined for s > «a. The proof uses the direct comparison
test for the convergence of improper integrals. That test implies that if g(¢) and G(t) are
piecewise continuous over every [0, 7] such that |g(t)| < G(t) for every ¢ > 0 then

o0 oo
/ G(t)dt converges = / g(t)dt converges.
0 0

Let s > a and apply this test to g(t) = e 5! f(t). Pick o so that o < o < s. Because f(t)
is of exponential order « as t — oo and o > « there exist K, and T, such that (8.5) holds.
Because g(t) = e~ 5! f(t) is bounded over [0, T,] there exists B, such that |g(t)| < B, over
[0, T]. It thereby follows that

B, for 0 <t < T,

Hl=e )] < G(t) =
9@ =" (O = G@) {K(,e("_s)t fort > 1T, .

Because s > o for this G(t) you can show that

T

/ G(t)dt = lim G(t)dt converges.
0 T=o2 Jo

It follows that the limit in (8.2) converges, whereby F'(s) = L[f](s) is defined at s. O

Example. Because for every real a and b we have

1

ﬁ[e(aJrib)t](S) T s—a—ib

for s > a,

it follows from the above theorem that for every nonnegative integer k

, dF 1 k!

L[tFe@+i)(g) = (—1) LFs—a—ib (s —a— ib)FTL

for s>a.

This formula implies that for every real a and b and every nonnegative integer k

|
L[t*)(s) = ks for s >0,

gk +1
Cltbe)(s) = — T for s >
e S_(s—a)kH ors>a.
k at k!
L[t"e* cos(bt)](s) = Re o) for s > a,
o k!
L[t* e sin(bt)](s) = Im<<8 — ib)’““) for s > a.
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8.4: Transform of Dervatives and Initial-Value Problems. The previous result
shows that the Laplace transform turns a multiplication by ¢ into a derivative with respect
to s. The next result shows the Laplace transform turns a derivative with respect to t
into a multiplication by s. This is why the Laplace transform can be used to transform
initial-value problems into algebraic problems.
Theorem. Let f(t) be continuous over [0, c0) such that
e f(t) is of exponential order o as t — oo,
e f/(t) is piecewise continuous over every [0, 7.
Then L[f’](s) is defined for every s > « with

L[f'](s) = s L[f1(s) = £(0).

Proof. Let s > «. By definition (8.2), an integration by parts, the fact that f(¢) is of
exponential order a as t — oo, and the fact that L£[f](s) exists, one sees that

T T T
£ = i [ e 0= i [e‘“f(t) e e dt]
T
= Tlim e T f(T) — £(0)+ s Tlim et f(t)dt = —f(0) + s L[f](s).
— 00 — Jo

O

If f(t) is sufficiently differentiable then the previous result can be applied repeatedly.
For example, if f(t) is twice differentiable then

LIf"](s) = s L[f'](s) = f'(0) = s (s L[](s) = £(0)) — f'(0)
= s°L[f](s) = 5 f(0) — f'(0).
If f(t) is thrice differentiable then
LLf"](s) = s L[f")(s) = f"(0) = s (s°LLf1(s) — 5 f(0) = f'(0)) — £7(0)
= s°L[f](s) — s*£(0) — s f'(0) — £"(0).
Proceeding in this way you can use induction to prove the following.

Theorem. Let f(t) be n-times differentiable over [0, c0) such that
o f(t), f'(t), ---, f=1(t) are of exponential order a as t — oo,
e f(")(t) is piecewise continuous over every [0, T].

Then L[f™)](s) is defined for every s > o with

LIF™)(s) = s"LIf1(s) = s"7HF(0) = s"72f(0) =+ = s f72(0) = f77V(0). (8.8)
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This means that if you know that a function y(¢) is n-times differentiable and that it and
its first n — 1 derivatives are of exponential order as ¢t — oo then if Y (s) = L[y](s) one has

|
Lly")(s) = 52 (5) ~ 59(0) = /(0).
Lly")(s) = 5°Y (5) = 5%(0) — 5/(0) — 4"(0), (5.9)
Ly™)(s) = 5"Y (5) = " 1y(0) = 525/ (0) = -+ — 5" (0) — 5" ().

Application to IVPs. Suppose that y(¢) is the solution of the initial-value problem

D"y 4+ a;D" 'y + -+ an_1Dy+any = f(t), where D= —
y(0) =y, YO =y, - y"0)=yu_1.

It can be shown that if f(t) is piecewise continuous over [0, 00) and is of exponential order
as t — oo then y(t) is n-times differentiable and that it and its first n — 1 derivatives
are of exponential order as ¢ — oco. You can thereby use (8.9) to find Y (s) = Ly](s)
in terms of the inital data yo, y1, -+, yn—1, and the Laplace transform of the forcing,
F(s) = L[f](s). Indeed, the fact L is a linear operator implies that the Laplace transform
of the initial-value problem is

LID"y] + a1 LID" ] + -+ + an_1L[Dy] + an Lly] = LIf] .

If we use (8.9) then we find
p(s)Y(s) = q(s) + F(s),

where p(s) is the characteristic polynomial
p(s)=s"+a1s" '+ Fap_15+ay.
and ¢(s) is the polynomial given in terms of the initial data by

q(s) = (8" Hars" P+ Fap_2s +an—1)yo
n (Sn_z + alsn—?) + -+ an,_38+ an—2)y1

+ (32 +ais+ az)yn—g + (8 + a1)yn—2 +Yn—1-

You therefore find that
Y(s)= ————F1—=. (8.10)
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Later we will see how to determine y(t) from Y'(s), but first we will illustrate how
to compute Y (s). The hardest part of doing this is often computing F(s) = L[f](s) in
(8.10). Usually f(t) can be expressed as a combination of the basic forms whose Laplace
transform we have already computed. Some of these basic forms are

L[t"](s) = s:+!1 for s > 0,
Llcos(bt)](s) = ﬁ for s >0,
Llsin(bt))(s) = ﬁ for s> 0,
L™ f(1))(s) = F(s — a) where F(s) = L[f(£)](s),

LI f(8))(s) = (~1)"F™(s)  where F(s) = L[f(£)](s), (8.11)

Llu(t —c)f(t —c)](s) = e “F(s) where F'(s) = L[f(t)](s) and

u(t) is the unit step function,

Lle™t")(s) = m for s > a,
Lle® cos(bt)](s) = ——— 2 for s >
=G or s >a,
b
at _: _
Lle* sin(bt)](s) = TR for s > a.

One can use these to build up a much longer table of basic forms such as the one given in
the book. However, the above table contains all the forms you really need. In fact, you
can argue the first three entries are redundent because they follow by setting a = 0 in the
last three. Alternatively, you can argue that the last three entries are redundent because
they follow immediately from the first three and the fourth. On exams you will be given a
table that includes at least the last six entries above, so there is no need to memorize this
table. However, you should learn how to use it efficiently.

Example. Find the Laplace transform Y (s) of the solution y(¢) of the initial-value problem
y — 2y =et, y(0) =3.

By setting @ = 5 and n = 0 in the seventh entry of table (8.11) you see that L£[e’](s) =
1/(s —5). The Laplace transform of the initial-value problem therefore is

Lly')(s) — 2L[yl(s) = L[e™](s) =

s—5'
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where we see from (8.9) that

Lyl(s)=Y(s),  L[Y(s) =sY(s) —y(0) =sY(s) - 3.

1 1 3
(s—2)Y(s)—3= = Y(S)_(s—2)(s—5)+s—2'

Example. Find the Laplace transform Y (s) of the solution y(¢) of the initial-value problem

y' =2y —8y=0, y0)=3, ¢y (0)=T1.

Here there is no forcing. The Laplace transform of the initial-value problem is

Ly"|(s) — 2L[y](s) — 8L[y](s) =0,

where we see from (8.9) that

It follows that

3s+1

(s° =25 =8)Y(s) =3s—1=0, = Y(S):m'

Example. Find the Laplace transform Y (s) of the solution y(¢) of the initial-value problem
y" + 4y = sin(3t) , y(0) =14'(0) =0.

By setting b = 3 in the third entry of table (8.11) you see that L[sin(3t)](s) = 3/(s® + 9).

The Laplace transform of the initial-value problem therefore is

Lly")(5) + 4£[5)() = £BEONs) = 0 = o

where we see from (8.9) that
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8.5: Piecewise Defined Forcing. The Laplace transform method can be to solve initial-
value problems of the form

d
D"y +a:D" "'y + -+ an 1Dy + any = f(t), where D = T

y(O) =Y, y/<0) =Y, e y(n_l)(o) =Yn-1,
where the forcing f(t) is piecewise defined over [0, 00) by a list of cases given in the form

( folt) for0<t<ey,

fi(t) forcg <t<eo,
f(t) = : ;
fm—1(t) for cpp1 <t < cm,
 fin(2) for ¢,, <t < o0,
where 0 =cp < 1 < g < ++- < ¢, < 00. We assume that for each k =0, 1, ---, m—1 the

function fy is continuous and bounded over [ck, ck+1), while the function f,,, is continuous
over [¢,,o0) and is of exponential order as ¢ — oco. Here we show how to compute the
Laplace transform F'(s) = L[f](s) for such a function. There are three steps.

The first step is to express f(t) in terms of translations of the unit step u(t). How
this is done becomes clear once you see that for every 0 < ¢ < d one has
1 fore<t<d,

0 otherwise.

u(t—c)—u(t—d):{

In other words, the function u(t —¢) —u(t —d) is a switch that turns on at ¢ = ¢ and turns
off at ¢ = d. This observation allows you to express f(t) as

Ft) = (w(t) —u(t — 1)) fot) + (u(t — 1) —u(t — 2)) f1(t)
4o (u(t = eme1) —u(t —cm)) fm-1(t) +ut — cm) fin(t)

By grouping terms above that involve the same u(t — ¢), you obtain

f(t) = folt) +ult —c1) (fr(t) = fo()) + - +ult — em) (fim(t) = fr—a(t)) . (8.12)

This is the form you want. You can get to it by either repeating the steps given above or
by memorizing formula (8.12). If you understand that each term w(t —cy) (fx(t) — fr—1(t))
appearing in (8.12) simply changes the forcing from f;_1(t) to fi(t) at time ¢ = ¢, then it
is not hard to recall.

The idea of the second step is to bring (8.12) into a form that allows you to use the
sixth entry in table (8.11). That entry states that Lu(t — ¢)h(t — ¢)|(s) = e “*L[h](s).
You must therefore recast (8.12) into the form

ft)=fot)+ult—ci)hi(t—c1)+ - F+ult—cm) hm(t —cm) -
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In other words. you must express the factor that multiplies each u(t — ¢x) in (8.12) as a
function of ¢t — ¢x. The functions hy(t) are given by

hi(t) = fr(t+cx) — fe—1(t+cx) for k=1,2,--- m.

In other words, each hy(t) is obtained by replacing ¢ with ¢+ ¢ in the factor that multiplies
u(t — ¢). Indeed, it is clear from the above formula that hy(t — cx) = fi(t) — fr—1(),
which is the factor that multiplies u(t — ¢x) in (8.12).

Once you have found all the h(¢) then the final step is to compute L] fy](s) and each
L[h](s), and use the fact that

Llu(t — cx)hi(t —cx)](s) = e **Llhg](s) for k=1,2,---,m,
to compute L[f](s) as
LIf1(s) = LLfol(s) + e LIM](s) + - - + €7 LLAm](s) -

Often you will have to use identities to express fo(t) and each hy(t) in forms that allows
you to compute their Laplace transforms from table (8.11).

Example. Find the Laplace transform Y (s) of the solution y(¢) of the initial-value problem

y'+4y=f(t), y0)=7, ¥(0)=5,

where
2 for0<t<?2,

flt)y=4 2t for2<t<4,
4 ford<t.

The Laplace transform of the initial-value problem gives

L[y"](s) + 4L[y](s) = F(s),

Lly'l(s) = sY(s) —y(0) = sY(s) = 7,
2y (s) — sy(0) —¢'(0) = s°Y(s) = Ts — 5.

5
—
Vo)
~—
Il
Vo)

The Laplace transform of the initial-value problem thereby becomes

(s 4+4)Y(s)—Ts—5=F(s), = Y(s)=

82+4(78+5+F(3)).
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All that remains to be done is to compute F'(s). The first step is to express f(¢) in
terms of unit step functions as

)= (u(®) —u(t —2)) 2 + (u(t —2) —u(t —4)) 2t +u(t — 4) 4
=12 fu(t —2) (2t —t3) +u(t —4) (4 —2t).
The second step is to write

ft)=t24+u(t —2) hi(t —2) + u(t —4) ho(t — 4),

where
hi(t) =2t +2) — (t+2)* =2t +4—t> —4t —4 = —t* - 2t,

ho(t) =4 —2(t+4) = —2t — 4.

Here we obtained h(t) by replacing ¢ with t+2 in the factor (2t—¢?) and hs(t) by replacing
t with ¢t + 4 in the factor (4 — 2t). Finally, the above form for f(¢) allows you to use the
sixth entry of table (8.11) to compute F'(s) = L[f](s) as

F(s) = L[t*](s) + Llu(t — 2) hi(t — 2)](s) + Lu(t — 4) ho(t — 4)](s)

= L[t*](s) — e 2 L[t* + 2t](s) — e ** L[2t + 4](s)

2 L, (2 2 2 4
=5 8(:3*3—2)‘6 S(?*E)

2 2
—2s —2s —4s —4s
= (1 —e ) 3 (e +e ) ol e " —
It follows that
Y _ ot 1 — sy, < s sy, < s -
(5) 5244 + ( € ) s3(s% 4+ 4) (e te ) s2(s? +4) € s(s?2+4)

8.6: Inverse Transform. The process of determining y(t) from Y (s) is called taking the
inverse Laplace transform. It is important to know that this process has a unique result.
Indeed, we will use the following theorem.

Theorem. Let f(t) and g(t) be two functions over [0,00) and « a real number
such that

e f(t) and g(t) are of exponential order «a as t — oo,

e f(t) and ¢(t) are piecewise continuous over every [0, 7],

o L[fl(s) = L][g](s) for every s > a.
Then f(t) = g(t) for every ¢ in [0, c0).
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The proof of this result requires tools from complex variables that are beyond the scope
of this course. Fortunately, you do not need to know how to prove this result to use it!
Its usefulness stems from the fact that solutions y(¢) to the initial-value problems we are
considering lie within the class of functions considered above — namely, they are functions
that are of exponential order as ¢ — oo and that are piecewise continuous over every [0, T'].
In fact, they are continuous and piecewise differentiable over every [0,7]. This means that
if we succeed in finding a function y(¢) within this class such that L[y](s) = Y (s) then it
will be the unique solution of the initial-value problem that we seek.

Because the above result states there is a unique f(t¢) that is of exponential order as
t — oo and is piecewise continuous over every [0, 7] such that L[f](s) = F(s), we introduce
the notation

f(t) = LTHF)().

The operator £~! denotes the inverse Laplace transform. Because it undoes the Laplace
transform L, it inherits many properties from £. For example, it is linear. You can also
easily read-off from the first and last three entries in table (8.11) of basic forms that

gm|o-r, e e © =
5—1[82 g3 () = cos(bt) 5—1{%_ (©) = e cos(5) w13
ﬁ_l{ﬁ_ (t) = sin(bt)., 54{%_ (t) = e sin(bt) .

It is also clear from the sixth entry of table (8.11) that
L7 e F(s)](t) = u(t —c) f(t —c), where f(t) = L7[F](t). (8.14)

For us, the process of computing y(t) = L71[Y](¢) for a given Y (s) will be one of expressing
Y (s) as a sum of terms that will allow us to read off y(¢) from the basic forms above. To
illustrate this process, we will compute y(t) = L~[Y](¢) for the Y (s) found in the examples
given in the previous section, thereby completing our solution of the initial-value problems.

Example. Find y(t) = L7[Y](t) for




you can express Y (s) as
1 1
Y(s)=1 8-,
() =3 s—5 3s5—2
The top right entry of table (8.13) with a =5 and a = 2 then yields

e = e g 0+ 5o 25 0=

s—5H s—2

y(t)

Example. Find y(t) = L7[Y](t) for

By the partial fraction identity

3s+1  3s+1 ¢

5
= 4+ 6
s2—2s—8 (s—4)(s+2) s—4 s+2’
you can express Y (s) as

1 1
Y(s) = 1 s
() =3 s—4 156 +2
The top right entry of table (8.13) with a = 4 and a = —2 then yields

y(1)

s — s+2 6 6¢

Example. Find y(t) = L7[Y](t) for

By the partial fraction identity

3 3
3 ¢

G019 (10 +59) !

you can express Y (s) as

Y(s) = _ 5 _s 2, 3
82+4 52+9 1082+22 552+32'

The bottom left entry of table (8.13) with b = 2 and b = 3 then yields

YN0 = 567 g | 0= 467 g | (0 = s

oyw

1 5t , 8 2t
= 3€ -i-ge.

LY (9))(t) = %c—l[%]@) + gc—ll ! }(t) 1t} B2t

3. sin(2t) — 1 sin(3t).

17
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Example. Find y(t) = L7[Y](t) for

75+ 5 9 2 9 4 2 _4 4
Y _ 2t 1— sy, = S sy, = s_ =
(5) s2+4 (=) s3(s2 +4) (7 +e7®) s2(s?2 +4) % (s2+4)
You first derive the partial fraction identities

1 1
7s+5 _ 7s n 5 ’ 2 _ 3 3

s24+4  s24+4  s2+4 2(s2+4) 2 s244’
2 3 N g5 4 1 s

s3(s24+4) 83 s s2+47 s(s24+4) s s2+4°

The top left of these is straightforward. The top right identity only involves s2, so is simply
the identity

2 >

2(z4+4) 2z z+4’

N[

evaluated at z = s2.

The bottom right identity is simply 2s times the top right one. Finally, the bottom left
identity is obtained by first dividing the top right one by s and then employing the bottom
right one divided by 8 to the last term.

These partial fraction identites allow you to express Y(s) as

7s 5 11 Ls
Yy _ 1—e25) (2 _ 38 8
(8) 82+4+ 52+4 ( e ) ( s + )

_|_
1 1
5 5 1 S
_ —2s —4s 2 2 o —4s( Z
(7 +e )<32 82+4) c (s 52—|—4)

s 5 2 12 11 1 s
=7 ° P Y e
e el Gl )<433 8s+8s2+22)

11 1 2 1 S
. —2s —4s - - -~ o, —4s( - °
(e te )<282 452+22) € (s 52—|—22)'

The formulas in the first column of table (8.13) show that

-1 S ? 2 ] B 5
L {732 4 922 + 2 5% + 22 | (t) = Tcos(2t) + 5 cos(2t),

1 1,2 1 1
{15_3_§5+§s27 +22_(t)_1t s + 5 cos(Zh),
_111 1 2 ]

232 — Zm (t) = %t— iSIH(Qt),

5—1[1 Ly =1 - cos2).
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By combining these facts with formula (8.14), it follows that

y(t) = Tcos(2t) + 3 cos(2t) + ( t? — 1+ Lcos(2t))
—u(t—Q)(%( ) Cos(2(t ))) u(t—2)( (t—2)— —sm(2(t—2)))
—aft—1)(ht— ) - ism( (t— 1)) — ult — 4) (1 — cos(2(t - 1))).

8.7: Green Functions. The Laplace transform can be used to efficiently compute Green
functions. Recall that given the nt" order differential operator L with constant coefficients
given by

L=D"4a D" '+---+a,_1D+a,,

the Green function g(t) associated with L is the solution of the homogeneous initial-value
problem

Lg=0, g(0)=0, ¢0)=0, .- ¢g"20)=0, ¢g"V0)=1.
The Laplace transform of this initial-value problem is
L[D"g](s) + a1 £[D" " g](s) + -+ + an—1£[Dy(s) + L[g(s) = 0,

where if G(s) = L[g](s) then

£[Dg)(s) = 5 G(s) — g(0) = s G(s).
£[D?](s) = $°G(s) — 59(0) — g'(0) = *C(s).

L[D" g (s) = 8" G(s) — " 2g(0) — "2 (0) — - — gD (0) = 5" Gs).

£[D"g](s) = " G(s) — 5" g(0) — 5" g (0) — - — g" I (0) = "G(s) — 1.

We thereby see that G(s) satisfies
p(s)G(s) —1=0, = G(s)=—=,

where p(s) is the characteristic polynomial of L, which is given by
p(s)=s"+a1s" '+ Fap_15+ay.

In other words, the Laplace transform of the Green function of L is the reciprocal of the
characteristic polynomial of L.
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The problem of computing a Green function is thereby reduced to the problem of
finding an inverse Laplace transform. This can often be done quickly.

Example. Find the Green function g(t) for the operator L = D* 4 6D + 13. Because
p(s) = s? + 65+ 13 = (s + 3)? + 22, the bottom right entry of table (8.13) with a = —3
and b = 2 shows that the Green function is given by

g(t) = 5—1[$} = %L‘{Mﬁ} = %e_?’t sin(2t) .

Example. Find the Green function g(t) for the operator L = D* 4 2D — 15. Because
p(s) =52 +2s— 15 = (s — 3)(s + 5), we use the partial fraction identity

1 J—
(s—3)(s+5) s

1
38
3 s+5°

| [ool—

The top right entry of table (8.13) with a = 3 and with a = —5 shows that the Green
function is given by

e -tk e - 25

Example. Find the Green function g(t) for the operator L = D* + 13D? + 36. Because
p(s) = st +135% +36 = (s2 +4)(s2+9) only depends on s?, we can use the partial fraction
identity

1 1 1
=9 B at z = s2.

(z+4)(z4+9) z+4 z+9

The bottom left entry of table (8.13) with b = 2 and with b = 3 shows that the Green
function is given by

_1{ 1 ]: 1£_1l 2 ]_ 15_1{ 3 }:sin(%) sin(3t)'

s2422| 15 52 + 32 10 15

p(s)

10

g(t) =L

8.8: Convolutions. Let f(t) and g(¢) be any two functions defined over the interval
[0,00). Their convolution is a third function (f * ¢)(¢) that is defined by the formula

(f*g)(t) = / f(t—7)g(r) dr . (8.15)

whenever the above integral makes sense for every ¢ > 0. In particular, the convolution of
f and g will be defined whenever both f and g are piecewise continuous over every [0, T].
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The convolution can be thought of a some kind of product between two functions. It
is easily checked that this so-called convolution product satisfies some of the properties of
ordinary multipulcation. For example, for any functions f, g, amd h that are piecewise
continuous over every [0, 7] we have

gxf=fxg commutative law ,
hx(f+g)=hxf+hxg distributive law,
hx(g*f)=(hxg)xf associative law .

The commutative law is proved by introducing 7/ = ¢t — 7 as a new variable of integration,
whereby one sees that

(g% F)(t) = / gt — ) f(r) dr = / gt~y dr' = (f = g)(t).

Verification of the distributive and associative laws is left to you.

The convolution differs from ordinary multipulcation in some respects too. For exam-
ple, it is not generaly true that fx1 = f or that f % f > 0. Indeed, one sees that

t
(1*1)(t):/ 1-1dr=t#1,
0
and that

t t
(sinxsin)(¢t) = [ sin(t — 7)sin(7) d7 = sin(t) / cos(7) sin(7) d7 + cos(t) / sin(7)%dr
0 0 0

sin(t)® + 1t cos(t) — 3 sin(t) cos(t)* 20 for every ¢t > 0.

1
2

The main result of this section is that the Laplace transform of a convolution of two
functions is the ordinary product of their Laplace transforms. In other words, the Laplace
transform maps convolutions to multiplication.

Convolution Theorem. Let f(¢) and g(¢) be
e piecewise continuous over every [0, 7]
e of exponential order « as t — oo.

Then L[f * g|(s) is defined for every s > « with

L[f *g](s) = F(s)G(s), where F(s)= L[f](s) and G(s) = L[g](s). (8.16)

Proof. For every T > 0 definition (8.15) of convolution implies that

/ (fxg)t)dt = / /ft—T T)drdt = // “SUf(t—T)g(r)drdt.
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We now exchange the order of the definite integrals over 7 and ¢ on the right-hand side.
As you recall from Calculus III, this should be done carefully because the upper endpoint
of the inner integral depends on the variable of integration ¢ of the outer integral. When
viewed in the (7,t)-plane, the domain over which the double integral is being taken is
the triangle given by 0 < 7 <t < T. In general, when the order of definite integrals is
exchanged over this domain we have

T t T T
/ / ° det:/ / o dtdr,
0o Jo 0 Jr

where e denotes any appropriate integrand. We thereby obtain

/OT e St (fxg)(t)dt = /OT/TT e St f(t—71)g(r)dtdr.

We now factor et as e™** = e~ 5(!"7)e=57 and group the factor e=**=7) with f(t — 1)
and the factor e~*" with g(7), whereby

T T T
—st * — —S(t—T) _ —ST
/0 e " (fxg)(t)dt /0 /T e ft—7)e *Tg(r)dtdr
_ T —sT T —s(t—T)f(t _ ) dtd
_/0 el )/T ‘ '

We then make the change of variable ' = ¢ — 7 in the inner definite integral to obtain

T T T—71
/0 e ® (f*g)(t)dt:/o e STg(T)/O e S f(t)dt' dr.

Upon formally letting 7' — oo above, definition (8.2) of the Laplace transform shows
that the inner integral converges to F'(s), which is independent of 7. The double integral
thereby converges to G(s)F(s), yielding (8.16). O

Remark. Because the upper endpoint of the inner integral depends on the variable of
integration 7 of the outer integral, properly passing to the limit above requires greater care
than we took here. The techniques one needs are taught in Advanced Calculus courses.
The argument given above suits our purposes because it illuminates why (8.16) holds.

The convolution theorem can be used to help evaluate inverse Laplace transforms.
For example, suppose that you know for a given F(s) and G(s) that f(t) = L7![F](t) and
g(t) = L7YG](t). Then (8.16) implies that

LTHF(s)G(s)](t) = (f+ 9)(t). (8.17)

You can use this fact to express inverse Laplace transforms as convolutions. You may still
have to evaluate the convolution integral, but some of you might find that easier than
using partial fraction identities to express F'(s)G(s) in basic forms.
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Example. Compute y(t) = L71[Y](t) for

Because you know from table (8.13) that

5—1[%:75, L—ll 2 }:sin(%),

s2 52 422

it follows from (8.17) and an integration by parts that

y(t) = 5—1[#} _ c—l{ ! L} _ /Ot(t—f) sin(27) dr

s2(s? +4) §2 52+ 22
cos(27)|" t cos(27) t  sin(2t)
= (7 — — | ——dr =2 - .
T=0—=—, /0 2 T2 4

This is the same result we got on page 18 using a partial fraction identity.

8.9: Natural Fundamental Sets. The convolution theorem also gives us a new way to
understand Green functions. We have used the Green function to construct a particular
solution of the nonhomogeneous equation Ly = p(D) = f(¢) by the formula

yp(t) = / gt — ) f(r)dr.

Notice that the right-hand side above is exactly (¢ % f)(¢). Taking the Laplace transform
of this formula, the Convolution Theorem then yields

F(s)

Llypl(s) = L[g* fl(s) = G(s)F(s) = )

) where F(s) = L[f](s).

But this agrees with formula (8.10). Indeed, because yp(t) given by the above formula
satisfies the initial conditions

yp(0) =0, yp(0)=0, --- U 2O)=0, 7 "0)=0,

it follows that the polynomial ¢(s) appearing in (8.10) vanishes.

Formula (8.10) can generally be recast as

y(t) =ym(t) +yp(t), mﬂeymw=ﬁqﬁ?l’yﬂozﬁ”{
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This is the decomposition of y(t) into the solution yg (t) of the associated homogeneous
equation whose initial data agree with y(¢) and the particular solution yp(t) whose initial
data is zero. Because

+ (Sn—2 + a13"—3 +---4+an_35+ an—z)yl

+ (52 + a5+ ag)yn_g + (S + CL1)yn—2 + Yn—1,

because L[D*g] = s*G(s) for every k =0, 2, ---, n — 1, and because G(s) = 1/p(s), the
function yg(¢) can be expressed in terms of g(t) as

yir(t) = 9o (D" + @D 4 5D? o+ a D + a1 ) g(1)

+ yl <Dn_2 + &1Dn_3 + st + an—SD + an—2)g(t)

+9n-3(D? + @D + a2 )g(t) + g2 (D + ar)g(t) + yu-19(t).

The natural fundamental set of solutions to the associated homogeneous equation Ly = 0
is therefore given by

Yi(t) = (D" + D" 2 4 0y 5D? oD a1 )g(t).

Yo (t) (Dn_Q + CLan_3 + o+ an—3D + an—2>g(t) )

(8.18)
Yo-o(t) = (D2 +a1D + az)g(t> ;

Yoo1(t) = (D+a1)g(t),
Yo(t) = g(t).
The solution of the initial value problem
Ly=ft), 90 =v, ¢ =, - y"20)=yi2, y"0)=yn1,
can then be expressed as
y(t) =yoY1(t) + y1Ya(t) + -+ yn—2Yn—1(t) + yn—1Yn(t) + (Yo x [)(1)

where Yi(t), Y1(t), - -+, Y, (t) is the natural fundamental set of solutions to the associated

homogeneous equation and is given in terms of the Green function g(¢) by (8.18). One can
check that W[Y7,Ys,---,Y,](0) = 1.



